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Abstract
A simple model of the ramp-up and ramp-down of the toroidal current in a tokamak plasma is
developed. Faraday’s law of electric induction is found to limit how rapidly the current can be
safety ramped up or down. It is estimated that the minimum completely safe ramp-up/down
times for the JET, SPARC, ITER, and DEMO tokamaks are 4.2, 2.0, 14.7, and 38.4 s,
respectively. These estimates are obtained for ohmic ramp phases with relatively low flat-top
temperatures. The JET ramp time is in accordance with operational experience. The SPARC,
ITER, and DEMO minimum safe ramp times are less than the ramp times in the respective
designs. Hence, there is no indication that the design ramp times are infeasible, as was recently
suggested in Boozer (2025 arXiv:2507.05456v1). The typical ratios of the inductive electric
field to the Connor–Hastie field in SPARC, ITER, and DEMO during current ramps are found to
be less than those in JET. Thus, the fact that the JET tokamak was able to operate successfully
without encountering runaway electron problems during current ramps suggests that the future
SPARC, ITER, and DEMO tokamaks should also be able to avoid such problems.
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(Some figures may appear in colour only in the online journal)

1. Introduction

A tokamak fusion reactor has to perform three problematic
tasks that a stellarator reactor does not. First, the toroidal
plasma current has to be ramped-up from a negligible value to
its maximum value in a safe manner. Second, the current has
to be held steady for a long time interval without the plasma
experiencing a current-driven disruption. Finally, the current
has to be ramped-down to a negligible value in a safe man-
ner. Obviously, a tokamak reactor is only economically viable
if the ramp-up and ramp-down times are much shorter than
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the current flat-top time. An additional constraint that applies
to tokamak reactors, but not to stellarator reactors, is that the
inductive electric field that drives the plasma current must
be kept sufficiently low that it does not generate dangerous
amounts of runaway electrons. It is, therefore, legitimate to
ask whether the solution of these additional problems is likely
to be prohibitively difficult in a future tokamak fusion reactor.

In a recent paper, Boozer [1, 2] argues that Faraday’s law
of electric induction places strong constraints on the opera-
tion of a future tokamak fusion reactor. In particular, Boozer
takes issue with the claim by de Vries et alia (2018) [3] that
a fully controlled current ramp-down in the future ITER toka-
mak, starting from a toroidal plasma current of 15 MA, can
be effected in 60 s. (Indeed, in an earlier study Boozer [4]
seems to argue that the true ramp time is much longer.)
Boozer also takes issue with the claim by Creely et alia [5]
that the plasma current in the future SPARC tokamak can
be ramped up to 8 MA in 7 s, and ramped down in 12 s,
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Table 1. Machine parameters for the JET, SPARC, ITER, and
EU-DEMO(2018) tokamaks. The JET parameters come from [34].
The SPARC and ITER parameters are taken from tables 1 and 2 of
[5], as well as table 1 of [35]. The DEMO parameters are taken from
table 1 of [36]. Here, R0 is the major radius, a the minor radius, B0

the toroidal magnetic field-strength, ne the electron number density,
nG the Greenwald density, and κ the vertical elongation.

Machine R0(m) a(m) B0(T)
ne

(1020m−3)
nG

(1020m−3) κ

JET 2.96 0.96 3.45 0.3 1.47 1.7
SPARC 1.85 0.57 12.2 2.0 9.34 1.97
ITER 6.2 2.0 5.3 1.0 1.12 1.85
DEMO 9.07 2.93 5.86 0.88 0.735 1.65

and seems to imply that the true ramp time is, again, much
longer.

There is some reason for apprehension because if we eval-
uate the conventional resistive diffusion timescale, τR [see
equation (14)], which is the nominal time required for current
to diffuse across the plasma, using the machine minor radius
(see table 1), Z= 2, and an electron temperature of 7 keV
(which is the volume-averaged temperature required for nuc-
lear fusion) then we obtain 1865 s for ITER and 151 s for
SPARC. On the other hand, a similar calculation for JET yields
430 s. Nevertheless, JET discharges lasted, at most, 40 s, and
certainly achieved average electron temperatures in excess of
7 keV. There is clearly something wrong with equating the
achievable ramp time with the resistive diffusion time.

The claim by de Vries et alia (2018) is made in section 2
of [3], and is based on simulations performed by Y. Gribov
using the CORSICA [6, 7] code. The claim by Creely et alia is
deduced from figure 3 of [5], and is based on simulations made
with the TSC [8] code. While it is the case that the CORSICA
and TSC codes both have a proven track records, we can cer-
tainly agree with Boozer that neither de Vries et alia (2018) or
Creely et alia provide sufficient information to validate their
claims, or to account for the fact that their ramp times are sig-
nificantly less than the corresponding resistive diffusion times.

To help clarify the situation, this paper presents a simple
model of current ramp-up and ramp-down in tokamak plas-
mas. The aim of the paper is to determine, in a completely
transparent manner, whether the claims by de Vries et alia
(2018) and Creely et alia are, at least, plausible, and also to
clarify the constraints that Faraday’s law actually do place on
future tokamak operation. Boozer [1, 2] also highlights the
danger of runaway electron generation during current ramps,
so we shall additionally try to estimate the likelihood of dan-
gerous levels of runaway electron generation during current
ramps in future tokamaks.

2. Tokamak operation

Figure 1 is a cartoon that illustrates how a toroidal current
ramp-up is effected in a conventional tokamak plasma [9–12].
After the initial burn-through phase, the fully ionized plasma

starts off as an ohmic discharge of circular poloidal cross-
section, and relatively small minor radius, that is limited on the
first wall, and carries a comparatively small toroidal current.
As the toroidal current is gradually increased, the minor radius
and vertical elongation of the plasma increase in concert, but
the plasma remains limited on the first wall. (See figure 7 of
[9] and figure 1 of [10].) Only in the very final stages of the
current ramp is the magnetic X-point added to the equilibrium,
at which point the plasma becomes magnetically diverted, and
consequently ceases to be limited by the first wall.

The current ramp usually takes place in two stages. (See
figure 3 of [5].) In the first stage, the edge safety-factor, qa, of
the plasma is allowed to decrease from an initially very large
value to its final value of about 3.5, at fixed plasma minor
radius. In the second stage, which is usually much longer in
duration than the first, qa is held constant while the plasma
expands in volume. The first stage is hazardous because, as qa
passes through integer values (6, 5, 4, et cetera), the plasma
becomes momentarily susceptible to both tearing and ideal-
kink modes [13–15]. However, the degree of the hazard is mit-
igated by the smallness of the plasma current. In the second
stage, the safety-factor profile is held approximately constant,
and is designed to be stable to both tearing and ideal-kink
modes.

After the current ramp has been completed, and the mag-
netic diverter is operational, external heating is applied to
the plasma discharge, while the current is held constant.
Consequently, the plasma eventually attains its peak temperat-
ure. The current flat-top phase of the plasma discharge is usu-
ally much longer in duration than both the current ramp-up
and ramp-down phases. Toward the end of the current flat-top,
the external heating is turned off, and the plasma eventually
returns to the same state that it was in at the end of the current
ramp-up. (Of course, if the plasma is thermonuclear then we
must additionally assume that it has been starved of tritium
for a sufficient time that the nuclear reactions have ceased,
and it has had time to cool down somewhat.) At this point, the
sequence of events that constitute the current ramp-up is car-
ried out in reverse order to effect a current ramp-down. In other
words, the magnetic X-point is first removed from the plasma,
which then becomes limited by the first wall. The plasma is
then gradually crushed against the first wall, while the current
is reduced, but qa is held constant. (See figure 7 of [9].) Finally,
qa is allowed to rise to a large value, at fixed minor radius, as
the last remnants of the plasma current disappear.

It should be noted that our treatment of the ramp-down
phase, in particular, is a considerable oversimplification. In
reality, the magnetic X-point in ITER plasmas will be retained
in the ramp-down as long as possible in order to avoid excess-
ive heat loads to the plasma facing components, and to also
mitigate the influx of tungsten impurities [16]. Moreover,
the ITER ramp-down will be initiated with dominant alpha
heating [3]. Finally, the presence of strongly radiating tung-
sten impurities in the ITER plasma core during the ramp-down
may require auxiliary electron heating to avoid the occurrence
of highly destabilizing hollow temperature and current profiles
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Figure 1. A cartoon showing the poloidal cross-section of a conventional tokamak during a current ramp-up. The black curve represents the
first wall. The red, green, blue, magenta, and cyan curves show, in order of increasing time, the plasma boundary at various stages of the
current ramp-up. Here, R, ϕ, Z are conventional cylindrical coordinates that are co-axial with the plasma torus.

[17, 18]. The latter two considerations are likely to increase
the plasma temperature in the ramp-down phase, leading to a
longer safe ramp-down time than that estimated in this paper.
Thus, our safe ramp-down times should be interpreted as abso-
lute, rather than practical, limits.

We are implicitly assuming that the plasma enters and exits
H-mode during the current flat-top phase, when the auxili-
ary heating is turned on and off, respectively. Although this
is generally the case in existing tokamaks, it will not be the
case in next-generation machines such as ITER and DEMO.
In these machines, the jump in the plasma β associated with
entering and exiting H-mode at full current would be too chal-
lenging for the vertical control system. If the plasma enters
and exits H-mode during the ramp-up and ramp-down phases,
as will have to be the case in ITER and DEMO, then part of
the ramp phases will take place at higher plasma temperatures
than those assumed in this paper, which would have the effect
of lengthening the safe ramp time.

3. Analysis

3.1. Coordinates

Let us model a tokamak plasma, in the simplest imaginable
manner, as a periodic cylinder. Let r, θ, z be conventional cyl-
indrical coordinates, and let the magnetic axis of the plasma
correspond to r= 0. The system is assumed to be periodic in

z with period length 2πR0, where R0 is the simulated major
radius of the plasma. Let a be the minor radius of the plasma
at the end of the current ramp.

3.2. Fundamental equations

The equilibrium magnetic field is represented as

B(r, t) = Bθ (r, t) eθ +B0 ez, (1)

where B0 is the constant toroidal magnetic field generated
by currents flowing in external field-coils. The poloidal field,
Bθ(r, t), on the other hand, is generated via transformer action
by the time variation of the current flowing in the tokamak’s
primary winding. The current density in the plasma is written
j= jz ez. Moreover, Ampère’s law implies that

µ0 jz (r, t) =
1
r
∂

∂r
(rBθ) . (2)

The total toroidal current carried by the plasma is

Ip (t) = γs

ˆ a

0
2π r jz dr=

γs 2πaBθ (a, t)
µ0

, (3)

where

γs =
1+κ2

2
(4)
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is an empirically determined factor that specifies the increase
in the toroidal current over the cylindrical value in a plasma of
vertical elongation κ [5, 19]. The plasma safety-factor profile
takes the form

q(r, t) =
rB0

R0Bθ
, (5)

while the electric field in the plasma is written E= Ez ez.
Faraday’s law yields

∂Ez
∂r

=
∂Bθ

∂t
, (6)

while Ohm’s law gives

Ez = η jz, (7)

where

η =
Z lnΛ

1.966
√
2π3/2

m1/2
e e2 c4µ2

0

T3/2
e

(8)

is the Spitzer plasma resistivity [20, 21]. Here, Te(r, t) is the
electron temperature profile, Z the effective ion charge num-
ber, lnΛ≃ 15 the Coulomb logarithm, me the electron mass, e
the magnitude of the electron charge, c the velocity of light
in vacuum, and µ0 the vacuum permeability. Note that, for
the sake of simplicity, we are neglecting both the neoclas-
sical enhancement of the plasma resistivity, as well as the non-
inductive bootstrap current [22]. The neoclassical enhance-
ment could most easily be taken into account in our ana-
lysis by multiplying Z by the volume-averaged enhancement
factor. Finally, it is helpful to define the poloidal magnetic flux,
ψ(r, t), where

Bθ =
1

2πR0

∂ψ

∂r
. (9)

The electron energy balance equation takes the form [21]

3
2
ne
∂Te
∂t

− ne
1
r
∂

∂r

(
rχ⊥

∂Te
∂r

)
= η j2z , (10)

where ne is the electron number density, and χ⊥(r) is the
electron perpendicular energy diffusivity due to small-scale
plasma turbulence. Note that, for the sake of simplicity, we
are treating ne as a spatial and temporal constant. Moreover,
we expect χ⊥ ∼ 1m2 s

−1
[23]. Finally, the net power input to

the plasma due to ohmic heating is

P(t) = γp 4π
2R0

ˆ a

0
rη j2z dr, (11)

where γp = (γs/κ)
2 is an empirical factor that takes the shap-

ing of the plasma poloidal cross-section into account [19].

3.3. Fundamental quantities

Let ϵ= a/R0 be the inverse aspect-ratio of the plasma, qa the
value of the edge safety-factor at the end of the current ramp,
and

Bθ a =
ϵ

qa
B0 (12)

the edge poloidal magnetic field at the end of the current ramp-
up. Suppose that χ⊥(r) = χ0 χ̂(r), where χ0 is a typical value
of the perpendicular energy diffusivity, and χ̂(r) is dimension-
less and of order unity. We can define

T0 =

[
Z lnΛ

1.966
√
2π3/2

m1/2
e e2 c4B2

θ a

neχ0

]2/5
= 9.95× 10−1Z2/5Λ

2/5
15 n−2/5

20 χ
−2/5
0 B4/5

θ a [keV] (13)

as the typical electron temperature attained at the end of the
current ramp-up. Here, Λ15 = lnΛ/15 and n20 = ne/1020. All
other quantities are in SI units. Likewise,

τR ≡ a2µ0

η (T0)
= 4.99× 101 a2Z−2/5Λ

−2/5
15 n−3/5

20 χ
−3/5
0 B6/5

θ a [s]

(14)

is the conventional resistive diffusion time, whereas

τc =
a2

χ0
[s] (15)

is the energy confinement time. The central plasma poloidal
beta is defined

βp ≡
µ0 neT0
B2
θ a

= 2.00× 10−2Z2/5Λ
2/5
15 n3/520 χ

−2/5
0 B−6/5

θ a .

(16)

Note that

βp =
τc
τR

(17)

in an ohmic plasma. The typical plasma current is

I0 =
2πγs aBθ a

µ0
= 5.00γs aBθ a [MA] , (18)

whereas typical inductive electric field-strength in the plasma
takes the form

E0 =
βpχ0Bθ a

a

= 2.00× 10−2 a−1Z2/5Λ
2/5
15 n3/520 χ

3/5
0 B−1/5

θ a

[
V m−1

]
,

(19)

and the typical ohmic heating power is written

P0 = 4π2 γpR0 neχ0T0

= 6.29× 10−1 γpR0Z
2/5Λ

2/5
15 n3/520 χ

3/5
0 B4/5

θ a [MW] .
(20)

4



Nucl. Fusion 66 (2026) 016012 R. Fitzpatrick

Finally, the typical poloidal magnetic flux takes the form

ψ0 = 6.28R0 aBθ a [V s] . (21)

3.4. Greenwald density

The Greenwald density is an empirically determined limit on
the maximum electron number density at which a tokamak can
operate without experiencing a disruption [24], and takes the
form

10−20 nG =
10−6 Ip
πa2

. (22)

It follows from equation (3) that the Greenwald density at the
end of the current ramp-up is

nG0 = 1.59γs a
−1Bθ a

[
1020m−3

]
. (23)

If we define

n̄=
ne
nG

(24)

then

n̄= n̄0 δ
−1 Bθ

Bθ a
, (25)

where

n̄0 =
n20
nG0

. (26)

Here, δa is the instantaneous minor radius of the plasma dur-
ing a current ramp.

3.5. Runaway electron generation

The plasma at the start of the current ramp is cold and res-
istive. Consequently, driving a current through the discharge
requires a comparatively large inductive electric field. In such
circumstances, there is a danger of runaway electron genera-
tion. Runaway electrons are suprarthermal electrons for which
the Coulomb collisional drag due to the bulk plasma is less
than the acceleration due to the inductive electric field. Such
electrons can acquire energies in excess of 10 MeV, and can
cause considerable damage if they strike the first wall.

Runaway electron generation is only possible, in theory,
when the electric field exceeds the so-called Connor–Hastie
value [25],

Ec =
lnΛne e3

4π ϵ20 me c2
= 7.65× 10−2Λ15 n20

[
V m−1

]
. (27)

Here, ϵ0 is the vacuum permittivity. However, the criterion
E> Ec does not, by itself, guarantee the generation of dan-
gerous quantities of runaway electrons, because, before this
can happen, there needs to be a source of suprathermal elec-
trons. One obvious source is from the high-energy tail of the
thermal electrons. However, it is well-known that this source

does not become effective until the electric field approaches
the so-called Dreicer value [26],

ED = Ec
me c2

Te
= ED0

Te
T0
, (28)

where

ED0 = 3.93× 101Z−2/5Λ
3/5
15 n7/520 χ

2/5
0 B−4/5

θ a

[
V m−1

]
.
(29)

Note that ED0 ≫ Ec.
In an extensive experimental study of runaway electron

generation in the JET tokamak [27], de Vries et alia (2020)
find that JET plasmas invariably satisfy the runaway electron
existence criterion,E> Ec, in the early stages of the discharge,
but that this does not usually lead to the generation of danger-
ous quantities of runaway electrons. In fact, de Vries et alia
(2020) conclude that E> 10Ec is needed before runaway elec-
tron generation becomes a problem. This conclusion is con-
sistent with those of earlier experimental studies [28–30].

3.6. Normalization

Let us adopt the following convenient normalization scheme:
r= a r̂, t= τR t̂, Te = T0 T̂(r̂, t̂), Bθ = Bθ a B̂θ(r̂, t̂), Ip =
I0 Îp(t̂), jz = [Bθ a/(µ0 a)] ĵ, E= E0 Ê(r̂, t̂), Ec = E0 Êc, ED =

E0 ÊD(r̂, t̂), ED0 = E0 ÊD0, P= P0 P̂(t̂), and ψ = ψ0 ψ̂(r̂, t̂). It
follows that

3
2
βp
∂T̂

∂ t̂
=
∂2T̂
∂r̂2

+
1
r̂
∂T̂
∂r̂

+
dln χ̂
dr̂

∂T̂
∂r̂

+
Ê2 T̂3/2

χ̂
, (30)

∂B̂θ

∂r̂
+
B̂θ

r̂
= Ê T̂3/2, (31)

∂B̂θ

∂ t̂
=
∂Ê
∂r̂
, (32)

as well as

q
qa

=
r̂

B̂θ

, (33)

Îp
(
r̂, t̂
)
= r̂ B̂θ

(
r̂, t̂
)
, (34)

B̂θ =
∂ψ̂

∂r̂
, (35)

ÊD = ÊD0 T̂
−1. (36)

Here, Îp(r̂, t̂) is the normalized toroidal plasma current con-
tained within normalized minor radius r̂. Equation (32) can be
integrated to give

Ê
(
r̂, t̂
)
=
∂ψ̂

∂ t̂
= E

(
t̂
)
+

ˆ r̂

0

∂B̂θ

∂ t̂
dr̂ ′, (37)

where use has been made of equation (35). It follows that

E
(
t̂
)
=
∂ψ̂
(
0, t̂
)

∂ t̂
. (38)
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Table 2. Plasma parameters at end of the current ramp-up for the JET, SPARC, ITER, and DEMO tokamaks. Here, Ip is the toroidal plasma
current, P the ohmic heating power, Tc the central electron temperature, βp the central poloidal beta, E the inductive electric field, Ec the
Connor–Hastie field, and ED the central Dreicer field. Finally, τmin is the minimum safe current ramp timescale.

Machine Ip(MA) P(MW) Tc(keV) βp E(V m−1) Ec(V m−1) ED(V m−1) τmin(s)

JET 4.26 2.34 1.86 0.0470 0.0336 0.0229 13.1 4.19
SPARC 9.53 12.7 2.29 0.0343 0.151 0.153 70.9 2.02
ITER 14.0 14.4 1.61 0.0583 0.0332 0.0765 50.4 14.7
DEMO 19.8 20.2 1.84 0.0477 0.0206 0.0673 38.9 38.4

Finally, it can be shown that

Êc = 3.82aZ−2/5Λ
3/5
15 n2/520 χ

−3/5
0 B1/5

θ a , (39)

ÊD0 = 1.96× 103Z−4/5Λ
3/5
15 n4/520 χ

−1/5
0 B−3/5

θ a . (40)

3.7. Approximations

In order to facilitate our analysis, we shall make two main
approximations. Our first approximation is to neglect the term
involving βp in equation (30). This approximation is warran-
ted because, as is clear from equation (16), βp is much less
than unity in conventional ohmic tokamak plasmas. (See also
table 2.) As is apparent from equation (17), βp is much less
than unity because the energy confinement time is much less
than the resistive diffusion time in ohmic plasmas. The neglect
of the term in question implies that, during the current ramp,
the temperature profile remains in a quasi-equilibrium state in
which the energy per unit time that flows across the plasma
boundary, and is presumably absorbed by the limiter, matches
the ohmic heating power. Under these circumstances, the nor-
malized ohmic heating power is written

P̂
(
t̂
)
=−

(
χ̂ r̂

∂T̂
∂r̂

)
r̂=1

. (41)

Our second approximation is to neglect the second term on
the extreme right-hand side of equation (37). The neglect of
the term in question implies that the inductive electric field is
uniform within the plasma. Of course, this is the usual situ-
ation during the current flat-top phase of a tokamak discharge.
However, it is possible for the electric field to be spatially uni-
form during a current ramp, provided that the current is not
ramped up or down too rapidly. Indeed, the criterion that must
be satisfied is

E >

∣∣∣∣∣
ˆ 1

0

∂B̂θ

∂ t̂
dr̂ ′
∣∣∣∣∣ . (42)

During the ramp-up phase, if the toroidal current is ramped
up sufficiently rapidly that the criterion (42) is not satis-
fied then the electric field in the outer regions of the plasma
becomes greater than that in the core, leading to a broadening
of the current profile. However, a broad current profile implies
a low internal plasma inductance, and low-inductance plasmas
are prone to destructive ideal-kink instabilities [13, 15]. If the
current is ramped-up extremely rapidly then the current pro-
file becomes hollow, giving rise to minor disruption events

that rapidly relax the current profile toward a more peaked
profile, but also occasionally trigger major disruptions [28].
During the ramp-down phase, on the other hand, if the current
is ramped down sufficiently rapidly that the criterion (42) is
not satisfied then the electric field in the outer regions of the
plasma becomes less than that in the core, leading to a peaking
of the current profile. However, plasmas with strongly peaked
current profiles are prone to tearing instabilities that can lead to
major disruptions [13, 15]. Peaked current profiles also make
it difficult to maintain the vertical stability of the plasma [31].
Thus, the criterion (42) is a necessary one for the completely
safe operation of a tokamak during the current ramp-up and
ramp-down phases.

Our two approximations lead to the following equations:

∂2T̂
∂r̂2

+
1
r̂
∂T̂
∂r̂

+
dln χ̂
dr̂

∂T̂
∂r̂

+
E 2 T̂3/2

χ̂
= 0, (43)

∂B̂θ

∂r̂
+
B̂θ

r̂
= E T̂3/2. (44)

Note that E(t) can be adjusted by changing the time derivat-
ive of the current flowing in the central solenoid. Furthermore,
tokamaks invariably possess a feedback system that automat-
ically alters the instantaneous value of E(t) in such a manner
as to produce a prescribed plasma current waveform, Ip(t).

3.8. Rescaling

Suppose that the instantaneous minor radius of the plasma is
δ(t̂)a. In other words, suppose that the limiter is situated at
r̂= δ. Let x= r̂/δ, and let

T̂
(
r̂, t̂
)
=

λ2

(δE)4
T̄(x) , (45)

where λ is a dimensionless constant. Equation (43) transforms
to give

d2T̄
dx2

+
1
x
dT̄
dx

+
dln χ̂
dx

dT̄
dx

+
λ T̄3/2

χ̂
= 0. (46)

Appropriate boundary conditions are

T̄(0) = 1, (47)

dT̄(0)
dx

= 0, (48)

T̄(1) = 0. (49)

6
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The parameter λ must be adjusted until equation (49) is sat-
isfied. Clearly, the determination of the normalized electron
temperature profile, T̄(x), involves the solution of a nonlinear
eigenvalue equation, (46), where λ plays the role of the eigen-
value. Of course, the electron temperature is not zero at the
plasma boundary, but is, instead, determined by sheath physics
at the plasma/limiter interface. However, we expect the edge
temperature to be much lower than that in the plasma interior,
which justifies the approximation T̄(1) = 0.

Let

B̂θ

(
r̂, t̂
)
=

λ3

(δE)5
B̄θ (x) . (50)

Equation (44) yields

dB̄θ

dx
+
B̄θ

x
= T̄3/2, (51)

which must be solved subject to the boundary condition

dB̄(0)
dx

= 0. (52)

Note that the rescalings (45) and (50) are the only pos-
sible ones that leave equations (46) and (51) independent
of the time-dependent quantities δ and E , and also have
λ1 in the last term of equation (46), to produce something
that looks like a conventional eigenvalue problem. The fact
that equations (46) and (51), as well as the boundary condi-
tions (47)–(49) and (52), contain no explicit time-dependent
parameters justifies the assumption that T̄(x) and B̄θ(x) are
both independent of t̂.

Let

q
(
r̂, t̂
)
=
qa δ (δE)5

λ3
q̄(x) . (53)

Equation (33) gives

q̄(x) =
x

B̄θ (x)
. (54)

Note that

q̄(0) = 2. (55)

According to equation (34), the net normalized toroidal current
flowing in the plasma is

Îp
(
t̂
)
≡ Îp

(
δ, t̂
)
=

λ3 δ

(δE)5
B̄θ (1) . (56)

Equation (41) implies that the normalized ohmic heating
power is

P̂
(
t̂
)
=

λ2

(δE)4
ζ, (57)

where

ζ =−
(
χ̂x

dT̄
dx

)
x=1

. (58)

According to equation (35), the total normalized poloidal mag-
netic flux contained between the magnetic axis and the plasma
boundary is

ψ̂tot
(
t̂
)
=

λ3 δ

(δE)5

ˆ 1

0
B̄θ dx. (59)

Finally, the criterion (42) becomes

E > δ

∣∣∣∣∣ ddt̂
[

λ3

(δE)5

]∣∣∣∣∣
ˆ 1

0
B̄(x) dx. (60)

Note that we have imposed the criterion at r= δa, rather than
r= a, because it only needs to be satisfied within the plasma.

4. Current ramp scenarios

4.1. Current ramp-up

4.1.1. Current waveform. Suppose that the current ramp-up
lasts from t= 0 to t= tramp. Suppose that, during the ramp-up,
the current flowing in the central solenoid is adjusted such that
the normalized plasma current increases linearly in time:

Îp
(
t̂
)
=

t̂

t̂ramp
, (61)

where t̂ramp = tramp/τR. For the sake of simplicity, we shall
assume that the plasma elongation, κ, is constant in time.

4.1.2. Initial stage. Suppose that, during the initial stage of
the ramp-up, which lasts from t= 0 to t= tpre, where tpre ≪
tramp, the safety-factor at the plasma boundary is allowed to
decrease from an initial very large value to its final value, qa,
in such a manner that

q
(
x, t̂
)
= qa

(
t̂pre
t̂

)
q̄(x)
q̄(1)

, (62)

where t̂pre = tpre/τR. Here, qa is chosen such that q(0) = 1 at
the end of the initial stage. We make this choice because the
sawtooth oscillation effectively prevents the central safety-
factor from falling significantly below unity [23]. It follows
from equations (54), (55), and (64) that

qa =
1

2 B̄θ (1)
. (63)

Equations (61) and (62) allow us to determine all other quant-
ities in the initial stage of the ramp-up. Thus, comparing
the value of Îp(t̂)q(1, t̂) obtained from equations (53), (54),
and (56) with the value obtained from equations (61) and (62),
we deduce that

δ =

(
t̂pre
t̂ramp

)1/2

, (64)

which implies that the plasma minor radius takes a relatively
small constant value during the first stage of the ramp-up.
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A comparison of equations (56) and (61) then gives E5 =
λ3 B̄θ(1) (t̂pre/t̂ramp)

−3 (t̂/t̂pre)−1. Thus, we obtain

T̂
(
x, t̂
)
= Tramp

(
t̂pre
t̂ramp

)2/5(
t̂

t̂pre

)4/5

T̄(x) , (65)

B̂θ

(
x, t̂
)
=

(
t̂pre
t̂ramp

)1/2(
t̂

t̂pre

)
B̄θ (x)
B̄θ (1)

, (66)

E
(
t̂
)
= Eramp

(
t̂pre
t̂ramp

)−3/5(
t̂

t̂pre

)−1/5

, (67)

P̂
(
t̂
)
= Pramp

(
t̂pre
t̂ramp

)2/5(
t̂

t̂pre

)4/5

, (68)

ψ̂tot
(
t̂
)
=

(
t̂

t̂ramp

)ˆ 1

0

B̄θ (x)
B̄θ (1)

dx, (69)

n̄
(
t̂
)
= n̄0

(
t̂

t̂pre

)−1

, (70)

where

Tramp = λ−2/5 [B̄θ (1)]
−4/5

, (71)

Eramp = λ3/5 [B̄θ (1)]
1/5
, (72)

Pramp = ζ Tramp, (73)

and use has been made of equations (24), (45), (50), (57),
and (59). Finally, the criterion (60) yields

t̂ramp >

(
t̂pre
t̂ramp

)3/5(
t̂

t̂pre

)1/5

E−1
ramp

ˆ 1

0

B̄θ (x)
B̄θ (1)

dx, (74)

which does indeed constitute a limitation on themaximum cur-
rent ramp rate.

4.1.3. Main stage. In the main stage of the current ramp-up,
the plasma current still increases linearly in time according to
equation (61), but the edge safety-factor value is held constant
in such a manner that

q
(
x, t̂
)
= qa

q̄(x)
q̄(1)

. (75)

As before, equations (61) and (75) allow us to determine all
other quantities in the main stage of the ramp-up. Thus, com-
paring the value of Îp(t̂)q(1, t̂) obtained from equations (53),
(54), and (56) with the value obtained from equations (61)
and (75), we deduce that

δ =

(
t̂

t̂ramp

)1/2

, (76)

which implies that, in order to keep the edge safety-factor con-
stant, while the plasma current increases in time, it is neces-
sary for the minor radius of the plasma to also increase in
time. A comparison of equations (56) and (61) then gives
E5 = λ3 B̄θ(1) (t̂/t̂ramp)

−3. Thus, we obtain

T̂
(
x, t̂
)
= Tramp

(
t̂

t̂ramp

)2/5

T̄(x) , (77)

B̂θ

(
x, t̂
)
=

(
t̂

t̂ramp

)1/2
B̄θ (x)
B̄θ (1)

, (78)

E
(
t̂
)
= Eramp

(
t̂

t̂ramp

)−3/5

, (79)

P̂
(
t̂
)
= Pramp

(
t̂

t̂ramp

)2/5

, (80)

ψ̂tot
(
t̂
)
=

(
t̂

t̂ramp

)ˆ 1

0

B̄θ (x)
B̄θ (1)

dx, (81)

n̄
(
t̂
)
= n̄0. (82)

The criterion (60) yields

t̂ramp >

(
t̂

t̂ramp

)3/5
1

2Eramp

ˆ 1

0

B̄θ (x)
B̄θ (1)

dx. (83)

Now, if this criterion is satisfied at the end of the current ramp
then it is satisfied at all times in the main current ramp, and the
criterion (74) is also satisfied at all times in the initial stage of
the current ramp. We conclude that the criterion (60) is satis-
fied at all times in the current ramp provided

tramp > τmin, (84)

where

τmin =
τR

2Eramp

ˆ 1

0

B̄θ (x)
B̄θ (1)

dx. (85)

Clearly, τmin represents theminimum possible completely safe
current ramp-up timescale.

4.2. Current ramp-down

Suppose that the current ramp-down lasts from t= 0 to t=
tramp. Suppose that, during the ramp-down, the normalized
plasma current decreases linearly in time:

Îp
(
t̂
)
=
t̂ramp − t̂

t̂ramp
. (86)

In the main stage of the ramp-down, the edge safety-factor is
held constant, so that equation (75) is valid. In the final stage
of the ramp-down, which lasts from t= tramp − tpre to t= tramp,
the edge safety-factor increases in such a manner that

q
(
x, t̂
)
= qa

(
t̂pre

t̂ramp − t̂

)
q̄(x)
q̄(1)

. (87)

The time variation of other quantities during the main stage
of ramp-down can be obtained by making the transformation
t̂→ t̂ramp − t̂ in the relevant formulae given in section 4.1.3.
Likewise, the time variation of other quantities during the final
stage of the ramp down are obtained be making the same
transformation in the relevant formulae given in section 4.1.2.
Clearly, the current ramp-down is the mirror image in time
of the current ramp-up. In particular, the minimum com-
pletely safe current ramp-down timescale, τmin, is specified in
equation (85).
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Figure 2. Various equilibrium quantities calculated as functions of the diffusivity profile parameter, α. The top panel shows the eigenvalue,
λ, and the edge safety-factor value, qa. The middle panel shows the normalized plasma self-inductance, li, the normalized central electron
temperature, Tramp, and the normalized inductive electric field, Eramp. The lower panel shows the ratio of the minimum safe current ramp
timescale, τmin, to the resistive diffusion timescale, τR.

5. Results

5.1. Plasma equilibrium

Let our normalized perpendicular energy diffusivity profile
take the model form

χ̂(x) = f(α)
(
1+ x2

)α
, (88)

where

f(α) =
1+α

21+α − 1
. (89)

Note that
´ 1
0 χ̂(x)dx/

´ 1
0 xdx= 1, which ensures that χ0 is the

volume averaged perpendicular diffusivity, in accordance with
our earlier assumption.

Figure 2 shows various equilibrium quantities plotted as a
function of α. As α increases, which implies that the diffusiv-
ity at the plasma boundary becomes larger than that in the core,
the equilibrium current profile becomes more peaked. This is
clear from the figure because both the edge safety-factor value,
qa, and the normalized internal plasma inductance [15],

li =
2

B̄2
θ (1)

ˆ 1

0
B̄2
θ (x) xdx, (90)

increase with increasing α. (A peaked current profile is asso-
ciated with large qa/q0 and li values, and vice versa [13, 23].)
The peaking of the current profile also causes a decrease in
the normalized central electric field, Eramp, with increasing α.
Note that Pramp = Eramp for the set of equilibria in question.
Finally, the minimum safe current ramp timescale, τmin, is an
increasing function of α.

For the sake of simplicity, let us consider the case α= 0,
in which the perpendicular diffusivity is uniform within the
plasma. In this situation, we find that λ= 7.01, qa = 3.30,
li = 1.25, Tramp = 2.08, Eramp = Pramp = 2.21, and τmin/τR =
0.214. Figure 3 shows the corresponding normalized electron
temperature and current profiles, as well as the safety-factor
profile. It can be seen that the current profile is fairly broad.
Nevertheless, the equilibrium lies in the stable region of the
conventional qa–li diagram. (See figure 4 of [15].) Note that,
due to profile effects, the minimum ramp timescale, τmin, is
about one fifth of the conventional resistive diffusion times-
cale, τR.
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Figure 3. Equilibrium profiles calculated as functions of the normalized minor radius, x, for α= 0. The top panel shows the normalized
electron temperature profile, T̄(x), and the normalized current profile, j̄(x) = T̄3/2. The bottom panel shows the safety-factor profile,
q(x) = qa q̄(x).

5.2. Simulated current ramp-up

In this section, we shall describe simulated current ramp-ups
made using our model for the JET, SPARC, ITER, and DEMO
tokamaks. The machine parameters for these tokamaks are
given in table 1. The simulations are made assuming that χ0 =

1m2 s
−1

, lnΛ = 15, Z= 2, tpre = 0.05 tramp, and tramp = τmin.

Note that, in all devices, the choice χ0 = 1m2 s
−1

is found
to be reasonably consistent with the ITER98(y,2) scaling law
[32], assuming that the heating power is ohmic. Note, further,
that the current ramp time in these simulations takes its min-
imum completely safe value, according to our model.

Figure 4 shows a simulated current ramp-up for JET. Some
of the characteristic parameters for this ramp-up are listed in
table 2. It can be seen that the toroidal plasma current in JET
can be safely ramped up to about 4.3 MA in about 4.2 s. This
prediction accords well with operational experience in JET.
(See figure 1 of [33].) Note that, as reported by de Vries et alia
(2020) [27], the inductive electric field exceeds the Connor–
Hastie field during the current ramp-up. However, the electric
field only exceeds de Vries et alia’s (2020) empirical runaway

electron problem threshold, which is ten times the Connor–
Hastie field [27], in the very early stages of the current ramp-
up. Note that the threshold is exceeded, not because the cur-
rent ramp rate is too large, but rather because the plasma is very
cold and resistive in the early stages of the ramp-up. One obvi-
ous solution to runaway electron problems in the early stages
of a current ramp-up is to apply small amounts of electron
cyclotron wave heating in order to slightly raise the electron
temperature. The inductive electric field is slightly above the
Connor–Hastie value at the end of the current ramp-up, but we
would expect the field to fall as soon as the main external heat-
ing is applied. Hence, the inductive electric field should bewell
below the Connor–Hastie value throughout most of the current
flat-top. Note that the inductive electric field is very much less
than the Dreicer field throughout the current ramp-up, as is
also the case for our SPARC, ITER, and DEMO simulations.

Figure 5 shows a simulated current ramp-up for SPARC.
Some of the characteristic parameters for this ramp-up are lis-
ted in table 2. It can be seen that the toroidal plasma current
in SPARC can be safely ramped up to about 9.5 MA in about
2.0 s. This maximum safe ramp-rate is actually greater than
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Figure 4. Simulated current ramp-up for the JET tokamak. Here, a is the minor radius of the plasma, Ip the toroidal plasma current, P the
ohmic power, qa the edge safety-factor, ne/nG the ratio of the electron number density to the Greenwald density, Tc the central electron
temperature, E the inductive electric field, Ec the Connor–Hastie field, and ED the central Dreicer field.

the ramp-rate in the SPARC design [5]. Note that the induct-
ive electric field, E , exceeds the Connor–Hastie field, Ec, dur-
ing the current ramp-up. However, the ratio E/Ec for SPARC,
shown in figure 5, is less than that the corresponding ratio for
JET, shown in figure 4. Thus, if JET was capable of operat-
ing without dangerous levels of runaway electron generation
during the current ramp-up, as reported by Vries et alia (2020)
[27], then SPARC should certainly also be capable of operat-
ing without runaway electron problems.

Figure 6 shows a simulated current ramp-up for ITER.
Some of the characteristic parameters for this ramp-up are lis-
ted in table 2. It can be seen that the toroidal plasma current
in ITER can be safely ramped up to about 14.0 MA in about
14.7 s. This maximum safe ramp-rate is consistent with the
series of equilibria shown in figure 1 of [10], and is much
greater than the 15 MA in 60 s ramp-down rate envisioned by
deVries et alia (2018) [3]. Note that the inductive electric field,

E , exceeds the Connor–Hastie field, Ec, during the first third of
the current ramp-up. However, the ratio E/Ec for ITER, shown
in figure 6, is very much less than that the corresponding ratio
for JET, shown in figure 4. As before, we conclude that if JET
was capable of operating without dangerous levels of runaway
electron generation during the current ramp-up, then ITER
should certainly also be capable operating without runaway
electron problems. Note that, because ITER operates with a
peak electron number density that is relatively close to the
Greenwald density (see table 1), the Greenwald density falls
below the electron number density during the initial stage of
the current ramp. Neither JET or SPARC experience this prob-
lem because they operate with peak electron number densities
that are well below the Greenwald density. The ITER problem
could be alleviated by also ramping the electron number dens-
ity during the initial stage of the current ramp. Admittedly, a
lower density during the initial stage makes runaway electron

11



Nucl. Fusion 66 (2026) 016012 R. Fitzpatrick

Figure 5. Simulated current ramp-up for the SPARC tokamak. See caption to figure 4.

generation more likely. However, as is clear from our analysis,
ITER has a lot more leewaywhen it comes to runaway electron
generation during current ramps than either JET or SPARC.

Finally, figure 7 shows a simulated current ramp-up for
DEMO. Some of the characteristic parameters for this ramp-
up are listed in table 2. It can be seen that the toroidal plasma
current in DEMO can be safely ramped up to about 20 MA in
about 38 s. This time is less than the ramp-down times estim-
ates in the much more detailed study contained in [31]. Note
that the electron number density is above the Greenwald dens-
ity during the main part of the ramp-up, because DEMO plans
to operate at densities in excess of the Greenwald density. (See
table 1 and [36].) The ratio E/Ec for DEMO is even less that
that for ITER, indicating that DEMO is unlikely to experience
runaway electron problems during current ramps.

6. Summary and discussion

A simple model of the ramp-up and ramp-down of the toroidal
current in a tokamak plasma is developed. Faraday’s law

of electric induction is found to limit how rapidly the cur-
rent can be safety ramped up or down. We estimate that the
minimum completely safe ramp-up/down times for the JET,
SPARC, ITER, and DEMO tokamaks are 4.2, 2.0, 14.7, and
38.4 s, respectively. These estimates are obtained for ohmic
ramp phases with relatively low flat-top temperatures. The
JET ramp time is in accordance with operational experience.
The SPARC, ITER, and DEMO minimum safe ramp times
are less than the ramp times in the respective designs. Hence,
there is no indication that the design ramp times are infeas-
ible, as was recently suggested by Boozer [1, 2]. The reason
that the simple calculation of the resistive evolution times-
cale, τR, gives values that are greatly in excess of the afore-
mentioned ramp times (see section 1) is twofold. First, the
ramp time is actually τR/5, because of profile effects. (See
section 5.1.) Second, the auxiliary heating is turned off dur-
ing the ramp-up and ramp-down phases of a tokamak plasma
(and any nuclear reaction are assumed to have ceased well
before the ramp-down), which means that the plasma is much
cooler and resistive in these phases than in the current flat-top
phase.
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Figure 6. Simulated current ramp-up for the ITER tokamak. See caption to figure 4.

We also find that the typical ratios of the inductive electric
field to the Connor–Hastie field in SPARC, ITER, and DEMO
during current ramps are less than those in JET. Thus, the fact
that the JET tokamak was able to operate successfully without
encountering runaway electron problems during current ramps
suggests that the future SPARC, ITER, and DEMO tokamaks
should certainly be able to avoid such problems.

As has already been discussed in section 2, the model
presented in this paper is very much an oversimplification.
In reality, other issues than the minimum time at which the
toroidal current can be ramped, according to Faraday’s law,
influence tokamak operation during the ramp-up and ramp-
down phases of a discharge. Some of these issues are dis-
cussed in [31] and [37]. In the case of current ramp-up, the
plasma generally starts off with a comparatively low elec-
tron number density (because there is a practical upper limit
on the prefill gas density above which breakdown will not
occur), and one of the main issues is to increase the electron

number density as quickly as possible, while staying below
the Greenwald density, in order to alleviate runaway electron
generation problems. In the 60 s ITER current ramp-down
described in [3], the plasma is initially pushed downward and
crushed against the magnetic X-point (this is common prac-
tice in modern tokamaks—see figure 2 in [31]). The main
issue in the ITER ramp-down is how fast the plasma volume
can be reduced [which goes hand-in-hand with a reduction in
the plasma current—see equation (76)] while still maintain-
ing sufficient control of the plasma to preserve the lower X-
point, to avoid vertical instabilities, and to prevent the form-
ation of an upper X-point (which would bring power to unar-
mored regions of the first wall) [38].

There is, presently, a great dearth of high quality experi-
mental data on the current ramp-down phase of tokamak plas-
mas because operators in many existing devices simply allow
the plasma to disrupt at the end of a discharge, rather than
attempting a controlled current ramp-down. If operators were
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Figure 7. Simulated current ramp-up for the DEMO tokamak. See caption to figure 4.

to take more care during the end-stages of their experiments
then they could collect valuable data on current ramp-downs
in addition to any data acquired during the current flat-top.
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