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Abstract

The TJ toroidal tearing mode code is used to make realistic predictions of the electron cyclotron
emission (ECE) signals generated by neoclassical tearing modes (NTMs) in an ITER-like
tokamak plasma equilibrium. In the so-called ‘outer region’, which comprises the bulk of the
plasma, helical harmonics of the magnetic field with the same toroidal mode number as the
NTM, but different poloidal mode numbers, are coupled together by the Shafranov shift and
shaping of the equilibrium magnetic flux-surfaces. In the ‘inner region’, which is localized in
the vicinity of the NTM rational surface, helical harmonics whose poloidal and toroidal mode
numbers are in the same ratio as those of the NTM are coupled together nonlinearly to produce
a radially asymmetric magnetic island chain. The solutions in the inner and outer regions are
asymptotically matched to one another. The asymptotic matching process determines the overall
magnetic structure of the NTM, as well as the global perturbation to the electron temperature
caused by the mode. A simulated ECE diagnostic is developed that accounts for the
downshifting and broadening in frequency of the signal due to the relativistic mass increase of
the emitting electrons. It is estimated that ECE can reliably detect NTM island chains in ITER
whose widths exceed 1% of the plasma minor radius (in the absence of noise).
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1. Introduction

The transient heat fluxes and electromagnetic stresses that the
plasma facing components would experience during a disrup-
tion in a next-generation tokamak, such as ITER, that is large
enough to produce substantial amounts of fusion energy, are
unacceptably large [1, 2]. Consequently, such a tokamak must
be capable of operating reliably in an essentially disruption-
free manner. Virtually all disruptions in tokamaks are triggered
by macroscopic magnetohydrodynamical (MHD) instabilities
[3, 4]. Fortunately, disruptions associated with both ideal
instabilities and ‘classical’ tearing instabilities can be read-
ily avoided by keeping the toroidal plasma current, the mean
plasma pressure, and the mean electron number density below
critical values that are either easily calculable or well-known
empirically [1, 5].

A tearing mode [6] of finite amplitude generates a hel-
ical magnetic island chain [7] in the vicinity of the ‘rational’
magnetic flux-surface [8] at which it reconnects magnetic
flux. If the radial width of the island chain exceeds a rel-
atively small threshold value then rapid heat transport par-
allel to magnetic field-lines causes a flattening of the elec-
tron temperature profile that is localized within the chain’s
magnetic separatrix [9]. The associated loss of the pressure-
gradient-driven non-inductive neoclassical bootstrap current
[10] within the separatrix has a destabilizing effect that can
render a linearly-stable tearing mode unstable at finite amp-
litude. This type of instability is known as a neoclassical
tearing mode (NTM) [11-14]. A large proportion of fusion-
relevant tokamak discharges are potentially unstable to 2, 1
and 3, 2 NTMs [15, 16]. (Here, m,n denotes a mode whose
resonant harmonic has m periods in the poloidal direction, and
n periods in the toroidal direction.) It is, therefore, not surpris-
ing that NTMs are, by far, the most common cause of disrup-
tions in ITER-baseline-scenario tokamak discharges [1, 4, 15,
16]. Now, an NTM needs to exceed a critical threshold amp-
litude before it is triggered. In practice, NTMs are triggered by
transient magnetic perturbations associated with other more
benign instabilities in the plasma, such as sawtooth oscilla-
tions, fishbones, and edge localized modes (ELMs) [15-18].
NTMs pose a unique challenge to next-generation tokamaks
because virtually all fusion-relevant plasma discharges are
potentially unstable to multiple NTMs. Moreover, NTM onset
is essentially unpredictable, because it is impossible to determ-
ine ahead of time which particular sawtooth crash, fishbone,
or ELM is going to trigger a particular NTM [19]. Indeed,
not all previously documented NTMs possess identifiable
triggers [20].

Fortunately, NTMs can be reliably suppressed via elec-
tron cyclotron current drive (ECCD) [15, 21]. This technique,
which has been successfully implemented on many tokamaks
[22-28], involves launching electron cyclotron waves into the
plasma in such a manner that they drive a toroidal current (in
the same direction as the equilibrium current) that is local-
ized inside the magnetic separatrix of the NTM island chain.
The idea is to compensate for the loss of the bootstrap current

within the separatrix consequent on the local flattening of the
electron temperature profile [15, 16].

The successful suppression of an NTM via ECCD depends
crucially on the early detection of the mode, combined with
an accurate measurement of the instantaneous location of, at
least, one of the O-points of the associated island chain [29].
In fact, because the island chain is radially thin, but relatively
extended in poloidal and toroidal angle, the measurement of
the radial location of the O-point is, by far, the most difficult
aspect of this process. The most convenient method of detect-
ing an NTM, and simultaneously determining the radial loc-
ation of an associated island O-point, is to measure the tem-
perature perturbation associated with the mode by means of
electron cyclotron emission (ECE) radiometry [9, 30-32].

Given the crucial importance of early and accurate detec-
tion of NTMs via ECE radiometry to the success of next-
generation tokamaks, existing theoretical calculations of the
expected ECE signal are surprisingly primitive [29, 32, 33].
The aim of this paper is to improve such calculations by tak-
ing into account the fact that an NTM in a realistic toroidal
tokamak equilibrium consists of multiple coupled poloidal and
toroidal harmonics. Harmonics with the same toroidal mode
number as the NTM, but different poloidal mode numbers, are
linearly coupled by the Shafranov shift, elongation, and tri-
angularity of the equilibrium magnetic flux-surfaces [34-36].
Furthermore, harmonics whose poloidal and toroidal mode
numbers are in the same ratio as those of the NTM are coupled
nonlinearly in the immediate vicinity of the island chain [7,
9]. Previous calculations have taken into account the important
fact that an NTM island chain is likely to be radially asymmet-
ric with respect to the rational surface [37, 38], due to the mean
radial plasma displacement at the surface, but have not neces-
sarily made an accurate determination of this asymmetry [29].
Our improved calculation incorporates an accurate assessment
of the asymmetry. Finally, the ECE signal is downshifted and
broadened in frequency due to the relativistic mass increase
of the emitting electrons [30, 31, 39]. This process leads to a
shift in the inferred location of the ECE to larger major radius,
as well as a radial smearing out the emission. Both of these
effects, which limit the accuracy to which the radial location
of the island O-point can be measured via ECE, are taken into
account in our improved calculation.

The calculation of the magnetic perturbation associated
with an NTM is most efficiently formulated as an asymprotic
matching problem in which the plasma is divided into two dis-
tinct regions [6, 34-36, 40—45]. In the so-called outer region,
which comprises most of the plasma, the perturbation is gov-
erned by the equations of linearized, marginally-stable, ideal-
MHD. However, these equations become singular on rational
magnetic flux-surfaces at which the perturbed magnetic field
resonates with the equilibrium field. In the inner region, which
consists of a set of narrow layers centered on the various
rational surfaces, non-ideal-MHD effects such as plasma res-
istivity, as well as nonlinear effects, become important. In the
calculation described in this paper, the NTM is assumed to
reconnect magnetic flux at one particular rational surface in the



Nucl. Fusion 66 (2026) 016031

R. Fitzpatrick

plasma (i.e. the ¢ =2 surface for the case of a 2, 1 mode, and
the ¢ = 3/2 surface in the case of a 3, 2 mode). The response of
the plasma at the other rational surfaces is assumed to be ideal,
as we would expect to be the case in the presence of sheared
plasma rotation [36]. The magnetic perturbation in the seg-
ment of the inner region centered on the reconnecting rational
surface is that associated with a radially asymmetric magnetic
island chain [7, 46]. The nonlinear island solution needs to be
asymptotically matched to the linear ideal-MHD solution in
the outer region. The electron temperature perturbation asso-
ciated with the NTM in the inner and outer regions is simul-
taneously determined by the asymptotic matching process.

In this paper, the asymptotic matching is performed using
the TJ toroidal tearing mode code [44, 45], which employs an
aspect-ratio expanded toroidal magnetic equilibrium [47]. The
TJ code is used for the sake of convenience. However, the cal-
culations described in this paper could just as well be imple-
mented using a toroidal tearing mode code, such as STRIDE
[42, 43], that employs a general toroidal magnetic equilibrium.

This paper is organized as follows. The adopted plasma
equilibrium is described in section 3. In section 4, the calcu-
lation of the perturbed electron temperature associated with
an NTM in the outer region is described. The correspond-
ing calculation of the perturbed electron temperature in the
inner region is described in section 5. The global perturbed
electron temperature, obtained by asymptotically matching the
perturbed temperatures in the inner and outer regions, is cal-
culated in section 7. The calculation of the ECE signal due to
the NTM is described in section 8. Finally, the paper is sum-
marized, and conclusions are drawn, in section 9.

2. Normalization

Unless otherwise specified, all lengths in this paper are nor-
malized to the major radius of the plasma magnetic axis, Ry,
All magnetic field-strengths are normalized to the toroidal
field-strength at the magnetic axis, By. All plasma pressures
are normalized to B3 / uo.

3. Plasma equilibrium

3.1 Model plasma equilibrium

The model plasma equilibrium employed by the TJ code is
discussed in appendix A.

The TJ code employs the conventional cylindrical coordin-
ates R, ¢, Z, as well as a flux-coordinate system, r, 6, ¢, where
r is a magnetic flux-surface label which can be interpreted as
the mean inverse-aspect ratio of the surface, ¢ is the geometric
toroidal angle, and € is a ‘straight’ poloidal angle. The plasma-
vacuum interface lies at r = a, where a < 1 is the mean inverse
aspect-ratio of the plasma boundary. (See section A.2.)

The shapes of the up—down symmetric equilibrium mag-
netic flux-surfaces are parameterized by the dimension-
less functions H;(r), Hy(r), and Hs(r), which control the
Shafranov shift, vertical elongation, and triangularity of the
surfaces, respectively. (See section A.4.)

The equilibrium is fully specified by the value of a, the
safety-factor profile g(r) (see equation (17)), the normalized
pressure profile, p,(r) (see equation (18)), the values of H,(a)
and Hi(a), and the (unnormalized) electron number density
profile, ne(r).

3.2. Example plasma equilibrium

Figures 1 and 2 show the magnetic flux-surfaces and profiles
of an ITER-like example plasma equilibrium characterized by
BO =53 T, RO =6.2 m, 020.2, Hz(a) = 10, H3(a) = 05,
q(0) =1.01, g(a) = 3.6, and p,(0) = 0.2. Here, 7 =r/a. The
normalized plasma inductance is /; = 1.16, and the normal-
ized beta is By = 1.32. The toroidal plasma current is I; =
2.44MA. This rather low value is symptomatic of the fact
that the true ITER inverse aspect-ratio is 0.32 rather than 0.20.
Unfortunately, the TJ code, which is based on an expansion
in the inverse aspect-ratio, does not give accurate results for
inverse aspect-ratios in excess of 0.2. Note that the normalized
central pressure, p;(0)—and, hence, the product of the cent-
ral electron number density and the electron temperature—
is limited by the requirement that the classical 2,1 and 3,
2 tearing modes remain stable. [Again, the rather low value
of the limiting central pressure is symptomatic of the inverse
aspect-ratio being too low. It is possible that we could increase
the limit by using optimized g(r) and p,(r) profiles.] Thus,
a rather small value of the central electron number density,
neo = 2.5 x 10" m~3, must be adopted in order to permit a
realistic central electron temperature of 7,9 ~ 20keV. Note
that, for the sake of simplicity, the ion temperature is assumed
to be equal to the electron temperature.

4. Perturbed electron temperature in outer region

Appendix B discusses how the TJ code calculates the per-
turbed electron temperature associated with an NTM in the
outer region.

The NTM is assumed to possess a toroidal mode number 7,
and a resonant poloidal mode number my;. In general, the mode
is resonant at multiple rational surfaces within the plasma, but
is assumed to only reconnect magnetic flux at the /th surface,
of normalized minor radius r;, at which g(r;) = m;/n.

The perturbed magnetic field in the outer region consists
of a single toroidal harmonic, but many linearly-coupled pol-
oidal harmonics, and is specified by a set of normalized radial
eigenfunctions, zZ)mj(r), where j indexes the poloidal harmon-
ics included in the calculation. (See equation (27).)

The electron temperature is assumed to be passively
convected by the plasma in the outer region. It is also
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Figure 1. The blue and green curves show surfaces of constant r and 6, respectively, for an ITER-like example plasma equilibrium
characterized by By = 5.3 T, Rg = 6.2 m, a=0.2, H»(1) = 1.0, and H3(1) = 0.5. The red curves show the locations of the ¢ = 3/2 and
g =2 surfaces. The dashed black line shows the location of the ECE measurement chord.

assumed that there is no change in topology of the mag-
netic flux-surfaces in the outer region due to the NTM. In
other words, any topology changes are confined to the inner

region.

constant on island magnetic-flux surfaces, the perturbed elec-
tron temperature in the inner region is specified by a set of
functions, 6T, (X) (see figure 14), where X = (r — r;) /W, and

v=0,1,2,---. Here, 6T, (X) is associated with the vm, vn
helical harmonic. These different harmonics are coupled non-

linearly in the inner region.

5. Perturbed electron temperature in inner region

Appendix C discusses how the TJ code calculates the per-

turbed electron temperature associated with an NTM in the

inner region.

The magnetic flux-surfaces associated with the NTM island
chain are parameterized by the radial island width, W, and
the (dimensionless) radial asymmetry parameter, . An island Grun Tk dr <

6. Modified Rutherford equation

The width of the NTM island chain evolves according to a

1

chain with § > 0 (which is what we generally expect) is such
that the magnetic X-points are shifted radially outward (in r)

from the rational surface by 6 W/ /8, whereas the O-points are
shifted radially inward by § W/+/8. (see figure 11) The island
asymmetry is produced by the gradient in 1),, () at the rational

surface.

Assuming that the island is sufficiently wide that paral-
lel electron transport forces the electron temperature to be

modified Rutherford equation of the form

w A r
r) =E;+ [5 (Oéb - ac) Goot + Jmax Geccd] Wl/;

ey

where all quantities are defined in appendix D. Here, Ej
is the normalized linear tearing stability index of an my, n
tearing mode that only reconnects magnetic flux at the I/th

rational surface, 73 is the resistive diffusion timescale at the

Ith rational surface, /3’ the normalized electron pressure, q;
represents the destabilizing effect of the loss of the bootstrap
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0.4

Figure 2. The safety-factor, normalized pressure, electron number density, and electron temperature profiles for the example equilibrium
pictured in figure 1. The vertical red lines show the locations of the ¢ = 3/2 and g = 2 surfaces.

Table 1. The poloidal mode number, toroidal mode number, normalized minor radius, normalized magnetic shear-length, linear tearing
stability index, critical linear tearing stability index for instability, normalized electron pressure, bootstrap parameter, curvature parameter,
and critical island width needed for flattening of the electron temperature, respectively, at the 3, 2 and the 2, 1 rational surfaces of the

example plasma equilibrium pictured in figures 1 and 2.

m n 7 L Ey Ajerit B ap o Wa/a
3 2 0.6195 1.756 1.709 48.57 0.0540 2.588 0.5816 6.27 x 1073
2 1 0.7874 1.209 13.66 47.96 0.0293 3.061 1.000 7.48 x 1073

current inside the island separatrix consequent on the flat-
tening of the electron temperature profile, o, represents the
stabilizing effect of magnetic field-line curvature consequent
on the flattening of the electron temperature profile, and Jyax
is the normalized peak current density driven by electron
cyclotron waves in the vicinity of the rational surface. The
dimensionless parameters Gy, Gboot, aNd Geceq are specified
in figures 16-19. Moreover, Table 1 lists various quantities
appearing in equation (1) calculated by the TJ code at the 3, 2
and the 2, 1 rational surfaces for the example plasma equilib-
rium shown in figures 1 and 2. The fact that Ejj — Ajcq < 0
implies that the associated classical tearing mode is stable.
The fact that o, — o > 0 implies that the associated NTM is
unstable.

It is clear from equation (1) and figures 17-19 that ECCD
is capable of completely stabilizing an NTM provided that
the radial offset of the peak driven current from the island
O-point is less than about twice the radial standard deviation
of the current drive profile (assuming that the island width is
itself less than or of order twice the standard deviation). (See
section D.4).

7. Global perturbed electron temperature

71. Asymptotic matching

The asymptotic matching process consists of writing the
NTM-modified electron temperature profile in the form

r _ q(r) e()()¢rnz(r) i(m 0—n )
0 = o) ol rg() m—ng () ¢
mjF£my
_ < q wm,( ) (m/e—nqﬁ)
WZ m,fnq< ) @

in the segment of the outer region that lies outside the rational
surface at which the NTM reconnects magnetic flux: i.e. r >
ri+ W. Here, T,o(r) is the equilibrium electron temperature
profile, T),(r) = dT,o/dr, g(r)/R is the normalized equilib-
rium toroidal magnetic field-strength, and ¥ is the reconnec-
ted magnetic flux at the /th rational surface (see equation (32)).
Likewise, the island-modified electron temperature profile
takes the form
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Table 2. The poloidal mode number, toroidal mode number, island width, normalized reconnected flux, island asymmetry parameter,
equilibrium electron temperature reduction inside the rational surface, and equilibrium electron temperature reduction outside the rational
surface, respectively, for a 3, 2 and a 2, 1 NTM in the example plasma equilibrium pictured in figures 1 and 2.

m n W/a v ) 0T.—(eV) 0T, +(eV)
3 2 0.1 3.48 x 10~* 0.150 —1.90 x 10° —0.276
1 2 0.1 4.89 %1074 0.272 —2.39 x 10° —3.91
T (r,0,68) = Too (r) + OTs — q(r) Tlo(r) P (r) oilmo—ng)  as different poloidal mode numbers). Hence, it is necessary
rg(r) m—nq(r) to separately calculate the temperature perturbation at a large
mjmy P b (1) . number of equally-spaced values of ¢.
vy AN ©)
(r) mj— ”61( r)

11]

in the segment of the outer region that lies inside the rational
surface: i.e. r < r; — W. Finally, the NTM-modified electron
temperature profile takes the form

X . n
T, (r,0,0) =T +T, IW Z oT, (W) eiv(mb—no)
=0, Vmax
mF#m;
q wm (r) i(mj0—
W J el m; n¢) 4
;J (r) m _"‘1( ) @

in the inner region: i.e. ; — W <r <r;+ W. Here, x=r—r;.
Continuity of the solution at r = r; = W implies that

0T, =T, WoTo (1) + T, WoTo — T W, ®)

0T, =T, WoTo (—1)+ T, WéTo4 + T, W, (6)

W, = T, WoT; (1) (rg m’/i’”’) 7 )
q TL’O ¢ml n+w
rg m—ngq
U =T, WéT; (-1 . ®)
el ( ) q T/me, e

Here, the NTM island width, W, is specified, and the recon-
nected magnetic flux, ¥, and the island asymmetry parameter,
0, are then deduced from equations (60) and (61), respect-
ively. Moreover, m;, n are, respectively, the poloidal and tor-
oidal mode numbers of the NTM, r; is the minor radius at
which the NTM reconnects magnetic flux, T,; = T,o(r;), T.; =
T!o(r1), 6Ty is defined in equation (93), 67,4 is the reduc-
tion in the equilibrium electron temperature profile outside the
island rational surface, and 07, _ is the corresponding reduc-
tion inside the rational surface. The asymptotic matching pro-
cess assumes that the 7,1 are negligible at r = r; = W. (See
figure 14.)

Note that if we were to neglect the nonlinearly generated
overtone harmonics of the m;, n harmonic in the inner region
then the temperature perturbation at a general toroidal angle,
¢, could be expressed as a linear combination of the temperat-
ure perturbations at ¢ = 0 and ¢ = 7/(2n). However, the pres-
ence of the overtone harmonics spoils this scheme (because
the harmonics have different toroidal mode numbers as well

72. Results

Table 2 shows various parameters derived from the asymptotic
matching process for a 3, 2 and a 2, 1 NTM in the example
plasma equilibrium pictured in figures 1 and 2. In both cases,
we have chosen rather wide islands of width W = 0.1 a for ease
of visualization. The asymmetry parameter for the 3, 2 mode
is 6 = 0.272, whereas that for the 2, 1 mode is § = 0.150. This
implies that both modes are characterized by radial asymmet-
ric island chains in which the island O-points are shifted radi-
ally inward from the rational surfaces. Both modes are also
characterized by rather small reductions in the equilibrium
electron temperature outside the rational surface, and quite
substantial reductions inside the rational surfaces.

Figure 3 shows the various harmonics of the 3, 2 and 2, 1
NTMs as functions of the flux-surface label r. Note that the
overtone harmonics in the island regions are not shown in this
figure. It can be seen that both NTMs consist of many coupled
poloidal harmonics.

Figure 4 shows the perturbed electron temperatures associ-
ated with both NTMs at a particular toroidal angle. In this case,
all harmonics are included in the calculation. (The allowed
poloidal harmonics in the outer region have poloidal mode
numbers in the range m = —10 to m = +20. The allowed over-
tone harmonics in the inner region are such that v lies in the
range 0 to 15.) It can be seen that the temperature perturba-
tions have quite complicated structures. Nevertheless, when
the temperature perturbations are added to the equilibrium
electron temperature profile then flat spots are clearly visible in
the vicinity of the NTM rational surfaces, as shown in figure 5.

8. Synthetic ECE diagnostic

8.1. Introduction

The ECE signal generated by an NTM is measured on a hori-
zontal chord that passes through the magnetic axis of the
plasma. See figure 1. Such a chord corresponds to a possible
path of ECE because the perpendicular gradient of the plasma
refractive index is zero along the chord due to the up—down
symmetric nature of the plasma equilibrium. The fact that the
chord path is normal to the equilibrium magnetic field means



Nucl. Fusion 66 (2026) 016031 R. Fitzpatrick

=

4001 —

200

33333383
LLLLLL

Te(eV)

—200

0.0

800

1
[
= N

6001 —

4001 —

2001 —

3333333
[

u b WN K

Te(eV)

0

—200

—4001

0.0 0.2 0.4 06 0.8 1.0
r

Figure 3. Harmonics of the perturbed electron temperature associated with a 3, 2 (top panel) and a 2, 1 (bottom panel) NTM of island width
W = 0.1a in the example plasma equilibrium pictured in figures 1 and 2. The harmonics all have the same toroidal mode number as the
NTM. The vertical dashed lines show the positions of the rational surfaces.

0.2] 0.21
0.1 0.11
o o
£ 0.0 X 00
N N
-0.1 —-0.11
-0.2 | -0.2 1

T

08 09 10 11 12
R/Rg

Figure 4. Electron temperature perturbation at a particular toroidal angle associated with a 3, 2 (left panel) and a 2, 1 (right panel) NTM of
island width W = 0.1 a in the example plasma equilibrium pictured in figures 1 and 2. The black curves show the locations of the rational
surfaces. The black dot shows the location of the magnetic axis.



Nucl. Fusion 66 (2026) 016031

R. Fitzpatrick

0.2
0.1
[w]

% 0.0
-0.1
_02.

08 09 10 11 1.2
R/Rg

11 1.2

09 1.0
R/Ro

0.8

Figure 5. Total electron temperature at a particular toroidal angle (which is the same as that in figure 4) associated with a 3, 2 (left panel)
and a 2, 1 (right panel) NTM of island width W = 0.1 a in the example plasma equilibrium pictured in figures 1 and 2. The black curves
show the locations of the rational surfaces. The black dot shows the location of the magnetic axis.

that Doppler broadening of the ECE signal is eliminated [30,
33, 39].

Gyrating electrons emit electron cyclotron radiation at fre-
quencies that satisfy [30]

w=jwe, )

where the positive integer j is the harmonic number, and w, is
the local cyclotron frequency. The cyclotron radiation propag-
ates along the measurement chord in a direction perpendicu-
lar to the equilibrium magnetic field. There are two independ-
ent polarizations. O-mode radiation is polarized such that the
electric component of the wave is parallel to the equilibrium
magnetic field, whereas X-mode radiation is polarized such
that the electric component of the wave is perpendicular to the
field [51].

Neglecting the relativistic mass increase of electrons, the
cyclotron frequency takes the form [51]

_eB

wc - b
me

(10)

where B is the (unnormalized) local magnetic field-strength, e
the magnitude of the electron charge, and m, the electron rest
mass. Now, in ITER-like plasmas, it is an excellent approxim-
ation to write

By Ry

B(R)= =22

(11)
Thus, it is convenient to define

j .o R
Rw(w)zf"*%7

(12)

as the major radius from which jth harmonic ECE of fre-
quency w would originate in the absence of the relativistic
mass increase. Here, w.o = e By /..

In thermal equilibrium, assuming that the electron number
density is sufficiently large to render the plasma optically thick
(see figure 6), the intensity of ECE is directly proportional to
the electron temperature, 7., of the region of the plasma from
which the radiation originates [30]. Moreover, the frequency of
the emission, w, can be used to infer the major radius, R,, (w),
of the emitting region by means of equation (12). In other
words, an ECE diagnostic is capable of directly measuring the
function T, (R,,) along the measurement chord.

8.2. Relativistic mass increase

Unfortunately, the simple scheme just outlined is spoiled by
the fact that, due to the relativistic mass increase of gyrating
electrons, the true cyclotron frequency is

eB\/1—v2/c?
We=—7""—"—"—"",
ne

13)

where v is the electron speed, and ¢ the velocity of light in
vacuum. Given that the gyrating electrons have a range of
different speeds, they emit cyclotron radiation in a range of
frequencies that lies below the non-relativistic cyclotron fre-
quency. This implies that radiation of a given frequency actu-
ally emanates from a range of major radii that lie slightly inside
R,,. The relativistic downshifting and broadening in frequency
of ECE causes the temperature profile inferred from the dia-
gnostic to be both shifted outward and smeared out in major
radius.

8.3. Reabsorption

Of course, gyrating electrons that emit electron cyclotron radi-
ation of a given frequency are also capable of absorbing such
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Figure 6. Standard deviation, o, and inward radial shift, A, of the ECE spatial convolution function, calculated as a function of position on
the measurement chord, for 1st harmonic O-mode and 2nd harmonic X-mode emission in the model plasma equilibrium pictured in
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radiation. The reabsorption of the electron cyclotron radi-
ation, as it propagates along the measurement chord, reduces
the downshifting and broadening in frequency, and, therefore,
increases the spatial resolution of the ECE diagnostic. The two
ECE modes that are most strongly absorbed by the plasma are
1st harmonic (i.e. j = 1) O-mode and 2nd harmonic (i.e. j = 2)
X-mode [30]. Not surprisingly, the ITER ECE diagnostic
is designed to detect NTMs by means of these two modes
[33, 39].

8.4. Spatial convolution function

The theory of the emission and reabsorption of electron cyclo-
tron radiation is very complicated, and is summarized in
appendix E. The net result of this theory is that the radiation
temperature, T,q(R,,), measured by the ECE diagnostic, is

related to the actual electron temperature along the measure-
ment chord, T¢.(R), according to

Rigs
Tt (R) = / T.(R)F(R,.R)dR.  (14)
R

hfs

Here, Ry is the radius of the plasma boundary on the high-
field side (i.e. the inner side) of the chord, whereas Ry is the
corresponding radius on the low-field side (i.e. the outer side).
The spatial convolution function, F(R,,,R), is well approxim-
ated as

1 (R—R, + A)?
F(Ro,R) = ———exp |-~ -T2 | RgR,
(R K) Jz?aP(A/a)eXp[ 207
=0 R>R,.
(15)
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Here, P(x) is defined in equation (157). Note that the convo-
lution function is characterized by just two parameters: the
standard deviation, o, and the inward shift of the function peak
from the non-relativistic cyclotron resonance, A.

8.5. Results

The analysis of appendix E allows us to calculate o and A
for Ist harmonic O-mode and 2nd harmonic X-mode ECE
along the measurement chord of our example plasma equi-
librium. The results of this calculation are shown in figure 6.
Also shown are the saturated optical depths, 7., of the two
modes. (See equation (149).) It can be seen that the plasma is
optically thick (i.e. 7o > 1) to both 1st harmonic O-mode and
second harmonic X-mode electron cyclotron radiation at the 3,
2 and the 2, 1 rational surfaces. However, the optical thickness
of X-mode radiation exceeds that of O-mode. Consequently,
the standard deviation of the X-mode convolution function is
less than that of the O-mode function, indicating that the spa-
tial resolution of an ECE diagnostic that employs the former
mode is greater than that of one that employs the latter. It can
be seen that A ~ 3¢ for both modes. This indicates that the
outward radial shift in the inferred location of ECE emission,
due to the relativistic mass increase, is a stronger effect than
the radial smearing out of the emission.

Figures 7 and 8 show the perturbed and total electron
temperatures along the ECE measurement chord, as well as

the corresponding temperatures inferred by a relativistically
downshifted and broadened 1st harmonic O-mode and 2nd
harmonic X-mode ECE diagnostic, for a 3, 2 NTM and a 2,
1 NTM of island width W = 0.1a, in the model plasma equi-
librium pictured in figures 1 and 2. The signals are evalu-
ated at two different toroidal angles. However, because the
NTM temperature perturbation is actually rotating toroidally
(because the NTM island chain is rotating), different toroidal
angles translate to different measurement times. (See the dis-
cussion on island rotation in section D.4.) It can be seen that
the temperature profile measured by the relativistically down-
shifted and broadened ECE signal is indeed both shifted out-
ward and smeared out in major radius. This effect is slightly
more marked for O-mode compared to X-mode radiation.
The flattening of the electron temperature in the vicinity
of an NTM island chain is usually detected in tokamak experi-
ments using the so-called ‘Berrino algorithm’, which looks for
a time-averaged anti-correlation between the ECE signal seen
in neighboring channels [32]. We can reproduce this algorithm
by calculating the radial gradient of the relativistically down-
shifted and broadened ECE signals shown in figure 8, via
finite differencing, and then averaging over toroidal angle.
(In practice, we calculate the signal at 32 equally-spaced tor-
oidal angles and average the results.) Figure 9 shows our sim-
ulated Berrino algorithm. It can be seen that the flattening
of the electron temperature in the vicinity of an NTM island
chain generates a local minimum in a signal that is otherwise
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downshifted and broadened 1st harmonic O-mode (blue curves) and 2nd harmonic X-mode (red curves) ECE diagnostic for a 3, 2 NTM
(left panels) and a 2, 1 NTM (right panels) of island width W = 0.1 a in the model plasma equilibrium pictured in figures 1 and 2. The total
temperatures are calculated at two different toroidal angles (top and bottom panels). The vertical dashed lines show the locations of the

rational surfaces.

monotonically increasing with major radius (except very close
to the edge of the plasma). It is clear from the figure that the
algorithm is quite capable of detecting island chains of widths
as small as 1% of the plasma minor radius. (This detection
threshold neglects the effect of experimental noise, and should
be considered as an absolute, rather than a practical, threshold.
Note, also, that the critical island width needed for detection
by ECE is greater than that needed to flatten the electron tem-
perature profile. See table 1.) However, if the location of the
NTM rational surface is associated with the position of the
local minimum of the signal, as is common practice [32], then
an error is introduced, because the local minimum lies out-
side the rational surface due to the relativistic downshifting of
the ECE. The fact that the algorithm can detect very narrow
NTM island chains means that the stabilizing ECCD can be
turned on before the chain causes significant degradation of the
plasma energy confinement. However, given that the ECCD
ideally needs to hit one of the island O-points, which usu-
ally lie inside the associated rational surface, the radial loca-
tion of the O-point inferred from the Berrino algorithm clearly
needs to be corrected for both the relativistic downshifting and
the fact that the O-point is located slightly inside the rational
surface. Figure 10 shows a corrected Berrino algorithm in
which the inferred major radius of the signal is taken to be
R,—A—-56W/ /8, rather than R,,. In this case, the local min-
ima of the signals lie almost exactly at the island O-points.

9. Summary and discussion

In this paper, we have demonstrated how a toroidal tear-
ing mode code can be used to make realistic predictions of
the ECE signals generated by NTMs in an ITER-like toka-
mak plasma equilibrium. (See section 3.) In the outer region,
which comprises the bulk of the plasma, helical harmonics
of the magnetic field with the same toroidal mode number as
the NTM, but different poloidal mode numbers, are coupled
together linearly by the Shafranov shift and shaping of the
equilibrium magnetic flux-surfaces. (See section 4.) In the
inner region, which is localized in the vicinity of the NTM
rational surface, helical harmonics whose poloidal and tor-
oidal mode numbers are in the same ratio as those of the NTM
are coupled together nonlinearly to produce a radially asym-
metric magnetic island chain. (See section 5.) The solutions
in the inner and outer regions are asymptotically matched to
one another. (See section 7.) The asymptotic matching process
determines the overall magnetic structure of the NTM, as well
as the global perturbation to the electron temperature caused
by the NTM.

Although an NTM can easily be detected using magnetic
pickup coils located outside the plasma, this detection method
is subject to substantial interference from other MHD modes,
such as sawtooth oscillations and ELMs, and also does not
determine the location of the NTM island chain. This is
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problematic because the cure for NTMs is to launch electron
cyclotron waves into the plasma in such a manner as to drive
a localized toroidal current in the vicinity of one of the O-
points of the chain. In order to be effective, the location of
the peak of the ECCD profile cannot miss the island O-point
in major radius by more than two standard deviations of the
radial width of the profile. (See section 7.) Fortunately, as is
confirmed in this paper, ECE radiometry is capable of meas-
uring the major radius of the island O-point, even when the
width of the island chain is as small as 1% of the plasma minor
radius (in the absence of noise). (See section 8.) Moreover,
this measurement is not subject to interference from sawtooth
oscillations or ELMs, because such modes do not produce flat
spots in the electron temperature profile. However, the accur-
acy of the ECE diagnostic is limited by the fact that the signal
is downshifted and broadened in frequency due to the relativ-
istic mass increase of the emitting electrons. It is clear, from
the calculations in this paper, that the radial location of the O-
point deduced by an ECE diagnostic needs to be corrected for
the relativistic downshifting, which causes the inferred loca-
tion to shift outward in major radius from the rational surface,

as well as the fact that the island O-point is shifted inward from
the rational surface. An example of such a correction is shown
in figure 10.

The flattening of the electron temperature profile inside the
separatrix of an NTM magnetic island chain can also be detec-
ted by means of a Thomson scattering diagnostic [48, 49]. In
spherical tokamaks, this is the only feasible option, because
ECE tends to be optically thin, and also encounters problems
with cutoffs [50]. The main drawback of Thomson scattering
is that it does not have the same temporal resolution as ECE
radiometry.

The calculations described in this paper were performed
using the TJ toroidal tearing mode code [44, 45], which is
limited to unrealistically small aspect-ratio plasma equilib-
ria. However, the analysis in this paper could be incorpor-
ated into a toroidal tearing mode code, such as STRIDE, that
can deal with realistic plasma equilibria, in a fairly straight-
forward manner. Such an augmented code could calculate the
necessary corrections to the Berrino algorithm very rapidly,
and would constitute a valuable addition to the ITER plasma
control system.
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Appendix A. Model plasma equilibrium

A.1. Introduction

This appendix discusses the model plasma equilibrium
employed in the TJ code.

A.2. Coordinates

Let R, ¢, Z be right-handed cylindrical coordinates whose
symmetry axis corresponds to the symmetry axis of the
axisymmetric toroidal plasma equilibrium. Let r, 6, ¢ be right-
handed flux-coordinates whose Jacobian is

T (r,0)=(VrxV0-Vé) ' =rR> (16)
Note that r = r(R,Z) and § = 6(R,Z). The magnetic axis cor-
responds to r = 0, and the plasma-vacuum interface to r =a.

A.3. Equilibrium magnetic field

Consider a tokamak plasma equilibrium whose magnetic field
takes the form

B(r,0) =f(r) Vo x Vr+g(r) Vo =fV (¢ —qb) x Vr,
a7

where ¢g(r) = rg/f is the safety-factor profile. Note that r is
a magnetic flux-surface label that can be interpreted as the
mean inverse aspect-ratio of the surface, ¢ is the geometric
toroidal angle, and @ is a ‘straight’ poloidal angle defined such
that magnetic field-lines within a given magnetic flux-surface
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appear as parallel straight-lines when plotted in 6-¢ space.
It follows that @ < 1 can be interpreted as the mean inverse
aspect-ratio of the plasma.

Equilibrium force balance requires that VP = J x B, where

P(r)=da’ps(r), (18)

is the equilibrium scalar plasma pressure profile, and J = V x
B the equilibrium plasma current density. The (unnormalized)
equilibrium electron temperature profile is written

_Bi P(r)
o 2ne (r)’

Teo (r) 19)

where n,(r) is the (unnormalized) equilibrium electron num-
ber density profile. Here, we are assuming that the electrons
and ions have the same temperature, as is likely to be the case
in ITER. (Note that this assumption could easily be relaxed.)

A.4. Equilibrium magnetic flux-surfaces

The loci of the up—down symmetric equilibrium magnetic
flux-surfaces are written in the parametric form [36]

R(7,w) =1—arcosw+a* [H (F) cosw + H (F) cos2w
+H; (7) cos3w], (20)

Z(#,w) = at sinw + a* [Hy (7) sin2w + H3 (7) sin3w],
2D

where r = ar, and w is a geometric poloidal angle that is dis-
tinct from the straight angle, 6. Here, the dimensionless func-
tions H, (7), H2(#), and Hs(7) control the Shafranov shift, ver-
tical elongation, and triangularity of the flux-surfaces, respect-
ively. Moreover, an expansion of the Grad-Shafranov equation
yields [47],

g(R)=1+a g(F), (22)
&=-D ;i(z,s), (23)
H{Lf(sfzs)H?l/szPéqz, (24)
1@”:—(3—2S)H7f+(f—1)? forj > 1, (25)

—

H;
0 — o s B N~ (i 1 ..
w+arsinw aE S H —(j—1) f}smjw,
j=13
(26)

where s(7) = q’/q is the magnetic shear, and ’ denotes d/dr.
The plasma equilibrium is fully specified by the value of a,
the two free flux-surface functions ¢(7) and p; (¥), the values of
H,(1) and H3(1), and the equilibrium electron number density
profile, n(F).

Appendix B. Perturbed electron temperature in
outer region

B.1. Introduction

This appendix discusses how the TJ code calculates the per-
turbed electron temperature profile associated with an NTM
in the outer region.

B.2. Perturbation in outer region

Let the positive integer n be the toroidal mode number of
the NTM. Let there be K rational surfaces in the plasma, of
minor radius r; (for k = 1,K), at which the resonance condi-
tion g(r;) = my/n is satisfied, where the positive integer my
is the resonant poloidal mode number at the kth surface. The
perturbed magnetic field in the outer region is specified by
[44, 45]

r — i i(mj@—n
b(r,ﬁ,@:b-Vr:ﬂTzzwmj(r)e( 9. 27)

j=1J

Here, b(r,0,¢) is the perturbed magnetic field-strength, and
the m; are the J > K poloidal mode numbers included in the
calculation. (The m, are a subset of the m;.)

The functions v, (r) are determined by solving a set of
2J coupled ordinary differential equations that are singular
at the various rational surfaces in the plasma. The solutions
to these equations must be launched from the magnetic axis
(r=0), integrated outward in r, stopped just before and restar-
ted just after each rational surface in the plasma, integrated
to the plasma boundary (r = a), and then matched to a free-
boundary vacuum solution. This process is described in detail
in [44].

B.3. Behavior in vicinity of rational surface

Consider the behavior of the v, (r) in the vicinity of the kth
rational surface. The non-resonant 1, (r), for which m; # my,
are continuous across the surface. On the other hand, the res-
onant ¢, (r) is such that

U, (1 +x) = Apg |x]"* + sgn (x) A?k |x| sk (28)
where
1
VL= 5= —Dy, (29)
st = 5+ "D, (30)
Dy =— 2(1S7;q2) r% % (31)
n

Here, Apy is termed the coefficient of the large solution,
whereas Asik are the coefficients of the small solution. Here,
A;‘k corresponds to the region x > 0, whereas Ag, corresponds
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to the region x < 0. Furthermore, Dy is the ideal Mercier inter-
change parameter (which needs to be negative to ensure stabil-
ity to localized interchange modes) [52—54], and v, and vg;
are termed the Mercier indices.

It is helpful to define the quantities [44]

B 1/2
= i (W) Ars, (32)
L, e
Vst — e\ ! /2
vs Sk — VL —
AWy = s (L"'k ) (A5 —Ag),  (33)
My I
at each rational surface in the plasma, where
Lyt (r) = miep (r) 40?1, (34)
_,df
e ()= prvr 2 5. G3)

Here, the dimensionless complex parameter ¥ is a measure of
the reconnected helical magnetic flux at the kth rational sur-
face, whereas the dimensionless complex parameter A¥ is a
measure of the strength of a localized current sheet that flows
parallel to the equilibrium magnetic field at the surface.

It is assumed that ¥, =0 for all k, except for k=1[. In
other words, the NTM only reconnects magnetic flux at the
Ith rational surface. Let

1/)m, (r) = ![/’(Z]m, (r) )

where ¥ is the reconnected magnetic flux at the /th rational
surface, and the 1), (r) are normalized such that ¥ = dy.

(36)

B.4. Electron temperature in outer region

Let £(r,0, ¢) be the plasma displacement in the outer region.
We can write [45]

fr(r,97¢) = E -Vr= Z g:nj (r) ei(m,e_n¢)

j=1J
— !p i Z wm[ ei(m/G—n (25) . (37)
rgjzw mj —ng

The perturbed electron temperature in the outer region is
written

0T, (r,0,0) = —%f’(r,@,qﬁ)—l—&TeoH(r—n) (38)
where
1
H(x):{ 0 iig . (39)

Here, we are assuming that the electron temperature is pass-
ively convected by the plasma in the outer region. We are also
assuming that there is no change in topology of the magnetic
flux-surfaces in the outer region due to the NTM. In other
words, any topology changes are confined to the inner region.
Finally, 07T,¢ < O is the reduction in the equilibrium electron
temperature in the plasma core due to the flattening of the tem-
perature profile in the vicinity of the NTM island chain [55].

Appendix C. Perturbed electron temperature in
inner region

C.1. Introduction

This appendix describes how the TJ code calculates the tem-
perature perturbation associated with an NTM in the inner
region.

C.2. Force balance

Consider the segment of the inner region in the vicinity of the
Ith rational surface, where the NTM reconnects magnetic flux.
Letx=r—r, X=x/W, and ( =m;0 —n¢, where W < a is
the full width of the NTM island chain’s magnetic separat-
rix. Here, m; is the resonant poloidal mode number at the
Ith rational surface. Let us search for a single-helicity solu-
tion in which the magnetic flux-surfaces in the vicinity of the
island chain are contours of some function 2(X,¢). Now, a
magnetic island chain whose width exceeds the linear layer
width is a helical magnetic equilibrium [7]. As such, the island
magnetic-flux surfaces must satisfy the fundamental force bal-
ance requirement [46]

90
o C,.Q =0, 40)
where
OA| OB OB| 0OA
ABl=—| —| — —=| —| . 41
[A,5] 3X<8CX 3X<3CX

This requirement stipulates that the current density in the
island region must be constant on magnetic flux-surfaces
[7, 56].

C.3. Island magnetic flux-surfaces

A suitable solution of equation (40) that connects to the ideal-
MHD solution in the outer region is [46]

2(X,¢) = 8X* +cos (¢ — 6% sin()

—2v/88X cos ¢ + 02 cos? ¢, (42)
where || < 1. As illustrated in figure 11, the magnetic flux-
surfaces (i.e. the contours of (2) map out an asymmetric
(with respect to X =0) island chain whose X-points lie at
X= 6/\/§ (=0, 27, and {2 = +1, and whose O-points lie
at X = 75/\/§, ¢ =, and {2 = —1. The maximum width of
the magnetic separatrix (in x) is W.

The first term on the right-hand side of equation (42) eman-
ates from the unperturbed (by the NTM) plasma equilibrium,
whereas the remaining terms emanate from the NTM perturb-
ation in the outer region. In particular, the third term on the
right-hand side, which governs the island asymmetry, origin-
ates from the mean radial gradient in the cos ( component of
the linear NTM eigenfunction at the rational surface.
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Figure 11. The thin solid curves show the contours of 2(X

.2:
¢/m

,C) evaluated for § =0.5. The thick solid lines show the magnetic separatrix

(upper and lower curves) and the contour ¥ = 0 (middle curve). The curved dotted lines show equally-spaced contours of Y, whereas the
vertical dotted lines show equally-spaced contours of £. Reprinted from [46], with the permission of AIP Publishing.

Note that equation (42) yields §?§2/9X> = 16. The fact that
0%(2/0X? is a spatial constant implies that the force balance
requirement (40) is trivially satisfied. Now, the 8 X? term in
equation (42) is the first term in a Taylor expansion. The next
term in the expansion is of order (¢’ W/q'),, X>. This term,
which would lead to an additional source of asymmetry of
the island magnetic flux-surfaces, can be neglected for a suffi-
ciently thin island. However, the real motivation for neglecting
the term is that it would cause 9*2/9X? to not be a spatial con-
stant, which would necessitate finding a non-trivial solution of
the nonlinear equation (40). It is not obvious how to do this.

The island asymmetry is characterized by the dimension-
less parameter 6. If § > 0 then the island O-points are displaced
radially inward (with respect to the unperturbed rational sur-
face), whereas the X-points are displaced radially outward an
equal distance. The opposite is the case if § <0. Generally
speaking, we expect J >0 for NTMs (because the linear
eigenfunctions for such modes tend to attain their maximum
amplitudes inside the rational surface; see figure 2 in [57]).
Note that if |§| exceeds the critical value unity then the X-
points bifurcate, and a current sheet forms between them [58].
Consequently, it is no longer possible to analyze the resistive
evolution of the resulting island chain using a variant of stand-
ard Rutherford island theory [7]. Hence, we shall only consider
the case —1 <6 < 1.

C.4. Coordinate transformation

Let us define the new coordinates [46]

5
Y=X——

V8

cos(, 43)

£=(—6%sinC.

(The angle £ should not be confused with the plasma displace-
ment £.) When expressed in terms of these coordinates, the
magnetic flux-function (42) reduces to the simple form

(44)

2(Y,6) =8Y? +cosé. (45)
Thus, as illustrated in figure 12, irrespective of the value of
the asymmetry parameter, §, when plotted in Y, £ space, the
magnetic flux-surfaces map out a symmetric (with respect to
Y =0) island chain whose O-points lie at ¢ =, ¥ =0, and
2 = —1, and whose X-points lie at { =0, 27, Y =0, and 2 =
+1. The fact that the radially asymmetric island flux-surfaces
can be remapped to a set of radially symmetric surfaces greatly
simplifies our analysis.
The inversion of equation (44) is very well known [59]:

(=642 ) [" n ]sin(ug), (46)
p=1,00
p—1 0 nt1 1
cosC—eru;m[ (M )M + (M ):|cos(,uf)y

(47

. 2 Ju(né®) |
sin¢ = = M;)c [“(M)] sin (1€), (48)
COS(I/C):I/ Z |:LL V(:u(s) M"rl/(:ué )]cos(uf),

pn=1,00 H
(49)
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&/m

Figure 12. The thin solid curves show the contours of {2(Y, &) evaluated for § = 0.5. The thick solid lines show the magnetic separatrix
(upper and lower curves) and the contour ¥ = 0 (middle curve). Reprinted from [46], with the permission of AIP Publishing.

Ju—v (06%) + g (1 0?
sin(rg) =y Y |t s ) o,
- K
pn=1,00
(50)

forv > 1.
C.5. Plasma displacement
Outside the magnetic separatrix, we can write

Q(X.0)=8(X~-=2), (51)

where = = ¢&"/W is the normalized radial plasma displace-
ment. It follows that, in the limit |X| > 1,

_ _[R(x,¢) -8x*-8Z7]
B cos (( — 0% sin¢) 4+ 6% cos?( = =2
TR 16X 2X

_ 52
:jgcosg—cos (Cl 6(; Smo, (52)

where use has been made of equation (42). Note that = (X, ()
is an even function of (. Let us write

>

v=0,00

=
—

EX.Q) = v (X) cos (v (). (53)

Thus,
d
Emm=z¢5< ) cos () 5
:7 LX C 52smC) cos(—C
7 ! yg sm( COSC%
16X§£COS 2002 smC) cosC—< (54)
But [59, 60],
d
v (6%) :ygcos v — 6% sin() %, (55)
o)
5§ Jo(6%)+J (82
am=ﬁ—“1;ﬂx (56)
and
wé W2
& (n+x) = 75 16x [Jo(8*)+ 1 (6%)]. (57

In the outer region, &/, (r) is the equivalent quantity to £ (r).
It follows from equation (37) that, in the limit |x| < a,

)G

hq
s5q

i 12)”!/

rg m—nq

1
) l;—i_o(l)v
(58)

& (4+x) =" (
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where

)1/2
h — my
()=,

&

(59)

and use has been made of equations (28) and (32). Here,
we are assuming that v;; >~ 0 and vg; ~ 1, as is generally the
case in a large aspect-ratio tokamak. A comparison between
equations (57) and (58) reveals that

2
gp:(f) (jj) () +0 )], ©0)
and
5:X2k%uﬁwm+gﬁnfwﬂ. (61)

w

Equation (60) gives the relationship between the reconnec-
ted magnetic flux, ¥, and the island width, W. This relation-
ship differs from the conventional one [7] because of correc-
tions due to the radial asymmetry of the island chain. However,
the corrections are fairly minor. In fact, 1 > Jo(6?) + J»(6%) >
0.880 for 0 < || < 1. Equation (61) specifies the relationship
between the island asymmetry parameter, ¢, and the mean
radial plasma displacement at the rational surface. Note that
the matching between the inner and outer solutions is per-
formed atr=r; £ W.

C.6. Flux-surface average operator

Now,
0 ofn 0 ol 0 0
— = = = —=| —| =16Y—| , (62)
6XC 8X48(25 BXC(%Q 8!25
and
o _oe| o ol o)
¢ |y GCX8!2§ oC |y 0¢|
SO
16Y [ OA| OB OB| 0A
AB=—| —| —| - —| — , (64)
[A,B] o (89535 a 8(2585 Q)
where
_d¢ 2
c@)=g=1+2 D Ju(ud®) cos(ng),  (65)

p=1,00

and use has been made of equations (41)—(44) and (46). In
particular,

16Y 0A

(4,91 = o 0¢

(66)

2
The flux-surface average operator, (- - - ), is the annihilator
of [A, (2] for arbitrary A(s,(2,£) [9, 46]. Here, ¢ = +1 for

Y >0and ¢ = —1 for Y <0. It follows from equation (66) that

O g (6) AL (£2,€) dE

= Go V2 (2 —cosé) 21 (67)
for —1 <2< 1,and
_ [T o(©)A(2,6) &
“ = 0 /2 (£2—cos) 27 (68)
for £2 > 1. Here, & = cos~!(£2), and
1
AL (0,8) = 5[A(+1,Q7£)+A(—1,Q,5)}. (69)

C.7 Wide island limit

In the so-called wide island limit, in which parallel electron
heat transport dominates perpendicular heat transport [9, 46],
the electron temperature in the vicinity of the island chain can
be written

T.(X,¢) =T+ s WT,, T(2), (70)
where T,; = T,o(r;) and T., = dT,o(r;)/dr are the equilibrium
electron temperature and temperature gradient, respectively, at
the island rational surface. Here, T({?2) satisfies [9]

*PT
< e <> =0, 1)
subject to the boundary condition that
T(2) — x| (72)

as |X| — oo. It follows from equations (45), (62), and (68) that

d [, , dT
— (A=) =
e << >m) 0 (73)
subject to the boundary condition that
- N2
T(2)— 74
(£2) 7 (74)

as £2 — co. Note that 7(£2) = 0 inside the magnetic separat-
rix, by symmetry, which implies that the electron temperature
profile is completely flattened in the region enclosed by the
separatix [9].

Outside the separatrix,

1 27 d§
2 _ _ _>
T R GIVEICE G
Let
1/2
m:<129> . (76)
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Thus, the island O-points correspond to x =0, and the mag-
netic separatrix to x = 1. It follows that

/2 2 0\ /2
(V2 (k) = %/ o (20 — ) <1 - 512219> & (77)
0

for k > 1. Thus, making use of equation (65),

K
(V%) (5) = .-G (1/r), (78)
T
where
Gp)=Eo(p)+2 3 cos(um) J, (u8) E(p). (79)
pn=1,00
"/ 2 2. 9\1/2
E,(p)= cos(2pd) (1—p°sin*d) '~ dv. (80)
0
Equation (73) yields
T(k)=0 (81)
for0 <k <1, and
d dr
— 1/k) —| =0 82
a|oam o] 52
for k > 1. Thus,
dT c
ds ~ G(1/k) (83)
for k> 1, subject to the boundary condition that
T(k) — g (84)

as kK —o0o. Now, Ey(0)=m/2, and E,~0(0) =0, which
implies that ¢ = 7 /4. So

a4 G(/R) (85)

T(x)=F(r), (86)
™ % dr’

"3, Gt o

for k > 1.

C.8. Helical Harmonics of perturbed electron temperature

‘We can write

T(X,)= Y _ 0T, (X)cos(v(). (88)
v=0,00
Now,
6Ty (X) = yﬁf(x, ¢) % (89)

where the integral is performed at constant X. It follows from
equations (45), (65), (76), and (86) that

5(7 dg
o) = [ Fo© S, (90)
0
where
& =cos™! (1-8Y?) 91)
for |Y| < 1/2, and & = 7 for |Y| > 1/2. Furthermore,
¢ 1/2
K= {41/2 + cos? (2>] . (92)
Let
5Ty = lim [X — 6T, (X)], (93)
X—o0
6Ty =— lim [X— 6T, (X)], (94)
X——o0
0Ty0o =0Ty +6Tp—. 95)

The quantity 67y, is related to the reduction of the electron
temperature in the plasma core, §7,(, due to the flattening of
the temperature profile inside the island separatrix, as follows:

0To0=WT.,;0To00- (96)
Here, we are assuming that the equilibrium electron temperat-
ure at the plasma boundary is fixed [55]. Figure 13 shows T
plotted as a function of the modulus of the island asymmetry
parameter, |§|. Note that Ty, is positive, indicating that a
magnetic island chain decreases the core electron temperature,
assuming that the unperturbed electron temperature gradient at
the island rational surface is negative. [See equation (96).] It is
clear that a symmetric (i.e. = 0) magnetic island chain give
rise to slightly larger reduction in the core temperature than an
asymmetric island chain of the same width.
For v >0, we have
- d¢

5T, (X) =2 §£ 7(X,0) cos (vC) 5 97)

where the integral is performed at constant X. Integrating by

parts, we obtain

2 [oT| . d¢
6TZ,(X)——V¢8<Xsm(VC)27T. (98)
But,
oT|  dT 0w 1 dT 00 1 dT
aicxf& &X—E& %X**E&T(§)7 (99)
where

7 (&) =sing (1 -5 cos() —2v/86X sin¢ + 6% sin (2¢),
(100)
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Figure 13. The island temperature flattening parameter, 79, plotted as a function of the modulus of the island asymmetry parameter, |§|.

and use has been made of equations (42) and (76). Hence,

1

dg,

/& sin (v¢) 7(£) o () (101)
0

kG(1/k)

where use has been made of equations (65) and (85).

Figure 14 shows the harmonics of the normalized electron
temperature in the inner region, 67, (x/W), calculated for an
asymmetric magnetic island characterized by § =0.5. Note
that the harmonics are asymmetric in X. (By contrast, figure 3
of [9] shows the purely anti-symmetric harmonics of a sym-
metric island.) It can be seen that the ¥ =0 and v = 1 harmon-
ics extend into the outer region, whereas the v > 1 harmonics
are strongly localized in the vicinity of the island.

Finally, figure 15 shows the normalized electron temper-
ature distribution, T(x/W, (), in the vicinity of an asymmet-
ric magnetic island characterized by § = 0.5. This temperature
distribution is reconstructed from 16 helical harmonics (i.e. v
in the range 0 to 15). As expected, the temperature profile is
almost completely flattened in the region enclosed within the
magnetic separatrix.

Appendix D. Island width evolution

D.1. Introduction

This appendix describes the island width evolution model used
in the TJ code.

20

D.2. Modified Rutherford equation

The nonlinear growth of the magnetic island chain associated
with an NTM that is resonant at the /th rational surface is gov-
erned by a modified Rutherford equation that takes the form
[7, 15, 46, 61, 62]

d/w A
GruLhTRa <rl> =L+ {5 (ab - ac) Ghoot + Jmax Geced LV‘I/»
(102)
where
oo 2 i ¢ o
Gruthzz/ ((cos&) +6 (szt;f sin¢)) (cos() a2, (103)
—1
7 {cos()
Goor = /l s 42, (104)
Geccd:—16/ <J+><<10>Osc>d(2, (105)
—1

Here, J. (x,() is the component of the normalized (such that
the peak value is unity) current density profile driven by elec-
tron cyclotron waves that is even in Y. Moreover,

2
_ (“O’ZR0> 7 (106)
Yl "
A HoTle Teo E
B= (Bg )n L (107)
_(4
L= (S) (108)
- TeO
Lr=- <dTeo/dr>rl’ (109
ap = (11 — Pr2) (f’%)r , (110)
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Figure 14. The helical harmonics of the normalized electron temperature in the inner region, 67, (x/W), calculated for an asymmetric
magnetic island characterized by 6 = 0.5. The curve labeled 0 actually shows [6To(x/W) — x/W]/3, whereas the curve labeled 1 actually

shows 8T (x/W) + 6/+/8. The vertical dotted lines show the locations of the inner limit of the magnetic separatrix, the island X-point, and
the outer limit of the magnetic separatrix, in order from the left to the right.
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Figure 15. Contours of the normalized electron temperature profile, T(x/ W, ), in the vicinity of an asymmetric magnetic island
characterized by § =0.5. The thick solid line shows the magnetic separatrix, the dotted line shows the rational surface, and the black dot
shows the island O-point.
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Figure 16. The integrals G and Gpoot/6 evaluated as functions of the modulus of the island asymmetry parameter, |J|.

fi= 146772, (111)
2L,
==, 112
o L (112)
1
L. (113)

- r(1-1/¢*) —asH{ ],

Here, Ej; is the normalized linear tearing stability index of
an my, n tearing mode that only reconnects magnetic flux
at the /th rational surface [36], 7 is the resistive diffusion
timescale, 7;(r) the plasma parallel electrical resistivity, B
the normalized electron pressure, L, the (normalized) mag-
netic shear-length, Ly the (normalized) electron temperature
gradient scale-length, L. the (normalized) average magnetic
field-line curvature scale-length, and f; the fraction of trapped
particles. Moreover, for a plasma with an effective charge
number of unity, 5;; = 1.641 and S, = 1.225 [62]. Finally,

Ho RO Ls .
B, Jmax

Jmax -

(114)

where jiax 1s the unnormalized peak current density driven by
electron cyclotron waves.

The term in the modified Rutherford equation, (102), that
involves «, represents the destabilizing effect of the loss of
the bootstrap current inside the island separatrix consequent
on the flattening of the electron temperature profile [9, 63].
The term involving «, represents the stabilizing effect of
magnetic field-line curvature consequent on the flattening of
the electron temperature profile [62, 64]. Finally, the term
involving Jy.x represents the effect of current driven in the
island region by electron cyclotron waves [46]. In writing the
modified Rutherford equation, we have adopted various large
aspect-ratio approximations [54, 62], have assumed that the

22

driven current rapidly equilibrates on island magnetic flux-
surfaces, and have neglected the contributions to the equation
due to incomplete temperature flattening [9] and the ion polar-
ization current [65] (which are only important for very nar-
row islands). We have also neglected the contribution due to
plasma heating via electron cyclotron waves (which is similar
to, but generally smaller than, that of ECCD) [15, 46].

The following results are useful when performing flux-
surface averages [46]:

(A (. 6)) () = =

™

"2 0 (€ Ak,
V1—rK2sin>9

for 0 < k < 1, where ¢ =2 cos™!(x sin¥). Likewise,

dv (115)

0

(A (. 6)) () = =

s

™2 0 (&) A(k,E)
VK2 —sin® 9

for k> 1, where ¢ = m — 2. Recall that x = [(1 + £2)/2]'/2.

Table 1 lists various quantities calculated by the TJ code at
the 3, 2 and the 2, 1 rational surfaces for the example plasma
equilibrium shown in figures 1 and 2. Note that the critical
linear tearing stability index that must be exceeded before the
stabilizing effect of average magnetic field-line curvature is
overcome [45] exceeds the linear tearing stability index for
both surfaces. In other words, the 3, 2 and the 2, 1 classical
tearing modes are both linearly stable. On the other hand,
the difference between the bootstrap parameter, oy, and the
curvature parameter, ¢, is positive for both surfaces. In other
words, the 3,2 and the 2, 1 NTMs are both potentially unstable.

Figure 16 shows the integrals Gy and Gpeo evaluated as
functions of the modulus of the island asymmetry parameter,
|0]. It can be seen that both integrals only depend weakly on |0

dd (116)

0

s
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as long as |d| does not get too close to unity [38, 46]. Note that
Gruh = 0.8360 and Gpoor = 6.381 for an island whose asym-
metry parameter is 0.2.

D.3. ECCD deposition profile

Let us assume that the normalized profile of the current density
driven by electron cyclotron waves in the island region (prior
to equilibration around flux-surfaces) takes the form

(x—d)’
2D?

1 +cos (¢ — AQ)
{ > }, (117)

J(x,¢) =exp

where D is the radial width of the profile, d the radial offset
between the peak current and the rational surface, and A( the
angular offset between the peak current and the island O-point.
Note that the profile is comparatively narrow in x, and com-
paratively wide in (, as is generally the case in experiments. It
turns out that only the component of J(x,() that is even in ¢
contributes to the integral (105), so we can effectively write

(o)

Let D = D/W and d = d/W. Making use of equation (43), we
obtain

(x—d)’
2D?

1+ cos¢ cos AC
2

J(x,¢) = exp

(<Y+5COSC/\/§73)2

J(g7Y7<):CXp — 2D2
« (HCOSCCOSAC> (119)
2
Let
(4 dcosc/vB-d) |
¢Y+ocos — 14
Jo(s,Y,¢) =exp | — — ( ;:osg“)’
_ _ (120)
(s +dcosc/vB-d) |
¢Y+dcos - 1
_ ) (121)
Jo(1,Y Jo(—1.Y.
J0+(Y7<): 0( ) ac)+20( P ,C)’ (122)
Jx (1,7 IJv(—1.Y
JX+(Y,C): X( ’ a§)+2X( 5 ,C) (123)
It follows from equation (105) that
Geccd (AC) = GeCch (m;SAC) +Gecch (H;SAC> ,
(124)
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GeCCdO = *16/
-1
> (Ix+

Geccdx = _16/
—1

Note that if there were no peaking of the current density pro-
files driven by electron cyclotron waves in the angular variable
¢ (i.e. if the profile were independent of () then the integral
Gecea Would take the value 2 Geeeq (A = 7/2).

; (125)

(126)

D.4. Results

Figure 17 shows the integral Ge..q evaluated as a function of
d/D for a thin island of width W = 0.1 D and asymmetry para-
meter 0 =0.5. Now, it is clear from the modified Rutherford
equation, (102), as well as from figure 17, that in order for
ECCD to suppress an NTM to such an extent that the island
width falls below the threshold value needed to trigger the
mode, implying that the mode is completely stabilized, the
integral Ge..q needs to be finite and positive in the limit as
W/D — 0. 1t is apparent from figure 17 that this is the case
aslong as |[d| < 2D and A( < /2. In other words, successful
stabilization is possible provided the radial offset of the peak
current driven by electron cyclotron waves from the rational
surface does not exceed twice the radial standard deviation of
the current drive deposition profile, and as long as the angu-
lar offset of the peak current from the island O-point does not
exceed 7 /2. The figure also indicates that for thin islands there
is a considerable benefit to be had from peaking the deposition
profile in ¢ in the vicinity of the O-point (which, in practice,
is achieved by modulating the electron cyclotron source such
that it is only turned on the when the island O-point is directly
in the line of fire), rather than having the profile independ-
ent of ¢ (which, in practice, is achieved by not modulating the
source) [38].

Incidentally, we are assuming that the NTM island chain is
rotating, as is generally the case in present-day experiments.
In [66], it is argued that eddy currents excited in the ITER
blanket module will cause a growing and rotating NTM to
slow down, and eventually lock to a stray error-field, when its
associated island width exceeds a threshold value that is about
4.5% of the plasma minor radius. This threshold island width
for locking is much smaller than that observed on present-day
tokamaks. However, in [67], a more advanced calculation of
island locking is performed that incorporates the most up-to-
date and comprehensive available data on the resistive eigen-
modes of the ITER blanket modules and vacuum vessel. The
conclusion of this second calculation is that the critical island
width for locking in ITER is 9% of the plasma minor radius.
Ideally, we would hope to be able to detect an NTM by means
of ECE, and take preventative action by means of ECCD, long
before its associated island width became as large as 4.5% of
the minor radius. Hence, the assumption, made in this paper,
that the NTM is rotating seems reasonable.

Note that if the ECCD is optimal (i.e. d=0 and A{ =
0) then G..q attains a maximum value of 1.433 for an
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Figure 17. The integral Geced (AQ) evaluated as a function of d/D at A =0, 7/2, and  for an island of full width W= 0.1D and
asymmetry parameter § =0.5. The dotted curve shows the integral when the driven current profile is independent of (.
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Figure 18. The integral Gecca(A() evaluated as a function of d/D at A =0, w/2, and 7 for an island of full width W =2.0D and
asymmetry parameter § =0.5. The dotted curve shows the integral when the driven current profile is independent of (.
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2.01
- Geccd(o)
.............. 2 Geced(1/2)
1.5 — Gecca(/2)
— Gecca(N)

0
d/D

Figure 19. The integral Gecca(A() evaluated as a function of d/D at A = 0, /2, and 7 for an island of full width W = 4.0D and
asymmetry parameter § =0.5. The dotted curve shows the integral when the driven current profile is independent of (.

island whose asymmetry parameter is 6 =0.2. Making use of
equations (102) and (114), as well as the information in table 1
and figure 16, we deduce that the critical normalized peak
driven current density at the ¢ = 3/2 surface needed to sta-
bilize a 3, 2 NTM with an asymmetry parameter of 6 =0.2 is
Jmaxcrit = 0.48, which corresponds to an unnormalized peak
current density of jmaxeric = 1.9 X 10° Am~2. Likewise, the
critical normalized peak driven current density at the g =2
surface needed to stabilize a 2, 1 NTM with an asymmetry
parameter of 6 =0.2 is Jpaxerie = 0.27, which corresponds
to an unnormalized peak current density of jyaxcrit = 1.5 X
10°Am—2

Figures 18 and 19 show the integral Ge..q evaluated as a
function of d/D for wide islands of width W=2D and 4D,
respectively, and asymmetry parameter § = 0.5. It can be seen
that, as the island increases in width, the optimum radial loc-
ation of the ECCD profile shifts inward from the rational
surface [38]. This is indicative of the fact that the true tar-
get for ECCD is the island O-point (which is shifted inward
from the rational surface a distance W¢/ \/g) rather than the
rational surface. It is again the case that the radial offset of
the peak current from the island O-point needs to be less than
twice the radial standard deviation of the current drive pro-
file (assuming that the island width is less than or of order
twice the standard deviation). Figures 18 and 19 also suggest
that the benefit of modulating the electron cyclotron source
is considerably reduced for wide islands compared to narrow
islands.
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Appendix E. Electron cyclotron emission (ECE)

E.1. Introduction

This appendix reviews the theory of ECE, and is based on the
analysis of Bornatici et al [30], which is ultimately based on
the work of Bekefi [68].

E.2. Orderings

Our analysis premised on three main assumptions.

Our first assumption is that the ECE emission lies in the
so-called relativistic regime, in which the broadening of the
emission is predominately due to the relativistic mass increase
of the emitting electrons, as opposed to the Doppler effect. The
emission is in the relativistic regime provided that

IV cosd| < 2, (127)
C
where
1/2
T,
v, = (e) . (128)
nme

Here, N is the refractive index of the plasma, ¥ the angle
subtended between the ECE wave-vector and the equilibrium
magnetic field, 7, the equilibrium electron temperature, m, the
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electron rest mass, ¢ the velocity of light in vacuum, and v, the
electron thermal speed. All quantities are evaluated at the ECE
emission site, which invariably lies close to the point at which
the cyclotron resonance condition

w=jw, (129)
is satisfied, where
B
we= 2. (130)
e

Here, w is the angular frequency of the emitted radiation, e
the magnitude of the electron charge, B the (unnormalized)
equilibrium magnetic field-strength at the emission site, and
w, the local (non-relativistic) cyclotron frequency. Moreover,
j=1 for 1st harmonic emission, whereas j =2 for 2nd har-
monic emission. In fact, the constraint (127) is easily satisfied
because we are assuming that ¢ = /2.

Our second assumption is that the ECE emission lies in the
so-called small gyro-radius regime, in which the gyro-radii of
the emitting electrons are much smaller than the wavelength
of the emitted radiation. This regime holds provided that

2
2N (3) —1.96x 102 2N T (keV) < 1, (131)
¢
which is easily satisfied in ITER-like plasmas.

Our final assumption is that the ECE emission lies in the
so-called tenuous plasma regime, in which

2 20 . —3
wp\© Ne (10 m )
(%) =103 =" T < 1, (132)
where
2N\ 1/2
wy = ("ee ) (133)
€oMe

is the electron plasma frequency at the emission site, whereas
ne is the local electron number density. The constraint (132) is
easily satisfied in the ITER-like tokamak plasma equilibrium
considered in this paper.

E.3. ECE signal

The ECE signal generated by an NTM is measured on a hori-
zontal chord that passes through the magnetic axis of the
plasma. See figure 1. In thermal equilibrium, assuming that
the plasma is optically thick to ECE radiation (see figures 21
and 22), the so-called radiation temperature measured by the
ECE diagnostic is related to the radiance, I(w), of the ECE
signal as follows [30]:

Traa (W) = w (134)
Here,
w? Rifs
I(w) W/R G(w,R) dR, (135)
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where G(w, R) is known as the emissivity function. Moreover,
R is the major radius of a location on the ECE measurement
chord, Ry is the radius of the plasma boundary on the high-
field side (i.e. the inner side) of the chord, whereas Ry is the
corresponding radius on the low-field side (i.e. the outer side).
The emissivity function takes the form [30]
G(w,R)

T. (R) a(w,R) exp[—7 (w,R)], (136)

Rig
T(w,R):/ a(w,R’) dR’ (137)
R

is the dimensionless optical depth. Here, T, (R) is the electron
temperature on the measurement chord (including the perturb-
ation due to the NTM), whereas a/(w, R) is termed the absorp-
tion coefficient.

In ITER-like plasmas, it is an excellent approximation to
write

_ ByRo
=22,

B(R) (138)

where By is the toroidal magnetic field-strength at the magnetic
axis. It follows that

_ weoRo

(R , 139
we (R) R (139)
where
B,
wep = 220 (140)
e

is the (non-relativistic) cyclotron frequency on the magnetic
axis. Thus, we can use the local (non-relativistic) cyclotron
frequency, w.(R), as a proxy for major radius, R, along the
measurement chord.

Equations (134)—(137) and (139) can be combined to give

Wehfs
Trua () = / To(we) H(w,we) dee,  (141)
Welfs
where
G (w,we)
H(w,w.) =19 ————= exp[—7 (w,w,)], (142)
We
We A !
T (w,we) :70/ deg, (143)
w/j We
Here, weirs = weo Ro/Rigs, Wents = weo Ro /R,
o R
o= 290 597 x 10*Ry (m) By (T)  (144)

is the dimensionless ratio of the major radius of the plasma
to the typical wavelength of the ECE, and &(w,w.)=
(¢/we) a(w,w,) is a convenient dimensionless form of the
absorption coefficient. Note that a(w,w,) = 0 for w, < w/j.
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It is clear from equation (141) that the radiation temperat-
ure measured by the ECE diagnostic, Traa(w), is a convolu-
tion of the true electron temperature, T, (w), with the spectral
convolution function, H(w,w,). The convolution function spe-
cifies the downshifting and broadening (in frequency) of the
ECE signal due to the relativistic mass increase of the emit-
ting electrons.

It is convenient to define

_ JweoRo

Ry, (w) w

(145)

as the major radius from which jth harmonic ECE would ori-
ginate in the absence of the aforementioned downshifting and
broadening of the signal. Thus, we can also write

Rigs
Traa (R) :/ T.(R) F(R,,R) dR, (146)
Rhgs
where
F(vaR) = ! T0 a(RunR)
1 —exp[—Too (Rw)] R
x exp[—7 (Rw,R)], (147)
Ro & (R, R
7 (R, R) :To/ L,’)dR, (148)
R R
Ro & (R, R
oo (Ro) :To/ L/’)dR. (149)
Rhfs R

According to equation (146), the electron temperature profile
along the measurement chord that is inferred from the ECE
diagnostic, Tr,q(Ry, ), is the convolution of the true temperature
profile, T.(R), with the spatial convolution function, F(R,,R).
The first term on the right-hand side of equation (147) is a
correction made to ensure that the area under the convolution
function is unity.

E.3.1. First harmonic O-mode absorption coefficient. The
dimensionless absorption coefficient for 1st harmonic O-mode
ECE is [30]

o) _ N’ (1/2) (wp/wc)Z [_Fé;z (Zl)]

) (150
1 1+ (1/2) (wp/we) F (1)
where
2
N/2 _ 1 - (wp/w62) , (151)
1+ (1/2) (wp/we)” Fy 5 (21)
and
C 2 w
a= <V> (1 —;) (152)

Here, N’ is the real part of the plasma refractive index,
and w, and v, are evaluated at z; = 0. Moreover, F; /z(z) and
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F;;z(z) are, respectively, the real and imaginary parts of the
function [30]

8

7 < 3 - 5/2
— _ s,z 7
15 ¢ 1

5ta (ivz)|,  (53)

F72(2)

where Z(€) is the plasma dispersion function [51]. The com-
plex plasma dispersion function is most conveniently evalu-
ated numerically in terms of the Faddeeva function [69],
w(€) = exp (—¢€?) erfe (—i&). (154)
where erfc(z) is the complimentary error function [70], as
follows:
Z(€) =in'w (). (155)

Figure 20 shows the real and imaginary parts of the function
F7/2(z). Itis clear from equation (150), (152), and the figure,
that 1st harmonic O-mode ECE is absorbed by the plasma in
a range of frequencies that lie slightly above the local (non-
relativistic) cyclotron frequency, w.. This corresponds to a
range of major radii that lies just inside the location of the 1st
harmonic (non-relativistic) cyclotron resonance.

Figure 21 shows the normalized absorption coefficient,
optical depth, spectral convolution function, and spatial con-
volution function for 1st harmonic O-mode ECE in a typical
ITER-like plasma. It can be seen that the saturated optical
depth is quite large (about 50), and that the full width of the
spatial convolution function is about 10 cm. The dotted curve
in the bottom right panel of the figure shows a fit to the spa-

tial convolution function. The fitting function is a modified
Gaussian:

1
V2T 01(0) P (A 1(0) /01(0)>

[R R+ A,(O)] ’

F9 (R,,R) =

xexp | — 5 R<R,
2]
=0 R>R,,
(156)
where
P(x) : / e d (157)
X)=—— .
V2 J Y
Note that the fitting function ensures that F’ 1(0) (Rw,R) =0 for

R > R,,, in accordance with equation (147). Moreover, the area
under the fitting function is unity. The fit is excellent, indicat-
ing that the convolution function is characterized by just two
parameters: the standard deviation, 01(0), and the inward shift
of the function peak from the non-relativistic cyclotron reson-

ance, Al(o).
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0.61 — Re(F7p2)
— Im(F7p)
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0.2
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—0.2]
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z
Figure 20. The real and imaginary parts of the function F7 5 (z).
0.034 40
5_0.02 3
< g 20_
0.011
0.00 = ; ‘ . : 0— ; : ; ;
3.0 3.2 3.4 3.6 3.8 3.0 3.2 3.4 3.6 3.8
Wclwp Wclwp
201 10
T S,
3 101 5]
0 : . : : 0 : '
3.0 3.1 3.2 3.3 3.4 6.0 6.2 6.4 6.6 6.8
Wclwp R

Figure 21. The normalized absorption coefficient (top left), optical depth (top right), normalized spectral convolution function (bottom left),

and spatial convolution function (bottom right), for 1st harmonic O-mode ECE from an ITER-like plasma characterized by 7. =

10keV,

ne=2.5x%10"m=3 (at the 1st harmonic cyclotron resonance), Bo = 5.3T, Ry = 6.2m, and R,, = 6.8 m. The vertical dashed lines show the
location of the 1st harmonic cyclotron resonance. The vertical dotted line (in the bottom right panel) shows the location of the magnetic
axis. The dotted red curve in the bottom right panel is a fit to the true spatial convolution function (shown in blue).
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Figure 22. The normalized absorption coefficient (top left), optical depth (top right), normalized spectral convolution function (bottom
left), and spatial convolution function (bottom right), for 2nd harmonic X-mode ECE from an ITER-like plasma characterized by

Te = 10keV, ne = 2.5 x 10 m~

3 (at the 2nd harmonic cyclotron resonance), Bp = 5.3 T, Ry = 6.2m, and R, = 6.8 m. The vertical dashed

lines show the location of the 2nd harmonic cyclotron resonance. The vertical dotted line (in the bottom right panel) shows the location of
the magnetic axis. The dotted red curve in the bottom right panel is a fit to the true spatial convolution function (shown in blue).

E.4. Second harmonic X-mode absorption coefficient

The dimensionless absorption coefficient for 2nd harmonic X-
mode ECE is [30]

N @) (@) R, @)
aM = - . (158)
1+ (1/2) (wp/we) (1+a2)" Fj ()
where
(1/6) (wp/ee)? [143N"2F) 5 (22)]

- . (159)
1= (1/3) (wp/we) [ (3/2)N"2F) (2 )}
N?=NZ[1- (b+aN3)], (160)

_ (1/2)(wp/wc)2F7’/z(222)’ (a61)
1= (1/3) (wp/we)
2
h=-2 [1 —é<:"’> ]a, (162)
L (/3 (@)’ 1= (1/4) (/)
N2=1- ; ., (63)
1= (1/3) (wp/we)
2
(e ()
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Here, v, and w), are evaluated at z, = 0. Moreover, the para-
meters a (which should not be confused with the plasma minor
radius), b, and N, have been calculated assuming that w = 2 w,..

It is clear from equation (158), (164), and figure 20, that
2nd harmonic X-mode ECE is absorbed by the plasma in a
range of frequencies that lie slightly above twice the local
(non-relativistic) cyclotron frequency. This corresponds to a
range of major radii that lies just inside the location of the 2nd
harmonic (non-relativistic) cyclotron resonance.

Figure 22 shows the normalized absorption coefficient,
optical depth, spectral convolution function, and spatial con-
volution function for 2nd harmonic O-mode ECE in a typ-
ical ITER-like plasma. It can be seen that the saturated optical
depth is very large (about 100), and that the full width of the
spatial convolution function is about 7 cm.

The dotted curve in the bottom right panel of the figure
shows a fit to the spatial convolution function. As before, the
fitting function is a modified Gaussian:

1

)
F¥ (R,,R) =
: Varo P (206
2
[R— R+ 4]
Xexp | —————s— R< Ry,
2]y
=0 R>R,. (165)
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The fit is very good, indicating that the convolution function is

characterized by just two parameters: the standard deviation,

O'Z(X), and the inward shift of the function peak from the non-

o X
relativistic cyclotron resonance, Az( ).
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