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ABSTRACT

The extended perturbed equilibrium code asymptotic matching code is used to simulate the triggering of n =1 neoclassical tearing modes
(NTMs) by a pulsed, rotating, n = 1, resonant magnetic perturbation (RMP) in two example NSTX discharges. Although the two discharges
are significantly different from one another, the results of the two sets of simulations are quite similar. The critical n=1 RMP pulse
amplitude required to trigger an # =1 NTM is minimized when the RMP pulse rotation frequency matches the linear natural frequency of
an n =1 tearing mode, resonant within the plasma, that is metastable to an NTM. However, if there is a frequency mismatch, then the seed
magnetic island chain driven at the relevant resonant surface is forced to rotate with respect to the RMP, because the RMP pulse amplitude
is nowhere near sufficient to lock the island chain to the RMP. This rotation causes the critical RMP pulse amplitude required to trigger an
NTM to oscillate as the RMP pulse duration is varied. The critical amplitude is minimized when the RMP pulse duration is such that seed
island chain executes a half-integer number of rotations with respect to the pulse. All of the minima have the same value.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0155038

I. INTRODUCTION

Neoclassical tearing modes (NTMs) are the main obstacle to
obtaining normalized plasma pressure (f3) levels in tokamak’ plasmas
that are adequate for the achievement of thermonuclear fusion.”’
NTMs were originally identified experimentally on the TFTR toka-
mak." NTMs lead to the development of low poloidal and toroidal
mode number (m and n) magnetic island chains on toroidal magnetic
flux-surfaces within the plasma that are characterized by rational (i.e.,
m/n) values of the safety-factor (q). An NTM is driven by a helical
reduction in the bootstrap current’ profile that arises as a consequence
of the flattening of the plasma pressure across the associated island
chain region.” However, a magnetic island chain can only locally
flatten the plasma pressure when its radial width exceeds a certain
threshold value that depends on the local ratio of the parallel and per-
pendicular energy diffusivities.” This observation leads to the conclu-
sion that NTMs are actually metastable. In other words, some sort of
seed perturbation must be applied to the relevant rational magnetic
flux-surface in order to trigger an NTM. In practice, the seed perturba-
tion usually takes the form of a transient magnetic perturbation that is

resonant at the rational surface.”” Such perturbations are generated in
tokamak plasmas primarily by sawtooth crashes, edge localized modes
(ELMs), and fishbones.””

The aim of this paper is to investigate how the properties (i.e.,
amplitude, duration, and rotation frequency) of a transient resonant
magnetic perturbation (RMP) applied to a toroidal tokamak plasma
affect its ability to trigger NTMs within the plasma. In this study, we
shall use the extended perturbed equilibrium code (EPEC) (see Sec. 1I)
to simulate what happens when a transient # =1 magnetic perturba-
tion is applied to a typical NSTX plasma.

Il. BRIEF DESCRIPTION OF THE EPEC CODE

The EPEC code'’”"” employs an asymptotic matching
approach to determine the resistive response of a toroidal tokamak
equilibrium to an applied RMP. The main advantage of the asymptotic
matching approach is that it largely removes the very short Alfvén
time from the problem. In fact, the EPEC code is capable of accurately
simulating the resistive response of a toroidal tokamak plasma to an
RMP while taking time steps that extend over many Alfvén times.
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In this manner, the code is able to simulate the full duration of a
plasma discharge in a matter of minutes of real time.

The version of the EPEC model used in this paper is described
in detail in the Appendix. The EPEC model is fully toroidal and
makes use of experimental magnetic equilibrium data and plasma
profile data. The homogenous component of the toroidal tearing sta-
bility matrix is calculated approximately by the EPEC code. The
inhomogeneous component of the matrix, which specifies the ideal
response of the plasma to the applied RMP, is calculated exactly by
the GPEC code. (see subsection 2 d of the Appendix). The model
incorporates an accurate neoclassical model”” that takes impurities
and neutral particles into account and allows the calculation of the
neoclassical poloidal flow-damping timescale, the charge-exchange
damping timescale, the neoclassical ion rotation profile, and the
bootstrap current profile (see subsection 3 of the Appendix). The
responses of the various resonant layers in the plasma are calculated
by interpolating between the linear and nonlinear response regimes.
The linear response model includes diamagnetic flows, the ion
sound radius, and anomalous perpendicular momentum and energy
transport. The nonlinear response model includes perturbed boot-
strap current, magnetic field-line curvature, ion polarization current,
and island saturation terms in the generalized Rutherford equation
(see subsection 4 of the Appendix). The EPEC model accurately cal-
culates the (theoretical) critical island widths needed to locally flat-
ten the plasma pressure profile (see subsection 4 ¢ of the Appendix).
The switch-over between the linear and the nonlinear response
models occurs when the island width exceeds the critical island
width.

The natural frequency of a tearing mode, resonant within the
plasma, is a concept that plays a central role in the EPEC model, and
is, therefore, worth discussing. The natural frequency of a stable, or
metastable (prior to triggering), tearing mode is defined as the angu-
lar frequency at which the mode would rotate if it had a finite ampli-
tude (in the absence of the RMP)."” The natural frequency is
determined by a combination of E x B and diamagnetic plasma
flows at the rational surface. The natural frequency of a tearing
mode can be calculated exactly in two regimes; first, the linear
regime, in which the island width is much smaller than the linear
layer width; second, the nonlinear regime, in which the island width
is much greater than the linear layer width (and the critical island
width above which the plasma pressure is locally flattened).
According to the linear tearing mode theory, the natural frequency
is such that the tearing mode is essentially convected by the electron
fluid at the rational surface.”***” On the other hand, according to
the nonlinear tearing mode theory, the tearing mode is essentially
convected by the ion fluid at the rational surface.”® To be more exact,
under the influence of neoclassical poloidal flow damping, a nonlin-
ear tearing mode is forced to rotate in the ion diamagnetic direction
with respect to the local E x B frame, but in the electron diamag-
netic direction with respect to the local ion fluid frame, the exact
rotation frequency is being influenced by plasma impurities.”” '
The EPEC model interpolates between these two possibilities, with
the switchover from the linear to the nonlinear natural frequency
being triggered by the flattening of the local temperature and density
profiles at the rational surface (see subsection 5 b of the Appendix).
As will become apparent, it is the linear natural frequency that con-
trols the triggering of NTMs by rotating RMPs.

pubs.aip.org/aip/pop

Ill. FIRST EXAMPLE NSTX DISCHARGE
A. Introduction

The two example NSTX discharges studied in this paper were
chosen because they were both fairly generic and had precomputed
kinetic-EFITs.

The first example discharge is 127317, which was a discharge
used in an investigation of the interaction between edge localized
modes (ELMs) and RMPs in NSTX.” Discharge 127317 is an H-
mode plasma, characterized by a (almost) double magnetic null
boundary shape, 6 MW of neutral beam heating power, and no fresh
deposition of the lithium coating on the plasma-facing wall-tiles.

B. Magnetic equilibrium

Figure 1 shows the experimental magnetic equilibrium of NSTX
discharge 127317 at t =400 ms. This equilibrium is characterized by a
scale major radius Ry = 0.85 m (see subsection 2 a of the Appendix),
a scale toroidal magnetic field-strength By = 0.44 T (see subsection
2b of the Appendix), a net toroidal plasma current I, = 753 kA, a
safety-factor at the 95% flux-surface gos = 11.0, and a poloidal beta
B, = 0.61.

1.51

1.0

0.5

—0.51

—1.01

—1.51

0.0 0.5 1.0 15 2.0
R/Rg

FIG. 1. Equilibrium magnetic flux-surfaces in NSTX discharge 127317 at
t=400ms. Here, Ry = 0.85 m.
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C. Plasma profiles

Figure 2 shows the experimental safety-factor, electron number
density, electron temperature, ion temperature, impurity ion number
density, and impurity ion toroidal angular velocity profiles in NSTX
discharge 127317 at t =400 ms. The majority ions are deuterium, and
the impurities are assumed to be fully-stripped carbon ions (with the
same temperature as the majority ions), which permits the Z profile
to be determined from the profile data (see subsection 3 a of the
Appendix). Note that the discharge is subject to rotation braking due
to an applied 7 =3 RMP,” which accounts for its slightly lower than
usual toroidal rotation (compare the rotation in Fig. 12). Because there
is no poloidal impurity ion rotation data for this discharge, the E x B
rotation profile is deduced from the toroidal impurity ion rotation
data using neoclassical theory (see subsection 3 g of the Appendix).

The perpendicular electron energy diffusivity (y,), perpendicular
ion energy diffusivity (y;), perpendicular toroidal momentum diffusiv-
ity (7). and perpendicular particle diffusivity (D, ) are given the plau-
sible values 1.0, 1.0, 1.0, and 0.2 m? /s, respectively, throughout the
plasma. It turns out that the simulations presented in this paper are
not particularly sensitive to these values.

Note that neutrals do not really play a role in the physics of
NTMs, which are resonant in the plasma core, and are only included

ARTICLE pubs.aip.org/aip/pop

in the calculation because they need to be specified in the EPEC model.
The flux-surface averaged neutral deuterium atom number density
takes the form (n,)(r) = (n,)(ri00)/[1 + (r — r100)*/12], where
{(n,)(r00) =1.0x 101*m=3, and [, =13 x102m. The flux-
surface neutral poloidal asymmetry parameter is given the value
yn = 1.5 (see subsection 3 e of the Appendix). The flux-surface aver-
aged deuterium-atom/deuterium-ion charge-exchange rate constant is
(o u)fx =4 x 107 m? s 1.** The neutrals are assumed to be hot (ie.,
En / T,' = 1)

D. n =1 natural frequencies

Figure 3 shows the linear natural frequencies [i.e., the @, defined
in Eq. (A142)] of all of the n=1 tearing modes resonant within dis-
charge 127317. There are 18 such modes, with poloidal mode numbers
lying in the range m =2 to m = 19. As is usual in a tokamak discharge
with co-injected neutral beam heating, the tearing modes resonant in
the edge pressure gradient region (the pedestal) have large positive
natural frequencies (which implies that they would rotate in the elec-
tron diamagnetic direction were they naturally unstable) as a conse-
quence of relatively strong edge electron diamagnetic rotation (in this
case, mostly due to the comparatively large electron density gradient
in the pedestal) and relatively weak edge toroidal plasma rotation. On
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the other hand, the tearing modes resonant in the core have large neg-
ative natural frequencies (which implies that they would rotate in the
ion diamagnetic direction were they naturally unstable) as a conse-
quence of relatively strong core toroidal plasma rotation (in the same
direction as the toroidal plasma current) and comparatively weak core
electron diamagnetic rotation."’ Possibly because of the rotation brak-
ing, there is a wide region lying between the pedestal and the core
where the natural frequencies hover close to zero. Moreover, the natu-
ral frequency curve (i.e., the curve that interpolates between the natu-
ral frequencies) crosses zero (i.e., switches direction), about halfway
between the magnetic axis and the last closed magnetic flux-surface
(LCFS). [At the zero-crossing, the tendency of electron diamagnetic
rotation to make the natural frequency positive is exactly balanced by
the tendency of toroidal plasma rotation (in the same direction as the
toroidal plasma current) to make the natural frequency negative.] In a
conventional aspect-ratio tokamak plasma, the zero-crossing is invari-
ably at the top of the pedestal.” The observation that the zero-
crossing of the n =1 natural frequency curve in NSTX does not take
place at the top of the pedestal (see also Fig. 13) may help to explain
why RMPs were unable to suppress ELMs in this device.”
(Admittedly, the ELM suppression experiments were performed with
an n =3 RMP, but the location of the zero-crossing for the n =3 curve
is identical to that for the n =1 curve.) It should be noted that the fact
that the natural frequency curve of tearing modes, resonant within H-
mode plasmas in conventional aspect-ratio tokamaks heated by co-
injected neutral beams, invariably passing through zero close to the
top of the pedestal is an important ingredient in recent theories of how
RMP-induced ELM suppression works.'’'>*>

E. n=1NTM stability

Only two of the n=1 tearing modes resonant in discharge
127317 are metastable to NTMs. These modes are resonant in the
middle of the plasma, close to the zero-crossing of the natural fre-
quency curve. The unstable modes are the m =3, with a natural

frequency of 3.5 krad/s, and the m =4, with a natural frequency of
11.8 krad/s. Figure 4 shows the right-hand sides (RHSs) of the modi-
fied Rutherford island width evolution equations for the m =3 and
m =4 modes as functions of island width. [In fact, what is plotted is
Ejk + fi. See Eqs. (A3) and (A107). Ej is the (negative) classical tear-
ing stability index, which is only calculated approximately for low-m
modes by EPEC. f; specifies the destabilizing effect of the perturbed
bootstrap current, the stabilizing effect of magnetic field-line curva-
ture, the stabilizing effect of the ion polarization current, and the stabi-
lizing effect of island saturation. All of these effects are calculated
accurately by EPEC.] As expected for a metastable NTM, both RHS
curves shown in Fig. 4 are negative for small and large island widths
and positive for intermediate island widths. The smaller zero-crossing
of the RHS curve indicates the width of the seed island chain that
must be induced at the resonant (i.e., rational) surface in order to trig-
ger the NTM. The larger zero-crossing indicates the saturated width of
the NTM. It should be noted that the RHS curves for all the other
m =1 modes resonant in discharge 127317 are negative for all island
widths (which indicates NTM stability).

F. n=1RMP

For the sake of definiteness and convenience, the n =1 transient
rotating RMP that is used to (theoretically) trigger n =1 NTMs in dis-
charge 127317 is generated by pulsing a rotating n=1 current in the
RMP coils installed on NSTX. (To be more exact, the ideal response of
the plasma to the currents flowing in the RMP coils is calculated by
the GPEC code,”® and this information is used as the basis for the
EPEC calculation. See subsection 2 d of the Appendix.) An RMP pro-
duced in this manner is supposed to represent the type of rotating,
multi-harmonic RMP that would be generated by a sawtooth crash or
an ELM. For this reason, we do not take into account the shielding
effect of eddy currents induced in the vacuum vessel (because the real
RMPs that trigger NTMs are generated inside the plasma, and are,
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FIG. 4. Right-hand sides of the modified
Rutherford equations for the m =3/n
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NSTX discharge 127317 at t =400 ms.
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therefore, not strongly shielded from the remainder of the plasma by
vacuum vessel eddy currents).

G. Triggering of n=1NTMs

Figure 5 shows the n=1 island widths vs time driven in dis-
charge 127317, as calculated by the EPEC code, in response to an
n=1 current pulse of amplitude 0.089kA, duration 5ms, and fre-
quency 0 krad/s applied to the RMP coils. It can be seen that an NTM
is not triggered (because all of the island widths eventually decay to
zero after the pulse is applied).

Figure 6 shows the n = 1 island widths vs time driven in discharge
127317 in response to an n = 1 current pulse of slightly larger amplitude
0.090kA, duration 5ms, and frequency 0 krad/s applied to the RMP
coils. It can be seen that the m =3 NTM is triggered. In other words,
the m = 3 island width grows and eventually saturates at a large value.
Note that most of the growth occurs long after the application of the
RMP, indicating that something other than the RMP (i.e., the perturbed
bootstrap current) is responsible for driving the growth. To be more
exact, it is inferred that the RMP pushes the 7 = 3 island above the seed
value shown in Fig. 4 (ie., the smaller zero-crossing of the RHS curve in
the top panel), allowing the perturbed bootstrap current to drive the fur-
ther growth in the island width by itself. Because all of the #n =1 tearing
modes resonant in the plasma are coupled together, the growth of the

m=3 NTM drives narrow island chains at the m =4, m =5, and
m = 6 resonant surfaces. However, these are not NTMs.

Figure 7 shows the natural frequency and phase velocity of the
m=3 NTM triggered in the previous figure vs time. Note that the
plasma is subject to a small-amplitude, static, background RMP in
order to ensure that the various modes in the calculation have repro-
ducible initial phases. Prior to the application of the transient RMP,
there is a very small stationary magnetic island chain driven at the
m =3 resonant surface. The fact that the phase velocity and natural
frequency of the mode do not match indicates that the plasma at the
resonant surface is capable of freely flowing through the locked island
chain (because of its very small width). As soon as the transient RMP
is applied to the plasma, a seed island chain is driven at the resonant
surface. This island chain is sufficiently wide that it is dragged by the
plasma at the resonant surface, causing it to rotate in the direction of
its natural frequency. The rotation is braked by the RMP, which means
that the phase velocity of the seed island chain does not match its nat-
ural frequency. The fact that the natural frequency barely changes dur-
ing the application of the transient RMP indicates that the amplitude
of the RMP is nowhere near large enough to halt the plasma rotation
at the resonant surface. As soon as the transient RMP disappears, the
seed island chain is no longer braked by the RMP, and consequently
accelerates until it is rotating at its natural frequency. As the seed island
chain grows and becomes a fully fledged NTM, its natural frequency
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changes because it switches from that characteristic of a linear layer (in
this case, small and positive) to that characteristic of a nonlinear mag-
netic island chain (in this case, large and negative) (see subsection 5 b of
the Appendix). However, this switch takes place long after the triggering
of the NTM, which suggests that it is the linear, rather than the nonlin-
ear, natural frequency that plays a role in NTM triggering.

H. Pulse duration scan

Figure 8 shows the critical n=1 RMP current pulse amplitude
required to trigger an m =3 NTM in discharge 127317 as a function
of the pulse duration for various different pulse frequencies.

The figure was generated as follows: For a given pulse duration
and frequency, an RMP pulse of a certain amplitude was applied to
the plasma, and the plasma response was simulated for 200 ms using
the EPEC code, after which a determination was made as to whether
or not an NTM had been triggered. A bisection search was made in
the pulse amplitude in order to determine the critical amplitude
needed to trigger the NTM. In general, it required about ten EPEC
simulations to determine the critical amplitude. Because there are
about 800 points in each curve plotted in the figure, and there are five
curves, it follows that the production of the figure required about
40000 EPEC simulations (which means that a total of about 8000 s of
plasma dynamics was simulated). Obviously, this would be impossible

0.25+

FIG. 6. Calculated n=1 island widths vs
time in NSTX discharge 127317 in
response to an n=1 current pulse of
amplitude 0.090kA, duration 5ms, and
frequency O krad/s applied to the RMP
coils.
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using a conventional MHD code. However, it is perfectly feasible using
an asymptotic matching code.

Let us concentrate, first, on the green curve, which corresponds
to zero-frequency current pulses. One might expect that the critical
pulse amplitude required to trigger an NTM would decrease mono-
tonically with pulse duration, because a longer pulse would generate a
wider seed island chain. In fact, this is not the case, and the pulse
amplitude curve exhibits oscillations. The key to understanding this
unexpected behavior is the fact that the seed island chain is not locked
to the RMP pulse, but is instead forced to rotate with respect to the
pulse by the plasma rotation at the resonant surface (see Fig. 7). This

means that after a time sufficient for the seed island chain to perform
half a rotation with respect to the pulse, the seed island width attains a
maximum value (because, assuming that it was initially in phase with
the pulse, it is now in phase quadrature). Hence, the critical pulse
amplitude attains a minimum value. A longer pulse can make the seed
island width smaller, but not larger. Thus, the minimum pulse ampli-
tudes (which are all the same) correspond to pulse durations that allow
the seed island chain to execute 1/2, 3/2, 5/2, and many other rotations
with respect to the pulse. The time needed for the seed island chain to
execute a full rotation with respect to the pulse is inversely propor-
tional to the difference between the pulse frequency and the linear

0.40 ‘
‘ —— -1 krad/s
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‘ —— +1 krad/s
0.30 H —— +2 krad/s
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5 \ FIG. 8. Critcal n=1 RMP caoil current
~ 0.201/ pulse amplitude required to trigger an
g ! NTM in NSTX discharge 127317 as a
— ‘ function of the pulse duration for various
0.157] different pulse frequencies.
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natural frequency at the resonant surface. Thus, when the pulse fre-
quency (almost) matches the linear natural frequency (light-blue
curve—in this case, the frequency mismatch is only 0.5 krad/s) the
rotation time is (almost) infinite, and the critical pulse amplitude
exhibits the expected monotonic decrease with pulse duration. On the
other hand, as the frequency mismatch increases (see the sequence
from the black to the dark-blue, to the green, to the red, curve) the
oscillations in the critical pulse amplitude become shorter and more
violent.

Note that at very short pulse durations, the critical pulse ampli-
tude needed to trigger an NTM becomes independent of the pulse fre-
quency. However, it is clear from the figure that very short duration
pulses are relatively inefficient at triggering NTMs. (In fact, in the
short pulse duration limit, the critical pulse amplitude scales as the
inverse of the pulse duration.)

l. Pulse frequency scan

Figure 9 shows the critical n=1 RMP current pulse amplitude
required to trigger an NTM in discharge 127317 as a function of the
pulse frequency for a pulse duration of 20 ms. The generation of this
figure required about 20 000 EPEC simulations. As might be expected,
the critical pulse amplitude exhibits a minimum value (which is not
quite zero) when the pulse frequency matches the linear natural fre-
quency of the m=3 tearing mode. The critical pulse amplitude
increases in a roughly linear fashion, with superimposed oscillations of
increasing amplitude, as the size of the frequency mismatch increases.
The critical pulse amplitude exhibits a secondary minimum when the
pulse frequency matches the linear natural frequency of the m=4
tearing mode. This is a synergistic effect by which the pulse simulta-
neously triggers both an m =3 and an m =4 NTM. This process is
illustrated in Fig. 10, which shows what happens when a pulse whose
frequency closely matches the linear natural frequency of the m =4
tearing mode is applied to the plasma. It can be seen that an m =4
NTM is almost immediately triggered, closely followed by an m =3

0.45

pubs.aip.org/aip/pop

NTM. Both NTMs grow to large amplitudes and clearly drive smaller
island chains at other resonant surfaces in the plasma. It should be
noted that the pulse amplitudes in Figs. 5 and 10 are the same; it is
only the pulse frequencies that are different. Thus, a comparison of the
two figures reveals that merely changing the pulse frequency can cause
the completely benign plasma response shown in Fig. 5 to convert into
the catastrophic response shown in Fig. 10.

IV. SECOND EXAMPLE NSTX DISCHARGE
A. Introduction

The second example NSTX discharge studied in this paper is
139057, which was a discharge used in an investigation of blob dynam-
ics in NSTX.”” Discharge 139057 is an H-mode plasma, characterized
by a single magnetic null boundary shape, 6 MW of neutral beam
heating power, and fresh lithium coating of the wall-tiles.

B. Magnetic equilibrium

Figure 11 shows the experimental magnetic equilibrium of NSTX
discharge 139057 at t = 557 ms. This equilibrium is characterized by a
scale major radius Ry = 0.85 m, a scale toroidal magnetic field-
strength By = 0.54 T, a net toroidal plasma current Iy = 907 kA, a
safety-factor at the 95% flux-surface qos = 9.5, and a poloidal beta
B, = 0.57.

C. Plasma profiles

Figure 12 shows the experimental safety-factor, electron number
density, electron temperature, ion temperature, impurity ion number
density, and impurity ion toroidal angular velocity profiles in NSTX
discharge 139057 at t = 557 ms. As before, the majority ions are deute-
rium, and the impurities are assumed to be fully stripped carbon ions.
Note that the discharge is not subject to rotation braking due to an
applied n =3 RMP, which accounts for the slightly higher toroidal
rotation than that present in discharge 127317 (see Fig. 2). As before,

_____ m = 3; w. = 3.5 krad/s
0.401 -———-- m=4;w.=11.8 krad/s

0.10

0.05+

0.00

FIG. 9. Critcal n=1 RMP cail current
pulse amplitude required to trigger a NTM
in NSTX discharge 127317 as a function
of the pulse frequency for a pulse duration
of 20 ms.
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FIG. 10. Calculated n =1 island widths vs
time in NSTX discharge 127317 in
response to an n=1 current pulse of
amplitude 0.089KkA, duration 5ms, and
frequency 11 krad/s applied to the RMP
coils.
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FIG. 11. Equilibrium magnetic flux-surfaces in NSTX discharge 139057 at
t="557ms. Here, Ry = 0.85 m.
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the E x B rotation profile is deduced from the toroidal impurity ion
rotation data using neoclassical theory.

The diffusivity and neutral profiles in discharge 139057 are
assumed to be the same as those adopted in the study of discharge
127317.

D. n =1 natural frequencies

Figure 13 shows the linear natural frequencies of all of the n=1
tearing modes resonant within discharge 139057. There are 13 such
modes, with poloidal mode numbers lying in the range m=2 to
m = 14. As is usual, the natural frequencies are negative in the pedestal
(due to strong edge electron diamagnetic rotation) and positive in the
plasma core (due to strong core toroidal plasma rotation in the same
direction as the toroidal plasma current). There is more shear in the
natural frequency curve than is evident in Fig. 3, because discharge
139059 was not subject to rotation braking. Note that the natural fre-
quency curve again passes though zero in the middle of the plasma,
rather than at the top of the pedestal. We speculate that this is the case
because diamagnetic contributions to the natural frequency scale as
the inverse-square of plasma minor radius, and are, therefore, compar-
atively stronger in spherical tokamaks than in conventional aspect-
ratio tokamaks.

E. n=1NTM stability

Five of the n =1 tearing modes resonant in discharge 139057 are
metastable to NTMs. As before, these modes are resonant in the mid-
dle of the plasma, close to the zero-crossing of the natural frequency
curve. The unstable modes are the m = 3, with a natural frequency of -
18.8 krad/s, the m =4, with a natural frequency of 3.1 krad/s, the
m =5, a with natural frequency of 14.5 krad/s, the m = 6, with a natu-
ral frequency of 20.2 krad/s, and the m =7, with a natural frequency
of 23.9 krad/s. Figure 14 shows the right-hand sides of the modified
Rutherford island width evolution equations for the m =3, 4, 5, 6, and
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7 modes as functions of island width. It can be seen that the most
unstable mode is the m = 3, and that the m =7 mode is only barely
unstable (because its RHS barely crosses zero).

F. n=1RMP

As before, the n =1 transient rotating RMP that is used to (theo-
retically) trigger n=1 NTMs in discharge 139057 is generated by puls-
ing a rotating n = 1 current in the RMP coils installed on NSTX.

G. Pulse frequency scan

Figure 15 shows the critical n=1 RMP current pulse amplitude
required to trigger an NTM in discharge 139057 as a function of the
pulse frequency for a pulse duration of 20 ms. The critical pulse ampli-
tude exhibits a minimum value (which is not quite zero) when the
pulse frequency matches the linear natural frequency of the m=3
tearing mode. The critical pulse amplitude also exhibits secondary
minima when the pulse frequency matches the linear natural frequen-
cies of the m =4, the m =5, and the m = 6 tearing modes. Again, this
is a synergistic effect by which the pulse simultaneously triggers both
an m=3and an m=4 NTM, oran m=3,an m=4,and an m=5
NTM, etc. There is no clear secondary minimum when the pulse

frequency matches the linear natural frequency of the m =7 tearing
mode, because the m =7 NTM is comparatively feeble.

V. SUMMARY AND CONCLUSIONS

The EPEC asymptotic matching code has been used to simulate
the triggering of n =1 NTMs by a pulsed, rotating, n =1 RMP in two
example NSTX discharges. Although the two discharges are signifi-
cantly different (the first is double-null, the second is single-null; the
first is subject to #n = 3 rotation braking, the second is not; the first has
no fresh lithium coating on the plasma-facing wall-tiles, the second
does), the results of the two sets of simulations are quite similar. The
critical n =1 RMP pulse amplitude required to trigger an n =1 NTM
is minimized when the RMP pulse rotation frequency matches the lin-
ear natural frequency of an n=1 tearing mode, resonant within the
plasma, that is metastable to an NTM. However, if there is a frequency
mismatch, then the seed magnetic island chain driven at the relevant
resonant surface is forced to rotate with respect to the RMP, because
the RMP pulse amplitude is nowhere near sufficient to lock the island
chain to the RMP. This rotation causes the critical RMP pulse ampli-
tude required to trigger an NTM to oscillate as the RMP pulse dura-
tion is varied. The critical amplitude is minimized when the RMP
pulse duration is such that seed island chain executes a half-integer

Phys. Plasmas 30, 072505 (2023); doi: 10.1063/5.0155038
Published under an exclusive license by AIP Publishing

30, 072505-10

¥1:8%:GL €202 AINr 60


pubs.aip.org/aip/php

Physics of Plasmas

ARTICLE

e m=3;w.= —18.8 krad/s
150 e m=4; w.=3.1krad/s
e m=5; w.=14.5 krad/s
ool © mM=6; w.=202krad/s o
e m=7; w.=23.9 krad/s
3 5ol .
~
\; P K J
e -
o
_50- e
o«
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Wy

3)

]
£
1%}
T
o
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
W(Wy)
=

RHS (m

0.025 0.050 0.075

0.125 0.150 0.175 0.200

0.025 0.050 0.075

0.100 0.125 0.150 0.175

W(Wy)

0.200

0.000 0.025 0.050 0.075

0.100
W(Wy)

0.125 0.150 0.175 0.200

0.000

0.025 0.050 0.075

0.100
W(Wy)

0.125 0.150 0.175 0.200

pubs.aip.org/aip/pop

FIG. 13. Linear n=1 natural frequencies
in NSTX discharge 139057. There are 13
n=1 resonant surfaces in the plasma
corresponding to m=2 through m=14.
Only the m=3, 4, 5, 6, and 7 surfaces
are potentially unstable to NTMs.

FIG. 14. Right-hand sides of the modified
Rutherford equations for the
m=13/n=1,41,5/1,6/1, and 7/1 tear-
ing modes in NSTX discharge 139057.
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FIG. 15. Critical n=1 RMP caoil current
pulse amplitude required to trigger an
NTM in NSTX discharge 139057 as a
function of the pulse frequency for a pulse
duration of 20 ms.
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number of rotations with respect to the pulse. All of the minima have
the same value.

One of the most important insights gained in the study presented
in this paper is that, although the triggering of an NTM by a transient,
rotating, RMP is particularly easy when the frequency of the RMP
matches the natural frequency of the NTM, triggering is still possible
when there is a modest (e.g., 10 krad/s) frequency mismatch between
the RMP and the NTM. Moreover, the rotation frequency of the seed
island driven by the RMP does not generally match either the fre-
quency of the RMP or the natural frequency of the NTM, but lies
somewhere between these two frequencies.
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APPENDIX: DESCRIPTION OF EPEC MODEL
1. Introduction

The (extended perturbed equilibrium code) EPEC model was
introduced in Ref. 10, and improved in Refs. 11-13. The model has
been further extended for the study presented in this paper. The lat-
est improvements to the model include the introduction of per-
turbed bootstrap current, magnetic field-line curvature, ion
polarization current, and island saturation terms into the resonant
plasma response model (see subsections 2 ¢, 3¢, 3, and 4 d of the
Appendix); a more accurate calculation of the critical island widths
needed to locally flatten the electron temperature, the ion tempera-
ture, and the electron number density profiles (see subsection 4 ¢ of
the Appendix); and a better calculation of the natural frequencies of
tearing modes (see subsection 5 b of the Appendix). Finally, we
have corrected a previous error in Egs. (A38), (A39), (A44), (A45),
(A47), and (A48).

2. Plasma response in outer region
a. Coordinates

Let R, ¢, and Z be right-handed cylindrical coordinates whose
symmetry axis corresponds to the toroidal symmetry axis of the
plasma. Let r, 0, and ¢ be right-handed flux coordinates whose
Jacobian is J = (Vr x VO-V¢) ' = rR?/Ry. Here, R, is a con-
venient scale major radius, r is a magnetic flux-surface label with

Phys. Plasmas 30, 072505 (2023); doi: 10.1063/5.0155038
Published under an exclusive license by AIP Publishing

30, 072505-12

¥1:8%:GL €202 AINr 60


pubs.aip.org/aip/php

Physics of Plasmas ARTICLE

dimensions of length, and 0 is an axisymmetric angular coordinate
that increases by 27 radians for every poloidal circuit of the mag-
netic axis. Let r=0 correspond to the magnetic axis, and let
r = 1190 correspond to the last closed magnetic flux-surface.

b. Equilibrium magnetic field

The equilibrium magnetic field is written B = Ry By[f (1) V¢
xVr + g(r) V¢], where By is a convenient scale toroidal magnetic
field-strength, and q(r) = rg/(Rof) is the safety-factor profile.'’
The equilibrium poloidal magnetic flux, ¥, (r), satisfies d'¥,/dr
= Ro By f(r), where, by convention, ¥,(r109) = 0. The normalized
poloidal magnetic flux, Wy(r), is defined such that Wy (r) =
—W¥,(r)/'¥,(0). Hence, ¥y (0) = 0 and ¥y (rip0) = 1.

c. Perturbed magnetic field

Consider the response of the plasma to an RMP with n>0
periods in the toroidal direction. We can write the components of
the perturbed magnetic field in the form'’

rR? 5B Vr
712‘% 1 (m;0— n¢ (Al)

R26B~V¢ Z"‘J 1m]6 n¢) (AZ)

where the sum is over all relevant poloidal harmonics of the per-
turbed magnetic field.

Let there be K resonant (i.e., rational) magnetic flux-surfaces
in the plasma, labeled 1 through K. Consider the kth resonant sur-
face, r=ry, at which q(r¢) = my/n, where my is a positive integer.
Let Wy = i (rk) /m, and AWy = [E4]]*" . Here, ‘P is the (complex)
reconnected helical magnetic flux at the kth resonant surface,
whereas AWy is a (complex) measure of the strength of the current
sheet at the same resonant surface.

d. Toroidal tearing mode dispersion relation

In the presence of the RMP, the W and the AWy values are
related according to the inhomogeneous toroidal tearing mode dis-
persion relation, which takes the form'"?"

AYy = Z Ewwe Wi + |Exi| 1k (A3)
K=1.K

Here, Ex (for k, K = 1, K) is the dimensionless, Hermitian, toroi-
dal tearing mode stability matrix,”’ whereas the y; (for k = 1,K)
parameterize the current sheets driven at the various resonant
surfaces when the plasma responds to the applied RMP in accor-
dance with the equations of linearized, marginally stable, ideal-
MHD.

The EPEC model determines the elements of the Ejr matrix
using a high-q approximation. In fact, if Fiw is the inverse of the
Ej matrix, then'’

dO dOy

Fe = J)J)G(Rk’ Zi; Rey Zi) e HOmOe=my 0y) ZZ8 278 (A4)
2w 27

and

pubs.aip.org/aip/pop

G(Rk, Zi; Ry, Zy)

(—=1)" 2 Ry Ry /Ry cosh 17 s

T2T(1/2)T(n+1/2) [sz +RE + (Z — Z)?

P™} (coshiyy)
_ /2 kK
x [(n—1/2) Pfl/lz(cosh N ) + “arin (A5)
with
_ 2 Ry Ry
N = tanh ! 2 > 5. (A6)
Rk + Rk’ —+ (Zk — Zkr)

Here, the double integral in Eq. (A4) is taken around the kth reso-
nant surface and the k¥’ th resonant surface. Finally, the I'(z) and
P}(z) are gamma functions and associated Legendre functions,
respectively.

The (complex) yx parameters are determined from the GPEC
code.” To be more exact, the GPEC code calculates the (complex)
dimensionless A, , parameters, which measure the strengths of the
ideal current sheets that develop at the various resonant magnetic
flux-surfaces in the plasma in response to the applied RMP. The
Ay, » parameters are related to the y; parameters according to

Xk — i Amkn <£) g(rk) 5T (A7)
Ry By |Exk| \Ro) my [ai(r) + (rc/Roqr)’]

§|Vr|7 do/(2m).

where gx = my/n, and ag(r

e. Glasser-Greene-Johnson parameters

Let B = |B|/By, V = Ry V, and dy,/dr = f(r)/Ro. The angle
® and the parameter y are defined in subsection 3 b of the
Appendix. Let

1dO
L(r) = #E e (A8)
. dO
R =455, (A9)
1 d®
Js(r) = fFBS P (A10)
1 de®
]4(7’) = %W E’ (All)
B 4o
B T (A1)
1 doe
Js(r) = {5733'?%2 e (A13)
It follows that™
- —g A Ald
(da/di,) 7 [dwp y) fa, MY
dp/dy,)?
F(r) = (apjav,) iz g2 UsJs — ) + 5 T3], (A15)

(dg/dy,)* v
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dpr/dy, ¢ JiJs
Hr) = dq/dy, */(] 7) (A16)

where P(r) is the total plasma pressure. Finally,

Dp(r) =E+F+H?> (A17)

f. Current gradient parameters

The normalized toroidal plasma current density profile is writ-
ten as

- MRoR dP. dg
Jolr) = =25 = G, —RByg (A18)

d‘l’

The previous expression is evaluated on the outboard mid-plane.
Let j(; =dj /dr, j;/ =d?¥,/dr?,  s(r)=dlng/dlnr, Ay
~(raJy/s), and Be = —(r? qJy/s),,.

3. Neoclassical model
a. Plasma species

The plasma is assumed to consist of three (charged) species:
electrons (e), majority ions (i), and impurity ions (I). The charges of
the three species are e, = —e, e;=e, and e; = Zj e, respectively,
where e is the magnitude of the electron charge. Quasi-neutrality
demands that n, = n; + Z; n;, where n,(r) is the species-a number
density. Let oy(r) = Zi (Zer — 1)/(Z1 — Zegs), where Zeg(r) = (n;
+Z2 ny)/n, is the effective ion charge number. It follows that
ni/ne = (Zr — Zegg)/(Z1 — 1) and ny/n, = (Zegr — 1)/[Z1 (Z1 — 1)].
Finally, let Zeg; = (Z) — Zegr)/(Z1 — 1) and Zeg; = Z1 (Zegs — 1)/
(Z—1).

b. Collisionality parameters

Consider an equilibrium magnetic flux-surface whose label is
r. Let”

1 BR? dO
= ﬂfi; S (A19)
(r)  gJBoRg 2m
It is helpful to define a new poloidal angle ® such that
d® yq BR?
— =1 . A2
Let
L= i;& @, (A21)
B 2n
B d®
I, = A22
e (A22)
OB 1 do
L=¢p(or]) — A23
’ fﬁ(a@) ByB 21’ (A23)
[ cos(jO) dO
Lij=+\2jp—F—F— A24
4 ]% B/BO P ( )
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cos (jO©) d@

by = ‘/_+ 2(B/By)’
Ie(2) = {)4\/1723/3‘“" @ (A26)

B/B, o’

(A25)

where By, is the maximum value of B on the magnetic flux-
surface, and j is a positive integer. The species-a transit frequency is
written as @y ,(r) = K; y vr,, where

IE38

12 214,,-15/

j=1,00

and vr, = /2 T,/m,. Here, m, is the species-a mass, and T,(r) is
the species-a temperature (in energy units). The fraction of circulat-
ing particles is

Ki(r) (A27)

3L BZ (' Ada
fe(r) = 1 BmaxJ 0k (A28)

Finally, the dimensionless species-a collisionality parameter is writ-
ten as v, ,(r) = K, g/ (¢4 Taa)> where g (1) = (1 — f2) /fe

3L,
K =——=K A29
*(r) 81 I3 t ( )

1 4 dmngellnA

Taa(7) 3\/_ (47'[60) m? UTa (430)

Here, the Coulomb logarithm, In A, is assumed to take the same
large constant value (i.e., In A o~ 17), independent of species.
c. Collisional friction matrices

Let x4, = vrp/vr,. The 2 x2 dimensionless ion collisional
friction matrices, [F7](r), [F](r), [F¥](r), and [FT](r), are defined
to have the following elements:*

Fii — or (1 + m;/my)

= (A31)

00 (1+ )3/2

. 3

g =2 ulrmim) (A32)

2 (L+xp)”

B o7 [13/4 + 4x2 + (15/2) x

Fitlz\/i+ I[ / il 552 /) tI]7 (A33)

(1+x5)

i Ti 1 i

Fglzi—i“’( /) (A34)

2T xil( +x )5/27
; 27 T;

Fil =200 L (A35)

4 Tr (14 x2 )/

1i 27 o xd

pli =22 70l (A36)
nT oy (1 +x; )5/2
T; op [15/2 +4x2 + (13/4) x}
FI =21 /202 x + 15/ . 552/) i) ., (A37)
TI (1+x11)
Flo=Fg, Fio=Fi. Fly=Fj, Fyo=Fa, Fo=F,

i pil I __ rii I __ pil I _ pil
FIO_FOI’ FOO_F007 FOI_F017 FIO_FOI'
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The 2 x 2 dimensionless electron collisional friction matrices,
[E¢](r), [F¥](r), and [F¥](r), are defined to have the following ele-
ments:” FE = Zey, F = (3/2) Zetr, F = F§¢, F =2+ (13/
4) Zer, Foy = Zegwin  Fj = Ffj = 0, F{g = (3/2) Zesrs, Fig = Zetr1»
Fgi = Ff] =0, F{ = (3/2) Zesr1.

d. Neoclassical viscosity matrices

The 2x2 dimensionless species-a neoclassical viscosity
matrix, [u9)(r), is defined to have the following elements:”

oo = Kaos gy = (5/2) Ky — Kgi» mio = ko> 1y = K — 5K
+(25/4) K. Here,

8 X7 x9H2(ik) 4, £ (x) dx

ik = 8 VEL [x*+ v vh(x)] [x“ +(51/8) (0 ee) ! ”%(x)}

I

(A38)
v = ¥ [(1 - T;)W(x) + l//(x)} + ¥ Zef, (A39)
e =2 [y - W) (as0
vi(x) = 3vh(x) + vi(x), (A41)
and
e =%J - e (A42)
0

W (x) = % xe ™. (A43)

Furthermore,

l 3 00 e 8+2 (;+k ( ) dx
K, = 8t =
% 3\/EJ; [stFL@iuD<x>][x + (5m/8) (7))
(A44)

)

4 2 x
3y/n x? ) x NEANR!
-+ 4 O(1|:<1—2x2 (X,]> +lﬁ (x—d):|;, (A45)
vi =Y () - v (0) L
Sl V@) e
2 my Xir Xir) | X
and, finally,
. g [ e x? X 8+2(+k) 4, ( )dx
=830,

0 [ b ()] [+ (57/8) (i) " vh(®)]
(A47)
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v =2 ) — /)
3

+£i{@¢(ﬁ)_¢/(ﬁ)}l_ (A49)
2 o |m; X Xii) | X

e. Parallel force and heat balance

Let [!] = o (T;/Tr) xz; [11"]. The requirement of equilibrium
force and heat balance parallel to the magnetic field leads us to
define four 2 x2 dimensionless ion matrices, [L7](r), [L](r),
[L](r), and [L"](r), where”

i, Lf\  ([Fi+u' +Y")y),  —[F7] -
(L1, [L7] o —[F1], [FH+’HI]

[Fii +y™], —[F1]
x ( _[FIiL [FH] )’ (A50)

and the additional four 2 x 2 dimensionless ion matrices,
[GT](r), [G"](r), [G"](r), and [G"](r), where

(Mﬂv[@q>_rmGw?W”

[Gh], [GU}
} <[Fii+ui+ Yyl _[Fi] )1
_[FIiL [FH +ﬁ’] ’
(A51)

and the 2 x 2 dimensionless electron matrices, [Q%](r), [G%](r),
[L¢](r), [L](r), and [L¥](r), where

Q] = [F*+p] ", (A52)

[G4] = [Q*] ([F¥] [G"] + [F¥] [G"]), (A53)

(L] = [Q*] [F*], (A54)

(L9 = [Q){[F91L7] — [F¥] + [F4] [L7]}, (A55)

(L] = [Q«{[F¥] [L"] — [F9] + [F4][L™]}. (A56)
Here,4“

[wq—fﬂow?ma{; Ein} (A57)

_ <”n> <Bz>

I = (A58)

where
_ [A(r,©)d© de
(A>(T):§ B(r.0) /ng(r,G))' (A59)

Moreover, (gv)™ is the flux-surface averaged rate constant for
charge-exchange reactions between neutrals and majority ions,
n,(r,®) is the neutral particle number density, and E,/T; is the
ratio of the incoming neutral energy to the majority ion energy. The
parameter y,, takes into account the fact that the incoming neutrals
at the edge of an H-mode tokamak plasma are usually concentrated
at the X-point (i.e, y, > 1).
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f. Neoclassical frequencies

The neoclassical frequencies of the three plasma species have
the following definitions:

Onei(r) = — Gl oop — [Lsg—La‘a( i )}w

L+n;
_|pit i Ny Ougs A60
{ 00 01 <1+’11 I ( )
Oner(r) = —Gli oo — [ng Y (1 j’n >}w*1
1
_|\pfio_ i 1; ©ui, A61
BRI (A61)
onelr) = ~Gig o = |15 = 15 () e
e
i i i
_ L — e W,
-5y
e (N, A62
{ 00 01 <1+'71 I ( )
Here,
do
= A63
wg(r) v, (A63)
T, dlnp,
a(r) = —=2 , A64
@-a(r) e, d¥, ( )
dInT,
= . A65
Ma(r) Tinn, (A65)

Moreover, p,(r) = ng Ts, and @(r) is the equilibrium electric scalar
potential.

g. Impurity ion angular rotation velocities

Let
V!.VORyB
wyr(r) = B0 0R20g7 (A66)
wgi(r) = V'V, (A67)

where V! is the impurity ion fluid velocity, and the right-hand sides
are evaluated on the outboard mid-plane. According to neoclassical
theory,13

wyr = Ky 0ncr, (A68)
Wy = Wp + Wy + gy, (A69)
where
RZ B2g2
Ky(r) = =20 A70
o(7) RZ(B2) (A70)

4. Plasma response in inner region
a. Linear layer widths

Let

TR(r) = ”Orzaee Q(e)fp (A71)

pubs.aip.org/aip/pop

e €2 Tpe
O-ee(r) = Te’ (A72)
tu(r) = Ko @, (A73)
Byg ns

p(r) = mini(r) +myny(r), (A74)

r2

= A

T.(r) oo (A75)

2
To(r) = ;7) (A76)

Wye
©(r) =— o (A77)
dﬁ(r) _ \/(5/3) mi [TE + (”i/”e) T + (nI/”e) TI] 7 (A78)
eBog

S(r) = %, (A79)

TH
Py(r) =%, (A80)

Top
P (r) =%, (A81)

TL

/2
("

D(r)=S$ <1 +T) ”. (A82)
Qx(r) = ~$'3 nogy, (A83)
Qei(r) = =S nw, ity (A84)

Here, y,(r), Di(r), and y,(r) are the perpendicular electron
energy, particle, and toroidal momentum diffusivity profiles, respec-
tively. The constant-i linear layer width is determined from the
solution of >’

Y | —Qp(Qe+Q)+i(Qe+Qi)(Py+Pi)p*+PyPip*
dp? |i(Qe+Q.) +{P. +i(Qs +Q)D?}p? +(1+1/7)P,D2p*
xp?Y=0. (A85)

If the small-p behavior of the solution of the previous equation that
is well-behaved as p — oo is, then

Y(p) = Yo[1 —cp+O(p?)]. (A86)
Then, the linear layer width is

T|C|T
5linear(r) = S‘I/L . (A87)

Note that Eq. (A85) can only be solved when 1+ 1/7 > 0.

b. Island widths

Let Wi = Ry By ‘i’k e 1%, where ‘i’k > 0 and @ are both real
quantities. The full width (in r) of the magnetic island chain at the
kth resonant surface is'’

12
Wi = 4R, (i) g2 (A88)

Tk
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c. Critical island widths

The critical full island width (in r), which must be exceeded
before the electron temperature is flattened within the magnetic
separatrix of the magnetic island chain at the kth resonant surface,

so/41
1S

yoN1AL 1 \ V2
Wnk:ﬁ(ﬂ) (—) i, (A89)
Tk Tk

brag = max
Le Xje
7He ~ _brag max (A90)
Xie + e
s 1.581 7, V2, (A91)
e ™1 4+ 0.2535 Zy
2R
yﬁl:x oVre Tk (A92)

2ns Wry'

Equations (A89)-(A92) must be solved iteratively for W, i /7.
The critical full island width (in r), which must be exceeded
before the ion temperature is flattened within the magnetic separa-

trix of the magnetic island chain at the kth resonant surface, is” 4

N\ 1/4 1 1/2
WT[k = \/§<L> (_) Tk, (A93)
k

i " €sn/

where y;(r) is the perpendicular ion energy diffusivity profile,

brag _max
Lii X
X = 7bug ‘ m ) (A94)
2 T
1.953 7;; v2 .
£ = 20T (A95)
V2 Zeit
2Ryvr; T
/C‘[‘n,axz 0 VTi k ) (A96)

nt/2ns Wri

Equations (A93)-(A96) must be solved iteratively for W, /7.

The critical full island width (in r), which must be exceeded
before the electron density is flattened within the magnetic separa-
trix of the magnetic island chain at the kth resonant surface, is/ !

D 1/4 1\ /2
Wik = V8[| — (—) e, (A97)
AHI N esn e

where
brag _max
i X
II'é brag + ., max (A98)
i T
brag _ 1.953 7 UT, (A99)
i V2Zg
2Ryvr; 1
=T (A100)

n/2ns Wk

Equations (A97)-(A100) must be solved iteratively for W,,, /7.
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d. Resonant plasma response model

Let %k =RoBo 7 e ~il and Egw = Emw e 1<%, where T >0,
Ck, Ekk >0, and g are all real quantities. Furthermore, let

=W, cosp, and Y= W¥,sing,. The resonant plasma
response model at the kth resonant surface takes the form'*"”

X
(Wk + 5k)8k( — + T Yk>

= fiXi+ > Ew (cos & Xee — sin & Yio) + Exe 2 cos (s,

k=LK
. - dYy

o -
(Wi + k)Sk(dt )

=fi Vi + Z Ee (cos & Yie + sin &g Xio) + Ene 7 sin G,

(A101)

K=1K
(A102)
where
N AR 27 1/2
W=t = o () o v ane)
27k €100 Tk \&'S -
3 6in r
O = '”7(”‘) (A104)
Ro €100 Tk
Sk = M, (A105)
TA
02 1/2
%z)rm , (A106)
B
0
S = Jok + fer + fok + fik- (A107)
Here, 7T = 08227, €100 = rlOO/RO, 7= 7/71007 ?k — fk/f’loo, and
Z’ = t/TA.

The perturbed bootstrap current terms in the resonant
response model take the following forms:”"**

Jok = foek + foix, (A108)
Soek = twek(for.k + fon k), (A109)
Soik = %ik(fork + fonk)s (A110)
n Wk
bee (l ¢ ) ~ 2 2 ~ 20 (Alll)
The) s Wi+ Do+ Wy
1 Wy
ﬂ’”e = (1 ) A2 ~ 2 ~ 2 (Allz)
The) vy Wi+ Do + W,
1; Wk
bek (1 +l ) ~ 2 2 ~ 2 (A113)
i)y Wrp+ Pii + Wy
1 Wi
Jomk = (1 ) — (A114)
THi)w Wi+ Do+ Wy
where
o —2zrg(w) , (A115)
CO/; e
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B
s — 271 (ni/ne)(ws; + nci) + (Zr np/ne) (@s1 + Oncr) wa(r) = €85059 (A133)
14 ’ m;
wp .
(A116) and I, = 1.38.
Finally, the island saturation terms in the resonant response
wp(r) = ﬂ’ (A117) model take the form™
HoneeRG q W
- IwW - _ 2 _ — Tk
Wy = Wk (AL18) fir = —(0.8A2 — 0.27 B, — 0.09 Ay) o (A134)
2 Tk
- T Wryk
Wk = 27 (AL119) 5. Plasma angular velocity evolution
. W, a. Evolution equations
Wi =3 "%, (A120) 9
T The quantity @ that appears in Egs. (A101) and (A102)
Pouk = (I Poe) _ (ZI Ure mezqRo) ’ (A121) evolves in time according to'’
2r /4, eBygr . - B
' 2 pi: mi Yp(Fx) LIS zp(7k) 2
. T py; 2Zvr;m;iqRy @i(t) = Tio — — o p(F) — —~ B, (1)
= — (2= LT A122 m Fr) Lz ()
Poik < 2 ), ¢Bogr? rk7 ( ) ye k’)’p( ) Ko1K AGY
(A135)
and I, = 1.58.

The magnetic field-line curvature terms in the resonant

Here, @0 = @kota, ¥p(7) = 1i(j1p7)/7, and z,(7) = Jo(jo, 7)-

response model take the following forms:> 42 Moreover, @y is the so-called “natural frequency” (in the absence
of the RMP) at the kth resonant surface; this quantity is defined
Sk = vek(ferk + fenck +ferk + fenk)s (A123) as the helical phase velocity of a naturally unstable island chain,
e 0 W, resonant at the surface, in the absence of an RMP (or any other
ferk = < =} 2 ) — — (A124) island chains). Furthermore, J,,(z) is a standard Bessel function,
et i L), W+ W, and j,,, denotes the pth zero of this function. The time evolution
1 Wi equations for the ok, and ffi , parameters specify how the plasma
Jenox = <” Tt ) 3 5 (A125)  poloidal and toroidal angular velocity profiles are modified by the
e Ne) e Wi+ Wy electromagnetic torques that develop within the plasma, in
Wy response to the applied RMP, and how these modifications affect
fere= (n Tl + ; > 2 2 (A126) the natural frequencies. The evolution equations take the follow-
c Wi+ W ing forms:"
n; Wi
. , A127 2
o = ( +n,1+11) Wo o+ W, e (142Q) P (fl—"’nal +-t )akp
) dt Tmk  Tok  Texk
where
mi [yp(71)] S
et = 22 Iy De(r). (A128) RS (o

Here, Dg(r) is the Glasser-Greene-Johnson resistive interchange
stability parameter (see subsection 2 e of the Appendix).
The ion polarization terms in the resonant response model

2l S 0T, (A137)

ap, (i, n® [z
7—’_ <%Mk Tcxk ﬁk,p [ )]

Q,—\

take the following forms:’"** where
fﬂk = O‘pk(ﬁ;T,-k +fpn,k)7 (A129) 5Tk = Z Ekkr[(Ykar — Xk Yk/) Ccos (fkkr
. K=1K
i Wi )
f;’Tk (l +n) (WZ +w2)27 (A13O) _(Xka/ +Yk Yk/) Slnékk’}
Tk k +Exk 7 (Yi cos§g — X sin (). (A138)
1 w . N N
Jonk = (1 ) i, (A131)  Here, Q= Q(ri), px = p(re)/p(0), Tark = ring/ 2y (re) Tal, Tox
+1i/, (Wnek + W) = 19(rk) /A, Texk = Tex(7k)/Ta- Moreover,
where 2p2
i R
10(r) :%/(1 +q2 0) (A139)
i ; ; Hoo = Akk
o =871, (©ri + Onei) Onei ‘J;w:)“)w““} , (A132)
pee Tk is the poloidal flow damping timescale, and
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1

=) = G oo

(A140)

is the charge-exchange damping timescale. Furthermore,*
2p2 2
2 q° R; 1 1 |Vr|
= — ) =5 . Al41
Q=70 <R2> (R?) R (a141)

b. Natural frequencies

According to linear tearing mode theory, in the absence of the
RMP, the natural frequency of the tearing mode resonant at the kth
resonant surface is given by'**°

Wer = —n (wg + w*e)rk. (A142)

According to the nonlinear tearing mode theory, in the absence of
the RMP, the natural frequency of the tearing mode resonant at the

kth resonant surface is given by'**"**
@ik = —1 (Wp + Wy + Onci),, - (A143)
It is also helpful to define
WEk = —N (CUE)rk- (A144)

The EPEC model for the natural frequency is

@ko = Ok + (Gek — Wek) fek + (@ik — Bek) fiks (A145)
where
Jek = frox + faoks (A146)
fik = frik + fuks (A147)
.2
1 W
frx= <l+e ) e (A148)
e T WTck+ Wy
.2
1 W,
fnek:<l+ ) —— (A149)
Ne Tk Wnek+ Wk
<2
; w
frk= (IZ’ ) k. (A150)
i), W+ Wy
-~ 2
1 w
Sk = (1 ) ——* . (A151)
i) W+ Wy

Note that the switchover from linear to nonlinear theory is triggered
by the flattening of the local temperature and density profiles.
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