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ABSTRACT
The analysis of a previous paper [A. Cole and R. Fitzpatrick, Phys. Plasmas 13, 032503 (2006)] that maps out all of the two-ﬂuid response
regimes of a linear tearing layer interacting with an externally generated resonant magnetic perturbation, in a large aspect-ratio tokamak
plasma, is generalized to take into account realistic levels of perpendicular particle transport. A new response-regime map is obtained that
differs substantially, in many respects, from the old one. The improved analysis is ﬁrst employed to ﬁnd all of the two-ﬂuid growth-rate
regimes of a non-interacting low-mode-number tearing mode in a large aspect-ratio tokamak plasma. The analysis is then used to determine
the scaling of the error-ﬁeld penetration threshold with machine parameters in large aspect-ratio tokamak plasmas.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0082331

I. INTRODUCTION
Tearing modes are slowly growing instabilities of ideally stable
tokamak plasmas that reconnect magnetic ﬁeld-lines at various resonant
surfaces within the plasma, in the process forming magnetic island
chains that degrade the plasma conﬁnement.1 If tearing modes grow to
a sufﬁciently large amplitude, then they can trigger major disruptions.2
Tokamak plasmas are observed to be particularly disruption-prone
when tearing modes lock (i.e., become stationary in the laboratory
frame) to externally generated, resonant magnetic perturbations.3
It is well known that single-ﬂuid, resistive magnetohydrodynamics (MHD) offers a very poor description of tearing mode dynamics in
tokamak plasmas. For instance, the strong diamagnetic ﬂows present
in such plasmas decouple the electron and ion ﬂows to some extent,
necessitating a two-ﬂuid treatment.4 Moreover, resistive-MHD does
not take the important ion sound radius lengthscale, below which electron and ion dynamics are further decoupled, into account.5,6
Previously, Cole and Fitzpatrick7 used the four-ﬁeld model of
Fitzpatrick and Waelbroeck8 (which is based on the original four-ﬁeld
model of Hazeltine et al.9) to determine the two-ﬂuid response of a linear tearing layer to an externally generated, resonant magnetic perturbation in a large aspect-ratio tokamak plasma. However, the treatment
of Cole and Fitzpatrick fails to take into account the anomalously large
perpendicular particle diffusivity present in tokamak plasmas. The aim
of this paper is to correct this deﬁciency.
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This paper is organized as follows. After some preliminary analysis in Sec. II, our fundamental four-ﬁeld resonant plasma response
model is introduced in Sec. III. This model is a slightly improved version of the model derived in Ref. 8 that takes the thermal force into
account. (The thermal force merely gives rise to an additional term in
the perpendicular electron ﬂuid velocity that scales as the electron temperature gradient.) The model is converted into a set of linear layer
equations in Sec. IV. These layer equations are then solved in Sec. V in
order to map out all of the linear response regimes of a resonant layer
to an externally generated, resonant magnetic perturbation in a large
aspect-ratio tokamak plasma. In Sec. VI, we reuse the analysis of Sec.
V to map out all of the growth-rate regimes for a low-mode-number
(but not m ¼ 1) tearing mode in a large aspect-ratio tokamak plasma.
Finally, in Sec. VII, we employ the results of Sec. V to determine the
scaling of the error-ﬁeld penetration threshold with machine parameters in large aspect-ratio tokamak plasmas.
II. PRELIMINARY ANALYSIS
A. Plasma equilibrium
Consider a large aspect-ratio tokamak plasma equilibrium whose
magnetic ﬂux-surfaces map out (almost) concentric circles in the
poloidal plane. Such an equilibrium can be approximated as a periodic
cylinder.10 Let r, h, z be right-handed cylindrical coordinates. The
magnetic axis corresponds to r ¼ 0, and the plasma boundary to r ¼ a.
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The system is assumed to be periodic in the z direction with periodicity length 2p R0 , where R0 is the simulated major radius of the plasma.
The safety-factor proﬁle takes the form qðrÞ ¼ r Bz =½R0 Bh ðrÞ, where
Bz is the constant “toroidal” magnetic ﬁeld-strength, and Bh ðrÞ is the
poloidal magnetic ﬁeld-strength. The standard large aspect-ratio
orderings, r=R0  1 and Bh =Bz  1, are adopted.
B. Asymptotic matching
Consider a tearing mode perturbation that has m periods in the
poloidal direction, and n periods in the toroidal direction. As is well
known, the response of the plasma to the tearing mode is governed by
marginally stable, ideal-MHD everywhere in the plasma, apart from a
(radially) narrow layer centered on the so-called resonant surface,
minor radius rs, at which qðrs Þ ¼ m=n.11
The perturbed magnetic ﬁeld associated with the tearing mode is
written dB ’ rdw  ez , where dwðr; h; u; tÞ ¼ dwðr; tÞ exp ½ i ðm h
n uÞ, and u ¼ z=R0 is a simulated toroidal angle.
In the so-called outer region (i.e., everywhere in the plasma apart
from the resonant layer), the perturbed helical magnetic ﬂux, dwðr; tÞ,
satisﬁes the cylindrical tearing mode equation,1
@ 2 dw 1 @dw m2
Jz0 dw

¼ 0;
þ
dw

@r 2
r @r
r ð1=q  n=mÞ
r2

(1)

where Jz ðrÞ ¼ R0 l0 jz ðrÞ=Bz , and jz ðrÞ is the equilibrium toroidal
current density. Here, 0  d=dr. In general, the solution of Eq. (1) that
satisﬁes physical boundary conditions at the magnetic axis and the
plasma boundary is such that dw is continuous across the resonant
surface, whereas @dw=@r is discontinuous. The discontinuity of
@dw=@r across the resonant surface is indicative of the presence of
a helical current sheet at the surface. The complex quantity Ws ðtÞ
¼ dwðrs ; tÞ determines the amplitude and phase of the reconnected
helical magnetic ﬂux at the resonant surface, whereas the complex
quantity,10

r
@dw sþ
DWs ¼ r
;
(2)
@r rs
parameterizes the amplitude and phase of the helical current sheet
ﬂowing at the surface. The solution of the cylindrical tearing mode
equation in the outer region, in the presence of an externally generated, resonant magnetic perturbation of the same helicity as the tearing
mode, leads to the relation,10,11
DWs ¼

ðD0s Þ Ws

þ

ðD0s Þ Wv ;

where D0s

(3)

is a real dimensionless quantity known as the tearing stability
index. Moreover, Wv is the so-called vacuum ﬂux and is deﬁned as the
reconnected magnetic ﬂux that would be driven at the resonant surface
by the resonant magnetic perturbation where the plasma is intrinsically tearing stable (i.e., D0s < 0) and where there is no current sheet at
the resonant surface (i.e., DWs ¼ 0).
The current sheet at the resonant surface can only be resolved by
solving a two-ﬂuid, resistive-MHD, plasma response model in the socalled inner region (i.e., the region of the plasma in the immediate
vicinity of the resonant surface), and asymptotically matching the
solution so obtained to the ideal-MHD solution in the outer region.
The particular plasma response model used in this paper is described
in Sec. III.
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III. FOUR-FIELD RESONANT PLASMA RESPONSE
MODEL
A. Useful definitions
The plasma is assumed to consist of two species. First, electrons
of mass me, electrical charge e, number density n, and temperature
Te. Second, ions of mass mi, electrical charge þe, number density n,
and temperature Ti. Let p ¼ n ðTe þ Ti Þ be the total plasma pressure.
It is helpful to deﬁne n0 ¼ nðrs Þ; p0 ¼ pðrs Þ

d ln Te 
;
(4)
ge ¼
d ln n r¼rs

d ln Ti 
;
(5)
gi ¼
d ln n r¼rs
  

Te
1 þ ge
;
(6)
s¼
Ti r¼rs 1 þ gi
where n(r), p(r), Te ðrÞ, and Ti ðrÞ refer to the density, pressure, and
temperature proﬁles that are unperturbed by the tearing mode.
For the sake of simplicity, the perturbed electron and ion temperature proﬁles are assumed to be functions of the perturbed electron
number density proﬁle in the immediate vicinity of the resonant surface. In other words, Te ¼ Te ðnÞ and Ti ¼ Ti ðnÞ. This implies that
p ¼ pðnÞ. The MHD velocity, which is the velocity of a ﬁctional MHD
ﬂuid, is deﬁned V ¼ VE þ Vki b, where VE is the E  B drift velocity,
Vki is the parallel component of the ion ﬂuid velocity, b ¼ B=jBj, and
B is the magnetic ﬁeld-strength.
B. Fundamental fields
The four fundamental ﬁelds in our four-ﬁeld model—namely, w,
/, N, and V—have the following deﬁnitions:
rw ¼

nB
;
rs Bz

nV
;
rs V A


p  p0
;
N ¼ d^ i 2
Bz =l0


nV
V ¼ d^ i
:
VA
r/ ¼

(7)
(8)
(9)
(10)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, n ¼ ð0; =qs ; 1Þ;  ¼ r=R0 ; qs ¼ m=n, VA ¼ Bz = l0 n0 mi ,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
di ¼ mi =ðn0 e2 l0 Þ, and d^ i ¼ di =rs . Our model also employs the
auxiliary ﬁeld,
J¼

2 s ^ 2
þ r w;
qs

(11)

^ ¼ rs r.
where s ¼ rs =R0 , and r
C. Fundamental equations
The four-ﬁeld model takes the form,8
@w
^ k;
¼ ½/; w  se ð1 þ ke Þ ½N; w þ ^g k J þ E
@^t

(12)
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i

h
i h
i
^ 2/ h
@r
^ 2 /  si r
^ 2 /; N þ r
^ 2 N; /
^ 2 ½/; N  þ r
¼ /; r
2
@^t
^ 4 ð/ þ si N Þ;
(13)
þ ½ J; w þ v^ u r
2
@N
^ 2 N;
^? r
¼ ½/; N  þ c2b ½V; w þ d^ b ½ J; w þ D
?
@^t
@V
^ 2 V:
¼ ½/; V  þ ½N; w þ ^v u r
@^t

(14)
(15)

^  rB
^  n; se ¼ ½s=ð1 þ sÞ; si ¼ 1=ð1 þ sÞ; ^t
Here, ½A; B  rA
^
¼ t=ðrs =VA Þ; ^g k;? ¼ g?
v u ¼ vu =
k ; =ðl0 rs VA Þ; E k ¼ Ek =ðBz VA Þ, ^
ðrs VA Þ, where gk;? is the parallel/perpendicular plasma electrical resistivity at the resonant surface, Ek the parallel inductive electric ﬁeld that
maintains the equilibrium toroidal plasma current in the vicinity of
the resonant surface, and vu the anomalous perpendicular ion
momentum diffusivity at the resonant surface. Moreover, db ¼ cb di ,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and d^ b ¼ db =rs , where cb ¼ b=ð1 þ bÞ, and b ¼ ð5=3Þ l0 p0 =B2z .
Here, db is usually referred to as the ion sound radius. Furthermore,
ke ¼ 0:71 ge =ð1 þ ge Þ originates from the thermal force. Finally,8



ge se
g si
^ ?  D? ¼ c2b ^g ? þ 2 1  c2b
^v ?e þ i
^v ?i ;
D
3
rs VA
1 þ ge
1 þ gi
(16)
where ^v ?e;i ¼ v?e;i =ðrs VA Þ, and v?e;i is the (anomalous) perpendicular electron/ion energy diffusivity in the vicinity of the resonant surface. Note that Cole and Fitzpatrick (2006) neglects the contribution
of v?e;i to the perpendicular particle diffusivity, D? , leading to an
anomalously small estimate for D? . It is this deﬁciency that we aim to
correct in the present paper. To be more exact, given that cb  1 in
conventional tokamak plasmas, and that ^g ?  ^v ?e;i (i.e., magnetic
ﬂux typically diffuses across magnetic ﬂux surfaces in tokamak plasmas much more slowly than energy), the neglect of the terms involving ^v ?e;i in the previous equation leads to the erroneous conclusion
^ ?  ^v ?e;i (i.e., particles diffuse across magnetic ﬂux-surfaces in
that D
tokamak plasmas much more slowly than energy). The inclusion of
^ ?  ^v ?e;i (i.e., particles
the terms leads to the correct conclusion that D
diffuse across magnetic ﬂux-surfaces at a similar rate to energy).

scitation.org/journal/php

^ k ¼ d^ i Vz ðrs Þ=VA .
component of the) diamagnetic velocity, and V
Here, ss ¼ sðrs Þ and sðrÞ ¼ d ln q=d ln r. We also have


2
1
1
;
(21)
J¼
^s
ss
L
^ k ¼ ð2=ss  1Þð^g k =L
^ s Þ.
and E
IV. LINEAR RESONANT PLASMA RESPONSE MODEL
A. Introduction
The aim of this section is to obtain a set of linear layer equations
from the four-ﬁeld model introduced in Sec. III.
B. Derivation of linear layer equations
In accordance with Eqs. (17)–(21), let us write
^x 2
~ x Þ eiðfx^ ^t Þ ;
þ wð^
^s
2L
~ x Þ eiðfx^ ^t Þ ;
^E ^x þ /ð^
/ð^x ; f; ^t Þ ¼ V
wð^x ; f; ^t Þ ¼

^ ^x þ se N
~ ð^x Þ e
Nð^x ; f; ^t Þ ¼ V

^ ^t Þ
iðfx

(22)
(23)
(24)

;

^ ^t Þ
iðfx

^ k þ se V
~ ð^x Þ e
;
Vð^x ; f; ^t Þ ¼ V


2
1
~ x Þ eiðfx^ ^t Þ ;
^ 2 wð^
Jð^x ; f; ^t Þ ¼ 
1
þr
^s
ss
L

(25)
(26)

^ ¼ rs x=VA , and x is the frequency of the
where f ¼ m h  n u; x
tearing mode in the laboratory frame. Substituting Eqs. (22)–(26) into
Eqs. (11)–(15), and only retaining terms that are ﬁrst order in perturbed quantities, we obtain the following set of linear equations:
~
i ½x  xE  ð1 þ ke Þ x e  sH w
h
i
~  ð1 þ ke Þ N
~
^ 2 w;
~ þ S1 r
¼ i ^x /

(27)




~
~ ¼ i ^x r
~ þ S1 Pu r
~ þN ;
^ 2w
^ 2/
^4 /
i ðx  xE  x i Þ sH r
s
(28)
~  i c2 ^x V
~
^ 2w
~  i se d^ 2b ^x r
~ ¼ i x e sH /
i ðx  xE Þ sH N
b
2

^ N
~
¼ þS1 P? r
? ;

D. Matching to plasma equilibrium
The unperturbed plasma equilibrium is such that B ¼ ð0;
Bh ðrÞ; Bz Þ; p ¼ pðrÞ, V ¼ ð0; VE ðrÞ; Vz ðrÞÞ, where VE ðrÞ ’ Er =Bz
is the (dominant h-component of the) E  B velocity. Now, the resonant layer is assumed to have a radial thickness that is much smaller
than rs. Hence, we only need to evaluate plasma equilibrium quantities
in the immediate vicinity of the resonant surface. Equations (7)–(10)
suggest that
^x 2
;
^s
2L
^ E ^x ;
/ ¼ V
w¼

^ ^x ;
N ¼ V
^ k;
V ¼V

(17)
(18)
(19)

(20)
^ s ¼ Ls =rs ; Ls ¼ R0 qs =ss , V
^ E ¼ VE ðrs Þ=VA ,
where ^x ¼ ðr  rs Þ=rs , L
^ ¼ V ðrs Þ=VA , V ðrÞ ¼ ðdp=drÞ=ðe n0 Bz Þ is the (dominant hV
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(29)
2

~  i ^x N
^ V
~ ¼ i x e sH w
~ þ S1 Pu r
~:
i ðx  xE Þ sH V

(30)

Here, sH ¼ Ls =ðm VA Þ is the hydromagnetic time, xE ¼ ðm=rs Þ
 VE ðrs Þ the E  B frequency, x e ¼ se ðm=rs ÞV ðrs Þ the electron
diamagnetic frequency, x i ¼ si ðm=rs ÞV ðrs Þ the ion diamagnetic
frequency, S ¼ sR =sH the Lundquist number, sR ¼ l0 rs2 =gk the resistive diffusion time, su ¼ rs2 =vu the toroidal momentum conﬁnement
time, and s? ¼ rs2 =D? . Furthermore, Pu ¼ sR =su and P? ¼ sR =s?
are magnetic Prandtl numbers.
Let us deﬁne the stretched radial variable X ¼ S1=3 ^x . Assuming
that X  Oð1Þ in the layer (i.e., assuming that the layer thickness is
roughly of order S1=3 rs ), and making use of the fact that S
1 in
conventional tokamak plasmas, Eqs. (27)–(30) reduce to the following
set of linear layer equations:7
h
i
2~
~ ¼ i X /
~  ð1 þ ke Þ N
~ þ d w ; (31)
i ½Q  QE  ð1 þ ke Þ Qe  w
dX 2
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~
~
~
d2 /
d2 w
d4 ~ N
¼
i
X
þ
P
;
/
þ
u
dX 2
dX 2
dX 4
s
2~
2~
~  i c2 X V
~ ¼ iQe /
~  iD2 X d w þ P? d N ;
iðQ  QE ÞN
b
dX 2
dX 2
2~
d
V
~  iXN
~ ¼ i Qe w
~ þ Pu
:
i ðQ  QE Þ V
dX 2
i ðQ  QE  Qi Þ

Here, Q ¼ S1=3 x sH ; QE ¼ S1=3 xE sH ; Qe;i ¼ S1=3 x
D ¼ S1=3 se1=2 d^ b .

e;i sH ,

(32)
(33)
(34)
and

 =dp in Eq. (40). This approximation
Let us ignore the term c2b d V
can be justiﬁed a posteriori. It is equivalent to the neglect of the contribution of ion parallel dynamics to the linear plasma response in the
resonant layer and effectively decouples Eq. (41) from Eqs.
(38)–(40).7,12 Equations (38)–(40) reduce to7


d
dYe
AðpÞ 2
GðpÞ
p Ye ¼ 0;
(43)

dp
BðpÞ
dp
where
GðpÞ ¼

C. Asymptotic matching
The linear layer equations, (31)–(34), possess tearing parity solu~
~
~
tions characterized by the symmetry wðXÞ
¼ wðXÞ;
/ðXÞ
~
~ ðXÞ ¼ N
~ ðXÞ; V
~ ðXÞ ¼ V
~ ðXÞ. If we assume that
¼ /ðXÞ,
N
the asymptotic behavior of the tearing parity layer solutions is such
that


^
D
2
~
(35)
w ! w0 1 þ jXj þ OðX Þ ;
2
as jXj ! 1, where w0 is an arbitrary constant, then asymptotic
matching to the outer solution yields
^ s:
DWs ¼ ðS1=3 DÞW

(36)

V. LINEAR RESONANT PLASMA RESPONSE REGIMES
A. Introduction
The aim of this section is to solve the linear layer equations
derived in Sec. IV to determine the response of a resonant layer to an
external perturbation.
B. Fourier transformation
Equations (31)–(34) are most conveniently solved in Fourier
transform space.7 Let
ð1

~
(37)
/ðpÞ
¼
/ðXÞ
eipX dX;
1

etc. The Fourier transformed linear layer equations become
d 

  p2 w;
/  ð1 þ ke Þ N
dp


2 

 ¼ dðp wÞ  Pu p4 /
 þN ;
i ðQ  QE  Qi Þ p2 /
s
dp
2 

d
V
dðp
wÞ
 þ c2
 ¼ i Qe /
;
i ðQ  QE ÞN
 D2
 P? p2 N
b
dp
dp

 þ dN  Pu p2 V
 ¼ i Qe w
;
i ðQ  QE Þ V
dp
 ¼
i ½Q  QE  ð1 þ ke Þ Qe  w

where, for a tearing parity solution,
"
#
^
D


þ 1 þ OðpÞ ;
/ðpÞ ! / 0
pp
as p ! 0.
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p2
;
i ½Q  QE  ð1 þ ke Þ Qe  þ p2

(44)

AðpÞ ¼ ðQ  QE Þ ðQ  QE  Qi Þ
 i ðQ  QE  Qi Þ ðPu þ P? Þ p2 þ Pu P? p4 ;

(45)

BðpÞ ¼ i ½Q  QE  ð1 þ ke Þ Qe 
þ fP?  i ð1 þ ke Þ ðQ  QE  Qi Þ D2 gp2
þ ½ð1 þ ke Þ þ 1=s Pu D2 p4 ;

(46)

  ð1 þ ke Þ N
 . The boundary conditions are that Ye ðpÞ is
and Ye ¼ /
bounded as p ! 1, and
"
#
^
D
Ye ðpÞ ! Y0
þ 1 þ OðpÞ ;
(47)
pp
as p ! 0. In the following, we shall assume that jQj  jQE j
 jQe j  jQi j; Pu  P?  P; s  Oð1Þ, and ke  Oð1Þ, for the sake
of simplicity.
C. Constant-w approximation
Let us suppose that there are two layers in p space. In the small-p
layer, suppose that Eq. (43) reduces to
"
#
d
p2
dYe
’ 0;
(48)
dp i ½Q  QE  ð1 þ ke Þ Qe  þ p2 dp
when p  Q1=2 . Integrating directly, we ﬁnd that
" 
#

^ 1
p
D
2
Ye ðpÞ ’ Y0
þ
þ 1 þ Oðp Þ ;
p p i ½Q  QE  ð1 þ ke Þ Qe 

(38)

(49)
for p ⱗ OðQ Þ, where use has been made of Eq. (47). The two-layer
approximation is equivalent to the well-known constant-w
approximation.11
In the large-p layer, for p
OðQ1=2 Þ, we obtain
1=2

(39)
(40)

d2 Ye AðpÞ 2
p Ye ’ 0;

BðpÞ
dp2

(41)

(42)

(50)

with Ye bounded as p ! 1. Asymptotic matching to the small-p layer
yields the boundary condition,
(
)
^
p
D
2
Ye ðpÞ ’ Y0 1 þ
þ Oðp Þ ; (51)
p i ½Q  QE  ð1 þ ke Þ Qe 
as p ! 0.
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In the various constant-w linear response regimes considered in
Sec. V D, Eq. (50) reduces to an equation of the form
d 2 Ye
 C pm Ye ’ 0;
dp2

(52)

where m is real and non-negative,
and C is a complex constant. Let
pﬃﬃﬃﬃ
pﬃﬃﬃ
Ye ¼ p Z and q ¼ C pn =n, where n ¼ ðm þ 2Þ=2. The previous
equation transforms into a modiﬁed Bessel equation of general order,
q2

d2 Z
dZ
 ðq2 þ  2 Þ Z ¼ 0;
þq
dq2
dq

(53)

where  ¼ 1=ðm þ 2Þ. The solution that is bounded as q ! 1 has
the small-q expansion
 
 
1
2
1
q
K ðqÞ ¼

þ Oðq2 Þ;
(54)
Cð1  Þ q
Cð1 þ Þ 2
where CðzÞ is a gamma function. A comparison of this expression
with Eq. (51) reveals that
^ ¼ p ði ½Q  QE  ð1 þ ke Þ Qe Þ Cð1  Þ  21 C  :
D
CðÞ

(55)

Note, ﬁnally, that p  jCj , where p denotes the width of the large-p
layer in p space. This width must be larger than Q1=2 (i.e., the width of
the small-p layer) in order for the constant-w approximation to hold.

P p2 and D2 p2  1. It follows that  ¼ 1=4

and
C¼

½i ðQ  QE Þ ½i ðQ  QE  Qi Þ
:
i ½Q  QE  ð1 þ ke Þ Qe 

(56)

Hence, we deduce that
^ ¼ 2pCð3=4Þ ði ½Q  QE  ð1 þ ke Þ Qe Þ3=4
D
Cð1=4Þ
 ½i ðQ  QE Þ1=4 ½i ðQ  QE  Qi Þ1=4 :

(57)

This response regime is known as the resistive-inertial (RI) regime,
because the layer response is dominated by plasma resistivity and ion
inertia.4,11,13 The characteristic layer width is p  Q1=4 , which
implies that the regime is valid when P  Q3=2 ; Q
D4 , and
Q  1.
Suppose that Q  P p2 and D2 p2  1. It follows that  ¼ 1=6
and C ¼ Pu . Hence, we deduce that
2=3

^ ¼6
D

p Cð5=6Þ
ði ½Q  QE  ð1 þ ke Þ Qe Þ Pu1=6 :
Cð1=6Þ

(58)

This response regime is known as the viscous-resistive (VR) regime,
because the layer response is dominated by ion perpendicular viscosity
and plasma resistivity.10,14 The characteristic layer width is
p  P1=6 , which implies that the regime is valid when P
Q3=2 ;
6
3
P
D , and P  Q .
1. It follows that  ¼ 1=2
Suppose that Q
P p2 and D2 p2
and
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C¼

i ðQ  QE Þ
:
ð1 þ ke Þ D2

(59)

Hence, we deduce that
ke Þ Qe Þ ½i ðQ  QE Þ
^ ¼ p ði ½Q  QE  ð1pþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
D
1 þ ke D

1=2

(60)

:

This response regime is known as the semi-collisional (SC) regime.5,6
The characteristic layer width is p  D Q1=2 , which implies that the
regime is valid when Q  D4 , P  Q2 =D2 , and Q  D.
1. It follows that
Suppose, ﬁnally, that Q  P p2 and D2 p2
 ¼ 1=4 and
C¼

P?
:
½ð1 þ ke Þ þ 1=s D2

(61)

Hence, we deduce that
1=4

^ ¼ 2p Cð3=4Þ ði ½Q  QE  ð1 þ ke Þ Qe Þ P? :
D
Cð1=4Þ
½ð1 þ ke Þ þ 1=s1=4 D1=2

(62)

This response regime is known as the diffusive-resistive regime,
because the layer response is dominated by perpendicular particle diffusion and plasma resistivity. The characteristic layer width is
p  D1=2 P1=4 , which implies that the regime is valid when
P
Q2 =D2 , P  D6 , and P  D2 =Q2 .
E. Nonconstant-w linear response regimes

D. Constant-w linear response regimes
Suppose that Q

scitation.org/journal/php

Suppose that p  Q1=2 . In this limit, Eq. (43) reduces to


d
dYe
AðpÞ 2
p2
p Ye ¼ 0: (63)
 ði ½Q  QE  ð1 þ ke Þ Qe Þ
dp
BðpÞ
dp
In the various nonconstant-w regimes considered in this section, the
previous equation takes the form


d
dYe
p2
(64)
 C pmþ2 Ye ¼ 0;
dp
dp
where m is real and non-negative, and C is a complex constant. Let
U ¼ p Ye . The previous equation yields d2 U=dp2  C pm U ¼ 0. This
equation is identical in form to Eq. (52), which we have already solved.
Indeed, the solution that
pﬃﬃﬃis
ﬃ bounded as p ! 1 has the small-p expansion (54), where q ¼ C pn =n, n ¼ ðm þ 2Þ=2, and  ¼ 1=ðm þ 2Þ.
Matching to Eq. (47) yields
^ ¼ p
D

CðÞ
 12 C  :
Cð1  Þ

(65)

The layer width in p-space again scales as p  jCj . This width
must be less than Q1=2 .
Suppose that Q
P p2 and D2 p2  1. It follows that  ¼ 1=2
and
C ¼ ½i ðQ  QE Þ ½i ðQ  QE  Qi Þ:

(66)

Hence, we deduce that
^ ¼
D

p
½i ðQ  QE Þ1=2 ½i ðQ  QE  Qi Þ1=2

:

(67)
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This response regime is known as the inertial regime, because the layer
response is dominated by ion inertia.4,10 Note that the plasma response
in the inertial regime is equivalent to that of two closely spaced Alfven
resonances that straddle the resonant surface,15 In fact, it is easily demonstrated that in real space,
ð1
dX
^ ¼
D
;
(68)
ðQ

Q
Þ
ðQ

QE  Qi Þ  X 2
E
1
which
suggests
that
the
resonances
lie
at
X
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ 6 ðQ  QE Þ ðQ  QE  Qi Þ. The characteristic layer width is
p  Q1 , which implies that the regime is valid when P  Q3 ;
Q
D, and Q
1.
Suppose that Q  P p2 and D2 p2  1. It follows that  ¼ 1=4
and
C ¼ ði ½Q  QE  ð1 þ ke Þ Qe Þ Pu :

(69)

Hence, we deduce that
^ ¼  p Cð1=4Þ ði ½Q  QE  ð1 þ ke Þ Qe Þ1=4 P1=4 :
D
u
2 Cð3=4Þ

(70)

This response regime is known as the viscous-inertial regime, because the
layer response is dominated by ion perpendicular viscosity and ion inertia.13 The characteristic layer width is p  Q1=4 P1=4 , which implies
D4 =Q, and P
Q3 .
that the regime is valid when P
Q3 ; P
1. It follows that
Suppose, ﬁnally, that Q  P p2 and D2 p2
 ¼ 1=2 and
C¼

ði ½Q  QE  ð1 þ ke Þ Qe Þ P?
:
½ð1 þ ke Þ þ 1=s D2

(71)

Hence, we deduce that
^ ¼
D

p ½ð1 þ ke Þ þ 1=s1=2 D
1=2

ði ½Q  QE  ð1 þ ke Þ Qe ÞÞ1=2 P?

:

(72)

FIG. 1. Linear resonant plasma response regimes in Q-P space for the case
D ¼ 0.9. The various regimes are the diffusive-resisitive (DR), the semi-collisional
(SC), the resistive-inertial (RI), the viscous-resistive (VR), the viscous-inertial (VI),
and the inertial (I).

where T0 and v? are the electron/ion temperatures and the particle/
energy diffusivities at the resonant surface. It can be seen, by comparison with Figs. 1–3 in Ref. 7, that adopting a more realistic ordering for
the perpendicular particle diffusivity, D? , leads to a signiﬁcant modiﬁcation to the system of response regimes. We can identify the resistiveinertial, viscous-resistive, semi-collisional, diffusive-resistive, inertial,
and viscous-inertial response regimes, found in this paper, with the
RIi, VRii, SCii, HRii, I, and VI response regimes found in Ref. 7. Some
of the response regimes found in Ref. 7—namely, the RIii, VRi, SCi,
and HRi—no longer exist. On the other hand, we have found one new

This response regime is known as the diffusive-inertial regime, because
the layer response is dominated by perpendicular particle diffusivity
and ion inertia. The characteristic layer width is p  D Q1=2 P1=2 ,
which implies that the regime is valid when Q  D; P  D4 =Q, and
P
D2 =Q2 .
F. Discussion
Figures 1 and 2 show the extents of the various different linear
resonant response regimes in Q–P space for the cases D < 1 and
D > 1, respectively. Note that
Q ’ 1:02  102
"
#
1=2
1=2
rs2=3 ðmÞ Ls2=3 ðmÞ T0 ðkeVÞ n0 ð1019 m3 Þ xðkrad=sÞ
;

2=3
m2=3 Bz ðTÞ
h
i
3=2
P ’ 5:04  10 v? ðm2 =sÞ T0 ðkeVÞ ;
"
#
se1=2 m1=3 T0 ðkeVÞ
D ’ 4:15 1=2
;
1=2
1=6
1=6
rs ðmÞ Ls ðmÞ Bz ðTÞ n0 ð1019 m3 Þ
1
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(73)
(74)
(75)

FIG. 2. Linear resonant plasma response regimes in Q-P space for the case
D ¼ 1.2. The various regimes are the diffusive-resisitive (DR), the semi-collisional
(SC), the diffusive-inertial (DI), the viscous-resistive (VR), the viscous-inertial (VI),
and the inertial (I).

29, 032507-6

Physics of Plasmas

ARTICLE

response regime—namely, the diffusive-inertial. On the whole, the system of response regimes shown in Figs. 1 and 2 is much simpler than
that shown in Figs. 1–3 of Ref. 7.
Let ^d  p1 be the normalized radial thickness of the resonant
layer. Of course, the true thickness is d ¼ S1=3 ^d rs . It follows from
~ across
Eq. (35) that the relative change in the perturbed helical ﬂux, w,
the layer is
~ þ^d=2
d ln w
^ ^d  D
^ p1 :

¼D
(76)
dX ^d=2
^ p1 takes the respective values
According to the analysis of Sec. V D, D
1=2
1=3
2
2
1=2
Q ; Q P , Q =D , and Q P =D in the resistive-inertial, viscousresistive, semi-collisional, and diffusive-resistive response regimes.
Moreover, it is clear from Figs. 1 and 2 that these values are all much
~ does not
less than unity. In other words, it is indeed the case that w
vary substantially across a “constant-w” resonant layer. On the other
^ p1  1 in the inertial,
hand, according to the analysis of Sec. V E, D
viscous-inertial, and diffusive-inertial response regimes, which implies
~ does vary substantially across a “nonconstant-w” layer.
that w
VI. LINEAR TEARING MODE STABILITY
A. Introduction
The aim of this section is to combine the analysis of Secs. II B
and V to determine the linear stability of tearing modes in larger aspectratio tokamak plasmas. In this study, we shall assume that there is no
externally generated, resonant magnetic perturbation (i.e., Wv ¼ 0).
B. Linear dispersion relation
Let us write x ¼ i c þ xr , where c is the growth-rate of the tearing
mode, whereas xr is the real frequency of the mode in the laboratory
frame. We shall assume that jcj  jxr j. This assumption can easily be
veriﬁed a posteriori. Asymptotic matching between the solution in the
outer region and that in the thin linear layer surrounding the resonant surface yields a linear tearing mode dispersion relation of the form
^ xr Þ ¼ D 0 ;
S1=3 Dðc;
s

(77)

where use has been made of Eqs. (3) and (36). Here, D0s is the real tear^
ing stability index, whereas the complex layer matching parameter, D,
is deﬁned in Eq. (35).
1.
In a conventional tokamak plasma, D0s  Oð1Þ, and S1=3
(Here, we are neglecting m ¼ 1 modes, which are not really tearing
modes.) Hence, the previous dispersion relation can only be satisﬁed if
^  1. It is clear from Eqs. (57), (58),
xr takes a value that renders jDj
(60), and (62) that this goal can be achieved in all of the constant-w
linear response regimes if xr ¼ x?e , where
x?e ¼ xE þ ð1 þ ke Þ x e :

(78)

We conclude that the tearing mode co-rotates with the electron ﬂuid
at the resonant surface.4 [In fact, the mode rotates slightly faster than
the electron ﬂuid because of the inﬂuence of the thermal force, which
generates the additional factor ke in Eq. (78).]
C. Determination of linear growth-rates
Reusing the analysis of Secs. V C and V D, let us again suppose
that there are two layers in p space (i.e., Fourier space). The small-p
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layer turns out to be of width j^c j1=2 , where ^c ¼ S1=3 c sH . Given that
we are effectively assuming that j^c j  1, the condition for the separation of the layer solution into two layers (i.e., that the width of the
small-p layer is less than that of the large-p layer) is always satisﬁed.
The large-p layer is governed by the equation
d2 Ye AðpÞ
Ye ¼ 0;

~
dp2
BðpÞ

(79)

where
AðpÞ ¼ ð1 þ ke Þ se ð1 þ ke se ÞQ2
 ið1 þ ke se ÞQ ðPu þ P? Þ p2 þ Pu P? p4 ;

(80)

~
BðpÞ
¼ P?  ið1 þ ke Þð1 þ ke se ÞQ D2 þ se ð1 þ ke se ÞD2 Pu p2 : (81)
Here, Q ¼ S1=3 x sH , where x ¼ ðm=rs Þ ð1=e n0 Bz Þ ðdp=drÞrs .
In the following, x is assumed to be positive. The boundary conditions on Eq. (79) are that Ye is bounded as p ! 1, and
"
#
^p
D
2
Ye ðpÞ ¼ Y0 1 
(82)
þ Oðp Þ ;
p ^c
as p ! 0.
In the various constant-w linear growth-rate regimes considered
in this section, Eq. (79) reduces to an equation of the form
d2 Ye =dp2  C pm Ye ¼ 0, where m is real and non-negative, and C is
a complex constant. As described in Sec. V C, the solution of this equation that is bounded as p ! 1 can be matched to the small-p asymptotic form (82) to give
^ ¼ p ^c Cð1  Þ  21 C  ;
D
CðÞ

(83)

where  ¼ 1=ðm þ 2Þ. The width of the large-p layer in p space is
C .
As before, we shall assume that Pu  P?  P; ke  Oð1Þ, and
P p2 and
s  Oð1Þ, for the sake of simplicity. Suppose that Q
2
P
Q D . It follows that  ¼ 1=2 and
C ¼ se ð1 þ ke Þð1 þ ke se Þ

Q2
:
P?

(84)

Hence,
^ ¼ p ^c se ð1 þ ke Þð1 þ ke se Þ
D

1=2

Q
1=2

(85)

;

P?

and p  P1=2 =Q . This resistive-inertial growth-rate regime is valid
3=2
Q D2 . Making use of Eq. (77), the correwhen P  Q and P
sponding tearing mode growth-rate is
c¼

^0
D
s
p se ð1 þ ke Þð1 þ ke se Þ

1
1=2

1=2 1=2

x sH sR s?

:

(86)

Note that this growth-rate is signiﬁcantly different from the classical
resistive-inertial growth-rate derived in Ref. 11, as a consequence of
ﬁnite perpendicular particle diffusivity.
Suppose that Q  P p2 and D2 p2  1. It follows that  ¼ 1=6
and C ¼ Pu . Hence,
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^ ¼ 62=3 p ^c Cð5=6Þ P1=6 ;
D
Cð1=6Þ u

(87)

and p  P1=6 . This viscous-resistive growth-rate regime is valid
3=2
when P
Q
and P
D6 . The corresponding tearing mode
growth-rate is
c¼

su1=6
D0s
:
1=3 5=6
62=3 p ½Cð5=6Þ=Cð1=6Þ sH
sR

Suppose that Q
 ¼ 1=2 and

(88)

P p2 and P  Q D2 . It follows that

C ¼ i se

Q
:
D2

(89)

Hence,
1=2

^ ¼ eip=4 p ^c s1=2 Q ;
D
e
D

(90)

1=2

and p  D=Q . This semi-collisional growth-rate regime is valid
when P  Q2 =D2 and P  Q D2 . The corresponding tearing mode
growth-rate is
^0
db =rs
D
:
c ¼ pﬃﬃﬃs
2 p x1=2 sH sR1=2

(91)

Here, we have neglected the imaginary component of c because it
merely gives rise to a small correction to the real frequency of the
mode.
1. It follows that
Suppose, ﬁnally, that Q  P p2 and D2 p2
 ¼ 1=4 and
C¼

P? s e
:
ð1 þ ke se Þ D2

(92)

Hence,
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momentum and particles, which is parameterized by the momentum
and particle conﬁnement timescales, su and s? (and by the magnetic
Prandtl number, P); and third, ﬁnite ion sound radius effects, which
are parameterized by the ion sound radius, db (and by the normalized
ion sound radius D).
There are four tearing-mode growth-rate regimes—the resistiveinertial, the viscous-resistive, the semi-collisional, and the diffusiveresistive—and their extents in Q –P space are illustrated in Fig. 3. The
value of Q can be estimated from Eq. (73), with x replaced by x .
Note that Fig. 3 differs somewhat from Figs. 1 and 2 because in the latter two ﬁgures it is assumed that jQ  QE  ð1 þ ke Þ Qe j  jQ  QE j
 jQ  QE  Qi j whereas in the former ﬁgure, it is assumed that
jQ  QE  ð1 þ ke Þ Qe j  jQ  QE j  jQ  QE  Qi j. This reﬁned
ordering eliminates the nonconstant-w response regimes and signiﬁcantly modiﬁes the extent of the resistive-inertial response regime.
The absence of nonconstant-w response regimes in Fig. 3 should
come as no surprise. As we saw in Sec. V F, nonconstant-w resonant
^  ^d 1 ¼ S1=3 ðrs =dÞ, where d is the
layers are characterized by D
layer thickness. Hence, according to Eq. (77), asymptotic matching of
1
such a layer to the outer solution is only possible if jD0s j  rs =d
(given that resonant layers in tokamak plasmas are invariably very
thin compared to the minor radius of the plasma). However, low-m
tearing modes in conventional tokamak plasmas are characterized by
jD0s j  Oð1Þ rather than jD0s j
1.
Diamagnetic ﬂows modify the tearing mode growth-rate in the
resistive-inertial and semi-collisional growth-rate regimes, but not in
the diffusive-resistive and viscous-resistive regimes. Anomalous perpendicular transport modiﬁes the growth-rate in all regimes except the
semi-collisional regime. Finally, ﬁnite ion sound radius effects modify
the growth-rate in the diffusive-resistive and semi-collisional regimes,
but not in the other two regimes.
Increasing the diamagnetic ﬂow strength decreases the tearing
1=2
mode growth-rate such that it eventually scales as x
. Increasing
the anomalous perpendicular transport increases the growth-rate such

1=4

se1=4 P?
^ ¼ 2p ^c Cð3=4Þ
;
D
Cð1=4Þ ð1 þ ke se Þ1=4 D1=2

(93)

and p  D1=2 =P1=4 . This diffusive-resistive growth-rate regime is
valid when P
Q2 =D2 and P  D6 . The corresponding tearing
mode growth-rate is
c¼

1=4

D0s

ðdb =rs Þ1=2 s?

2p ½Cð3=4Þ=Cð1=4Þ ð1 þ ke se Þ1=4

sH sR

1=2 3=4

:

(94)

D. Discussion
According to Eqs. (86), (88), (91), and (94), a linear tearing mode
is unstable when the tearing stability index, D0s , is positive, and is stable
otherwise.11 Moreover, the perturbed magnetic ﬁeld associated with
the mode corotates with the electron ﬂuid at the resonant surface.4
There are three main factors that affect the growth-rate of a tearing mode in a conventional tokamak plasma: ﬁrst, the strength of diamagnetic ﬂows in the plasma, which is parameterized by the
diamagnetic frequency, x (and by the normalized diamagnetic frequency, Q ); second, the anomalous perpendicular diffusion of
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FIG. 3. Linear tearing mode growth-rate regimes in Q -P space. The various
regimes are the diffusive-resisitive (DR), the semi-collisional (SC), the viscousresistive (VR), and the resistive-inertial (RI).
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that it eventually scales as Pu1=6 . Increasing the ion sound radius
increases the tearing mode growth-rate, but the increase eventually saturates (i.e., the growth-rate ends up scaling as db0 ).
Finally, it is clear from Eq. (77) that the layer solution can only be
matched to the outer solution when xr takes a value that renders
^  1. We have seen that this is possible in all constant-w response
jDj
regimes when xr ¼ xE þ ð1 þ ke Þ x e (i.e., when the tearing perturbation corotates with the electron ﬂuid at the resonant surface.)
However, Eq. (57) seems to suggest that in the resistive-inertial regime
it might be possible to successfully match the layer solution to the
outer solution when xr ¼ xE (i.e., Q ¼ QE), or when xr ¼ xE þ x i
(i.e., Q ¼ QE þ Qi ), giving tearing mode perturbations that corotate
with the MHD ﬂuid and the ion ﬂuid, respectively, at the resonant
surface. In fact, we can see that this is not the case, because if we set
xr ¼ xE or xr ¼ xE þ x i then Eq. (50) does not lead to a layer
^  1, as a consequence of ﬁnite anomasolution characterized by jDj
lous perpendicular transport.12 Likewise, Eq. (60) seems to suggest
that in the semi-collisional response regime it might be possible to successfully match the layer solution to the outer solution when xr ¼ xE ,
giving rise to a tearing perturbation that corotates with the MHD ﬂuid
at the resonant surface. In fact, this possibility is also ruled out by ﬁnite
anomalous perpendicular transport. To be more exact, the spurious
resonances at xr ¼ xE and xr ¼ xE þ x i originate from the
fact that, in the absence of ﬁnite perpendicular transport (i.e.,
Pu ¼ P? ¼ 0), the function A(p), speciﬁed in Eq. (45), takes the value
zero when Q ¼ QE þ Qi or Q ¼ QE. However, in the presence of ﬁnite
perpendicular transport, the function remains ﬁnite at Q ¼ QE þ Qi
and Q ¼ QE, and the spurious resonances are eliminated.
VII. ERROR-FIELD PENETRATION
A. Introduction
Tokamak plasmas are invariably subject to small amplitude,
static, resonant magnetic perturbations—known as error-ﬁelds—
which are primarily generated by ﬁeld-coil misalignments and uncompensated coil feeds. Error-ﬁelds can drive magnetic reconnection,
resulting in the formation of locked (i.e., non-rotating in the laboratory
frame) magnetic island chains, in intrinsically tearing-stable plasmas.
Tokamak plasmas containing locked magnetic island chains often terminate in disruptions.2 Fortunately, error-ﬁeld driven magnetic reconnection is strongly suppressed by the naturally occurring rotation of
such plasmas. However, when the error-ﬁeld amplitude rises above a
certain critical amplitude, the rotation at the resonant surface is suddenly arrested, and error-ﬁeld driven reconnection proceeds unhindered. This phenomenon is known as error-ﬁeld penetration.10,13 The
scenario just outlined has been observed in a number of tokamak
experiments.16–24
In this section, we shall calculate the critical error-ﬁeld amplitude
required to trigger penetration on the assumption that, prior to penetration, the rotational suppression of error-ﬁeld driven magnetic
reconnection is sufﬁciently strong that the resonant plasma response is
governed by linear layer physics.7,10,13
B. Asymptotic matching
It is convenient to parametrize the error-ﬁeld in terms of the vacuum magnetic ﬂux, Wv , that it generates at the resonant surface.
Equations (3) and (36) can be combined to give
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Ws ¼

Wv
;
1 þ D=ðD0s Þ

(95)

^ The previous equation speciﬁes the reconnected
where D ¼ S1=3 D.
magnetic ﬂux, Ws , driven at the resonant surface by the error-ﬁeld.
The complex layer parameter, D, speciﬁes the strength of a shielding
current that is induced in the resonant layer, and acts to prevent driven
magnetic reconnection. Note that D0s < 0, because the plasma is
assumed to be intrinsically tearing stable.
C. Resonant layer response
Generally speaking, we do not expect the plasma ﬂow at the resonant surface to be sufﬁciently large to cause a breakdown of the con1. In other words,
stant-w approximation. We also expect Pu ; P?
we expect the resistive evolution timescale to signiﬁcantly exceed both
the momentum and energy/particle conﬁnement timescales (which it
generally does by at least, a factor of 10). Hence, consulting Figs. 1 and
2, we can see that the appropriate linear resonant response regime is
either the viscous-resistive regime or the diffusive-resistive regime.
According to the analysis of Sec. V D, and making use of the fact
that x ¼ Q ¼ 0 for a static perturbation, in the viscous-resistive
response regime we have
DVR ¼ i sVR ðx?e þ DxE Þ;
where sVR

(96)

¼ sR ^d VR , and
1=3

2=3

^d VR ¼ 6

p Cð5=6Þ sH
;
1=6 1=6
Cð1=6Þ
sR su

(97)

is the viscous-resistive layer width (normalized to rs). Here, x?e is
deﬁned in Eq. (78), and DxE is the modiﬁcation to the E  B frequency generated at the resonant surface by the electromagnetic torques that develop there in response to the error-ﬁeld. Likewise, in the
diffusive-resistive regime we have
DDR ¼ i sDR ðx?e þ DxE Þ;
where sDR

(98)

¼ sR ^d DR , and

^d DR ¼

2p Cð3=4Þ
Cð1=4Þ ð1 þ ke se Þ

1=4

1=2
sH
1=2 1=4 1=4
ðdb =rs Þ sR s?

;

(99)

is the diffusive-resistive layer width (normalized to rs).
We can combine the previous two results to give the composite
layer response equation
D ¼ i ss ðxs0 þ DxE Þ;

(100)

^ ^
^d ¼ d VR d DR ;
^d VR þ ^d DR

(101)

where ss ¼ sR ^d,

and xs0 ¼ x?e . Here, x?e is understood to take its unperturbed (by
any electromagnetic torques that develop in the resonant layer) value.
According to Eq. (100), the resonant layer responds to the errorﬁeld perturbation in an analogous manner to a thin, rigid, resistive
wall whose resistivity matches that of the plasma at the resonant surface, and whose radial thickness is d ¼ rs ^d. Note, however, that the
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effective wall corotates with the electron ﬂuid at the resonant surface.
Moreover, it is the rotation of the effective wall that generates the
shielding current.
Equations (3), (95), and (100) yield
DWs ¼ i ss ðxs0 þ DxE ÞWs ;

(102)

and
Ws ¼

Wv
:
1 þ i ss ðxs0 þ DxE Þ=ðD0s Þ

(103)

Now, in a conventional Ohmically heated tokamak plasma, ss xs0
ðD0s Þ. Consequently, according to the previous equation, the
shielding current that develops at the resonant surface, in response to
the local plasma rotation, is strong enough to largely suppress errorﬁeld-driven magnetic reconnection (i.e., jWs j  jWv j). However, the
shielding current also gives rise to a localized electromagnetic locking
torque at the resonant surface that acts to slow the plasma rotation.
D. Torque balance
According to the analysis of Ref. 25 (see, in particular, Appendix
C), the shift in the E  B frequency at the resonant surface induced by
the error-ﬁeld locking torque can be written,
X
DxE ¼ 
ðap þ bp Þ;
(104)
p¼1;1

 
ðrs =aÞ2 J1 ðj1p rs =aÞ
s
h
i 2h
2
2 2
s
H
J2 ðj1p Þ 1 þ ðsh =su Þ ðrs =aÞ j1p



2
DWs
Ls
jWs j2
;
 Im
Ws
Bz rs2

is one-quarter of the full width of the vacuum magnetic island chain
that the error-ﬁeld would drive at the resonant
P surface where there is
no shielding current. In Eq. (104), the term p¼1;1 ðap Þ denotes the
shift in the E  B frequency at the resonant surface thatP
is induced by
changes in the poloidal ion ﬂuid velocity, whereas
p¼1;1 ðbp Þ
denotes the shift that induced by changes in the toroidal ion ﬂuid
velocity.
Making use of the identities (which have been veriﬁed
numerically)
pﬃﬃ
2
X
 J1 ðj1p xÞ
1
;
(110)
lim
¼
2
2
!0
4
x
p¼1;1 J2 ðj1p Þ ð1 þ  j1p Þ
 
X J0 ðj0p xÞ 2
1
1
ln
;
(111)
2 2 ¼
2
x
p¼1;1 J1 ðj0p xÞ j0p
Equations (104), (107), and (108) yield
 4
  
1 s 2 sV
ss ðxs0 þ DxE Þ
wv
DxE ¼ 
; (112)
4 qs
s2H 1 þ s2s ðxs0 þ DxE Þ2 =ðD0s Þ2 rs
where
sV ¼

2

TVS ðvÞ ¼ TEM ðvÞ;
(105)

xs0 þ DxE
;
xs0
TVS ðvÞ ¼ 1  v;


1
v
wv 4
TEM ðvÞ ¼
;
4 f2s þ v2 wvcrit
v¼

Here, sh is the neoclassical poloidal ﬂow-damping time evaluated at
the resonant surface, Jm ðzÞ is a Bessel function, and jmp denotes the
pth zero of Jm ðzÞ. Making use of Eqs. (102) and (100), and the previous two equations, we obtain

bp ¼

2
 
ðrs =aÞ2 J1 ðj1p rs =aÞ
s
h
i 2h
2
J2 ðj1p Þ 1 þ ðsh =su Þ ðrs =aÞ2 j21p sH
 4
ss ðxs0 þ DxE Þ
wv
;

1 þ s2s ðxs0 þ DxE Þ2 =ðD0s Þ2 rs

(107)

(108)
where


Ls jWv j
Bz

1=2
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(109)

ðD0s Þ
 1;
ss xs0
"
#1=2
  1=2
1
qs
ss
¼
ðxs0 sH Þ
:
sV
ðD0s Þ s
fs ¼

wvcrit
rs

 4
 2 J ðj r =aÞ 2  
s
su
ss ðxs0 þ DxE Þ
wv
0 0p s
;
2 2
2
2
2
0
2
qs
s
rs
J1 ðj0p Þ j0p
H 1 þ ss ðxs0 þ DxE Þ =ðDs Þ

wv ¼

(113)

(114)

where




 2 J ðj r =aÞ 2   
s
su
DWs
Ls 2
0 0p s
2
Im
bp ¼
jW
j
: (106)
s
2
2
qs
Ws
Bz rs2
J1 ðj0p Þ j20p sH

ap ¼

 2
 
qs
a
su :
ðsh su Þ1=2 þ 2 ln
rs
s

Here, we have assumed that sh  su (as is invariably the case in tokamak plasmas).
The torque balance equation, (112), can be written in the nondimensional form

where
ap ¼

scitation.org/journal/php

(115)
(116)
(117)
(118)
(119)

In Eq. (114), the dimensionless parameter v takes the value unity
when the plasma (i.e., electron ﬂuid) rotation at the resonant surface is
unmodiﬁed by the electromagnetic locking torque, and zero when the
electromagnetic locking torque has reduced the rotation to zero. The
electromagnetic torque itself is represented by the function TEM ðvÞ,
whereas the viscous restoring torque that acts to oppose changes in the
plasma rotation is represented by the function TVS ðvÞ. Note that the
viscous restoring torque varies linearly with v, whereas the electromagnetic locking torque varies with v in a nonmonotonic manner.
The solutions of the torque balance equation (114) correspond to
the crossing points of the viscous and electromagnetic torque curves.
If reduced vacuum island width, wv, lies below the critical value wvcrit
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then there are three crossing points. However, the intermediate crossing point corresponds to a dynamically unstable equilibrium. Hence,
we deduce that there are two physical solution branches of the torque
balance equation. The large-v solution branch corresponds to socalled shielded solutions in which the plasma rotation at the resonant
surface is large enough to strongly suppress driven magnetic reconnection. The small-v solution branch corresponds to so-called unshielded
solutions in which the plasma rotation at the resonant surface is too
weak to suppress driven magnetic reconnection.10,13 On the shielded
solution branch, Eq. (114) possesses the approximate solution,
0
1
"

 #1=2
1@
wv 4
A:
1 1
v’
(120)
2
wvcrit
It can be seen that as the vacuum island width increases, the plasma
rotation at the resonant surface decreases. However, when wv attains
the critical value wvcrit , and the rotation is reduced to half of its original
value, the shielded solution branch ceases to exist, and there is a bifurcation to the unshielded solution branch.10,13 The bifurcation is associated with a sudden decrease in the plasma rotation at the resonant
surface, and a sudden increase in the driven reconnected magnetic
ﬂux, and is identiﬁed with the error-ﬁeld penetration phenomenon
observed in tokamak experiments.
It is convenient to parameterize the critical error-ﬁeld required to
trigger penetration in terms of the critical vacuum radial magnetic
ﬁeld, br, that must be driven at the resonant surface. It is easily demonstrated that




brcrit
wvcrit 2
¼ ðn s ss Þ
;
(121)
Bz
rs
which implies that


 1=2
brcrit
m ss
ss
¼
ðxs0 sH Þ:
0
Bz
ðDs Þ sV

(122)

Note that the critical radial ﬁeld needed to trigger error-ﬁeld penetration increases linearly with the unperturbed plasma rotation at the resonant surface, which is parameterized by xs0 .
E. Scaling analysis
The aim of this section is to use the previous analysis to predict
the scaling of the error-ﬁeld penetration threshold with the standard
dimensionless scaling parameters,26
1=2

1=2

1=2

T mi
T ðkeVÞ
q ¼ 0
¼ 3:23  103 0
;
Bz ðTÞ Ls ðmÞ
e Bz Ls
 ¼
b ¼

Ls n0 e2 gk

(123)

Ls ðmÞ n0 ð1019 m3 Þ
;
T02 ðkeVÞ

(124)

l0 n0 T0
n0 ð1019 m3 Þ T0 ðkeVÞ
¼ 2:01  103
;
2
B2z ðTÞ
Bz

(125)

1=2

1=2

me T0

4

¼ 5:30  10

where T0 ¼ p0 =n0 . In the following, for the sake of simplicity, we shall
assume that Ti ¼ Te ¼ T0 ; xs0 ¼ x , and ðd ln p=drÞrs ¼ 1=rs . We
shall also neglect Oð1Þ constants, such as m, ss, ge, gi, ke, s, p,
ln ðrs =aÞ, etc.
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We can write
1
¼
sh

 2  i 
qs
l00
;
s
si

(126)

where si is the Braginskii ion collision time, and li00 is a dimensionless
neoclassical viscosity coefﬁcient deﬁned in Ref. 25. Both quantities are
evaluated at the resonant surface.
In a tokamak plasma, the energy conﬁnement timescale, sE, satisﬁes the constraint


n0 T0
Bz 2
¼ gk
P;
(127)
sE
l0 L s
which is obtained by equating the energy loss rate to the heating rate.
Here, P is the ratio of the total heating rate to the Ohmic heating rate.
(Thus, P ¼ 1 in an Ohmically heated tokamak.) Let us assume that
the momentum conﬁnement time, su , and the particle/energy conﬁnement time, s? , are both equal to sE, as is generally (approximately) the
case in tokamak plasmas.27
It is easily demonstrated that
 2
qs
q b1=2 ;
(128)
xs0 sH ’
s
 2  1=2
sH
qs
me
’
q2  b1=2 ;
(129)
sR
s
mi
 2
su s?
qs
¼
’
b P 1 ;
(130)
sR sR
s
 2  1=2
si
qs
me
’
q2 b1 ;
(131)
sR
s
mi
 
db
qs
q :
’
(132)
rs
s
Hence, we deduce that
   1=3  1=6
sR
^d VR ¼ sVR ’ sH
sR
sR
su
 1=3  1=6
qs
me
’
q2=3  1=3 b1=3 P 1=6 ;
s
mi
   1=2  1=4  1=2
sR
rs
^d DR ¼ sDR ’ sH
sR
sR
s?
db
 1=4
me
’
q1=2  1=2 b1=2 P 1=4 ;
mi
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  2  1=4
su si =li00
qs
me
’
q P 1=2 :
sR
s
mi

(133)

(134)
(135)

Here, we have treated li00 as an ignorable Oð1Þ constant that is independent of q ;  , and b (as is indeed the case provided that the
plasma at the resonant surface lies in the banana collisionality
regime).28
There are four error-ﬁeld penetration regimes, depending on
whether the plasma response in the resonant layer lies in the viscousresistive or the diffusive-resistive regime, and depending on whether
the change in the E  B frequency at the resonant surface, induced by
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the electromagnetic locking torque, is predominately due to a toroidal
or a poloidal shift in the local ion ﬂuid velocity. The plasma response
in the resonant layer is in the viscous-resisitive, rather than the
diffusive-resistive, regime when sVR < sDR , or
 2  1=2
s
me
 b1 P 1=2 ;
(136)
q <
qs
mi
and vice versa. The change in the E  B frequency at the resonant surface is predominately due to a toroidal, rather than poloidal, ion ﬂuid
velocity shift when
  1=4
s
mi
b P 1=2 ;
(137)
q <
qs
me
and vice versa.
Let us deﬁne
  1=4
qs
me
^ ¼
q P 1=2
q
s
mi
 
Bz
Bz ðTÞ
P 1=2
;
(138)
¼ 0:245
1=2
19 3
Bh
Ls ðmÞ n0 ð10 m Þ T0 ðkeVÞ
 
  3=4
s
me
Bh
Ls ðmÞ B4z ðTÞ
P
^ ¼
 P ¼ 0:467
;
n0 ð1019 m3 Þ T04 ðkeVÞ
qs
mi
Bz
(139)
As is illustrated in Fig. 4, the viscous-resistive-toroidal regime (i.e., a
viscous-resistive layer response combined with a predominately toroi^ < b1 
dal change in the ion ﬂuid velocity) corresponds to q
^ < b , the viscous-resisitive-poloidal regime corresponds to
and q
^ > b , the diffusive-resisitive-poloidal regime cor^ < b1  and q
q
^ > b , and the diffusive-resistive^ > b1  and q
responds to q
^ < b . It can be
^ > b1  and q
toroidal regime corresponds to q
seen that higher/lower plasma collisionality (i.e.,  ) favors the

FIG. 4. Error-ﬁeld penetration regimes in ^ -^
q space. The various regimes are
the viscous-resistive-toroidal (VR-u), the viscous-resistive-poloidal (VR-h), the diffusive-resistive-poloidal (DR-h), and the diffusive-resistive-toroidal (DR-u).
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viscous-resistive/diffusive-resistive response regime, whereas a larger/
smaller ion sound radius (i.e., q ) favors poloidal/toroidal changes in
the ion ﬂuid velocity. Finally, higher/lower plasma pressure (i.e., b )
favors the diffusive-resistive/viscous-resistive response regime and
toroidal/poloidal changes in the ion ﬂuid velocity.
In the viscous-resistive-toroidal response regime, the critical vacuum radial magnetic ﬁeld at the resonant surface required to trigger
error-ﬁeld penetration is7


 7=6  1=12
brcrit
qs
me
’
q4=3  1=6 b1=6 P 7=12 ; (140)
Bz VRu
s
mi
where we have treated D0s as an ignorable Oð1Þ parameter. Likewise,
the critical ﬁeld required to trigger penetration in the viscous-resistivepoloidal regime is


 2=3  1=24
brcrit
qs
me
’
q5=6  1=6 b1=3 P 1=3 :
(141)
Bz VRh
s
mi
The critical ﬁeld required to trigger penetration in the diffusive-resistive-poloidal regime is


 1=2  0
brcrit
qs
me
’
q3=4  1=4 b1=4 P 3=8 :
(142)
Bz DRh
s
mi
Finally, the critical ﬁeld required to trigger penetration in the diffusive-resistive-toroidal regime is


  1=8
brcrit
qs
me
’
q5=4  1=4 b1=4 P 5=8 :
(143)
Bz DRu
s
mi
Generally speaking, Ohmically heated tokamak plasmas all have similar b values. However, both  and q are smaller in devices of larger
physical size. Hence, Eqs. (140)–(143) imply that the error-ﬁeld penetration threshold is smaller in larger devices.
Let n, T, B, and R represent the typical electron number density,
plasma temperature, toroidal magnetic ﬁeld-strength, and physical
dimension (i.e., major radius) of an Ohmically heated tokamak. Using
q  T 1=2 B1 R1 ,   n T 2 R, and b  n T B2 , we deduce that


brcrit
/ n0 T 1=6 B1 R7=6 P 7=12 ;
(144)
Bz VRu


brcrit
/ n1=2 T 5=12 B3=2 R2=3 P 1=3 ;
(145)
Bz VRh


brcrit
/ n1=2 T 1=8 B5=4 R1=2 P 3=8 ;
(146)
Bz DRh


brcrit
/ n0 T 1=8 B3=4 R1 P 5=8 :
(147)
Bz DRu
It can be seen that the error-ﬁeld penetration threshold exhibits no
explicit dependence on the plasma density in regimes in which the
change in the E  B frequency at the resonant surface is predominately due to a toroidal ion ﬂuid velocity shift.7,13 On the other hand,
the penetration threshold scales as n1=2 in regimes in which the change
in the E  B frequency at the resonant surface is predominately due to
a poloidal ion ﬂuid velocity shift. An n1=2 scaling of the penetration
threshold has been observed in a number of tokamak experiments.17,23,24,29,30 On the other hand, some experiments have reported
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a linear scaling of the penetration threshold with n.16,19–22,31 The latter
scaling is difﬁcult to account for on the basis of the theory presented in
this section.



brcrit
Bz



In order to make further progress, we need to adopt a speciﬁc
scaling model for the energy conﬁnement timescale, sE. Consider
Ohmic plasmas for which P ¼ 1. Let us adopt the following slightly
modiﬁed version of the well-known neo-Alcator scaling law for lowdensity Ohmically heated tokamak plasmas:32–34



sE / n R13=4 :



(148)

(The modiﬁcation is to ensure that the scaling law is consonant with
the Connor–Taylor constraints, which require that Xi sE / nan BaB
 R2an þð5=4ÞaB .26) It follows that
 / q2=3 b ;

(149)

T / B4=5 R1=2 :

(150)

Hence, we deduce that


brcrit
/ n0 B13=15 R13=12 ¼ n0:00 B0:87 R1:08 ;
Bz VRu


brcrit
/ n1=2 B7=6 R11=24 ¼ n0:50 B1:17 R0:46 ;
Bz VRh


brcrit
/ n1=2 B23=20 R7=16 ¼ n0:50 B1:15 R0:44 ;
Bz DRh


brcrit
/ n0 B17=20 R17=16 ¼ n0:00 B0:85 R1:06 :
Bz DRu

(151)

(152)
(153)
(154)

Equations (151)–(154) conﬁrm the n0 scaling of the error-ﬁeld penetration threshold in regimes in which the change in the E  B frequency
at the resonant surface is predominately due to a toroidal ion ﬂuid
velocity shift, and the n1=2 scaling when the change is predominately
due to a poloidal ion ﬂuid velocity shift. All regimes exhibit a roughly
linear inverse scaling with increasing magnetic ﬁeld-strength. On the
other hand, the regimes in which the threshold scales as n1=2 exhibit a
weaker inverse scaling with machine size (roughly R1=2 ) than the
regimes in which the threshold scales as n0 (which exhibit an approximate R1 scaling). (In fact, it is easily demonstrated, from the previous
analysis, that if brcrit =Bz / nan BaB RaR then aR ¼ 2 an þ 1:25 aB .31)
G. L/H-mode plasmas
For externally heated (i.e., P > 1) L/H-mode plasmas, we adopt
the ITER89-P scaling law,35 which yields
T / n18=35 B41=35 R27=35 P 2=7 :

(155)

(Note that we are assuming that the plasma rotation remains diamagnetic, which means that we are not taking into account any signiﬁcant
injection of toroidal momentum into the plasma as a consequence of
the external heating scheme. This assumption is reasonable for ITER.)
Hence, we deduce that
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/ n3=35 B169=210 R218=210 P 53=84

VRu



F. Ohmic plasmas
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brcrit
Bz



(156)

/ n2=7 B85=84 R29=84 P 19=42
VRh

¼ n0:29 B1:01 R0:35 P 0:45 ;



brcrit
Bz

¼ n0:09 B0:80 R1:04 P 0:63 ;

(157)

/ n61=140 B309=280 R113=280 P 23=56

DRh

¼ n0:44 B1:10 R0:40 P 0:41 ;



(158)

/ n9=140 B251=280 R307=280 P 33=56
DRu

¼ n0:06 B0:90 R1:09 P 0:59 :

(159)

It can be seen, by comparison with Eqs. (151)–(154), that the
ITER89-P scaling law leads to a somewhat weaker scaling of the
penetration threshold with density compared to that predicted
by the neo-Alcator scaling law. On the other hand, the scalings of
the penetration threshold with magnetic ﬁeld-strength and
machine size predicted by the two scaling laws are remarkably
similar.
H. Comparison with experimental data
The most up to date and comprehensive study of the empirical
scaling of the error-ﬁeld penetration threshold with machine parameters in tokamak plasmas is that of Ref. 36. For n ¼ 1 modes in
L/H-mode plasmas, it is found that
brcrit
/ n0:5860:06 B1:1360:07 Rþ0:1060:07 :
Bz

(160)

It can be seen, by comparison with Eqs. (156)–(159), that the
experimental density and magnetic ﬁeld-strength scalings of the
penetration threshold are reasonably compatible with those predicted in the theoretical diffusive-resistive-poloidal (DR-h) regime.
On the other hand, the scaling with machine size is signiﬁcantly
different. All of the theoretical error-ﬁeld penetration regimes lead
to a negative scaling of the penetration threshold with machine
size. On the other hand, the experimental scaling features a positive
scaling with machine size. This discrepancy has signiﬁcant consequences for ITER, which is much larger than present-day tokamaks. It should be noted that the experimental scaling with
machine size is the most uncertain of all of the empirical scalings,
because it is not possible to modify the major radius of a given
tokamak. Hence, there are only as many effective data points as
there are different machines in the data set. However, since most
modern-day machines (e.g., DIII-D, EAST, JET) are of similar size,
the size scaling of the penetration threshold is hypersensitive to
data obtained from small tokamaks.
VIII. SUMMARY AND DISCUSSION
We have employed a slightly improved version of the fourﬁeld model derived in Ref. 8 to map out all of the two-ﬂuid
response regimes of a linear tearing layer that interacts with an
externally generated resonant magnetic perturbation, in a large
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aspect-ratio tokamak plasma, taking into account realistic levels of
perpendicular particle transport. This analysis is a generalization of
that presented in Ref. 7. Our results are summarized in Figs. 1 and
2. We ﬁnd that there are four constant-w response regimes: the
resistive-inertial, the viscous-resistive, the semi-collisional, and the
diffusive-resistive. In addition, there are three nonconstant-w
response regimes: the inertial, the viscous-inertial, and the
diffusive-inertial. In general, both the number and the mutual
arrangement of the various response regimes shown in Figs. 1 and
2 are different from those reported in Ref. 7. Moreover, these differences are a direct consequence of including realistic levels of
perpendicular particle transport in the analysis. In particular, perpendicular particle diffusivity plays an explicit role in the diffusiveresistive and the diffusive-inertial response regimes.
We have employed our improved analysis to map out all of the
growth-rate regimes of a non-interacting low-mode-number (but not
m ¼ 1) tearing mode in a large aspect-ratio tokamak plasma. We ﬁnd
that there are four growth-rate regimes: the resistive-inertial, the
viscous-resistive, the semi-collisional, and the diffusive-resistive. The
extents of these regimes are illustrated in Fig. 3. Realistic levels of perpendicular particle diffusion signiﬁcantly modify the growth-rate in
the resistive-inertial regime (which is the original Furth, Killeen, and
Rosenbluth regime) and also affect the growth-rate in the diffusiveresistive regime. Perpendicular transport also suppresses spurious tearing mode branches in which the mode co-rotates with the MHD, or
with the ion, ﬂuid at the resonant surface, rather than with the electron
ﬂuid.
Finally, we have used our improved analysis to determine the
scaling of the error-ﬁeld penetration threshold with machine parameters in large aspect-ratio tokamak plasmas. We ﬁnd that one particular
error-ﬁeld penetration regime (i.e., the diffusive-resistive-poloidal)
leads to predicted scalings of the error-ﬁeld penetration threshold with
plasma density and magnetic ﬁeld-strength that are reasonably consistent with the empirical scaling deduced from experimental data. On
the other hand, all of the theoretical scalings predict a negative scaling
of the penetration threshold with machine size, whereas the experimental data indicates a positive scaling. This discrepancy has signiﬁcant consequences for ITER, which is much larger than present-day
tokamaks.
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