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ABSTRACT

The EPEC code is employed to model the q95 windows for n¼ 2 and n¼ 1 resonant magnetic perturbation (RMP)-induced edge localized
mode (ELM) suppression in typical KSTAR H-mode discharges. The plasma equilibria used in the study are derived by rescaling the experi-
mental plasma equilibrium in KSTAR discharge #18594 measured at time t¼ 6450ms. The n¼ 2 and n¼ 1 ELM suppression windows pre-
dicted by EPEC are comparatively narrow in q95 (i.e., Dq95 ’ 0:1) and are such that (assuming a relative pedestal pressure reduction of 15%
is required to trigger ELM suppression), even in the middle of the windows, there is a threshold RMP coil current of about 1–3 kA/turn that
must be exceeded before ELM suppression occurs. The n¼ 2 and n¼ 1 ELM suppression windows calculated by the EPEC code are consis-
tent with the experimental observations and are also broadly similar to those recently calculated by the TM1 code [Hu et al., Phys. Plasmas
28, 052505 (2021)].

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0056109

I. INTRODUCTION

Magnetically diverted tokamak discharges operating in the high-
confinement mode (H-mode)1 exhibit intermittent bursts of heat and
particle transport, emanating from the outer regions of the plasma,
which are known as (type-I) “edge localized modes” (ELMs).2 It is esti-
mated that the heat load that ELMs will deliver to the tungsten
plasma-facing components in a reactor-scale tokamak, such as ITER,
will be large enough to cause a massive tungsten ion influx into the
plasma core, and that the erosion associated with this process will
unacceptably limit the lifetimes of these components.3 Consequently,
the development of robust and effective methods for ELM control is a
high priority for the international magnetic fusion program.

The most promising method for the control of ELMs in H-mode
tokamak discharges is via the application of static “resonant magnetic
perturbations” (RMPs). A complete RMP-induced ELM suppression
was first demonstrated on the DIII-D tokamak.4 Subsequently, either
mitigation or complete suppression of ELMs has been demonstrated
on the JET,5 ASDEX-U,6 KSTAR,7 MAST,8 and EAST9 tokamaks.

RMP-induced ELM suppression is only observed to occur when
q95 [the safety-factor value at the magnetic flux-surface that encloses

95% of the poloidal magnetic flux enclosed by the last closed magnetic
flux-surface (LCFS)] lies in well-separated, narrow (i.e., Dq95 ’ 0:1)
windows.10 Of course, other factors, such as plasma collisionality and
toroidal rotation, also play a role in achieving the RMP-induced ELM
suppression.11 However, in this paper, we shall concentrate on the role
of q95. Recent simulations12–15 performed using the TM1 cylindrical,
two-fluid, reduced-MHD (magnetohydrodynamics), initial value
code,16–18 combined with the GPEC toroidal, ideal-MHD response
code,19 have been able to account for virtually all salient features of the
RMP-induced ELM suppression windows in q95 observed in the DIII-
D and KSTAR tokamaks on the plausible assumption that the sup-
pression is associated with a magnetic island chain driven at the top
(i.e., the inner radius) of the pedestal region20 (i.e., the region of strong
pressure and current gradients located at the edge of a typical H-mode
tokamak discharge) that is sufficiently wide to reduce the plasma pres-
sure just inside the inner radius of the pedestal by approximately 15%.

The TM1 code has two main deficiencies. First, it assumes a
cylindrical geometry, with circular magnetic flux-surfaces, which is
quite different from the toroidal, strongly shaped flux-surfaces typi-
cally found in H-mode tokamak plasmas. However, this deficiency is
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partly offset by the use of the fully toroidal GPEC code to determine the
ideal response of the plasma to the applied RMP. Second, the TM1 code
models RMP-induced changes in plasma rotation as being predomi-
nately poloidal in nature, when they are, in fact, predominately toroidal
(because changes in the poloidal rotation are strongly suppressed by neo-
classical poloidal flow damping). However, this deficiency is partly offset
by artificially increasing the perpendicular momentum diffusivity by a
factor of ðB/=BhÞ2 (which leads to the correct prediction for the mode
locking threshold on the assumption that RMP-induced changes in the
poloidal rotation are completely suppressed by the neoclassical flow
damping21) Given the deficiencies in the TM1 code, it is desirable to
obtain an independent confirmation of its predictions. This goal can be
achieved by means of the EPEC code.22–24

The EPEC code22–24 employs an asymptotic matching21,25–34

approach to determine the resistive response of a toroidal tokamak
equilibrium to an applied RMP. According to this approach, the
response of the plasma to the applied RMP is governed by a combina-
tion of flux-freezing and perturbed force balance—this combination is
usually referred to as “marginally stable ideal-magnetohydrodynamics
(MHD)”—everywhere in the plasma apart from a number of relatively
narrow (in the radial direction) regions in which the applied perturba-
tion resonates with the equilibriummagnetic field. Magnetic reconnec-
tion can take place within the resonant regions to produce relatively
narrow magnetic island chains. Within the resonant regions, the
plasma response is governed by linear or nonlinear two-fluid resistive-
MHD, depending on whether the induced magnetic island widths are
smaller or larger, respectively, than the corresponding linear layer
widths. Thus, when employing the asymptotic matching approach, the
equations of marginally stable ideal-MHD are solved in the so-called
“outer region” that comprises most of the plasma (and the surround-
ing vacuum), the equations of linear/nonlinear two-fluid resistive-
MHD are solved in the various resonant layers that constitute the
so-called “inner region,” and the two sets of solutions are then asymp-
totically matched to one another. The EPEC model is described in
detail in the Appendix. (Note that, unlike the TM1 model, the EPEC
model is fully toroidal and takes both poloidal and toroidal RMP-
induced changes in plasma rotation into account.)

The main advantage of the asymptotic matching approach is that
it removes the very short (and largely irrelevant) Alfv�en time from the
problem. In fact, the EPEC code is capable of accurately simulating the
resistive response of a toroidal tokamak plasma to an RMP while tak-
ing time steps that extend over many Alfv�en times. In this manner, the
code is able to simulate a complete plasma discharge in a matter of
minutes of real time.

The aim of this paper is to confirm the properties of the q95 win-
dows for n¼ 2 (here, n is the toroidal mode number of the applied
RMP) and n¼ 1 RMP-induced ELM suppression in typical KSTAR
H-mode discharges that were previously calculated by the TM1 code,
and are displayed in Fig. 8 of Ref. 15.

II. KSTAR DISCHARGE #18594
A. Introduction

The Korea Superconducting Tokamak Advanced Research
(KSTAR) device is a medium-sized tokamak that is equipped with a
set of in-vessel magnetic field coils whose purpose is to generate an
RMP capable of suppressing ELM crashes.35 There are 12 coils located
on the outboard side of the device, and consisting of four equally

spaced (in toroidal angle) top coils, four equally spaced middle coils,
and four equally spaced bottom coils. Each coil has two turns. The
field coils are capable of generating an RMP of toroidal mode number
n¼ 1 or n¼ 2.

B. Plasma equilibrium

KSTAR discharge #18594 is a typical H-mode discharge in which
an n¼ 2 RMP was employed to suppress ELMs.36,37

Figure 1 shows the (kinetic) plasma equilibrium in KSTAR dis-
charge #18594 at time t¼ 6450ms, at which time B0 ¼ �1:79T; R0

¼ 1:80m; r100 ¼ 0:598m, q95 ¼ 4:04 (these quantities are defined in
Appendix 2 a and 2 b), and ELM suppression has not yet occurred.

Figure 2 shows the number density, temperature, impurity ion
toroidal angular velocity, and perpendicular diffusivity profiles in
KSTAR discharge #18594 at time t¼ 6450ms. The majority and impu-
rity ion number density profiles are determined from the measured
electron number density profile on the assumption that the majority
ions are deuterium, the impurity ions are carbon-VI, and that Zeff

¼ 2:0 throughout the plasma (see Appendix 3 a). (Incidentally, Zeff is
not directly measured in KSTAR. The value 2.0 is a best guess based
on the measured stored thermal energy.) Note that the perpendicular
energy and momentum diffusivities (see Appendix 6 and 8) have both
been given the plausible values of 1m2 s�1, whereas the perpendicular
particle diffusivity has been given the plausible value 0:20m2 s�1. It
can be seen that the top of the pedestal corresponds to WN ¼ 0:945.
(The normalized poloidal flux WN is defined in Appendix 2 b.)

Regrettably, there are no KSTAR data regarding neutrals inside the
last closed magnetic flux-surface (LCFS). However, there are some DIII-
D data regarding such neutrals.38 Given the similarity between KSTAR
and DIII-D H-mode plasmas (in terms of size, shape, profiles, et cetera),
it is not unreasonable to use the DIII-D data as a baseline with which to
characterize KSTAR discharge #18594. Consequently, the flux-surface-
averaged neutral number density profile is assumed to take the form

hnniðrÞ ¼
hnniðr100Þ

1þ ðr � r100Þ2=l2n
: (1)

(The flux-surface label r is defined in Appendix 2 a. r100 is the flux-
surface label of the LCFS. The flux-surface average operator h� � �i is
defined in Appendix 3 e.) We shall consider two cases: a “high-
recycling” case in which hnniðr100Þ ¼ 1:3� 1017 m�3 (which is simi-
lar to the inferred DIII-D value), and a “low-recycling” case in which
hnniðr100Þ ¼ 2:5 �1016 m�3. The parameter ln is given the value
ln ¼ 0:013m.38 The flux-surface neutral poloidal asymmetry parame-
ter (see Appendix 3 e),

yn ¼
hnni hB2i
hnn B2i ; (2)

is given the value 1.5,38 which implies a greater concentration of neu-
trals at the X-point. Finally, the flux-surface averaged deuterium-
atom/deuterium-ion charge exchange rate constant takes the value39

hr vicxi ¼ 4� 10�14 m3 s�1: (3)

C. E 3 B frequency profile

Unfortunately, there are no usable poloidal rotation data in
KSTAR discharge #18594. Hence, it is necessary to deduce the E� B
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frequency profile from a combination of the measured density and
temperature profiles, the measured impurity ion toroidal angular
velocity profile, and neoclassical theory. According to the neoclassical
theory,40 in the absence of any source of parallel momentum or heat
flux (other than that due to charge exchange with neutrals), the E� B
frequency profile is related to the impurity ion toroidal angular veloc-
ity profile as follows (see Appendix 3 f),

xEðrÞ ¼ x/IðrÞ � xhIðrÞ � x�IðrÞ: (4)

Here, x/I ; xhI , and x�I are the impurity ion toroidal rotation, poloi-
dal rotation, and diamagnetic frequencies, respectively. Figure 3 shows
the various components of xE calculated at the n¼ 2 resonant surfaces
in the pedestal region of KSTAR discharge #18594 at time t¼ 6450ms.
It can be seen that all three terms on the right-hand side of the previ-
ous equation make non-negligible contributions to the net E� B fre-
quency. In the low-recycling case, there is an Er well in the pedestal
(where the xE curve dips below zero). However, in the high-recycling
case, this well is eliminated via the action of charge exchange with
neutrals.

D. Natural frequencies

Figure 4 shows the natural frequencies (in the absence of the
RMP) calculated at the n¼ 2 resonant surfaces in the pedestal region
of KSTAR discharge #18594 at time t¼ 6450ms (see Appendix 6 for
the definition of a natural frequency). It can be seen that the natural
frequency predicted by linear theory [see Eq. (A84)] is strongly in the

electron direction (i.e., positive) at the bottom of the pedestal, attains a
maximum value in the middle of the pedestal, before passing through
zero at the top of the pedestal, and then reversing sign in the plasma
core. In the high-recycling case, the natural frequency predicted by
nonlinear theory [see Eq. (A85)] exhibits a similar behavior, except
that it does not peak in the middle of the pedestal. The nonlinear natu-
ral frequency is in the electron direction throughout most of the pedes-
tal because of the influence of charge exchange with neutrals which,
when the neutrals are concentrated at the X-point (as is assumed to be
the case), tends to shift the frequency in this direction.23 In the low-
recycling case, this shift is not as strong, and the nonlinear natural fre-
quency is consequently in the ion direction throughout most of the
pedestal.

III. RESCALING OF PLASMA EQUILIBRIUM

In order to search for q95 windows in which RMP-induced ELM
suppression is possible, we require a collection of otherwise similar
plasma equilibria with a range of different q95 values. Such a collection
is obtained by rescaling the equilibrium discussed in Sec. II. The rescal-
ing is performed in two steps.41 First, the original equilibrium (labeled
“ori”) is rescaled to an intermediate equilibrium (labeled “int”).
Second, the intermediate equilibrium is rescaled to a final equilibrium
(labeled “fin”). The first rescaling is such that

gintðrÞ ¼ g2oriðrÞ þ a
� �1=2

; (5)

where

FIG. 1. Left panel: contours of the equilib-
rium poloidal magnetic flux in KSTAR dis-
charge #18594 at time t¼ 6450ms. The
scale major radius is R0 ¼ 1:80m. The
white dot indicates the magnetic axis,
the white curve indicates the LCFS, and
the thick black line indicates the limiter.
Upper-right panel: safety-factor profile in
KSTAR discharge #18594 at time
t¼ 6450ms. Lower-right panel: total
plasma pressure profile in KSTAR dis-
charge #18594 at time t¼ 6450ms.
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a ¼
q295target
q2oriðr95Þ

� 1

" #
g2oriðr95Þ: (6)

Here, R0 B0 gðrÞr/ is the toroidal magnetic field-strength, where / is
a geometric toroidal angle (see Appendix 2 b). Moreover, r95 is the
value of the flux-surface label r at the surface at which WN ¼ 0:95 (see
Appendix 2 b). The second rescaling is such that

WpfinðrÞ ¼ bWporiðrÞ; (7)

gfinðrÞ ¼ b gintðrÞ; (8)

nafinðrÞ ¼ b naoriðrÞ; (9)

TafinðrÞ ¼ bTaoriðrÞ; (10)

where

b ¼ goriðr100Þ
gintðr100Þ

: (11)

Here, the species label a stands for either e (electrons), i (majority
ions), or I (impurity ions) (see Appendix 3 a). Moreover, WpðrÞ is the
poloidal magnetic flux (divided by 2p) (see Appendix 2 b), naðrÞ is the
species-a number density, and TaðrÞ is the species-a temperature (in
energy units). The net result of the rescaling procedure is a plasma
equilibrium in which the toroidal plasma current has been modified in
such a manner that q95 is changed from its original value of 4.04 to the
new value q95target, while keeping the vacuum toroidal magnetic field-
strength constant.

Obviously, the rescaling method used in the paper runs the risk
of increasing the pedestal pressure gradient to such an extent that the
peeling-ballooning stability threshold is violated.42 A more physical
approach would be to incorporate the well-known EPED edge stability
model43 into the rescaling method, in order to avoid this possibility.
This will be attempted in future publications.

IV. OPTIMUM RMP COIL PHASING

According to Eq. (A4), the ideal (i.e., Wk ¼ 0 for all k) response
of the plasma at the kth resonant surface to the applied RMP is gov-
erned by

FIG. 2. Top panel: the red, green, blue, cyan, and magenta curves show the electron
number density (1019 m�3), electron temperature (keV), (thermal) ion temperature
(keV), carbon-VI ion number density (1018 m�3), and flux-surface averaged neutral
density (1017 m�3) (solid/dotted corresponds to high/low-recycling) profiles, respec-
tively, in KSTAR discharge #18594 at time t¼ 6450ms. Middle panel: carbon-VI impu-
rity toroidal angular velocity profile (on outboard midplane) in KSTAR discharge #18594
at time t¼ 6450ms. Bottom panel: the red, green, and blue curves show the perpen-
dicular momentum (v/), energy (vE), and particle (D?) diffusivity profiles, respectively,
in KSTAR discharge #18594 at time t¼ 6450ms. The common vertical dotted lines
indicate the location of the top of the pedestal, WN ¼ 0:945.

FIG. 3. Components of the E� B frequency calculated at the various n¼ 2 reso-
nant surfaces in the pedestal of KSTAR discharge #18594 at time t¼ 6450ms. The
black, red, green, and blue curves correspond to xE, x/I ;�x�I , and �xhI ,
respectively. The resonant surfaces correspond to m¼ 6, 7, 8, 9, and 10, respec-
tively, in order from the left to the right. The vertical dotted lines indicate the location
of the top of the pedestal, WN ¼ 0:945, as well as the effective edge of the plasma,
WN ¼ 0:995. The top panel corresponds to hnniðr100Þ ¼ 1:3� 1017 m�3,
whereas the bottom panel corresponds to hnniðr100Þ ¼ 2:5� 1016 m�3.
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DWk ¼ jEkkj vk: (12)

Here, DWk is a (complex) measure of the strength of the ideal current-
sheet that develops at the resonant surface, in response to the applied
RMP. Moreover, Ekk is the (real) normalized tearing stability index at
the resonant surface,25 and vk is a (complex) parameter determined by
the GPEC code (see Appendix 2 d) that measures the ideal response of
the kth resonant surface to the currents flowing in the RMP coils. In
fact, the previous equation can also be written

DWk ¼ jEkkj Irmp e�inD/ vUk þ vMk þ eþinD/ vLk

� �
: (13)

Here, Irmp is the (real) peak current flowing in the upper, middle, and
lower coil sets (in units of kiloamps per turn). Moreover, vUk ; vMk , and
vLk are the (complex) vk values determined from GPEC when 1 kA/
turn flows in each alone of the upper, middle, and lower coil sets,
respectively, with the same toroidal phase. Finally, D/ is the (real)
toroidal phase-shift between the current patterns flowing in the middle
and upper, and also between the current patterns flowing in the lower
and middle, coil sets, respectively. {In other words, if the nth toroidal
harmonic of the current pattern flowing in the middle coil set varies
with toroidal angle as cos ðn/Þ, then that in the upper coil set varies
as cos ½n ð/� D/Þ�, and that in the lower coil set as cos ½n ð/þ D/Þ�.}
In this paper, the peak currents flowing in each coil set are assumed to

be equal to one another, in accordance with standard experimental
practice in KSTAR.44 Likewise, the toroidal phase-shift between the
currents flowing in the middle and the upper coil sets is assumed to be
the same as that between the currents flowing in the lower and the
middle coil sets.

As will become clear in Sec. V, in this paper we associate RMP-
induced ELM suppression with the formation of an RMP-driven
island chain at the top of the pedestal (i.e., WN ¼ 0:945). Suppose that
the closest resonant surface to the top of the pedestal is the kth reso-
nant surface. In order to facilitate ELM suppression, we can optimize
the value of the toroidal phase-shift between the current patterns flow-
ing in the three coil sets so as to maximize the value of jDWkj. (In fact,
we maximize the modulus of a linear superposition of the DWk values
of the two resonant surface that straddle the top of the pedestal, with
superposition weights that are inversely proportional to the distances
of the resonant surfaces from the pedestal top.) If

vUk vM�k ¼ jvUk vM�k j eic
UM
k ; (14)

vUk vL�k ¼ jvUk vL�k j eic
UL
k ; (15)

vMk vL�k ¼ jvMk vL�k j eic
ML
k ; (16)

where cUMk ; cULk , and cML
k are real, then the optimization procedure

boils down to maximizing the function

f ðD/Þ ¼ jvUk vM�k j cos ðnD/ � cUMk Þ þ jvUk vL�k j cos ð2 nD/ � cULk Þ
þjvMk vL�k j cos ðnD/ � cML

k Þ: (17)

This goal is achieved in the EPEC code numerically.
Figure 5 shows the optimum toroidal phase-shift, as determined

by EPEC, for both n¼ 2 and n¼ 1 RMPs as a function of q95. (The
optimal shift is independent of the recycling level.) It can be seen that,
on average, the optimal phase-shift for n¼ 2 RMPs is 90�, which is in
accordance with KSTAR experimental observations.37 However, the
actual optimal phase-shift is slightly less than 90� for large q95 (i.e.,
q95 > 3:7), and slightly larger for small q95. The optimal phase-shift
for n¼ 1 RMPs exhibits a much greater variation with q95. The phase-
shift used in experiments is 270�.44 It can be seen that the optimal
phase-shift determined by EPEC approaches this value at small q95,
but is significantly different at large q95.

V. DETERMINATION OF q95 WINDOWS FOR
RMP-INDUCED ELM SUPPRESSION
A. n 5 2

Figures 6 and 8 show the results obtained from an EPEC simula-
tion of the response of a typical KSTAR H-mode plasma to an n¼ 2
RMP. (The compete EPEC model is outlined in the Appendix.) An
n¼ 2 current of peak amplitude Irmp ¼ 4 kA=turn is applied to each
row of RMP coils with the optimal phasing. Using the rescaled plasma
equilibria described in Sec. III, q95 is steadily ramped downward from
a value of about 5 to a value of about 3 over a 2.2 s time interval. Note
that all resonant surfaces in the region 0:995 < WN < 1:00 are
neglected in the calculation (because GPEC does not give reliable
results for such surfaces).

Figures 6 and 7 show the natural frequencies, both in the absence
and in the presence of the applied RMP, of the various n¼ 2 resonant
surfaces present in the plasma as functions of q95, in the high- and
low-recycling cases, respectively. In both cases, as a resonant surface

FIG. 4. Natural frequencies (in the absence of the RMP) calculated at the various
n¼ 2 resonant surfaces in the pedestal of KSTAR discharge #18594 at time
t¼ 6450ms. The red, blue, and black curves show the natural frequencies pre-
dicted by linear theory, nonlinear theory, and the assumption that magnetic island
chains are convected at the local E� B velocity, respectively. The resonant surfa-
ces correspond to m¼ 6, 7, 8, 9, and 10, respectively, in order from the left to the
right. The vertical dotted lines indicates the location of the top of the pedestal,
WN ¼ 0:945, as well as the effective edge of the plasma, WN ¼ 0:995. The top
panel corresponds to hnniðr100Þ ¼ 1:3� 1017 m�3, whereas the bottom panel cor-
responds to hnniðr100Þ ¼ 2:5� 1016 m�3.
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passes through the pedestal (from the inner to the outer radius of the
pedestal—recall that q95 is ramped down in the simulations), its natu-
ral frequency starts off being comparatively small and in the ion direc-
tion (i.e., negative) in the plasma core, passes through zero close to the
top of the pedestal, peaks in the center of the pedestal, and ends up
being comparatively large and in the electron direction (i.e., positive)
at the edge of the pedestal. It can be seen that if the magnitude of the
natural frequency in the absence of the RMP falls below about
5 krad=s, then the mode locks to the RMP (i.e., its natural frequency in
the presence of the RMP becomes zero). Note that the differences
between the low- and high-recycling cases are comparatively minor.

Figures 8 and 9 show the full widths (in WN ) of the magnetic
island chains induced in the plasma by the applied RMP, both in the
absence and in the presence of shielding due to plasma flow, as func-
tions of q95, in the high- and low-recycling cases, respectively. In the
absence of shielding, the so-called “vacuum” island chains are all wide,
extend over most of the pedestal, and would cause a very significant
reduction in the pedestal pressure. In the presence of shielding, the
island chains are all narrow and have a negligible effect on the pedestal
pressure. The only exceptions to this state of affairs occur when one of
the island chains locks to the RMP. This happens when the chain’s res-
onant surface passes through the top of the pedestal (because its asso-
ciated natural frequency simultaneously passes through zero) and
leads to the formation of a relatively wide (DWN ’ 0:1) magnetic
island chain at the top of the pedestal. Again, the differences between
the low- and high-recycling cases is comparatively minor.

Note that the EPEC model fully takes into account the strong
poloidal coupling of tearing modes with different poloidal mode num-
bers, but a common toroidal mode number, due to the Shafranov
shifts and departures from circular cross sections of magnetic flux-
surfaces, that is predicted by linear MHD theory.30 This coupling
manifests itself in the model via the off diagonal elements of the Ekk0
matrix (see Appendix 2 d). However, it turns out that the differential
flow in the pedestal of KSTAR H-mode plasmas is so strong that sub-
stantial driven reconnection is only possible at one particular resonant
surface in the plasma (i.e., a surface whose natural frequency is com-
paratively close to zero). In other words, the differential flow over-
whelms the MHD coupling and effectively decouples the various
tearing modes. Consequently, the response of the plasma to the
applied RMP is similar, in many respects, to that predicted by cylindri-
cal theory (which completely neglects the MHD coupling). This fact
may account for the success of the cylindrical TM1 code in predicting
the response of H-mode plasmas to RMPs. The decoupling of tearing
modes via differential flow accounts for the fact that the appearance of
a wide locked magnetic island chain at a resonant surface whose natu-
ral frequency is close to zero does not lead to substantial driven recon-
nection at neighboring surfaces, despite the strong MHD coupling
between these surfaces.

Finally, Fig. 10 shows the cumulative change in the pedestal pres-
sure due to the magnetic island chains induced in the pedestal by the
applied RMP (see Appendix 8) as a fraction of the pressure at the top
of the pedestal (i.e., WN ¼ 0:945), calculated as functions of q95 and

FIG. 5. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 or an n¼ 1 RMP. Top panel: optimum toroidal phase-
shift between the middle and top, and also between the bottom and middle, RMP
coil sets for an n¼ 2 RMP. Bottom panel: optimum toroidal phase-shift between the
middle and top, and also between the bottom and middle, RMP coil sets for an
n¼ 1 RMP.

FIG. 6. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 RMP, assuming that hnniðr100Þ ¼ 1:3� 1017 m�3.
Top panel: n¼ 2 natural frequencies, in the absence of RMP, as functions of q95.
Bottom panel: n¼ 2 natural frequencies, in the presence of RMP, as functions of
q95. The black, red, green, blue, yellow, cyan, magenta, brown, and pink curves cor-
respond to m¼ 4, 5, 6, 7, 8, 9, 10, 11, and 12, respectively.
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the peak RMP coil current, Irmp. This figure was generated by combin-
ing 41 simulations of the form shown in Figs. 6–9, each performed
with a different value of Irmp. It can be seen that the relative pressure
reduction is negligible except when q95 lies in certain narrow (i.e.,
Dq95 ’ 0:1) windows that are evenly spaced in q95 with an interval of
0.5. The first, second, third, and fourth windows from the left corre-
spond to comparatively widem¼ 6, 7, 8, and 9 magnetic island chains,
respectively, induced at the top of the pedestal. Note that the windows
in the low-recycling case are slightly wider than those in the high-
recycling case and also shifted downward, by about 0.05, in q95.

Now, the experimental m ¼ 8=n ¼ 2 RMP-induced ELM sup-
pression window in KSTAR occurs at q95 ’ 3:8,45 rather than 4.0 (as
indicated by the figure); moreover, the experimental m ¼ 7=n ¼ 2
ELM suppression window occurs at 3.4 rather than 3.5.44 However,
q95 in KSTAR experiments is determined from a magnetic plasma
equilibrium (in which the influence of the bootstrap current and pres-
sure on the equilibrium is neglected), whereas q95 in EPEC is deter-
mined from a kinetic plasma equilibrium (in which the influence of
the bootstrap current and pressure is taken into account). It turns out
that q95 for a magnetic equilibrium is smaller than that for a corre-
sponding kinetic equilibrium by about 0.2. Hence, there is, in fact, rea-
sonably a good agreement between the EPEC predictions of locations
of the n¼ 2 q95 windows and experimental observations. (It should be
noted that the q95 windows in Fig. 8 of Ref. 15 have been shifted down
by 0.2 in order to take into account the difference between the q95

values obtained from magnetic and kinetic equilibria.) The main
uncertainty in the EPEC model is associated with the poorly known
neutral particle profile within the LCFS. As we have seen, charge
exchange with neutrals can profoundly affect the E� B velocity pro-
file in the pedestal, which, in turn, leads to a shift in the locations of
the q95 windows. Unfortunately, data on the neutral particles within
the LCFS of H-mode tokamak plasmas are presently very hard to
come by.

The principal factors that affect the widths (in q95) of the ELM
suppression windows are the kinetic equilibrium (which determines
the vk factors calculated by GPEC), the shear in the natural frequency
close to the top of the pedestal (which depends on the Er, number den-
sity, and electron/ion temperature profiles in this region), the plasma
resistivity close to the top of the pedestal (which depends on the num-
ber density, electron temperature, and Zeff values in this region), and
the neoclassical poloidal viscosity close to the top of the pedestal
(which depends on the number density, ion temperature, and Zeff val-
ues in this region). The widths are far less sensitive to factors, such as
the momentum diffusivity and the tearing stability matrix, Ekk0 .
Although it is hard to put a number on the uncertainty in the widths,
we note that all of the quantities upon which the widths principally
depend ought to be relatively well-determined in the discharge under
consideration.

If we accept the hypothesis of Ref. 15 that a relative reduction in
the pedestal pressure of 15% is required to trigger ELM suppression,

FIG. 8. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 RMP, assuming that hnniðr100Þ ¼ 1:3� 1017 m�3.
Top panel: full n¼ 2 vacuum island widths as functions of q95. Bottom panel: full
n¼ 2 island widths as functions of q95. The black, red, green, yellow, cyan,
magenta, brown, and pink areas correspond to m¼ 4, 5, 6, 7, 8, 9, 10, 11, and 12,
respectively. The horizontal dotted lines indicate the top of the pedestal,
WN ¼ 0:945, as well as the effective edge of the plasma, WN ¼ 0:995.

FIG. 7. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 RMP, assuming that hnniðr100Þ ¼ 2:5� 1016 m�3.
Top panel: n¼ 2 natural frequencies, in the absence of RMP, as functions of q95.
Bottom panel: n¼ 2 natural frequencies, in the presence of RMP, as functions of
q95. The black, red, green, blue, yellow, cyan, magenta, brown, and pink curves cor-
respond to m¼ 4, 5, 6, 7, 8, 9, 10, 11, and 12, respectively.
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then it is clear that there is a threshold RMP coil current that must be
exceeded in order to trigger ELM suppression, even when q95 lies in
the middle of one of the ELM suppression windows. This threshold
value is about 1–3 kA/turn and increases with the increasing q95. Note
that the threshold does not represent a threshold for locked island for-
mation, but rather a threshold for the formation of a locked island
whose width is sufficient to significantly affect the pedestal pressure
profile. Hence, there is no contradiction between the results of this
paper and those reported in Refs. 22–24. The threshold was not mani-
fest in the latter papers because they did not calculate the reduction in
the pedestal pressure due to the island chain.

If we compare the n¼ 2 ELM suppression windows shown in
Fig. 10 with the corresponding windows previously calculated by the
TM1 code (and shown in Fig. 8 of Ref. 15), taking into account that
the TM1 q95 windows have been shifted down by 0.2, then we can see
that there is good agreement between the predictions of the EPEC and
TM1 codes. In particular, the positions (in q95), widths (in q95), and
heights (in Irmp) of the windows predicted by the two codes are about
the same. (The TM1 simulations exhibit a monotonic decrease in the
pressure reduction, from window to window, as q95 increases. The
EPEC simulations exhibit a similar trend, but in a more nuanced fash-
ion, in that the decrease is not quite monotonic. This slight difference
is probably due to the additional neoclassical and neutral density phys-
ics incorporated into EPEC.) Incidentally, as is clear from Fig. 8 of
Ref. 15, there is a good agreement between the n¼ 2 ELM suppression

windows predicted by the TM1 code and those observed experimen-
tally in KSTAR.

B. n 5 1

Figure 11 shows a similar calculation to Fig. 10, except that an
n¼ 1 RMP is applied to the plasma. The RMP is generated by running
n¼ 1 currents through the three rows of KSTAR RMP coils with the
optimal phasing. As before, Fig. 11 is produced by combining the sim-
ulations similar in form to those shown in Figs. 6–9, each performed
with a different value of Irmp. In each simulation, q95 is ramped down-
ward from a value of about 5.5 to a value of about 2.5 over a time
interval of 3 s.

It can be seen that the relative reduction in the pedestal pressure
due to the island chains induced by the RMP is negligible except when
q95 lies in certain narrow (i.e., Dq95 ’ 0:1) windows that are evenly
spaced in q95 with an interval of 1.0. The first, second, and third win-
dows from the left correspond to comparatively wide m¼ 3, 4, and 5

FIG. 9. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 RMP, assuming that hnniðr100Þ ¼ 2:5� 1016 m�3.
Top panel: full n¼ 2 vacuum island widths as functions of q95. Bottom panel: full
n¼ 2 island widths as functions of q95. The black, red, green, yellow, cyan,
magenta, brown, and pink areas correspond to m¼ 4, 5, 6, 7, 8, 9, 10, 11, and 12,
respectively. The horizontal dotted lines indicate the top of the pedestal,
WN ¼ 0:945, as well as the effective edge of the plasma, WN ¼ 0:995.

FIG. 10. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 2 RMP. The plot shows the cumulative pressure change
due to the n¼ 2 magnetic island chains induced in the plasma by the RMP as a
fraction of the pressure at the top of the pedestal (i.e., WN ¼ 0:945), plotted as a
function of q95 and the peak current flowing in the RMP coils, Irmp. The top panel
corresponds to hnniðr100Þ ¼ 1:3� 1017 m�3, whereas the bottom panel corre-
sponds to hnniðr100Þ ¼ 2:5� 1016 m�3.
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magnetic island chains, respectively, induced at the top of the pedestal.
As before, the windows in the low-recycling case are slightly wider
than those in the high-recycling case and also shifted downward, by
about 0.05, in q95.

If we again accept the hypothesis of Ref. 15 that a relative reduc-
tion in the pedestal pressure of 15% is required to trigger ELM sup-
pression, then it is clear that there is a threshold RMP coil current that
must be exceeded in order to trigger ELM suppression, even when
q95 lies in the middle of one of the ELM suppression windows.
This threshold value is about 1–3 kA/turn and increases with the
increasing q95.

If we compare the n¼ 1 ELM suppression windows shown in
Fig. 11 with the corresponding windows previously calculated by the
TM1 code (and shown in Fig. 8 of Ref. 15), taking into account that
the TM1 q95 windows have been shifted down by 0.2, then we can see
that there is a good agreement between the predictions of the EPEC
and TM1 codes. (As before, as is clear from Fig. 8 of Ref. 15, there is

good agreement between the n¼ 1 ELM suppression windows pre-
dicted by the TM1 code and those observed experimentally in
KSTAR.) The widths (in q95) and heights (in Irmp) of the windows pre-
dicted by the TM1 code are somewhat larger than those predicted by
the EPEC code. On the other hand, the locations of the windows (in
q95) are about the same. As before, the main uncertainty in the EPEC
model is associated with the poorly known neutral particle profile
within the LCFS.

It should be noted that the application of n¼ 1 RMPs to H-mode
tokamak plasmas can be hazardous, because the RMPs can trigger
disruption-producing locked modes (in particular, those associated
with the m ¼ 2=n ¼ 1 mode). Hence, it is advisable to optimize the
RMP spectrum in such a manner that the RMP resonates strongly
with tearing modes whose resonant surfaces lie close to the top of the
pedestal without simultaneously resonating strongly with the tearing
modes whose resonant surfaces lie in the plasma core.46

VI. SUMMARY AND CONCLUSIONS

We have employed the EPEC code (see the Appendix) to model
the q95 windows for n¼ 2 and n¼ 1 RMP-induced ELM suppression
in typical KSTAR H-mode discharges. The plasma equilibria used in
this study are derived by rescaling (see Sec. III) the experimental
(kinetic) plasma equilibrium in KSTAR discharge #18594 measured at
time t¼ 6450ms (see Sec. II).

Our findings are summarized in Figs. 10 and 11, which show the
n¼ 2 and n¼ 1 ELM suppression windows, respectively, in q95 vs Irmp

space. Here, q95 is the safety-factor at the 95% magnetic flux-surface,
whereas Irmp is the peak current applied to the three rows of RMP coils
in KSTAR. It can be seen that the ELM suppression windows are com-
paratively narrow in q95 (i.e., Dq95 ’ 0:1) and that (assuming a rela-
tive pedestal pressure reduction of 15% is required to trigger ELM
suppression15) even in the middle of the windows, there is a threshold
RMP coil current of about 1–3 kA/turn that must be exceeded before
ELM suppression occurs.

The KSTAR n¼ 2 and n¼ 1 ELM suppression windows calcu-
lated by the EPEC code are broadly similar to those previously calcu-
lated by the TM1 code, and shown in Fig. 8 of Ref. 15. (Note that the
TM1 windows have been shifted downward in q95 by 0.2 in order to
take into account the difference between the magnetic equilibria used
experimentally and the kinetic equilibria used in the TM1 code.) The
small differences [in terms of width (in q95), height (in Irmp), and posi-
tion (in q95)] between the ELM suppression windows calculated by the
EPEC and TM1 codes is probably related to the different (and largely
complementary) sets of approximations made in the two codes. For
instance, the EPEC code is fully toroidal, whereas the TM1 code is
cylindrical; the EPEC code interpolates between the linear and the
nonlinear resonant response regimes, whereas the TM1 code calculates
the resonant response directly; the EPEC code allows for warm ions,
whereas the TM1 code employs a cold-ion approximation; the EPEC
code allows for both poloidal and toroidal RMP-induced plasma angu-
lar velocity changes, whereas the TM1 code represents toroidal angular
velocity changes as poloidal angular velocity changes (with a rescaled
perpendicular momentum diffusivity to get the correct mode locking
threshold); the EPEC code uses analytic theory to determine the tem-
perature and density flattening across each magnetic island chain
induced in the plasma by the RMP (taking into account that the paral-
lel transport is convective, rather than diffusive, in nature), whereas

FIG. 11. EPEC simulation of the response of set of self-similar discharges with a
range of different q95 values that are derived from KSTAR discharge #18594 at
time t¼ 6450ms to an n¼ 1 RMP. The plot shows the cumulative pressure change
due to the n¼ 1 magnetic island chains induced in the plasma by the RMP as a
fraction of the pressure at the top of the pedestal (i.e., WN ¼ 0:945), plotted as a
function of q95 and the peak current flowing in the RMP coils, Irmp. The top panel
corresponds to hnniðr100Þ ¼ 1:3� 1017 m�3, whereas the bottom panel corre-
sponds to hnniðr100Þ ¼ 2:5� 1016 m�3.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 28, 082511 (2021); doi: 10.1063/5.0056109 28, 082511-9

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


the TM1 code solves transport equations self-consistently to determine
the flattening (but models the parallel transport as diffusive).

The main uncertainty in the EPEC model is associated with the
poorly known neutral particle profile within the LCFS. Charge exchange
with neutrals can profoundly affect the E� B velocity profile in the
pedestal, which, in turn, leads to a shift in the locations of the q95 win-
dows. Unfortunately, data on neutral particles within the LCFS of H-
mode tokamak plasmas are presently very hard to come by.
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APPENDIX: DESCRIPTION OF EPEC MODEL

1. Introduction

The Extended Perturbed Equilibrium Code (EPEC) model was
introduced in Ref. 22, but slightly modified and corrected in Refs.
23 and 24. To avoid confusion, the latest (and, hopefully, final) ver-
sion of the complete model is summarized in this Appendix.

The main changes made to the model are as follows. In Eqs.
(A8), (A81), and (A83), more accurate (i.e., fully toroidal) expres-
sions have been substituted for those employed previously. In Eqs.
(A53) and (A86), a charge exchange term that was erroneously
omitted in previous versions of the model has been added. The neo-
classical theory of impurity ion rotation has been incorporated into
the model in Appendix 3 f. The determination of the linear layer
width has been greatly improved (see Apppendix 5). Charge
exchange damping has been incorporated into the plasma angular
velocity evolution equations (see Appendix 6). The crucial model
expression (A87), for the natural frequency as a function of the
island width has been changed somewhat from that employed in
previous studies. Finally, the model for the effect of induced mag-
netic islands on the plasma pressure profile has been greatly
improved (see Appendix 8).

2. Plasma response in outer region
a. Coordinates

Let R, /, and Z be right-handed cylindrical coordinates whose
symmetry axis corresponds to the toroidal symmetry axis of the
plasma. Let r, h, and / be right-handed flux coordinates whose
Jacobian is J � ðrr �rh � r/Þ�1 ¼ r R2=R0. Here, R0 is a conve-
nient scale major radius, r is a magnetic flux-surface label with
dimensions of length, and h is an axisymmetric angular coordinate
that increases by 2p radians for every poloidal circuit of the

magnetic axis. Let r¼ 0 correspond to the magnetic axis, and let
r ¼ r100 correspond to the LCFS. Let h¼ 0 correspond to the
inboard midplane, and let 0 < h < p correspond to the region
above the midplane.

b. Equilibrium magnetic field

The equilibrium magnetic field is written
B ¼ R0 B0½f ðrÞr/�rr þ gðrÞr/�, where B0 is a convenient
scale toroidal magnetic field-strength, and qðrÞ ¼ r g=ðR0 f Þ is the
safety-factor profile. The equilibrium poloidal magnetic flux
(divided by 2p), WpðrÞ, satisfies dWp=dr ¼ R0 B0 f ðrÞ, where, by
convention, Wpðr100Þ ¼ 0. The normalized poloidal magnetic flux,
WNðrÞ, is defined such that WNðrÞ ¼ 1�WpðrÞ=Wpð0Þ. Hence,
WNð0Þ ¼ 0 and WNðr100Þ ¼ 1. Finally, if WNðr95Þ ¼ 0:95, then
q95 � qðr95Þ.

c. Perturbed magnetic field

Consider the response of the plasma to an RMP with n> 0
periods in the toroidal direction. We can write the components of
the perturbed magnetic field in the form22

r R2 dB � rr
R2
0

¼ i
X
j

wjðrÞ eiðmjh�n/Þ; (A1)

J dB � r/�rr ¼ �
X
j

NjðrÞ eiðmjh�n/Þ; (A2)

R2 dB � r/ ¼ n
X
j

NjðrÞ
mj

eiðmjh�n/Þ; (A3)

where the sum is over all relevant poloidal harmonics of the per-
turbed magnetic field.

Let there be K resonant magnetic flux-surfaces in the plasma,
labeled 1 through K. Consider the kth resonant surface, r¼ rk,
at which n qðrkÞ ¼ mk, where mk is a positive integer. Let
Wk ¼ wkðrkÞ=mk, and DWk ¼ ½Nk�rkþrk� .

22 Here, Wk is the (complex)
reconnected helical magnetic flux (divided by 2pR0) at the kth reso-
nant surface, whereas DWk (which has the same dimensions as Wk)
is a (complex) measure of the strength of the current sheet (consist-
ing of filaments running parallel to the local equilibrium magnetic
field) at the same resonant surface.

d. Toroidal tearing mode dispersion relation

In the presence of the RMP, the Wk and the DWk values are
related according to the inhomogeneous toroidal tearing mode dis-
persion relation, which takes the form21,22,29–34

DWk ¼
X
k0¼1;K

Ekk0 Wk0 þ jEkkj vk: (A4)

Here, Ekk0 (for k, k0 ¼ 1, K) is the dimensionless, Hermitian, toroi-
dal tearing mode stability matrix, whereas the vk (for k ¼ 1;K)
parameterize the current sheets driven at the various resonant sur-
faces when the plasma responds to the applied RMP in accordance
with the equations of linearized, marginally stable, ideal-MHD.

The EPEC model determines the elements of the Ekk0 matrix
using a high-q approximation. In fact, if Fkk0 is the inverse of the
Ekk0 matrix, then22
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Fkk0 ¼
þ þ

GðRk;Zk;Rk0 ;Zk0 Þ e�iðmkhk�mk0 hk0 Þ dhk
2p

dhk0

2p
(A5)

and

GðRk;Zk;Rk0 ;Zk0 Þ ¼
ð�1Þnp2Rk Rk0=R0

2Cð1=2ÞCðnþ1=2Þ
coshgkk0

R2
kþR2

k0 þ ðZk�Zk0 Þ2

" #1=2

� ðn�1=2ÞPn�1
�1=2ðcoshgkk0 Þþ

Pnþ1
�1=2ðcoshgkk0 Þ

nþ1=2

" #
;

(A6)

with

gkk0 ¼ tanh�1
2Rk Rk0

R2
k þ R2

k0 þ ðZk � Zk0 Þ2

" #
: (A7)

Here, the double integral in Eq. (A5) is taken around the kth reso-
nant surface (cylindrical coordinates Rk, 0, Zk; flux coordinates rk,
hk, 0, with rk constant; resonant poloidal mode number mk) and the
k0 th resonant surface (cylindrical coordinates Rk0 , 0, Zk0 ; flux coor-
dinates rk0 ; hk0 , 0, with rk0 constant; resonant poloidal mode number
mk0 ). Finally, the CðzÞ and P�lðzÞ are the gamma functions and asso-
ciated Legendre functions, respectively.

The (complex) vk parameters are determined from the GPEC
code.19,48 To be more exact, the GPEC code calculates the (com-
plex) dimensionless Dmkn parameters, which are defined in Eq. (44)
of Ref. 49, and which measure the strengths of the ideal current
sheets that develop at the various resonant magnetic flux-surfaces
in the plasma in response to the applied RMP. The Dmkn parameters
are related to the vk parameters according to22

vk
R0 B0

¼ �i Dmkn

jEkkj
rk
R0

� �2 gðrkÞ
mk akkðrkÞ þ ðrk=R0 qkÞ2
� � ; (A8)

where qk ¼ mk=n, and akkðrÞ ¼
Þ
jrrj�2 dh=ð2pÞ. Note that the

previous equation is a slightly more accurate expression than Eq.
(A76) of Ref. 23.

3. Neoclassical physics
a. Plasma species

The plasma is assumed to consist of three (charged) species,
namely, electrons (e), majority ions (i), and impurity ions (I). The
charges of the three species are ee ¼ �e, ei¼ e, and eI ¼ ZI e,
respectively, where e is the magnitude of the electron charge. Quasi-
neutrality demands that ne ¼ ni þ ZI nI , where naðrÞ is the species-
a number density. Let aIðrÞ ¼ ZI ðZeff � 1Þ=ðZI � Zeff Þ, where
Zeff ðrÞ ¼ ðni þ Z2

I nIÞ=ne is the effective ion charge number. It fol-
lows that ni=ne ¼ ðZI � Zeff Þ=ðZI � 1Þ and nI=ne ¼ ðZeff � 1Þ=
½ZI ðZI � 1Þ�.

b. Collisionality parameters

Consider an equilibrium magnetic flux-surface whose label
is r. Let

1
cðrÞ ¼

q
g

þ
BR2

B0 R2
0

dh
2p
; (A9)

where B ¼ jBj. It is helpful to define a new poloidal angle H such
that

dH
dh
¼ c q

g
BR2

B0 R2
0
: (A10)

Let

I1 ¼
þ
B0

B
dH
2p

; (A11)

I2 ¼
þ
B
B0

dH
2p

; (A12)

I3 ¼
þ

@B
@H

� �2
1

B0 B
dH
2p

; (A13)

I4;j ¼
ffiffiffiffiffi
2 j

p þ
cos ðjHÞ
B=B0

dH
2p

; (A14)

I5;j ¼
ffiffiffiffiffi
2 j

p þ
cos ðjHÞ
2 ðB=B0Þ2

dH
2p

; (A15)

I6ðkÞ ¼
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� kB=Bmax

p
B=B0

dH
2p

; (A16)

where Bmax is the maximum value of B on the magnetic flux-
surface, and j a positive integer. The species-a transit frequency is
written xtaðrÞ ¼ Kt c vTa, where

KtðrÞ ¼
I21 I3

I22
X
j¼1;1

I4;j I5;j
; (A17)

and vTa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ta=ma

p
.40 Here, ma is the species-a mass, and TaðrÞ

the species-a temperature (in energy units). The fraction of circulat-
ing particles is40

fcðrÞ ¼
3 I2
4

B2
0

B2
max

ð1
0

k dk
I6ðkÞ

: (A18)

Finally, the dimensionless species-a collisionality parameter is
written40 ��aðrÞ ¼ K� gt=ðxta saaÞ, where gtðrÞ ¼ fc=ð1� fcÞ,

K�ðrÞ ¼
3
8p

I2
I3

K2
t ; (A19)

1
saaðrÞ

¼ 4
3
ffiffiffi
p
p 4p na e4a lnK

ð4p �0Þ2 m2
a v3Ta

: (A20)

Here, the Coulomb logarithm, lnK, is assumed to take the same
large constant value (i.e., lnK ’ 17), independent of the species.

c. Collisional friction matrices

Let xab ¼ vTb=vTa. In the following, all quantities that are of
order ðme=miÞ1=2; ðme=mIÞ1=2, or smaller, are neglected with
respect to unity. The 2� 2 dimensionless ion collisional friction
matrices, ½Fii�ðrÞ; ½FiI �ðrÞ; ½FIi�ðrÞ, and ½FII �ðrÞ, are defined to have
the following elements:40,50,51

Fii
00 ¼

aI ð1þmi=mIÞ
ð1þ x2iIÞ

3=2
; (A21)
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Fii
01 ¼

3
2

aI ð1þmi=mIÞ
ð1þ x2iIÞ

5=2
; (A22)

Fii
11 ¼

ffiffiffi
2
p
þ

aI 13=4þ 4 x2iI þ ð15=2Þ x4iI
� �

ð1þ x2iIÞ
5=2

; (A23)

FiI
01 ¼

3
2
Ti

TI

aI ð1þmI=miÞ
xiI ð1þ x2IiÞ

5=2
; (A24)

FiI
11 ¼

27
4

Ti

TI

aI x2iI
ð1þ x2iIÞ

5=2
; (A25)

FIi
11 ¼

27
4

aI x2iI
ð1þ x2iIÞ

5=2
; (A26)

FII
11 ¼

Ti

TI

ffiffiffi
2
p

a2I xIi þ
aI 15=2þ 4 x2iI þ ð13=4Þ x4iI
� �

ð1þ x2iIÞ
5=2

( )
; (A27)

Fii
10 ¼ Fii

01; FiI
00 ¼ Fii

00; FiI
10 ¼ Fii

01; FIi
00 ¼ Fii

00;

FIi
01 ¼ Fii

01; FIi
10 ¼ FiI

01; FII
00 ¼ Fii

00; FII
01 ¼ FiI

01; FII
10 ¼ FiI

01:

The 2� 2 dimensionless electron collisional friction matrix,
½Fee�ðrÞ, is defined to have the following elements:40,50,51 Fee

00 ¼ Zeff ,
Fee
01 ¼ ð3=2ÞZeff , Fee

10 ¼ Fee
01, F

ee
11 ¼

ffiffiffi
2
p
þ ð13=4ÞZeff .

d. Neoclassical viscosity matrices

The 2� 2 dimensionless species-a neoclassical viscosity
matrix, ½la�ðrÞ, is defined to have the following elements:
la
00 ¼ Ka

00; la
01 ¼ ð5=2ÞKa

00 � Ka
01, la

10 ¼ la
01, la

11 ¼ Ka
11 � 5Ka

01
þð25=4ÞKa

00.
40,50,51 Here,

Ke
jk ¼ gt

4
3
ffiffiffi
p
p
ð1
0

e�x x4þjþk �eDðxÞ dx
x2 þ ��e �eDðxÞ
� �

x2 þ ð5p=8Þ ðxte seeÞ�1 �eTðxÞ
h i ;

(A28)

�eD ¼
3
ffiffiffi
p
p

4
1� 1

2 x

� �
wðxÞ þ w0ðxÞ

	 

þ 3

ffiffiffi
p
p

4
Zeff ; (A29)

�e� ¼
3
ffiffiffi
p
p

2
wðxÞ � w0ðxÞ
� �

; (A30)

�aTðxÞ ¼ 3 �aDðxÞ þ �a� ðxÞ; (A31)
and

wðxÞ ¼ 2ffiffiffi
p
p
ðx
0
e�t

2
dt � 2ffiffiffi

p
p x e�x

2
; (A32)

w0ðxÞ ¼ 2ffiffiffi
p
p x e�x

2
: (A33)

Furthermore,

Ki
jk ¼ gt

4
3
ffiffiffi
p
p
ð1
0

e�x x2þjþk �iDðxÞ dx
x þ ��i �iDðxÞ
� �

x þ ð5p=8Þ ðxti siiÞ�1 �iTðxÞ
h i ;

(A34)

�iD ¼
3
ffiffiffi
p
p

4
1� 1

2 x

� �
wðxÞ þ w0ðxÞ

	 

1
x

þ 3
ffiffiffi
p
p

4
aI 1� xiI

2 x

� �
w

x
xiI

� �
þ w0

x
xiI

� �" #
1
x
; (A35)

�i� ¼
3
ffiffiffi
p
p

2
wðxÞ � w0ðxÞ
� � 1

x
þ 3

ffiffiffi
p
p

2
aI

mi

mI
w

x
xiI

� �
� w0

x
xiI

� �	 

1
x
;

(A36)

and, finally,

KI
jk ¼ gt

4
3
ffiffiffi
p
p
ð1
0

e�x x2þjþk �IDðxÞ dx
x þ ��I �IDðxÞ
� �

x þ ð5p=8Þ ðxtI sIIÞ�1 �ITðxÞ
h i ;

(A37)

�ID ¼
3
ffiffiffi
p
p

4
1� 1

2 x

� �
wðxÞ þ w0ðxÞ

	 

1
x

þ 3
ffiffiffi
p
p

4
1
aI

1� xIi
2 x

� �
w

x
xIi

� �
þ w0

x
xIi

� �" #
1
x
; (A38)

�I� ¼
3
ffiffiffi
p
p

2
wðxÞ � w0ðxÞ
� � 1

x
þ 3

ffiffiffi
p
p

2
1
aI

mI

mi
w

x
xIi

� �
� w0

x
xIi

� �	 

1
x
:

(A39)

Note that our expressions for the neoclassical viscosity matrices
interpolate in the most accurate manner possible between the three
standard neoclassical collisionality regimes (i.e., the banana, plateau,
and Pfirsch–Sch€uter regimes).40

e. Parallel force and heat balance

Let ½~lI � ¼ a2I ðTi=TIÞ xIi ½lI �. The requirement of equilibrium
force and heat balance parallel to the magnetic field38,40,50,51 leads
us to define four 2� 2 dimensionless ion matrices, ½Lii�ðrÞ; ½LiI �ðrÞ;
½LIi�ðrÞ, and ½LII �ðrÞ, where

Lii½ �; LiI½ �
LIi½ � LII½ �

 !
¼

Fii þ li þ Yin=yn
� �

; � FiI½ �
� FIi½ �; FII þ ~lI

� �
 !�1

� Fii þ Yin½ �; � FiI½ �
� FIi½ �; FII½ �

 !
; (A40)

the additional four 2� 2 dimensionless ion matrices,
½Gii�ðrÞ; ½GiI �ðrÞ; ½GIi�ðrÞ, and ½GII �ðrÞ, where

Gii½ �; GiI½ �
GIi½ � GII½ �

 !
¼ sii hr vicxi hnni

�
Fii þ li þ Yin=yn
� �

; � FiI½ �

� FIi½ �; FII þ ~lI
� �

 !�1
;

(A41)

and the 2� 2 dimensionless electron matrix, ½Qee�ðrÞ, where
½Qee� ¼ ½Fee þ le��1. Here,38

Yin½ � ¼ sii hr vicxi hnni
1; 0
0; En=Ti

	 

; (A42)

yn ¼
hnni hB2i
hnn B2i ; (A43)

where
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hAiðrÞ �
þ
Aðr;HÞ dH
Bðr;HÞ

�þ
dH

Bðr;HÞ : (A44)

Moreover, hr vicxi is the flux-surface averaged rate constant for
charge exchange reactions between neutrals and majority ions,
nnðr;HÞ the neutral particle number density, and En=Ti the ratio of
the incoming neutral energy to the majority ion energy. The param-
eter yn takes into account the fact that the incoming neutrals at the
edge of an H-mode tokamak plasma are usually concentrated at the
X-point (i.e., yn > 1).38

f. Impurity ion angular rotation velocities

Let

xhIðrÞ ¼
VI � rh
B � rh

R0 B0 g
R2

; (A45)

x/IðrÞ ¼ VI � r/; (A46)

where VI is the impurity ion fluid velocity, and the right-hand sides
are evaluated on the outboard midplane. According to neoclassical
theory40

xhI ¼ Kh xncI ; (A47)

x/I ¼ xE þ x�I þ xhI ; (A48)

where

KhðrÞ ¼
R2
0 B

2
0 g

2

R2 hB2i ; (A49)

xEðrÞ ¼ �
dH
dWp

; (A50)

x�aðrÞ ¼ �
Ta

ea

d ln pa
dWp

; (A51)

gaðrÞ ¼
d lnTa

d ln na
; (A52)

and

xncIðrÞ ¼ �GIi
00 xE � LII00 � LII01

gI
1þ gI

� �	 

x�I

� LIi00 � LIi01
gi

1þ gi

� �	 

x�i: (A53)

Here, paðrÞ ¼ na Ta, and UðrÞ is the equilibrium electric scalar
potential. Note the presence of the first term on the right-hand
side of the previous equation, which was erroneously omitted in
Ref. 22. This term relates to the influence of charge exchange with
neutrals on the neoclassical impurity ion poloidal rotation
frequency.

4. Plasma response in inner region

Let Wk ¼ R0 B0 Ŵk e�iuk ; vk ¼ R0 B0 v̂k e
�ifk , and Ekk0

¼ Êkk0 e�inkk0 , where Ŵk > 0; uk; v̂k > 0, fk, Ê
0
kk > 0, and nkk0 are

all real quantities. Furthermore, let Xk ¼ Ŵk cosuk and
Yk ¼ Ŵk sinuk. The resonant plasma response model at the kth
resonant surface takes the form24

Ŵk þ d̂k

� 

Sk

dXk

dt̂
þ -̂k Yk

� �
¼
X
k0¼1;K

Êkk0 ðcos nkk0 Xk0

� sin nkk0 Yk0 Þ þ Êkk v̂k cos fk;

(A54)

Ŵk þ d̂k

� 

Sk

dYk

dt̂
� -̂k Xk

� �
¼
X
k0¼1;K

Êkk0 ðcos nkk0 Yk0

þ sin nkk0 Xk0 Þ þ Êkk v̂k sin fk;

(A55)

where

Sk ¼
sRðrkÞ

sA
; (A56)

sA ¼
l0 qð0Þ r2100

B2
0

" #1=2
; (A57)

sRðrÞ ¼ l0 r
2 ree Q

ee
00; (A58)

reeðrÞ ¼
ne e2 see
me

; (A59)

Ŵk ¼
2 I
�100 r̂ k

q
g s

� �1=2

rk

ðX2
k þ Y2

k Þ
1=4; (A60)

sðrÞ ¼ d ln q
d ln r

; (A61)

d̂k ¼
dlinearðrkÞ
R0 �100 r̂ k

: (A62)

Here, I ¼ 0:8227; �100 ¼ r100=R0; r̂ ¼ r=r100; r̂ k ¼ rk=r100, and
t̂ ¼ t=sA. Furthermore, dlinearðrÞ is the linear layer width (see
Appendix 5), whereas qðrÞ is the plasma mass density profile.

As described in Ref. 24, the EPEC resonant plasma response
model interpolates smoothly between the linear regime and the
nonlinear Rutherford regime.27,53 The linear regime corresponds to
Ŵk 	 d̂k, whereas the nonlinear region corresponds to Ŵk 
 d̂k.

5. Linear layer width

Let

sHðrÞ ¼
R0

B0 g

ffiffiffiffiffiffiffiffi
l0 q
p

n s
; (A63)

sEðrÞ ¼
r2

D? þ ð2=3Þ ve
; (A64)

sMðrÞ ¼
R2
0 q

2

v/
; (A65)

qsðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
mi Te
p

e B0 g
; (A66)

sðrÞ ¼ �x�i
x�e

; (A67)

SðrÞ ¼ sR
sH
; (A68)

PMðrÞ ¼
sR
sM

; (A69)
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PEðrÞ ¼
sR
sE
; (A70)

DðrÞ ¼ 5
3
S1=3

qs

r
; (A71)

QEðrÞ ¼ S1=3 nxE sH ; (A72)

Qe;iðrÞ ¼ �S1=3 nx�e;i sH : (A73)

Here, veðrÞ and D?ðrÞ are the perpendicular electron energy and
particle diffusivity profiles, respectively. According to the analysis of
Ref. 52, the constant-w linear layer width is determined from the
solution of

d2Y
dp2
� �QE ðQE�QiÞþ iðQE�QiÞðPMþPEÞp2þPMPE p4

iðQE�QeÞþfPEþ iðQE�QiÞD2gp2þð1þsÞPMD2p4

" #

�p2Y¼0: (A74)

If the small-p behavior of solution of the previous equation that is
well-behaved as p!1 is

YðpÞ ¼ Y0 1� c pþOðp2Þ
� �

; (A75)

then the linear layer width is

dlinear
r
¼ p jcj

S1=3
: (A76)

6. Plasma angular velocity evolution

The quantity -̂k that appears in Eqs. (A54) and (A55) evolves
in time according to22

-̂kð̂tÞ ¼ -̂k0 �
Xp¼1;1
k0¼1;K

mk

mk0

ypðr̂ kÞ
ypðr̂ k0 Þ

ak0;pð̂tÞ �
Xp¼1;1
k0¼1;K

zpðr̂ kÞ
zpðr̂ k0 Þ

bk0 ;pð̂tÞ:

(A77)

Here, -̂k0 ¼ -k0 sA; ypðr̂Þ ¼ J1ðj1;p r̂Þ=r̂ , and zpðr̂Þ ¼ J0ðj0;p r̂Þ.
Moreover, -k0 is the so-called “natural frequency” (in the absence
of the RMP) at the kth resonant surface; this quantity is defined as
the helical phase velocity of a naturally unstable island chain, reso-
nant at the surface, in the absence of an RMP (or any other island
chains). Furthermore, JmðzÞ is a standard Bessel function, and jm;p
denotes the pth zero of this function. The time evolution equations
for the ak;p and bk;p parameters specify how the plasma poloidal
and toroidal angular velocity profiles are modified by the electro-
magnetic torques that develop within the plasma, in response to the
applied RMP, and how these modifications affect the natural fre-
quencies. The evolution equations take the form22

ð1þ 2Q2
kÞ

dak;p
dt̂
þ

j21;p
ŝMk
þ 1

ŝhk
þ 1

ŝcxk

 !
ak;p

¼
m2

k ypðr̂ kÞ
� �2

q̂k �
2
100 J2ðj1;pÞ
� �2 dT̂ k; (A78)

dbk;p

dt̂
þ

j20;p
ŝMk
þ 1

ŝcxk

 !
bk;p ¼

n2 zpðr̂ kÞ
� �2

q̂k J1ðj0;pÞ
� �2 dT̂ k; (A79)

where

dT̂ k ¼
X
k0¼1;K

Êkk0 Ŵk Ŵk0 sin ðuk � uk0 � nkk0 Þ

þ Êkk Ŵk v̂k sin ðuk � fkÞ: (A80)

Here, Qk ¼ QðrkÞ; q̂k ¼ qðrkÞ=qð0Þ; ŝMk ¼ r2100=½v/ðrkÞ sA�; ŝhk

¼ shðrkÞ=sA; ŝcxk ¼ scxðrkÞ=sA. Moreover, v/ðrÞ is the perpendicu-
lar toroidal momentum diffusivity profile, whereas

shðrÞ ¼
sii
li
00

�
1þ q2R2

0

r2akk

� �
(A81)

is the poloidal flow damping timescale, and

scxðrÞ ¼
1

hnni hr vicxi
(A82)

is the charge exchange damping timescale. Furthermore,54

Q2ðrÞ ¼ q2 R2
0

2 r2

�
1
R2

�
� 1
hR2i

 !,�
jrrj2

R2

�
: (A83)

Note that we are now using a more accurate expression for
the enhancement of toroidal plasma inertia due to neoclassical
poloidal flow damping, i.e., 1þ 2Q2

k, rather than the large
aspect-ratio approximation 1þ 2 q2k. We have also incorporated
charge exchange damping into the angular velocity evolution
equations.

7. Natural frequencies

According to linear tearing mode theory, in the absence of the
RMP, the natural frequency of the tearing mode resonant at the kth
resonant surface is given by28,55–57

-lineark ¼ �n ðxE þ x�eÞrk : (A84)

According to nonlinear tearing mode theory, in the absence of the
RMP, the natural frequency of the tearing mode resonant at the kth
resonant surface is given by22,58

-nonlineark ¼ �n ðxE þ x�i þ xnciÞrk ; (A85)

where

xnciðrÞ ¼ �Gii
00 xE � Lii00 � Lii01

gi
1þ gi

� �	 

x�i

� LiI00 � LiI01
gI

1þ gI

� �	 

x�I : (A86)

Note the presence of the first term on the right-hand side of the
previous equation, which was erroneously omitted in Ref. 22. This
term relates to the influence of charge exchange with neutrals on
the natural frequency.

Given that our resonant plasma response model interpolates
smoothly between the linear regime (Ŵk 	 d̂k) and the nonlinear
regime (Ŵk 
 d̂k), it makes sense to adopt a model for the natural
frequency that does the same. Hence, the EPEC model for the natu-
ral frequency is
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-k0 ¼
d̂k -lineark þ Ŵk -nonlineark

d̂k þ Ŵk

: (A87)

Note that this model differs from Eq. (29) of Ref. 22 because there
is no regime, intermediate between the linear and nonlinear
regimes, in which the natural frequency is determined solely by the
local E� B velocity. The reason for making this change is the
absence of a solid theoretical basis for supposing that such a regime
exists (unlike the linear and nonlinear regimes).

8. Island widths and temperature and density
flattening widths

The full width (in WN ) of the magnetic separatrix of the island
chain induced at the kth resonant surface is

Wk ¼ 4
Ŵk

rk jŴpð0Þj

" #1=2
; (A88)

where rk ¼ rðrkÞ; rðrÞ ¼ d ln q=dWN , and ŴpðrÞ ¼ Wp=ðR2
0 B0Þ.

However, the halfway point between the inner and outer extremities
of the separatrix is located at the flux-surface where WN

¼ WNðrkÞ � Ak W2
k=8 and Ak ¼ ½ð1=3Þ ðd2q=dW2

NÞ=ðdq=dWNÞ�rk .
On average, the presence of a magnetic island chain of full width
Wk at the kth resonant surface causes the electron temperature, ion
temperature, and electron number density profiles to be flattened in
annular regions, centered on the halfway points between the inner
and outer radii of the island separatrices, of widths (in WN ),

22,59–61

dTek ¼
2
p
Wk tanh

Wk

WTek

� �
; (A89)

dTik ¼
2
p
Wk tanh

Wk

WTik

� �
; (A90)

dnek ¼
2
p
Wk tanh

Wk

Wnek

� �
; (A91)

respectively, where

WTek ¼
ve

vTe R0

f 2

n r jŴpð0Þj2

 !1=3

rk

; (A92)

WTik ¼
vi

vTi R0

f 2

n r jŴpð0Þj2

 !1=3

rk

; (A93)

Wnek ¼
D?

vTi R0

f 2

nr jŴpð0Þj2

 !1=3

rk

: (A94)

Here, viðrÞ is the perpendicular ion energy diffusivity profile. Note
that the previous two expression take into account the fact that the
parallel transport of both energy and particles in the pedestal region
of a high temperature tokamak plasma is convective, rather than
diffusive, in nature.59,60

The total change in the plasma pressure interior to the inner-
most resonant surface due to the temperature and density flattening
at the various resonant surfaces (assuming that the pressure at the
LCFS is fixed) is61

DP ¼
X
k¼1;K

dnek
dne
dWN

Te � dnek W
2
k
Ak

8
dne
dWN

dTe

dWN
þ d2ne
dW2

n

Te

 !
þ d3nek

d3ne
dW3

N

Te

24

" #(

þ dTek ne
dTe

dWN
� dTek W

2
k
Ak

8
dne
dWN

dTe

dWN
þ ne

d2Te

dW2
n

 !
þ d3Tek

ne
24

d3Te

dW3
N

" #

þ dnek
dni
dWN

Ti � dnek W
2
k
Ak

8
dni
dWN

dTi

dWN
þ d2ni
dW2

n

Ti

 !
þ d3nek

d3ni
dW3

N

Ti

24

" #

þ dTik ni
dTi

dWN
� dTik W

2
k
Ak

8
dni
dWN

dTi

dWN
þ ni

d2Ti

dW2
n

 !
þ d3Tik

ni
24

d3Ti

dW3
N

" #)
rk

; (A95)

where we have neglected the impurity ion pressure.
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