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ABSTRACT
The plasma response to an externally generated, static, n ¼ 2, resonant magnetic perturbation (RMP) in the pedestal region of DIII-D
H-mode discharge #158115 is investigated using a toroidal generalization of the asymptotic matching model presented by Fitzpatrick [Phys.
Plasmas 27, 042506 (2020)]. Just as in a recent paper [Q. M. Hu et al., Phys. Plasmas 26, 120702 (2019)], it is hypothesized that the density
pump-out phenomenon is due to locked magnetic island chains induced at the bottom of the pedestal, whereas the suppression of edge localized modes is associated with a locked magnetic island chain induced at the top of the pedestal. Neutral penetration inside the last closed
magnetic ﬂux-surface is found to have a signiﬁcant inﬂuence on locked magnetic island chain formation at the bottom of the pedestal. It is
found that locked island formation at the top of the pedestal is only possible when q95 lies in certain narrow windows. Finally, it is inferred
that, in order to successfully induce a locked island chain at the top of the pedestal, an external RMP ﬁeld-coil system must generate a
magnetic ﬁeld that is simultaneously strongly ampliﬁed by the plasma (via the ideal kink response) and has a large resonant component at a
rational surface that lies close to the top of the pedestal.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0011738

I. INTRODUCTION
Tokamak discharges operating in high-conﬁnement mode (Hmode)1 exhibit intermittent bursts of heat and particle transport, emanating from the outer regions of the plasma that are known as “type-I
edge localized modes” (ELMs).2 Large ELMs can cause a problematic
inﬂux of tungsten ions into the plasma core in present-day tokamaks
possessing tungsten plasma-facing components.3 Moreover, it is estimated that the heat load that ELMs will deliver to the tungsten
plasma-facing components in a reactor-scale tokamak, such as ITER,
will be large enough to cause massive tungsten ion inﬂux into the
plasma core and that the erosion associated with this process will
unacceptably limit the lifetimes of these components.4 Consequently,
the development of robust and effective methods for ELM control is a
high priority for the international magnetic fusion program.
The most promising method for the control of ELMs in H-mode
tokamak discharges is via the application of static “resonant magnetic
perturbations” (RMPs). Complete RMP-induced ELM suppression
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was ﬁrst demonstrated on the DIII-D tokamak.5 Subsequently, either
mitigation or compete suppression of ELMs has been demonstrated
on the JET,6 ASDEX-U,7 KSTAR,8 MAST,9 and EAST10 tokamaks.
ELMs are thought to be caused by peeling-ballooning instabilities, with intermediate toroidal mode numbers, that are driven by the
strong pressure and current density gradients characteristic of the edge
region of an H-mode tokamak discharge,11 which is generally known
as the “pedestal” region.
The initial observations of RMP-induced ELM suppression were
interpreted as an indication that the magnetic ﬁeld in the pedestal is
rendered completely stochastic by the applied RMP, leading to greatly
enhanced transport via thermal diffusion along magnetic ﬁeld-lines.5,12
This explanation was quickly abandoned because no signiﬁcant reduction in the electron temperature gradient in the pedestal is observed
during RMP-induced ELM suppression experiments, whereas a very
signiﬁcant reduction would be expected in the presence of completely
stochastic ﬁelds. It is now generally accepted that response currents
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generated within the pedestal, as a consequence of plasma ﬂow, play a
crucial role in the perturbed equilibrium in the presence of RMPs, and
that these currents act to prevent the formation of RMP-driven magnetic island chains—a process known as “shielding”—and, thereby,
signiﬁcantly reduce the stochasticity of the magnetic ﬁeld.13
The application of a static RMP, resonant in the pedestal region,
to an H-mode tokamak discharge is observed to give rise to two distinct phenomena.14–18 The ﬁrst of these is the so-called “density
pump-out,” which is characterized by a reduction in the electron number density in the pedestal region that varies smoothly with the amplitude of the applied RMP, is accompanied by a similar, but signiﬁcantly
smaller, reduction in the electron and ion temperatures, but is not
associated with ELM suppression. The second phenomenon is “ELM
suppression,” which occurs when the amplitude of the applied RMP
exceeds a certain threshold value, and is accompanied by sudden
changes in the electron number density proﬁle, the electron and ion
temperature proﬁles, and the ion toroidal angular velocity proﬁle, in
the pedestal region. ELM suppression is only observed to take place
when q95 (i.e., the safety-factor on the magnetic ﬂux-surface that
encloses 95% of the poloidal ﬂux enclosed by the last closed ﬂux-surface)
takes values that lie in certain narrow windows.17,18
Recent numerical simulations [made using the cylindrical, nonlinear, two-ﬂuid, reduced-magnetohydrodynamical (MHD), initialvalue code, TM119–21] have shed considerable light on the hitherto
poorly understood physical mechanism that underlies RMP-induced
ELM suppression in H-mode tokamak discharges.22 The simulations
in question make a plausible case that the density pump-out phenomenon is associated with the formation of locked magnetic island chains
at the bottom of the pedestal, whereas the ELM suppression phenomenon is associated with the formation of a locked magnetic island chain
at the top of the pedestal.
Nonlinear extended-MHD simulations of the response of a tokamak plasma to an RMP are extremely time consuming, especially
when performed in full toroidal geometry.23 There are two main reasons for this inefﬁciency. The ﬁrst reason is the presence of widely disparate timescales in the problem. For instance, the ratio of the resistive
diffusion timescale to the Alfven timescale, which is known as the
Lundquist number, is typically 108 in the pedestals of modern-day
tokamak plasmas and is likely to rise to 1010 in the ITER pedestal. If
the code in question is explicit, then it is limited to taking very small
(i.e., sub-Alvenic) time-steps in order to avoid numerical instabilities.
This is problematic because, to be useful, the simulation needs to be
run for at least one resistive diffusion timescale. On the other hand, if
the code is implicit then each time step involves the numerically intensive inversion of an extremely ill-conditioned matrix (whose condition
number is of order the Lundquist number). The second reason for the
inefﬁciency of extended-MHD codes is the development of thin current sheets at various resonant surfaces in the plasma, which necessitates very ﬁne resolution in the radial direction. The current sheets
become thinner as the Lundquist number of the plasma increases.
An alternative, and much more efﬁcient, approach to the direct
numerical simulation of the response of a tokamak plasma to an
applied RMP involves the application of “asymptotic matching” theory. According to standard asymptotic matching theory, the response
of the plasma to the applied RMP is governed by the relatively simple
equations of linear, marginally stable (i.e., @=@t  0), “ideal” MHD, to
an excellent approximation, everywhere in the plasma, apart from a
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number of relatively narrow (in the radial direction) regions in which
the applied perturbation resonates with the equilibrium magnetic
ﬁeld.24–29 Magnetic reconnection can take place within the resonant
regions to produce relatively thin nonlinear magnetic island chains.
The splitting of the problem into two parts in asymptotic matching
theory depends on the fact that the resistive term in the plasma Ohm’s
law is generally many orders of magnitude smaller than the other
terms. Moreover, the scalar pressure gradient and the j  B terms in
the plasma equation of motion are generally many orders of magnitude larger than the inertial, neoclassical viscous, or perpendicular viscous terms. However, the small terms become signiﬁcant in the
immediate vicinities of the various resonant regions because the radial
scale length there becomes of order a nonlinear magnetic island width,
which is generally much less than the plasma minor radius. Thus,
when employing the asymptotic matching approach, the equations of
linear, marginally stable, ideal-MHD are solved in the so-called “outer
region” that comprises most of the plasma (and the surrounding vacuum), the time-varying equations of nonlinear extended-MHD are
solved in the various resonant layers that constitute the so-called
“inner region,” and the two sets of solutions are then asymptotically
matched to one another. The main advantage of asymptotic matching
theory is that it actually becomes more accurate as the disparity
between the various timescales and lengthscales in the problem
increases.
Asymptotic matching theory was used in Ref. 30 to investigate
the response of a typical DIII-D H-mode tokamak plasma to an
applied RMP, resonant in the pedestal region, for the simple case in
which the plasma equilibrium is approximated as a periodic cylinder.
The results obtained in this paper were broadly similar to those
reported in Ref. 22. The aim of the present paper is to extend the theory developed in Ref. 30 to take into account the toroidal nature of a
realistic tokamak plasma equilibrium.
II. DESCRIPTION OF THE MODEL
A. Introduction
The model employed in this paper is presented in its entirety in
Appendixes A–E. The aim of this section is to outline the salient features of the model.
B. Electromagnetic plasma response
The theory used to describe the electromagnetic response of a
toroidal tokamak equilibrium to an externally applied RMP is presented in Appendix A. It should be noted that a toroidal tokamak
equilibrium exhibits two distinct types of response to an applied
RMP.18,31,32 The ﬁrst of these is known as the “tearing response”—this
is a non-ideal-MHD response that is associated with the formation of
current sheets and magnetic island chains at various resonant surfaces
within the plasma. The second response type is known as the “kink
response”—this is an edge-localized ideal-MHD response that is associated with coupling to a stable non-resonant kink mode. The kink
response is also associated with the ampliﬁcation of the applied RMP
by the plasma.
For the case of the tearing response, it is argued in Appendix A
that, because resonant surfaces in the pedestal region of an H-mode
tokamak plasma inevitably resonate with helical harmonics of the
applied RMP possessing poloidal mode numbers that are much greater
than unity, it is a good approximation to treat the plasma response as
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vacuum-like (i.e., dJ ¼ 0) between the various resonant surfaces. In
this limit, radially thin current sheets form at the resonant surfaces.
Moreover, these sheets consist of current ﬁlaments that run parallel to
the local equilibrium magnetic ﬁeld. The electromagnetic interaction
between the various current sheets in the plasma can be calculated
from the Biot-Savart law. The result is a toroidal tearing mode dispersion relation of the form [see Eq. (A56)]
X
Wk ¼
Fkk0 DWk
(1)
k0 ¼1;K

for k ¼ 1; K. Here, k and k0 index the K (say) resonant surfaces in the
plasma. Moreover, Wk and DWk parameterize the reconnected magnetic ﬂux and the current sheet strength, respectively, at the kth surface. The off diagonal elements of the dimensionless Hermitian matrix
Fkk0 are the normalized mutual inductances between the various current sheets, whereas the diagonal elements are the normalized selfinductances of the current sheets. In the presence of nonaxisymmetric currents ﬂowing in external poloidal magnetic ﬁeld coils,
the previous dispersion relation generalizes to give [see Eq. (A68)]
X
Ekk0 Wk0 þ jEkk j vk ;
(2)
DWk ¼
k0 ¼1;K

where Ekk0 is the inverse of the Fkk0 matrix. The quantity vk that
appears in the previous equation is the reconnected magnetic ﬂux
driven at the kth resonant surface by the external currents when there
is no shielding of driven magnetic reconnection at the surface in question (i.e., DWk ¼ 0), but perfect shielding at all of the other resonant
surfaces (i.e., Wk0 ¼
6 k ¼ 0). The real quantity Ekk represents the standard
tearing stability index24 (normalized to the minor radius of the resonant surface) for a tearing mode that only reconnects magnetic ﬂux at
the kth resonant surface.25 Given that there are no sources of plasma
free energy in our tearing response model, we expect all of the Ekk to
be negative. In other words, we expect the plasma to be tearing stable.
For the case of the kink response of the plasma to the applied
RMP, we introduce a heuristic control surface, labeled K þ 1, located
on the plasma boundary (see Appendix A 8). This surface is presumed
to act like a resonant surface whose poloidal mode number is mKþ1
¼ mK þ 1 (where mK is the poloidal mode number of the outermost
resonant surface in the plasma). The quantity EKþ1;Kþ1 is replaced by
skink , where skink is a dimensionless adjustable parameter. We expect
there to be no shielding current at the control surface (i.e.,
DWKþ1 ¼ 0). The net result is a modiﬁed version of Eq. (2) in which
the vk values are ampliﬁed by the plasma. We interpret this ampliﬁcation as being due to coupling to a stable non-resonant kink mode. The
stability of the kink mode is governed by the parameter skink . The
mode is extremely stable in the limit skink ! 1 (in which case there is
no ampliﬁcation) and approaches marginal stability as skink ! 0
(in which case the ampliﬁcation becomes very strong).
In principle, as is described in Appendix A 8, the correct vk values, which epitomize the kink response of the plasma to the applied
RMP, can be calculated by the GPEC code.33 In future, this is how the
vk values will be determined.
C. Neoclassical physics
The purpose of the neoclassical calculation described in
Appendix B is to determine the values of six quantities needed by the
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overall model. (Here, we are assuming that there is a single ion impurity species. However, the generalization to multiple impurity species
is straightforward. The requisite number of neoclassical parameters is
four plus two times the number of impurity species.) The ﬁrst of these
quantities is the dimensionless majority-ion neoclassical viscosity, li00 ;
this quantity is used to determine the neoclassical poloidal ﬂow damping timescale [see Eq. (C7)]. The second quantity is the dimensionless
electron neoclassical viscosity Qee
00 ; this quantity is used to determine
the neoclassical and plasma impurity modiﬁcations to the plasma electrical conductivity [see Eq. (D4)]. The ﬁnal four quantities are denoted
as Lii00 ; Lii01 ; LiI00 , and LiI01 ; these dimensionless quantities describe how
the neoclassical viscosities of the majority and impurity ions, as well as
charge exchange with neutrals, determine the intrinsic neoclassical
poloidal angular velocity of the majority ions. The intrinsic poloidal
angular velocity of the majority ions is important because it governs
the so-called “natural frequency” of a nonlinear magnetic island chain
at a given resonant surface [see Eq. (D9)]. The natural frequency of an
island chain is the helical phase velocity it would have were it naturally
unstable.34
The neoclassical theory described in Appendix B is more accurate
and self-consistent than that presented in Ref. 30. In the latter case,
35
Qee
00 is calculated from the well-known model of Sauter et al. whereas
the other neoclassical parameters are calculated from the equally wellknown model of Kim et al.36,37 In the present paper, all neoclassical
coefﬁcients are calculated using the more general analysis of
Hirshman and Sigmar.38 Unlike the neoclassical theory used in Ref.
30, in this paper, we do not assume that the impurity ion mass is
much larger than the majority ion mass or that the impurity ion viscous force is negligible with respect to the friction force between the
impurity and majority ion species. We also calculate the fraction of
trapped particles and the transit frequencies exactly, rather than relying on analytical approximations. Moreover, the interpolation between
the three neoclassical collisionality regimes is performed in the most
accurate possible manner (by employing a Pade approximation prior
to the ﬁnal velocity-space integral). Finally, the charge state of the
impurity ions is calculated self-consistently as a function of the plasma
density and temperature using data obtained from the FLYCHK
code.39
The incorporation of charge exchange with neutrals represents a
particularly important improvement to the neoclassical calculation. It
is well known that friction with neutrals, due to charge exchange reactions in the scrape-off layer, is responsible for ﬁxing the edge rotation
of a tokamak plasma.34 Without this friction, the edge rotation (and,
hence, the internal rotation) would be free to change its value, which
would imply that even the smallest externally generated electromagnetic torque exerted at a resonant surface within the plasma would be
capable of modifying the local plasma rotation so as to produce mode
penetration. In other words, there would be no shielding of driven
magnetic reconnection at resonant surfaces due to plasma ﬂow in the
absence of the neutral friction. However, it is well known that neutrals
penetrate a small distance inside the last closed magnetic ﬂux surface
(LCFS) and that charge exchange reactions between these neutrals and
the majority ions can signiﬁcantly change the prediction for the intrinsic neoclassical poloidal velocity of the majority ions just inside the
LCFS.40,41 Given that we are interested in the response of an H-mode
tokamak plasma to an RMP that possesses resonant surfaces close to
the edge of the plasma and that the intrinsic neoclassical poloidal
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rotation plays an important role in determining this response, it is
clearly important to incorporate neutral penetration into our model.
D. Plasma angular velocity evolution
Appendix C describes how the evolution of the plasma poloidal
and toroidal angular velocity proﬁles is determined. The analysis
depends on the fact that, in a high Lundquist number plasma with
subsonic levels of plasma ﬂow, the ﬂux-surface averaged poloidal and
toroidal electromagnetic torques are negligible, except in the immediate vicinities of the various resonant surfaces within the plasma.34
Moreover, it is an excellent approximation to neglect the ﬁnite radial
thicknesses of the regions in the vicinities of the various resonant surfaces in which the torque is non-negligible. It is convenient to represent the poloidal and toroidal angular velocity proﬁles as weighted
sums of appropriate Bessel functions. In this manner, the evolution of
the plasma poloidal and toroidal angular velocity proﬁles reduces to
the solutions of a set of coupled ﬁrst-order ordinary differential equations. The plasma angular velocity evolution model described in
Appendix C is identical to that used in Ref. 30, except that we now
allow electromagnetic torques to develop at multiple resonant surfaces
in the plasma, rather than at a single resonant surface.
E. Electromagnetic response in inner region
Appendix D describes how the electromagnetic response of the
plasma to the externally applied RMP is determined in the immediate
vicinities of the various resonant surfaces. The response is governed by
“nonlinear” magnetic island physics.30 This is the case because, in a
high temperature tokamak plasma, ﬂow shielding is not sufﬁciently
strong to reduce the widths of the magnetic island chains that develop
at the resonant surfaces below the associated linear layer widths
(which is a necessary criterion for the validity of linear response theory).30 The nonlinear response model at a given resonant surface consists of an island width evolution equation, combined with a no-slip
constraint that relates the island helical phase velocity to the local
plasma ﬂow. The resonant response model described in Appendix D is
identical to that used in Ref. 30, except that we now allow magnetic
island chains to develop at multiple resonant surfaces in the plasma,
rather than at a single resonant surface.
F. Complete model
The complete model is summarized in Appendix E. The model
consists of a large number of coupled ﬁrst-order ordinary differential
equations that must be evolved in time. According to these equations,
the magnetic island chains induced by the RMP at the various resonant surfaces in the plasma are coupled together electromagnetically
(via the off diagonal elements of the Ekk0 matrix) but are also coupled
together via modiﬁcations that island-induced electromagnetic torques
make to the plasma poloidal and toroidal angular velocity proﬁles.
III. EXAMPLE CALCULATION
A. Introduction
In this paper, we make use of a series of model toroidal plasma
equilibria derived from the experimental plasma equilibrium in DIIID H-mode discharge #158115 at time t ¼ 3250 ms (at which time, the
components of the RMP that are resonant within the plasma are too
small to cause signiﬁcant density pump-out or mode penetration).17
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The experimental equilibrium has been modiﬁed by the ISOLVER
code42 in such a manner that the safety-factor proﬁle [see Eq. (A3)] is
rescaled as follows:


qðWN Þ  qð0Þ
qðWN Þ ! qð0Þ þ ½q95  qð0Þ
;
(3)
qð0:95Þ  qð0Þ
where q95 is the target safety-factor value at the 95% normalized magnetic ﬂux surface (i.e., WN ¼ 0:95), and qð0Þ ¼ 1:026 and qð0:95Þ
¼ 4:38 are the original safety-factor values at the magnetic axis and
the 95% normalized magnetic ﬂux surface, respectively. (Here, the
normalized equilibrium poloidal magnetic ﬂux, WN , is deﬁned in
Appendix A 2.) The pressure proﬁle and the boundary shape are not
modiﬁed by ISOLVER. The result is a family of self-similar equilibria
with the same boundary shapes, pressure proﬁles, and central safetyfactors, but different q95 values.
B. Plasma equilibrium
Figure 1 shows contours of WN ðR; ZÞ (see Appendix A 1) for an
example plasma equilibrium with q95 ¼ 4:58. The scale major radius
and toroidal magnetic ﬁeld strength (see Appendix A 1) take the values
R0 ¼ 1:66 m and B0 ¼ 1:74 T, respectively. The locations of the sections of the I-coil,43 which generates the RMP, are indicated in the ﬁgure. In this paper, as is the case in DIII-D discharge #158115, the I-coil
is used to produce an RMP with n ¼ 2 periods in the toroidal direction. Note that the experimental g-ﬁle has been run through the
CHEASE code44 in order to soften the X-point structure. (Hence, the
WN values outside the plasma boundary are ﬁctitious.) This procedure
only modiﬁes the equilibrium at the very edge of the plasma (i.e.,
WN > 0:995) and is necessary for numerical convenience. We intend
to improve this aspect of the calculation in the future.
Figures 2 and 3 show the safety-factor, total pressure, electron
number density, electron temperature, and E  B frequency [see Eq.
(15)] proﬁles in our example equilibrium. All of these proﬁles are
derived from experimental data,17 except that the safety-factor proﬁle
has been rescaled according to Eq. (3). It can be seen that there are 11
resonant surfaces in the plasma (i.e., K ¼ 11).
The analysis in this paper makes use of a magnetic ﬂux-surface
label, r (see Appendix A 1), that has the dimensions of length. The
relationship between this label and the normalized equilibrium poloidal magnetic ﬂux for our example equilibrium is shown in Fig. 4. Note
that r ¼ 0 on the magnetic axis, and r ¼ a on the plasma boundary,
where a ¼ 0.855 m.
C. Resonant magnetic perturbation
In this paper, the resonant magnetic perturbation is generated by
running currents that modulate as ein/ , where n ¼ 2 and / is the geometric toroidal angle (see Appendix A 1), through the toroidal sections
of the I-coil shown in Fig. 1. Let D/UL be the phase difference between
the currents run through the upper and lower sections of the I-coil.
The amplitude of the resonant component of the RMP at the kth resonant surface is measured by the parameter jvk j [see Eq. (2)]. Figure 5
shows ^v k ¼ jvk j=ðR0 B0 Þ, for k ¼ 1; K, calculated as a function of
D/UL for our example plasma equilibrium when 1 kA ﬂows through
the I-coil. Two cases are shown. In the ﬁrst case, skink ¼ 1, which
implies that there is no ampliﬁcation of the RMP due to the kink
response of the plasma. In the second case, skink ¼ 2, which implies
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FIG. 1. Contours of WN ðR; ZÞ for a model DIII-D plasma equilibrium with
q95 ¼ 4:58. The white contour shows the location of the LCFS. The heavy black
curve shows the location of the limiter. The red lines show the location of the upper
and lower sections of the I-coil.

that the RMP is ampliﬁed by the plasma to some extent. A comparison
of the two cases reveals that the plasma preferentially ampliﬁes those
helical harmonics of the RMP that resonate close to the edge of the
plasma. This is not surprising, because the stable kink mode that is
responsible for the ampliﬁcation is resonant just outside the plasma
boundary.
D. Natural frequencies
The natural frequency of an RMP-induced magnetic island chain
is the helical frequency with which it would propagate (in the absence
of the RMP) were it naturally unstable.34 This quantity plays a key role
in mode penetration theory because mode penetration (i.e., locked
island formation) at a given resonant surface becomes particularly
easy when the associated natural frequency approaches zero.34 The
natural frequency of a nonlinear magnetic island chain is largely determined by neoclassical physics (via the neoclassical stress tensor).45
In the neoclassical calculations performed in this paper, the
majority and minority ions are assumed to be deuterium (i.e., mi ¼ 2)
and carbon (i.e., mI ¼ 12:001), respectively, as is indeed the case in
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FIG. 2. The safety-factor, total pressure, electron number density, electron temperature, and E  B frequency proﬁles for a model DIII-D plasma equilibrium with
q95 ¼ 4:58. The vertical lines show the locations of the m ¼ 3=n ¼ 2, 4/2, 5/2, 6/
2, 7/2, 8/2, 9/2, 10/2, 11/2, 12/2, and 13/2 resonant surfaces, in order from the left
to the right. Here, pð0Þ ¼ 1:23  106 Pa.

DIII-D discharge #158115. The effective ion charge number, Zeff , is
assumed to take the constant value 2.5 throughout the pedestal. This
assumption is in accordance with line emission spectroscopy data. The
electron, majority ion, and impurity ion temperatures are all assumed
to be equal in the pedestal. This is a reasonably accurate assumption in
DIII-D H-mode discharges. The neutral atoms that penetrate inside
the LCFS and into the pedestal are assumed to be deuterium atoms.
The ﬂux-surface averaged neutral deuterium atom number density
takes the form (see Appendix B 6)


ra
;
(4)
hnn iðrÞ ¼ hnn iðaÞ exp
ln
where hnn iðaÞ ¼ 3  1017 m3 and ln ¼ 1:2  102 m.41 The ﬂuxsurface neutral poloidal asymmetry parameter
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FIG. 4. Relationship between the ﬂux-surface label r and the normalized equilibrium
poloidal magnetic ﬂux, WN , for a model DIII-D plasma equilibrium with q95 ¼ 4:58.
The horizontal and vertical lines indicate the locations of the n ¼ 2 resonant
surfaces.

FIG. 3. The safety-factor, total pressure, electron number density, electron temperature, and E  B frequency proﬁles in the pedestal of a model DIII-D plasma equilibrium with q95 ¼ 4:58. The vertical lines show the locations of the m ¼ 6=n ¼ 2, 7/
2, 8/2, 9/2, 10/2, 11/2, 12/2, and 13/2 resonant surfaces, in order from the left to the
right. Here, pð0Þ ¼ 1:23  106 Pa.

yn ¼

hnn i hB2 i
hnn B2 i

(5)

is given the value 1.5.41 The ﬂux-surfaced averaged deuterium–atom/
deuterium–ion charge exchange rate constant is46
14 3 1
hr vicx
m s :
i ¼ 4  10

(6)

The neutrals are assumed to be cold (i.e., En =Ti ¼ 0). However, the
opposite assumption that the neutrals are hot (i.e., En =Ti ¼ 1) does
not appreciably modify the results of the calculation. Finally, the value
of C in Eq. (B14) is 10.
Figure 6 shows the natural frequencies calculated at resonant surfaces located in the pedestal of our example plasma equilibrium. For
comparison, the natural frequencies predicted by linear theory (which
implies that magnetic island chains are convected by the local electron
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FIG. 5. Normalized resonant components of the RMP at the various resonant surfaces in a model DIII-D plasma equilibrium with q95 ¼ 4:58 when a 1 kA n ¼ 2 current is passed through the I-coil. Here, D/UL is the relative phase of the currents
passed through the upper and lower sections of the I-coil. The upper and lower
panels show cases where skink ¼ 1 and skink ¼ 2, respectively. The black, red,
green, blue, yellow, cyan, magenta, pink, brown, purple, and orange curves show
the components at the m ¼ 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and 13 resonant surfaces,
respectively.
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propagating in the electron diamagnetic direction relative to the local
E  B frame (i.e., the points joined by the blue dotted lines lie on the
same side of the points joined by the black dotted lines to the points
joined by the red dotted lines) (see the discussion in Sec. IV). The
incorporation of charge exchange friction with neutrals into the model
is clearly important, because, without such friction, the model predicts
a spurious zero crossing of the natural frequency at the bottom of the
pedestal.
E. Driven island widths

FIG. 6. Natural frequencies at resonant surfaces in the pedestal of a model DIII-D
plasma equilibrium with q95 ¼ 4:58. The points joined by the blue, red, and black
dashed lines show the natural frequencies predicted by nonlinear theory, linear theory, and the assumption that a magnetic island chain is convected by the local guiding center ﬂuid, respectively. The top panel shows a calculation in which both
plasma impurities and the friction due to charge exchange with neutrals are
neglected. The middle panel shows a calculation in which plasma impurities are
taken into account, but the friction due to charge exchange with neutrals is
neglected. The bottom panel shows a calculation in which both plasma impurities
and the friction due to charge exchange with neutrals are taken into account. The
vertical lines indicate the positions of the m ¼ 7, 8, 9, 10, 11, 12, and 13 resonant
surfaces, in order from the left to the right.

ﬂuid30) and those calculated on the assumption that magnetic island
chains are convected by the local guiding center ﬂuid, are also shown
(see Sec. IV). Three cases are considered. In the ﬁrst case, both plasma
impurities and friction due to charge exchange reactions between
majority ions and neutrals are neglected in the calculation. In the second case, plasma impurities are taken into account, but charge
exchange friction with neutrals is neglected. In the third case, both
plasma impurities and charge exchange friction with neutrals are taken
into account. It can be seen that, under normal circumstances, the natural frequencies are such that magnetic island chains propagate in the
ion diamagnetic direction relative to the local E  B frame (i.e., the
points joined by the blue dotted lines lie on the opposite side of
the points joined by the black dotted lines to the points joined by the
red dotted lines).47,48 Plasma impurities cause the natural frequencies
to shift slightly in the ion diamagnetic direction relative to the local
E  B frame. On the other hand, charge exchange friction with neutrals causes the natural frequencies of resonant surfaces located at the
bottom of the pedestal to shift in the electron diamagnetic direction to
such an extent that the associated magnetic island chains end up
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Figure 7 shows the magnetic island widths driven at the resonant
surfaces by an n ¼ 2 I-coil current of 4:2 kA in our model plasma equilibrium (with skink ¼ 2). The relative phase between the currents ﬂowing in the upper and the lower sections of the I-coil is ramped linearly
from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p on a timescale of 1 s. The
island widths are averaged over a moving 1 ms time window (otherwise, pulsating island solutions would appear as ﬁlled areas—see
Ref. 30). The value of the perpendicular momentum diffusivity,
v? ’ 1 m s2 , is inferred from the TRANSP code49 using the measured toroidal rotation of the carbon VI impurities and the known torque input from neutral beams. Neoclassical toroidal viscosity is
neglected. The simulation is performed with 200 velocity harmonics
[i.e., P ¼ 200 in Eq. (D2)]. Given that there are 11 resonant surfaces in
the plasma, the complete model, (E1)–(E4), consists of 4422 simultaneous ﬁrst-order ordinary differential equations. Nevertheless, the
simulation can be performed in a matter of minutes on a regular laptop or desktop computer.
It is clear from Fig. 7 that driven magnetic reconnection is
strongly suppressed by plasma ﬂow at all resonant surfaces apart from
the m ¼ 8, m ¼ 12, and m ¼ 13 surfaces. The suppression of driven
reconnection fails at the m ¼ 12 and m ¼ 13 surfaces, which lie at the
bottom of the pedestal, because the plasma there is too cold and resistive for the levels of ﬂow present in this region to give rise to effective
suppression of driven reconnection.22,30 The suppression of driven

FIG. 7. Magnetic island widths driven by an n ¼ 2 I-coil current of 4:2 kA at the resonant surfaces in a model DIII-D plasma equilibrium with q95 ¼ 4:58 and skink ¼ 2.
The relative phase between the currents ﬂowing in the upper and the lower sections
of the I-coil is ramped linearly from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p on a timescale of 1 s. The island widths are averaged over a moving 1 ms time window. The
black, red, green, blue, yellow, cyan, magenta, pink, brown, purple, and orange
curves show the components at the m ¼ 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and 13 resonant surfaces, respectively.
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reconnection fails at the m ¼ 8 surface because the natural frequency
at this surface is close to zero—see Fig. 6.22,30 It can be seen, by comparison with Fig. 5, that the m ¼ 12 and m ¼ 13 island widths modulate fairly smoothly with the amplitudes of the resonant components
of the RMP. On the other hand, the m ¼ 8 island width remains relatively small until the resonant component of the RMP at the m ¼ 8
surface exceeds a certain threshold value, at which time the island
width suddenly increases. This so-called mode penetration phenomenon is associated with the abrupt generation of a locked magnetic
island chain at the m ¼ 8 surface.22,30 When the resonant component
of the RMP falls below a second, somewhat smaller, threshold value,
the island chain unlocks, and the m ¼ 8 island width suddenly
decreases.
F. Temperature and density flattening
As is well known, the plasma temperature and density proﬁles
are ﬂattened across the region that lies inside the separatrix of a magnetic island chain, provided that the full island width exceeds a certain
threshold value.50 The threshold full magnetic island width at the kth
resonant surface above which the electron temperature proﬁle is ﬂattened is50

1=3
v?
1
WTe k ¼
rk ;
(7)
v e r k  k sk n
where rk is the r coordinate of the surface, k ¼ rk =R0 ; sk
¼ ðd ln q=d ln rÞr¼rk is the magnetic shear at the surface, ve
¼ ðTe =me Þr1=2
is the local electron thermal speed, and v? is the local
k
particle diffusivity (which is assumed to be the same as the momentum
diffusivity). The threshold full magnetic island width at the kth resonant surface above which the electron number density proﬁle (as well
as the ion temperature proﬁle) is ﬂattened is50

1=3
v?
1
Wne k ¼
rk ;
(8)
vi rk k sk n
1=2
is the local ion thermal speed and v? is the
where vi ¼ ðTi =mi Þr¼r
k
local energy diffusivity (which is also assumed to be the same as the
momentum diffusivity). The previous two expression take into
account the fact that parallel transport in the pedestal of an H-mode
tokamak plasma is convective, rather than diffusive, in nature.50,51
If Wk is the full magnetic island width at the kth resonant surface
then

 k ¼ 2 Wk
W
p

(9)

is the mean island width (averaged over the resonant ﬂux surface).
Thus, on average, the presence of a magnetic island chain of full width
Wk at the kth resonant surface causes the electron temperature to be
ﬂattened in an annular region (in r), centered on the resonant surface,
of width,


2
Wk
dTe k ¼ Wk tanh
:
(10)
p
WTe k
Note that the previous equation takes into account the fact that the
temperature is only ﬂattened inside the separatrix of the island chain
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when Wk exceeds WTe k . Similarly, the presence of a magnetic island
chain of full width Wk at the kth resonant surface causes the electron
number density to be ﬂattened in an annular region (in r), centered on
the resonant surface, of width,


2
Wk
:
(11)
dne k ¼ Wk tanh
p
Wne k
Following Chang and Callen,52 we assume that the temperature
ﬂattening at the kth resonant surface causes a shift in the temperature
interior to the surface, but does not affect the temperature exterior to
the surface, likewise, for the density. Hence, the shift in the electron
temperature in the region interior to the kth resonant surface, due to
the presence of a magnetic island chain at that surface, is
 
dTe
dT k :
(12)
DTek ¼
dr r¼rk e
Likewise, the shift in the electron number density in the region interior
to the kth resonant surface, due to the presence of a magnetic island
chain at that surface, is
 
dne
dn k :
(13)
Dnek ¼
dr r¼rk e
Figure 8 shows the reductions in the electron number density
and the electron temperature in the regions interior to the various resonant surfaces due to the magnetic island chains driven at the surfaces
by an n ¼ 2 I-coil current of 4:2 kA in our model DIII-D plasma equilibrium (with skink ¼ 2). The reductions are normalized to the equilibrium electron number density and electron temperature, respectively,
at the top of the pedestal (i.e., at the q ¼ 3 surface). The relative phase
between the currents ﬂowing in the upper and the lower sections of
the I-coil is ramped linearly from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p
on a timescale of 1 s. The reductions are averaged over a moving 1 ms
time window. It can be seen that the density reduction is dominated
by the contributions from the m ¼ 12 and m ¼ 13 resonant surfaces,
which are located at the bottom of the pedestal. The next largest contribution comes from the m ¼ 8 surface, which is located at the top of
the pedestal. On the other hand, many resonant surfaces make signiﬁcant contributions to the temperature reduction. Note that the cumulative relative reduction in the density is somewhat larger than that in
the temperature. Note, further, that about half the density reduction
takes place at the bottom of the pedestal (i.e., at the m ¼ 12 and
m ¼ 13 resonant surfaces), whereas the temperature reduction is
spread much more evenly across the whole pedestal. The reason for
this difference is that the density gradient scale length at the bottom of
the pedestal is much less than the temperature gradient scale length.
Hence, the ﬂattening of the density and temperature proﬁles at the
m ¼ 12 and m ¼ 13 surfaces has a disproportionate effect on the density proﬁle immediately interior to these surfaces.22,30 We speculate
that the temperature gradient scale length at the bottom of the pedestal
is increased, relative to the density gradient scale length, by the inﬂux
of cold neutrals into the plasma.
Following Refs. 22 and 30, we associate the reduction in the density and temperature proﬁles due to magnetic island chains driven at
the m ¼ 12 and m ¼ 13 resonant surfaces, which are located at the bottom of the pedestal, with the density pump-out phenomenon. Note
that the reduction does indeed vary smoothly with the locally resonant
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FIG. 8. Relative reduction in the electron number density (top panel) and the electron temperature (bottom panel) in the regions interior to the various resonant surfaces due to the magnetic island chains driven at the surfaces by an n ¼ 2 I-coil
current of 4:2 kA in a model DIII-D plasma equilibrium with q95 ¼ 4:58 and
skink ¼ 2. The relative phase between the currents ﬂowing in the upper and the
lower sections of the I-coil is ramped linearly from D/UL ¼ 0:75 p to D/UL
¼ 2:75 p on a timescale of 1 s. The reductions are averaged over a moving 1 ms
time window. The black, red, green, blue, yellow, cyan, magenta, pink, brown, purple, and orange curves show the components at the m ¼ 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, and 13 resonant surfaces, respectively. The thick black lines show the cumulative relative reductions interior to the innermost resonant surface.

components of the RMP. Moreover, the relative reduction in the density just interior to these surfaces (i.e., in the steep gradient part of the
pedestal) is larger than the relative reduction in the temperature.
Again following Refs. 22 and 30, we associate the ﬂattening of the
density and temperature proﬁles at the top of the pedestal, due to
mode penetration at the m ¼ 8 surface, with ELM suppression. Note
that the ﬂattening does indeed have a sudden onset when the locally
resonant component of the RMP exceeds a certain threshold value.
Incidentally, it is not difﬁcult to understand why the ﬂattening of the
density and temperature proﬁles at the top of the pedestal might give
rise to ELM suppression. The ﬂattening reduces the pressure gradient
at the top of the pedestal, which is likely to move the plasma further
from the peeling-ballooning stability threshold.
G. Simulated integrated Mirnov signal
Figure 9 shows the simulated integrated Mirnov signal detected
by a toroidal array of pickup coils located on the inboard midplane
when an n ¼ 2 I-coil current of 4:2 kA is applied to our model DIII-D
plasma equilibrium (with skink ¼ 2). The relative phase between the
currents ﬂowing in the upper and the lower sections of the I-coil is
ramped linearly from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p on a timescale of 1 s. The pickup coil array is located at R ¼ 0.977 m and
Z ¼ 0.00 m, which is approximately the location of the inboard toroidal array of pickup coils in the DIII-D tokamak. The signal does not
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FIG. 9. Simulated integrated Mirnov signal detected by a toroidal array of pickup
coils located on the inboard midplane when an n ¼ 2 I-coil current of 4:2 kA is
applied to a model DIII-D plasma equilibrium with q95 ¼ 4:58 and skink ¼ 2. The
relative phase between the currents ﬂowing in the upper and the lower sections of
the I-coil is ramped linearly from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p on a timescale
of 1 s. The signal is measured in gauss.

include the vacuum signal generated by the RMP coils. It can be seen
(not surprisingly) that the signal has an n ¼ 2 structure. Prior to mode
penetration at the m ¼ 12 and m ¼ 13 resonant surfaces, the pickup
coils array detects a relatively large amplitude signal generated by the
shielding currents at these surfaces. After penetration, the array detects
a signal generated by the locked magnetic island chains induced at the
m ¼ 12 and m ¼ 13 resonant surfaces. The amplitude of this signal
increases as the widths of the islands increase. After mode penetration
at the m ¼ 8 surface, the signal is augmented by the signal generated
by the locked magnetic island chain generated at that surface.
Figure 10 shows the simulated integrated Mirnov signal detected
by a toroidal array of pickup coils located on the outboard midplane
for the same case shown in Fig. 9. The pickup coil array is located at
R ¼ 2.413 m, Z ¼ 0.00 m, which is approximately the location of the
outboard toroidal array of pickup coils in the DIII-D tokamak. The
signal does not include the vacuum signal generated by the RMP coils.
The signal has similar features to that shown in Fig. 9, except that the
contribution from the locked island chain generated at the m ¼ 8 resonant surface, after mode penetration at that surface, is signiﬁcantly
larger in magnitude than the signals generated by shielding currents
and locked magnetic island chains at the m ¼ 12 and m ¼ 13 resonant
surfaces.
The simulated integrated Mirnov data shown in Figs. 9 and 10
are qualitatively similar to those seen on the DIII-D tokamak.17 In particular, Fig. 10 is similar to Fig. 2(d) in Ref. 17 (provided that we invert
the vertical axis to take into account that the toroidal magnetic ﬁeld in
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FIG. 11. The central safety-factor, q0  qðWN ¼ 0Þ (red), the 95% normalized
magnetic ﬂux safety-factor, q95  qðWN ¼ 0:95Þ (green), and the edge safetyfactor qa  qðWN ¼ 1Þ (blue), as functions of q95 for a series of self-similar tokamak equilibria with the same shape and pressure proﬁle as DIII-D discharge
#158115 at time t ¼ 3250 ms.

FIG. 10. Simulated integrated Mirnov signal detected by a toroidal array of pickup
coils located on the outboard midplane when an n ¼ 2 I-coil current of 4:2 kA is
applied to a model DIII-D plasma equilibrium with q95 ¼ 4:58 and skink ¼ 2. The
relative phase between the currents ﬂowing in the upper and the lower sections of
the I-coil is ramped linearly from D/UL ¼ 0:75 p to D/UL ¼ 2:75 p on a timescale
of 1 s. The signal is measured in gauss.

DIII-D is negative). Moreover, the predicted signal levels are similar to
those measured on DIII-D.
IV. SAFETY-FACTOR SCAN
In this section, we investigate the dependence of the penetration
thresholds at the various resonant surfaces on the locations of these
surfaces in a typical DIII-D H-mode plasma subject to an n ¼ 2 RMP
generated by the I-coil. In order to achieve this goal, we make use of
the series of self-similar plasma equilibria described in Sec. III A.
Figure 11 shows the central safety-factor, q0, the 95% normalized magnetic ﬂux safety-factor, q95, and the edge safety-factor, qa, for these
equilibria as functions of q95. It can be seen that q95 ranges from about
2.7 to 4.9. Note that q0 is given a constant value that lies just above
unity (because, on average, the central safety-factor is pinned to a value
that is close to unity by the sawtooth oscillation). On the other hand,
qa increases with q95. It is obvious that as q95 increases more and more
n ¼ 2 resonant surfaces cross the plasma boundary and enter the
plasma.
Figure 12 shows the critical n ¼ 2 I-coil current at which mode
penetration occurs at the various resonant surfaces in the series of selfsimilar tokamak equilibria that feature in Fig. 11 as functions of q95.
Here, the I-coil current is ramped linearly from 0 to 5 kA on a timescale of 1 s. Note that 5 kA is the maximum practical current that can
be driven through the I-coil. The phase-shift between the currents
ﬂowing in the upper and lower sections of the I-coil takes the constant
value D/UL ¼ 1:5 p (see Fig. 5). The kink response parameter is given
the value skink ¼ 2. Figure 13 shows the normalized minor radii of the
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various resonant surfaces at which mode penetration occurs for the
cases shown in Fig. 12. It can be seen that mode penetration only
occurs for resonant surfaces that lie at the bottom of the pedestal (i.e.,
0:98  r=a  1) or at the top of the pedestal (i.e., 0:88  r=a
 0:92). Mode penetration takes place at the bottom of the pedestal
because the plasma there is too cold and resistive for the levels of
plasma ﬂow present in this region to give rise to effective shielding of
driven magnetic reconnection.22,30 Mode penetration takes place at
the top of the pedestal because the natural frequency of the relevant
resonant surface is close to zero (see Fig. 13).22,30 For example, mode
penetration at the q ¼ 4 surface (cyan points) takes place for
3:0 < q95 < 3:6 because the surface is located in the relatively cold
plasma at the bottom of the pedestal. On the other hand, mode penetration at the q ¼ 4 surface takes place for 4:55 < q95 < 4:81 because
the surface is located close to the top of the pedestal where the natural
frequency passes through zero.
Assuming that mode penetration at the top of the pedestal is a
necessary condition for ELM suppression,22,30 it is clear from Figs. 12
and 13 that there are four q95 windows for 2:6 < q95 < 4:9 in which
n ¼ 2 RMP-induced ELM suppression could occur in DIII-D H-mode
discharges. The ﬁrst window corresponds to 2:75 < q95 < 2:98 and is
associated with mode penetration at the m ¼ 5 resonant surface. The
second window corresponds to 3:30 < q95 < 3:59 and is associated
with mode penetration at the m ¼ 6 resonant surface. The third window corresponds to 3:91 < q95 < 4:20 and is associated with mode
penetration at the m ¼ 7 resonant surface. The fourth window corresponds to 4:55 < q95 < 4:81 and is associated with mode penetration
at the m ¼ 8 resonant surface.
It can be seen from Fig. 12 that the critical I-coil current required to
produce mode penetration at the top of the pedestal falls to zero in the
middle of each of the aforementioned four q95 windows. At ﬁrst sight,
this might seem to imply that the critical I-coil current required for
RMP-induced ELM suppression also falls to zero. However, this is not
correct. According to our model, in addition to generating a locked magnetic island chain at the top of the pedestal, in order to suppress ELMs,
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FIG. 12. The critical n ¼ 2 I-coil currents
at which mode penetration occurs at the
various resonant surfaces in the series of
self-similar tokamak equilibria that feature
in Fig. 11 as functions of q95. The I-coil
current is ramped linearly from 0 to 5 kA
on a timescale of 1 s. The phase-shift
between the currents ﬂowing in the upper
and lowers sections of the I-coil takes the
constant value D/UL ¼ 1:5 p. The kink
response parameter is given the value
skink ¼ 2. The black, red, green, blue, yellow, cyan, magenta, pink, brown, purple,
orange, and gray curves show the components at the m ¼ 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, and 14 resonant surfaces, respectively. The vertical dotted lines show the
q95 values at which the m ¼ 8, 9, 10, 11,
12, 13, and 14 resonant surfaces cross
the plasma boundary, in order from the
left to the right.

the RMP must also generate an island chain that is sufﬁciently wide to
ﬂatten the local temperature and density proﬁles (see Sec. III F).22,30
Hence, even in the middles of the q95 windows, the critical I-coil current
for RMP-induced ELM suppression remains (small but) ﬁnite.
Note, from Fig. 12, that the various critical I-coil currents at
which mode penetration occurs change discontinuously each time a
new resonant surface enters the plasma. The reason for this is that
there are no shielding currents at the resonant surface in question
when it lies just outside the plasma. On the other hand, strong

shielding currents can be induced on the surface as soon as it enters
the plasma. Given that all of the different poloidal harmonics in the
problem are coupled together electromagnetically, these shielding currents are able to modify the mode penetration thresholds at interior
resonant surfaces.
The nonlinear magnetic island theory employed in this paper,
according to which magnetic island chains are effectively entrained by
the ion ﬂuid, yields the following expression for the natural frequency
at the kth resonant surface:

FIG. 13. The normalized radii of the various resonant surfaces at which mode penetration occurs for the calculations shown
in Fig. 12. The green, blue, yellow, cyan,
magenta, pink, brown, purple, orange, and
gray curves show the components at the
m ¼ 5, 6, 7, 8, 9, 10, 11, 12, 13, and 14
resonant surfaces, respectively.
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FIG. 14. The natural frequencies of the
various resonant surfaces at the top of the
pedestal at which mode penetration
occurs for the calculations shown in Fig.
12. The green, blue, yellow, and cyan
curves show the natural frequencies at the
m ¼ 5, 6, 7, and 8 resonant surfaces,
respectively. The vertical dotted lines indicate the boundaries of the q95 windows.
The upper, middle, and lower curves correspond to -k0 ¼ -k0linear , -k0 ¼ -k0E ,
and -k0 ¼ -k0nonlinear , respectively.
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-k0nonlinear ¼ n xE þ 1  Lii00 þ Lii01
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(14)

where
xE ðrÞ ¼ 

1 q 1 dU
;
B0 g r dr

Ta q 1 d ln pa
;
ea B0 g r dr
d ln Ta
ga ðrÞ ¼
:
d ln na

xa ðrÞ ¼ 

(15)

(16)
(17)

Here, UðrÞ is the electric scalar potential, g(r) is deﬁned in Appendix A 2,
and ea, na ðrÞ; Ta ðrÞ, and pa ðrÞ are the electrical charge,
number density, temperature, and pressure of the plasma species a,
respectively. [The three species are electrons (e), majority ions (i), and

FIG. 15. The critical n ¼ 2 I-coil currents
at which mode penetration occurs at the
various resonant surfaces in the series of
self-similar tokamak equilibria that feature
in Fig. 11 as functions of q95. The I-coil
current is ramped linearly from 0 to 5 kA
on a timescale of 1 s. The phase-shift
between the currents ﬂowing in the upper
and lowers sections of the I-coil takes the
constant value D/UL ¼ 1:5 p. The kink
response parameter is given the value
skink ¼ 8. The green, blue, yellow, cyan,
magenta, pink, brown, purple, and orange
curves show the components at the
m ¼ 5, 6, 7, 8, 9, 10, 11, 12, and 13 resonant surfaces, respectively.
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impurity ions (I).] On the other hand, if the plasma response at the kth
resonant surface were governed by linear layer physics, according to
which magnetic island chains are effectively entrained by the electron
ﬂuid, then the expression for the natural frequency would be
-k0linear ¼ nðxE þ xe Þrk :

(18)

Finally, if magnetic island chains were entrained by the guiding center
ﬂuid then the expression for the natural frequency at the kth resonant
surface would be
-k0E ¼ nðxE Þrk :

(19)

Note, incidentally, that, in the limit in which charge exchange
friction with neutrals is dominant, expression (14) reduces to
-k0nonlinear ¼ n½xE þ ð1  yn Þ xi rk :

(20)

Thus, charge exchange causes the natural frequency to shift in the electron diamagnetic direction relative to the E  B frequency provided
yn > 1 (i.e., provided the neutral density peaks poloidally in the vicinity of the X-point) [see Eq. (5)]. On the other hand, if the neutral density were to be lower than average in the vicinity of the X-point then
charge exchange friction would cause the natural frequency to shift in
the ion diamagnetic direction.
Figure 14 shows the -k0nonlinear ; -k0linear , and -k0E values associated with mode penetration at the top of the pedestal in the four q95
windows that are apparent in Figs. 12 and 13. It can be seen that
-k0nonlinear crosses zero in the middle of each window, which is consistent with the idea that mode penetration at the top of the pedestal in
DIII-D H-mode discharges is triggered when the (nonlinear) natural
frequency at a resonant surface in that region becomes small. Note
that -k0linear does not pass through zero in any of the q95 windows. On
the other hand, -k0E (which is not too dissimilar to -k0nonlinear ) passes
through zero in each window. In fact, in a recent experimental study,
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it was concluded that RMP-induced ELM suppression in DIII-D Hmode discharges is not correlated with -k0linear passing through zero
at the top of the pedestal, but is correlated with -k0E passing through
zero in the same region.16
Figures 15 and 16 show analogous data to Figs. 12 and 13, except
that the kink parameter has been given the value skink ¼ 8. Similarly,
Figs. 17 and 18 show analogous data to Figs. 12 and 13, except that the
kink parameter has been given the value skink ¼ 1. It can be seen that
as the kink response of the plasma becomes weaker (i.e., as
1=skink ! 0) the critical I-coil current needed to induce locked magnetic island chains becomes larger, and the widths of the q95 windows
within which mode penetration at the top of the pedestal is possible
shrink. In the complete absence of plasma ampliﬁcation of the RMP,
due to the kink response, (i.e., skink ¼ 1) the maximum practical Icoil current (i.e., 5 kA) is insufﬁcient to induce locked magnetic island
chains at the bottom of the pedestal. Moreover, the widths of the q95
windows within which mode penetration at the top of the pedestal is
possible are miniscule. We deduce that, were it not for the ampliﬁcation of the RMP by the plasma that is associated with the kink
response, the I-coil system would not be powerful enough to induce
either a density pump-out or ELM suppression in DIII-D H-mode
plasmas. Clearly, in order to be successful, an RMP-induced ELM suppression coil system must generate a magnetic ﬁeld that is simultaneously strongly ampliﬁed by the plasma and has a large resonant
component at a rational surface that lies close to the top of the
pedestal.
V. CONCLUSIONS
The theoretical results presented in Refs. 22 and 30, and in this
paper, provide a framework within which most of the salient features
of RMP-induced ELM suppression in tokamak H-mode discharges
can be understood. In particular, the following conclusions can be
drawn from Refs. 22 and 30 and the present paper.

FIG. 16. The normalized radii of the various resonant surfaces at which mode
penetration occurs for the calculations
shown in Fig. 15. The green, blue, yellow,
cyan, magenta, pink, brown, purple, and
orange curves show the components at
the m ¼ 5, 6, 7, 8, 9, 10, 11, 12, and 13
resonant surfaces, respectively.
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FIG. 17. The critical n ¼ 2 I-coil currents
at which mode penetration occurs at the
various resonant surfaces in the series of
self-similar tokamak equilibria that feature
in Fig. 11 as functions of q95. The I-coil
current is ramped linearly from 0 to 5 kA
on a timescale of 1 s. The phase-shift
between the currents ﬂowing in the upper
and lowers sections of the I-coil takes the
constant value D/UL ¼ 1:5 p. The kink
response parameter is given the value
skink ¼ 1. The green, blue, yellow, and
cyan curves show the components at the
m ¼ 5, 6, 7, and 8 resonant surfaces,
respectively.

1. (As a reminder, a toroidal tokamak equilibrium exhibits two distinct types of response to an applied RMP, namely, the tearing
response and the kink response. The tearing response is a nonideal-MHD response that is associated with the formation of current sheets and magnetic island chains at various resonant surfaces within the plasma. The kink response is an edge-localized
ideal-MHD response that is associated with coupling to a stable
non-resonant kink mode. The kink response is also associated
with the ampliﬁcation of the applied RMP by the plasma.)

The tearing response at the various magnetic ﬂux-surfaces within
the plasma that resonate with the helical harmonics of the RMP
is governed by “nonlinear magnetic island physics,” rather than
by “linear layer physics.” The reason for this is that the shielding
of driven magnetic reconnection by plasma ﬂow in a typical Hmode tokamak discharge is not sufﬁciently strong to reduce the
RMP-induced magnetic island widths below the very narrow
associated linear layer widths, which is a necessary condition for
the validity of linear theory.30

FIG. 18. The normalized radii of the various resonant surfaces at which mode
penetration occurs for the calculations
shown in Fig. 17. The green, blue, yellow,
and cyan curves show the components at
the m ¼ 5, 6, 7, and 8 resonant surfaces,
respectively.
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2. The shielding of driven magnetic reconnection by plasma ﬂow in
a typical H-mode tokamak discharge is sufﬁciently strong to prevent the formation of RMP-driven locked magnetic island chains
at all resonant surfaces in the plasma except for those that lie at
the bottom and at the top of the pedestal (see Fig. 7). (Note that,
except possibly at the bottom of the pedestal, a magnetic island
chain can only overcome the shielding effect of plasma ﬂow by
locking to the RMP.) The shielding fails at the bottom of the
pedestal because the plasma is too cold and resistive for the levels
of ﬂow present in this region to give rise to effective suppression
of driven reconnection. The shielding fails at the top of the pedestal because the natural frequency (i.e., the helical phase velocity
of a naturally unstable magnetic island chain) passes through
zero close to the top of the pedestal (see Fig. 5). Note that the
degree of shielding of driven magnetic reconnection by plasma
ﬂow is proportional to the local natural frequency.
Incidentally, the reason that the natural frequency inevitably
passes through zero close to the top of the pedestal of a conventional H-mode tokamak plasma is that the radial electric ﬁeld in
the pedestal is large [compared to Te =ðe aÞ] and “negative” due
to ion orbit losses, whereas that in the plasma core is large and
“positive” due to the fact that toroidal momentum is usually
injected into the core (via neutral beam heating) in the same
direction as the toroidal plasma current (see Figs. 2 and 3).
3. The natural frequency is largely determined by neoclassical physics (through the neoclassical stress tensor).45 The levels of plasma
impurities present in a typical tokamak H-mode plasma are sufﬁciently high to have a slight effect on the natural frequency (see
Fig. 6). Furthermore, the levels of neutrals present at the edge of
a typical tokamak H-mode discharge are sufﬁciently high that
friction due to charge exchange reactions between majority ions
and these neutrals has a very signiﬁcant effect on the natural frequency at the bottom of the pedestal (see Fig. 6).
4. The density pump-out phenomenon is hypothesized to be associated with the ﬂattening of the plasma density and temperature
at the bottom of the pedestal due to the formation of RMPinduced locked magnetic island chains in this region. The degree
of ﬂow shielding at the bottom of the pedestal is relatively weak,
because the plasma there is comparatively cold and resistive.
Consequently, the widths of the driven island chains are roughly
proportional to the square-roots of the amplitudes of the locally
resonant components of the RMP (which is the scaling that
would be expected in the absence of shielding) (see Figs. 5
and 7). Because the electron number density gradient scale
length is signiﬁcantly less than the electron temperature gradient
scale length at the bottom of the pedestals of typical present-day
H-mode tokamak plasmas (see Fig. 3), the ﬂattening of the
density and the temperature across the aforementioned
RMP-induced magnetic island chains causes a much larger relative decrease in the pedestal density in the region immediately
interior to these surfaces than it does in the pedestal temperature
(see Fig. 8). We speculate that the electron temperature gradient
scale length at the bottom of a typical H-mode tokamak plasma
pedestal is larger than the electron number density gradient scale
length because of the inﬂux of cold neutrals. Note that not all
experiments show a clear decrease in the pedestal temperature
during the density pump-out. Such observations are difﬁcult for
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the model presented in this paper to explain. An alternative
explanation for the density pump-out is that it is due to RMPmodiﬁed turbulent transport. However, it is not clear why such
transport should affect particles much more strongly than
energy.
5. The ELM suppression phenomenon is hypothesized to be associated with locked magnetic island formation at the top of the
pedestal. The degree of ﬂow shielding at the top of the pedestal
is such that locked island formation is only possible if the magnitude of the natural frequency at the relevant resonant surface
takes a comparatively small value (i.e., less than 10 krad/s in
typical DIII-D H-mode tokamak discharges) (see Fig. 14).
This, in turn, is only possible if q95 lies in certain narrow windows, which ensures that the resonant surface lies close to the
zero crossing of the natural frequency (see Fig. 13). This offers
an explanation for why ELM suppression only takes place
when q95 lies in certain narrow windows. A critical RMP coil
current, that is roughly proportional to the natural frequency,
must be exceeded before a locked island chain can be induced
at the resonant surface. The critical RMP coil current needed
to induce ELM suppression remains ﬁnite, even in the middle
of the q95 window where the natural frequency is exactly zero,
because, according to our model, in order to suppress ELMs,
the locked magnetic island chain induced at the top of the pedestal must be sufﬁciently wide to ﬂatten the local density and
temperature proﬁles (see Sec. III F). We speculate that ELM
mitigation (as opposed to complete ELM suppression) corresponds to a situation in which a locked island chain is induced
at the top of the pedestal, but is not wide enough to completely
ﬂatten the density and temperature proﬁles. The E  B frequency, xE, passes through zero in the q95 windows, but the
perpendicular electron frequency, x?e  xE þ xe , does
not.16 (See Fig. 14.)
6. In order to successfully induce a locked magnetic island chain at
the top of the pedestal, an RMP-induced ELM suppression coil
system must generate a magnetic ﬁeld that is simultaneously
strongly ampliﬁed by the plasma (via the kink response) and has
a large resonant component at a rational surface that lies close to
the top of the pedestal.
In the ITER tokamak, we expect the temperature at the bottom
of the pedestal to be signiﬁcantly larger than in present-day tokamaks.
We also expect the relative distance that the neutrals penetrate inside
the LCFS, and the degree of poloidal asymmetry of the neutral distribution, to be signiﬁcantly smaller than in present-day tokamaks. All of
these facts point to the possibility that the response of the plasma at
the bottom of the pedestal to RMPs in ITER may be quite different to
that seen in present-day tokamaks. If the hypothesis of this paper is
correct, then this also implies that the density pump-out could be quite
different.
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APPENDIX A: ELECTROMAGNETIC PLASMA
RESPONSE IN THE OUTER REGION
1. Coordinates
Let R, /, and Z be right-handed cylindrical coordinates whose
symmetry axis corresponds to the toroidal symmetry axis of the
plasma. Let r, h, and / be right-handed ﬂux coordinates whose
Jacobian is
J  ðrr  rh  r/Þ1 ¼

r R2
:
R0

toroidal direction. If the RMP is resonant in the pedestal of an Hmode tokamak discharge, then it is inevitably the case that m
n
(because q
1 in such a pedestal). (Note that, in this paper, for
the sake of simplicity, we are assuming that the helicity of the equilibrium magnetic ﬁeld is such that g; f ; q > 0, which implies that all
resonant poloidal mode numbers are positive.) It is a fundamental
premise of this paper that, in the high-q limit, the curl of the perturbed magnetic ﬁeld is negligible between resonant surfaces. In
other words,

(A1)

Here, R0 is a convenient scale major radius, r is a magnetic ﬂux-surface
label with dimensions of length, and h is an angular coordinate that
increases by 2p radians for every poloidal circuit of the magnetic axis.
(Both r and h are independent of /.) Let r ¼ 0 correspond to the magnetic axis, and let r ¼ a correspond to the last closed magnetic
ﬂux-surface. Let h ¼ 0 correspond to the inboard midplane, and let
0 < h < p correspond to the region above the midplane.
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@ dB/ @ dBh
’
;
@h
@/
@ dBh @ dBr
’
:
@r
@h

(A8)
(A9)

Equations (A8) and (A9) imply that
n
n
dBh ; r dBr
m
m

(A10)

 2
 2
r
n
r
n dBr
dBh ;
:
R m
R m r

(A11)

dB/
and, hence, that

2. Equilibrium magnetic field
dB/

The equilibrium magnetic ﬁeld is written as
B ¼ B0 R0 ½ f ðrÞ r/  rr þ gðrÞ r/;

(A2)

where B0 is a convenient scale toroidal magnetic ﬁeld-strength, and
qðrÞ ¼

rg
R0 f

(A3)

is the safety-factor proﬁle. The equilibrium poloidal magnetic ﬂux,
Wp ðrÞ, satisﬁes
dWp
¼ 2p B0 R0 f ðrÞ;
dr

(A4)

where, by convention, Wp ðaÞ ¼ 0. The normalized poloidal magnetic ﬂux, WN ðrÞ, is deﬁned such that WN ðrÞ ¼ 1  Wp ðrÞ=Wp ð0Þ.
Hence, WN ð0Þ ¼ 0 and WN ðaÞ ¼ 1.

Consequently, if q
1 then the ﬁnal term on left-hand side of Eq.
(A5) is of order ðn=mÞ2 ðr=RÞ2 smaller than the other two terms,
and is, therefore, negligible. Thus, we obtain
2
3
!
! 
!

@ r R2 dBr
@ 4 r rr  rh
r R2 dBr
1
dBh 5;
’
þ
r
@r
@h
R20
R20
jrrj2
jrrj2
(A12)
where use has been made of Eqs. (A1), (A6), and (A7).
Furthermore, Eq. (A9) yields
2
!
!
! 3
@ dBh
@ 4
R20
r R2 dBr
r rr  rh
dBh 5:
’

r
@h
@r
R20
jrrj2
R2 jrrj2
(A13)

3. Perturbed magnetic field
The perturbed magnetic ﬁeld satisﬁes r  dB ¼ 0, which can
be written as
r

h

(A5)

Note that, in this section, unless explicitly stated otherwise, subscript/superscript r, h, and / refer to covariant/contravariant components of a vector in the r, h, and / coordinate system.
It is easily demonstrated that
!


1
rr  rh
r
dB 
dBr ¼
dBh ;
(A6)
jrrj2
jrrj2
!
!
rr  rh
R20
h
r
(A7)
dB þ
dBh :
dB ¼
jrrj2
r 2 R2 jrrj2
Consider the response of the plasma to an RMP harmonic
with m periods in the poloidal direction and n > 0 periods in the

Published under license by AIP Publishing

X
r R2 dBr ðr; h; /Þ
¼i
wj ðrÞ eiðmj hn/Þ ;
2
R0
j
X
vj ðrÞ eiðmj hn/Þ ;
dBh ðr; h; /Þ ¼ 

/

@ðJ dB Þ @ðJ dB Þ @ðJ dB Þ
þ
þ
¼ 0:
@r
@h
@/
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Let
(A14)
(A15)

j

where the sum is over all relevant poloidal harmonics of the perturbed magnetic ﬁeld. Incidentally, all harmonics are assumed to
possess a common toroidal
mode number, n > 0. Operating on Eqs.
Þ
(A12) and (A13) with ð  Þ dh=2p, we obtain
X
dwj

(A16)
cjj0 wj0 þ ajj0 vj0 ;
’ mj
r
dr
j0
r

X
dvj

cjj0 vj0 þ bjj0 wj0 ;
’ mj
dr
0
j

(A17)

where
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þ

þ
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1
dh
;
eiðmj mj0 Þh
2p
jrrj2

R20
dh
bjj0 ðrÞ ¼
;
eiðmj mj0 Þh
2
2p
R jrrj2
þ
i r rr  rh iðmj mj0 Þh dh
cjj0 ðrÞ ¼
:
e
2p
jrrj2

(A18)

R2 dB/ ðr; h; /Þ ¼ n

X vj ðrÞ
j

mj

eiðmj hn/Þ ;

X 1 dvj
eiðmj hn/Þ ;
dBr ðr; h; /Þ ¼ i
mj dr
j
dB/ ðr; h; /Þ ¼ n

X vj ðrÞ
mj

j

eiðmj hn/Þ :

(A19)
(A20)

(A21)
(A22)
(A23)

(A31)
(A32)

which implies that
J ðl0 dJ  dBÞh ¼

o
R0 X n
Re i ½vk rrkþ wj ðrk Þ eiðmk mj Þh dðr  rk Þ;
k
2 k;j

(A33)
R0 X n
J ðl0 dJ  dBÞ/ ¼ 
2 k;j mk
n
o
 Re i ½vk rrkþ wj ðrk Þ eiðmk mj Þh dðr  rk Þ;
k
(A34)
where use has been made of Eqs. (A14), (A29), and (A30). Let

(A24)
dThk

wk ðrk Þ
;
mk
rkþ
DWk ¼ ½vk r ;
k
ð rkþ þ þ
ðdJ  dBÞh J dr dh d/;
¼

(A35)
(A36)
(A37)

rk

Let dJ be the perturbed current density. We can write
@ dB/ @ dBh

;
@h
@/
@ dBr @ dB/

;
J l0 dJ h ¼
@/
@r
@ dBh @ dBr

:
J l0 dJ / ¼
@r
@h
J l0 dJ r ¼

dT/k ¼

ð rkþ þ þ
rk

(A25)
(A26)
(A27)

Normally, all three contravariant components of dJ are zero.
Consider, however, the behavior in the vicinity of the kth resonant
surface, r ¼ rk, at which n qðrk Þ ¼ mk . In general, wk, wj6¼k , and vj6¼k
are continuous across the surface, whereas vk is discontinuous.25,29
Hence, we deduce that
(A28)
J l0 dJ r ðr; h; /Þ ¼ 0;
X n
h
rkþ
iðmk hn/Þ
; (A29)
J l0 dJ ðr; h; /Þ ¼ 
½v  dðr  rk Þ e
m k rk
k¼1;K k
X
r
iðm hn/Þ
;
(A30)
J l0 dJ / ðr; h; /Þ ¼ 
½vk rkþ dðr  rk Þ e k

ðdJ  dBÞ/ J dr dh d/

(A38)

for k ¼ 1; K. It follows that25,29,34


2p2 R0
mk Im Wk DWk ;
l0


2p2 R0
¼
n Im Wk DWk :
l0

dThk ¼ 

(A39)

dT/k

(A40)

Note that Wk parameterizes the reconnected magnetic ﬂux at the
kth resonant surface, whereas DWk (which has the same units as
Wk ) parameterizes the strength of the current sheet that forms at
that surface.25,29 Furthermore, dThk and dT/k are the net poloidal
and toroidal electromagnetic torques, respectively, acting at the kth
resonant surface.
6. Derivation of toroidal tearing mode dispersion
relation

k

where use has been made of Eqs. (A15) and (A24). Here, it is
assumed that there are K resonant surfaces in the plasma, numbered sequentially from one to K, on the order of the innermost to
the outermost. It is easily demonstrated from Eqs. (A2) and
(A28)–(A30) that dJ  B ¼ 0 at a given resonant surface [see Eq.
(A73)]. Thus, we conclude that a current sheet forms at each resonant surface in the plasma. Moreover, these sheets are made up of
current ﬁlaments that run parallel to the local equilibrium magnetic
ﬁeld.
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1
J l0 dJ / dBr þ c:c: ;
4

1
ðl0 dJ  dBÞ/ ¼ J l0 dJ h dBr þ c:c:
4
ðl0 dJ  dBÞh ¼

Wk ¼

4. Perturbed current density

k¼1;K

5. Electromagnetic torques
We can write

However, we can also obtain Eqs. (A16) and (A17) by taking the
limit m
n and jm  n qj
1 in the completely general analysis
presented in Appendix A of Ref. 29. This observation offers some
justiﬁcation for the aforementioned fundamental premise.
Finally, it is readily demonstrated that
X 1 dwj
r R2 dBh ðr; h; /Þ
¼
eiðmj hn/Þ ;
2
R0
m
dr
j
j

scitation.org/journal/php

In principle, we could determine the relationship between the
DWk and the Wk by solving Eqs. (A16) and (A17) subject to suitable
spatial boundary conditions at r ¼ 0 and r ¼ a.25,28,29 However, in
this paper, we shall adopt a more direct approach.
We can write
dB ¼ r  dA:

(A41)

Suppose that r dAr and dAh are negligible with respect to dA/ .
In fact, it follows from r  dA ¼ 0 that r dAr ; dAh
ðn=mÞ ðr=RÞ2 dA/ . Hence
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@ dA/
;
@h
@ dA/
;
J dBh ’ 
@r
J dB/ ’ 0;
J dBr ’

dA/ ðr; h; /Þ ’ R0

j

mj

(A43)
(A44)

eiðmj hn/Þ :

(A45)

(A46)

Let us assume that
(A47)

It follows that we can evaluate the integral on the right-hand side of
Eq. (A46) at / ¼ 0 without loss of generality. Now
0

dJðR0 ; /0 ; Z 0 Þ  r/ ¼ dJ / ðR0 ; 0; Z 0 Þ ein/ cos /0

(A48)

so we get

(A55)

Hence, combining the previous two expression with Eq. (A49), we
obtain the following toroidal tearing mode dispersion relation:25,29
X
Wk ¼
Fkk0 DWk0
(A56)
for k ¼ 1; K, where
þþ
dhk dhk0
Fkk0 ¼
GðRk ; Zk ; Rk0 ; Zk0 Þ eiðmk hk mk0 hk0 Þ
2p 2p

(A57)

"
#1=2
ð1Þn p2 Rk Rk0 =R0
coshgkk0
GðRk ; Zk ; Rk0 ; Zk0 Þ ¼
2 Cð1=2Þ Cðn þ 1=2Þ R2k þ R2k0 þ ðZk  Zk0 Þ2
"
#
nþ1
P1=2
ðcoshgkk0 Þ
n1
 ðn  1=2Þ P1=2 ðcoshgkk0 Þ þ
n þ 1=2
(A58)

0

0

/

0

0

0

0

0

0

R R dJ ðR ; 0; Z Þ GðR; Z; R ; Z Þ J dr dh ;

with

0

(A49)
where
GðR; Z; R0 ; Z 0 Þ ¼

Furthermore, Eqs. (A35) and (A45) yield
þ
1
dh
dA/ ðrk ; h; 0Þ eimk h
Wk ¼
:
R0
2p

and

dA/ ðR; /; ZÞ ¼ dA/ ðR; 0; ZÞ ein/ :

ð1 þ

(A54)

k¼1;K

k0 ¼1;K

According to the Biot-Savart law
ð
l R R0 dJðx0 Þ  r/ 3 0
dA/ ðxÞ ¼ 0
d x:
jx  x0 j
4p

l
dA/ ðR; 0; ZÞ ¼ 0
4p

According to Eqs. (A30) and (A36)
X
J l0 dJ / ðr; h; 0Þ ¼ 
DWk dðr  rk Þ eimk h :

(A42)

where the neglected terms are of order ðn=mÞ2 ðr=RÞ2 smaller than
the retained terms. The previous three expressions are consistent
with Eqs. (A14), (A21), and (A22) provided that
X wj ðrÞ
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þ 
1 cos ðn  1Þ /0 þ cos ðn þ 1Þ /0 d/0
:

2 R2 þ R02 þ ðZ  Z 0 Þ2  2 R R0 cos /0 1=2
(A50)

Finally, making use of the standard deﬁnition of a toroidal
function53
þ
ð1Þn Cð1=2Þ Cð1=2 þ nÞ
cos ðn uÞ du
n
P1=2
ðcoshgÞ ¼
;
2p2
ðcoshg  sinhg cos uÞ1=2
(A51)

gkk0 ¼ tanh1

"

#
2 Rk Rk0
:
R2k þ R2k0 þ ðZk  Zk0 Þ2

(A59)

Here, k and k0 index the various resonant surfaces in the plasma.
Moreover, the double integral in Eq. (A57) is taken around the kth
resonant surface (cylindrical coordinates Rk, 0, Zk; ﬂux coordinates
rk, hk, 0, with rk constant; resonant poloidal mode number mk) and
the k0 th resonant surface (cylindrical coordinates Rk0 , 0, Zk0 ; ﬂux
coordinates rk0 ; hk0 , 0, with rk0 constant; resonant poloidal mode
number mk0 ).
Note that
GðRk0 ; Zk0 ; Rk ; Zk Þ ¼ GðRk ; Zk ; Rk0 ; Zk0 Þ

(A60)

which, from Eq. (A57), implies that

we arrive at
nþ1

2

"

ð1Þ p
coshg
GðR; Z; R0 ; Z 0 Þ ¼
Cð1=2Þ Cðn þ 1=2Þ R2 þ R02 þ ðZ  Z 0 Þ2
"
#
nþ1
P
ðcoshgÞ
1=2
n1
 ðn  1=2Þ P1=2
ðcoshgÞ þ
;
n þ 1=2
(A52)
where
"
1

g ¼ tanh

#
2 R R0
:
R2 þ R02 þ ðZ  Z 0 Þ2
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Fk0 k ¼ Fkk
0:

#1=2

(A53)

Hence, Eqs. (A39) and (A40) yield25,29,34
X
X
dThk ¼
dT/k ¼ 0:
k¼1;K

(A61)

(A62)

k¼1;K

In other words, we deduce that the plasma cannot exert a net electromagnetic torque on itself.
The toroidal tearing mode dispersion relation is more usually
written25,29
X
DWk ¼
Ekk0 Wk0
(A63)
k0 ¼1;K
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for k ¼ 1; K, where the Hermitian matrix Ekk0 is the inverse of the
Fkk0 matrix. The real quantity Ekk represents the standard tearing
stability index24 (normalized to the minor radius of the resonant
surface) for a tearing mode that only reconnects magnetic ﬂux at
the kth resonant surface.25 Given that there are no sources of
plasma free energy in our tearing response model, we expect all of
the Ekk to be negative. In other words, we expect the plasma to be
tearing stable.
7. Effect of external currents
Suppose that there are currents ﬂowing in a number of poloidal magnetic ﬁeld coils external to the plasma. We can represent
these currents as a set of toroidal current ﬁlaments. The currents in
the various ﬁlaments are assumed to modulate toroidally as ein/ . It
follows that
X Il
/
ðR; 0; ZÞ ¼
dðR  Rl Þ dðZ  Zl Þ;
dJext
R
l¼1;L l

(A64)

where Rl and Zl are the coordinates of the lth current ﬁlament in
the / ¼ 0 plane, and Il is the complex amplitude of the toroidal
current ﬂowing in the ﬁlament. Here, it is assumed that there are L
current ﬁlaments, numbered 1 to L. Under normal circumstances,
we would expect zero net toroidal current to ﬂow in the external
ﬁeld coils. In other words,
X
Il ¼ 0:
(A65)
l¼1;L

In the presence of the external currents, it is easily demonstrated that the toroidal tearing mode dispersion relation Eq. (A56)
generalizes to give
X
X
Fkk0 DWk0 
gkl l0 Il
(A66)
Wk ¼
k0 ¼1;K

l¼1;L

for k ¼ 1; K and l ¼ 1; L, where
þ
1
dhk
gkl ¼
GðRk ; Zk ; Rl ; Zl Þ eimk hk
:
2p
2p

(A67)

Here, k indexes the various resonant surfaces in the plasma,
whereas l indexes the external current ﬁlaments. Moreover, the integral in Eq. (A67) is taken around the kth resonant surface (cylindrical coordinates Rk, 0, Zk; ﬂux coordinates rk, hk, 0, with rk constant;
resonant poloidal mode number mk).
It is convenient to rewrite Eq. (A66) in the form
DWk ¼

X

Ekk0 Wk0 þ jEkk j vk ;

(A68)

k0 ¼1;K

where
vk ¼

1 X
hkl l0 Il
jEkk j l¼1;L

(A69)

and
hkl ¼

X

Ekk0 gk0 l :

k0 ¼1;K
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The quantity vk that appears in Eq. (A68) is the reconnected magnetic ﬂux driven at the kth resonant surface by the external currents
when there is no shielding of driven magnetic reconnection at the
surface in question (i.e., DWk ¼ 0), but perfect shielding at all of the
other resonant surfaces (i.e., Wk0 6¼k ¼ 0).
8. Model of kink response of plasma
If we deﬁne the equilibrium toroidal ﬂux, Wt ðrÞ, such that
dWp
dWt
¼ qðrÞ
¼ 2p B0 r gðrÞ;
dr
dr

(A71)

then the equilibrium magnetic ﬁeld can be written in the form [see
Eqs. (A1)–(A4)]54
2p B ¼ q1 r/  rWt þ rWt  rh:

(A72)

Moreover, the current sheets that develop at the various resonant
surfaces in the plasma are speciﬁed by [see Eqs. (A28)–(A30) and
(A36)]54,55
X
l0 dJ ¼ 2p
DWk eiðmk hn/Þ dðWt  Wtk Þ B;
(A73)
k¼1;K

where Wtk is the equilibrium toroidal ﬂux enclosed by the kth resonant surface. Let [see Eqs. (A14) and (A16)]54,55


@ dBr rkþ
Dk eiðmk hn/Þ ¼
@r B  r/ rk

r
 2
R0
1
dwk kþ iðmk hn/Þ
¼i
e
: (A74)
r
rk B0 R0 gðrk Þ
dr rk
It follows that [see Eqs. (A16) and (A36)]
 2
R0 mk akk ðrk Þ DWk
:
Dk ¼ i
gðrk Þ B0 R0
rk

(A75)

Note that Eqs. (A73) and (A75) are entirely equivalent to Eqs. (2)
and (3) in Ref. 55, and Eqs. (44)–(46), (51) and (53) in Ref. 54 [in
1]. This observation gives added
the limit that ðn=mÞ2 ðr=RÞ2
conﬁdence that the analysis contained in this Appendix is essentially correct.
It turns out that the GPEC code33 is capable of calculating the
Dk values when a plasma equilibrium responds ideally to a given
externally generated RMP. For the ideal case (i.e., Wk ¼ 0 for all k),
we have DWk ¼ jEkk j vk [see Eq. (A68)]. Hence, the vk values, which
epitomize the kink response of the plasma to the applied RMP, can
be calculated from the GPEC Dk values, as follows:
 2
vk
rk
gðrk Þ
Dk
¼ i
:
(A76)
B0 R0
R0 mk akk ðrk Þ jEkk j
9. Heuristic model of kink response of plasma
As an alternative (and far simpler, but much less accurate)
method of incorporating the kink response of the plasma to the
applied RMP into our model, we introduce a control surface,
labeled K þ 1, on the plasma boundary. This surface is presumed to
act like a resonant surface whose poloidal mode number is
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mKþ1 ¼ mK þ 1. By analogy with our previous analysis, we can
write
X
X
Ekk0 Wk0 þ Ek;Kþ1 WKþ1 þ
hkl l0 Il
(A77)
DWk ¼
k0 ¼1;K

scitation.org/journal/php

11. Electromagnetic torques in presence of external
currents
Suppose that

l¼1;L

^ k eiuk ;
Wk ¼ B0 R0 W

for k ¼ 1; K. The ideal (i.e., Wk ¼ 0, for k ¼ 1; K) response of the
control surface is governed by
X
DWKþ1 ¼ EKþ1;Kþ1 WKþ1 þ
hKþ1;l l0 Il :
(A78)
l¼1;L

Let us replace EKþ1;Kþ1 by skink , where skink is a dimensionless
adjustable parameter. We expect there to be no shielding current at
the control surface (i.e., DWKþ1 ¼ 0). Hence, we can combine the
previous two equations to obtain the modiﬁed toroidal tearing
mode dispersion relation,
X
DWk ¼
Ekk0 Wk0 þ jEkk j vk
(A79)

ifk

vk ¼ B0 R0 ^v k e ;
^ kk0 einkk0 ;
Ekk0 ¼ E

(A85)
(A86)
(A87)

^ k ; ^v k , and E
^ kk0 are real and positive, whereas uk , fk, and
where W
0
nkk are real. (Note that all hatted quantities in this paper are dimensionless.) It follows from Eqs. (A39), (A40), and (A68) that
!
2p2 B20 R30
^ k;
dThk ¼ 
(A88)
mk dT
l0
!
2p2 B20 R30
^ k;
(A89)
n dT
dT/k ¼
l0

k0 ¼1;K

where

for k ¼ 1; K, where


1 X
Ek;Kþ1 hKþ1;l
l0 Il :
vk ¼
hkl þ
jEkk j l¼1;L
skink

^k ¼
dT
(A80)

^kW
^ k0 sin ðuk  uk0  nkk0 Þ
^ kk0 W
E

k0 ¼1;K

^ k ^v k sin ðuk  fk Þ:
^ kk W
þE

We interpret Eq. (A79) as implying that the ideal response of
the plasma to the applied RMP has the effect of amplifying the
RMP via coupling to a stable non-resonant kink mode. The stability of the kink mode is governed by the parameter skink . The
mode is extremely stable in the limit skink ! 1 (in which case
there is no ampliﬁcation), and approaches marginal stability
as skink ! 0 (in which case the ampliﬁcation becomes very
strong).
10. Perturbed poloidal magnetic field
The perturbed poloidal magnetic ﬁeld generated by the current
sheets inside the plasma and the currents ﬂowing in the external
ﬁeld coils can be expressed as
dBp ¼ rdA/  r/;

X

(A81)

APPENDIX B: NEOCLASSICAL PHYSICS
1. Plasma species
The plasma is assumed to consist of three (charged) species;
namely, electrons (e), majority ions (i), and impurity ions (I). The
charges of the three species are ee ¼ e, ei ¼ e, and eI ¼ ZI e,
respectively, where e is the magnitude of the electron charge. The
mean impurity ion charge number, ZI ðrÞ, for a given impurity species is determined as a function of the electron temperature and
density using data obtained from the FLYCHK code.39 Quasineutrality demands that ne ¼ ni þ ZI nI , where na ðrÞ is the speciesa number density. Let
aI ðrÞ ¼

where
X

X
dA/ ðR; /; ZÞ
¼ Re
ek ðR;ZÞDWk ein/ 
fl ðR; ZÞ l0 Il ein/
R0
k¼1;K
l¼1;L
(A82)
and
þ

ek ðR; ZÞ ¼ GðR; Z; Rk ; Zk Þ eimk hk
1
GðR; Z; Rl ; Zl Þ:
fl ðR; ZÞ ¼
2p

Published under license by AIP Publishing

ZI ðZeff  1Þ
;
ZI  Zeff

(B1)

ni þ ZI2 nI
ne

(B2)

where
Zeff ðrÞ ¼

is the effective ion charge number. It follows that
dhk
;
2p

(A83)
(A84)

As before, k indexes the resonant surfaces within the plasma,
whereas l indexes the external current ﬁlaments. Moreover, the
integral in Eq. (A83) is taken around the kth resonant surface
(cylindrical coordinates Rk, 0, Zk; ﬂux coordinates rk, hk, 0, with rk
constant; resonant poloidal mode number mk).
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(A90)

ni ZI  Zeff
¼
;
ne
ZI  1
nI
Zeff  1
¼
:
ne ZI ðZI  1Þ

(B3)
(B4)

2. Collisionality parameters
Consider an equilibrium magnetic ﬂux-surface whose label is
r. Let
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þ
1
q B R2 dh
¼
;
cðrÞ g B0 R20 2p

(B5)

where B ¼ jBj. It is helpful to deﬁne a new poloidal angle H such
that
dH c q B R2
¼
:
dh
g B0 R20

(B6)

3. Ion collisional friction matrices
Let xab ¼ vTb =vTa . In the following, all quantities that are of
order ðme =mi Þ1=2 ; ðme =mI Þ1=2 , or smaller, are neglected with
respect to unity. The 2  2 dimensionless ion collisional friction
matrices, ½F ii ðrÞ; ½F iI ðrÞ; ½F Ii ðrÞ, and ½F II ðrÞ, are deﬁned to have
the following elements:37,38
ii
F00
¼

Let
þ

B0 dH
;
B 2p
þ
B dH
;
I2 ¼
B0 2p
þ  2
@B
1 dH
I3 ¼
;
@H B0 B 2p
þ
pﬃﬃﬃﬃﬃ cos ðc HÞ dH
;
I4;c ¼ 2 c
B=B0 2p
þ
pﬃﬃﬃﬃﬃ cos ðc HÞ dH
I5;c ¼ 2 c
;
2 ðB=B0 Þ2 2p
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  k B=Bmax dH
I6 ðkÞ ¼
;
2p
B=B0
I1 ¼

ii
F01
¼

(B7)
(B8)
ii
F11

(B9)

pﬃﬃﬃ
¼ 2þ

xta ðrÞ ¼ Kt c vTa ;

I12 I3

(B10)

iI
F01

(B11)

(B20)

;

3 aI ð1 þ mi =mI Þ
;
2 ð1 þ xiI2 Þ5=2

ð1 þ xiI2 Þ5=2

(B21)
(B22)
(B23)

;

(B24)

3 Ti aI ð1 þ mI =mi Þ
¼
;
2 TI xiI ð1 þ xIi2 Þ5=2

(B25)

iI
ii
¼ F01
;
F10
iI
F11

(B12)

(B13)

;

ð1 þ xiI2 Þ3=2

iI
ii
¼ F00
;
F00

(B14)

(B26)

27 Ti
aI xiI2
¼
;
4 TI ð1 þ xiI2 Þ5=2

Ii
F11

where
P

aI ð1 þ mi =mI Þ

ii
ii
¼ F01
;
F10

aI 13=4 þ 4 xiI2 þ ð15=2Þ xiI4

where Bmax is the maximum value of B on the magnetic ﬂuxsurface, and c a positive integer. The species-a transit frequency is
written38

Kt ðrÞ ¼

scitation.org/journal/php

(B27)

Ii
ii
¼ F00
;
F00

(B28)

Ii
F01
Ii
F10

(B29)

¼
¼

ii
F01
;
iI
F01 ;

(B30)

27
aI xiI2
¼
;
4 ð1 þ xiI2 Þ5=2

(B31)

II
ii
¼ F00
;
F00

(B32)

II
iI
¼ F01
;
F01

(B33)

II
F10

(B34)

I22 c¼1;C I4;c I5;c
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C
1, and vTa ¼ 2 Ta =ma . Here, ma is the species-a mass, and
Ta ðrÞ the species a temperature (in energy units). The fraction of
circulating particles is38
ð
3 I2 B20 1 k dk
fc ðrÞ ¼
:
(B15)
4 B2max 0 I6 ðkÞ

4. Electron collisional friction matrix

Finally, the dimensionless species-a collisionality parameter is
written38

The 2  2 dimensionless electron collisional friction matrix,
½F ee ðrÞ, is deﬁned to have the following elements:38

 a ðrÞ ¼ K

gt
;
xta saa

(B16)

where
fc
;
1  fc
3 I2 2
K ;
K ðrÞ ¼
8p I3 t
1
4 4p na e4a ln K
¼ pﬃﬃﬃ
:
saa 3 p ð4p 0 Þ2 m2a v3Ta
gt ðrÞ ¼

(B17)
(B18)
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Ti
TI

¼
)

pﬃﬃﬃ 2
aI 15=2 þ 4 xiI2 þ ð13=4Þ xiI4
2 aI xIi þ
:
ð1 þ xiI2 Þ5=2

ee
F00
¼ Zeff ;
3
ee
F01 ¼ Zeff ;
2
3
ee
F10 ¼ Zeff ;
2
p
ﬃﬃ
ﬃ
13
ee
Zeff :
¼ 2þ
F11
4

(B35)

(B36)
(B37)
(B38)
(B39)

5. Neoclassical viscosity matrices
(B19)

Here, the Coulomb logarithm, ln K, is assumed to take the same
large constant value (i.e., ln K ’ 17), independent of species.
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II
F11
¼

(

iI
F01
;

The 2  2 dimensionless species-a neoclassical viscosity
matrix, ½la ðrÞ, is deﬁned to have the following elements:38
a
la00 ¼ K00
;

(B40)
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5 a
a
K  K01
;
2 00
la10 ¼ la01 ;
25 a
a
a
K :
¼ K11
 5 K01
þ
4 00
la01 ¼

la11

(B41)

 IT ðxÞ ¼ 3  ID ðxÞ þ  I ðxÞ:

(B42)

Note that our expressions for the neoclassical viscosity matrices
interpolate in the most accurate manner possible between the three
standard neoclassical collisionality regimes (i.e., the banana, plateau,
and Pﬁrsch–Sch€
uter regimes).38

(B43)

Here
4
e
¼ gt pﬃﬃﬃ
Kab
3 p

ð1
0

ex x4þaþb  eD ðxÞ dx
h
i;

x2 þ  e  eD ðxÞ x2 þ ð5p=8Þ ðxte see Þ1  eT ðxÞ



pﬃﬃﬃ 
pﬃﬃﬃ
3 p
1
3 p
 eD ¼
1
wðxÞ þ w0 ðxÞ þ
Zeff ;
4
2x
4
pﬃﬃﬃ
3 p
 e ¼
wðxÞ  w0 ðxÞ ;
2
 eT ðxÞ ¼ 3  eD ðxÞ þ  e ðxÞ

(B45)
(B46)
(B47)

ðx

2
2
2
et dt  pﬃﬃﬃ x ex ;
p
0
2
2
0
w ðxÞ ¼ pﬃﬃﬃ x ex :
p

(B48)
(B49)

Let


4
i
¼ gt pﬃﬃﬃ
Kab
3 p

~ I ¼ a2I
l

½Qee  ¼ ½F ee þ le 1 :

0



e
xþ

x

 i  iD ðxÞ

2þaþb

 iD ðxÞ dx

x
h
i;
x þ ð5p=8Þ ðxti sii Þ1  iT ðxÞ



pﬃﬃﬃ 
3 p
1
1
1
wðxÞ þ w0 ðxÞ
4
2x
x
pﬃﬃﬃ "
  
 #
3 p
xiI
x
1
0 x
þ
þw
aI 1 
;
w
4
xiI
xiI
x
2x
pﬃﬃﬃ
3 p
1
wðxÞ  w0 ðxÞ
 i ¼
2 pﬃﬃﬃ
x

 
 
3 p
mi
x
x
1
 w0
aI
;
w
þ
2
xiI
xiI
x
mI

Here,


1;
½Y in  ¼ sii hr vicx
hn
i
n
i
0;
yn ¼

 iT ðxÞ ¼ 3  iD ðxÞ þ  i ðxÞ
and, ﬁnally
ð1
0

ex x2þaþb  ID ðxÞ dx
h
i;

x þ  I  ID ðxÞ x þ ð5p=8Þ ðxtI sII Þ1  IT ðxÞ
(B53)



pﬃﬃﬃ 
3 p
1
1
1
wðxÞ þ w0 ðxÞ
4
2x
x
pﬃﬃﬃ "
  
 #
3 p 1
xIi
x
1
0 x
þ
þw
;
(B54)
1
w
4 aI
xIi
xIi
x
2x
pﬃﬃﬃ
pﬃﬃﬃ 
 
 
3 p
1 3 p 1 mI
x
x
1
0
I
 w0
wðxÞ  w ðxÞ þ
;
w
 ¼
2
x
2 a I mi
xIi
xIi x
 ID ¼

(B55)
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0
;
En =Ti

hnn i hB2 i
;
hnn B2 i

(B60)
(B61)

where
hAiðrÞ 

(B52)

(B59)

41

(B50)

(B51)

(B57)

and the 2  2 dimensionless electron matrix, ½Qee ðrÞ, where

 iD ¼

4
I
Kab
¼ gt pﬃﬃﬃ
3 p


Ti
xIi lI :
TI

The requirement of equilibrium force and heat balance parallel to
the magnetic ﬁeld37,38,41 leads us to deﬁne four 2  2 dimensionless
ion matrices, ½Lii ðrÞ; ½LiI ðrÞ; ½LIi ðrÞ, and ½LII ðrÞ, where
!1
!
 ii
½Lii ; ½LiI 
½F iI 
F þ li þ Y in =yn ;

¼
½LIi ; ½LII 
~I
½F Ii ;
F II þ l
!
½F ii þ Y in ; ½F iI 

(B58)
½F II 
½F Ii ;

Furthermore
ð1

(B56)

6. Parallel force and heat balance

(B44)

and
2
wðxÞ ¼ pﬃﬃﬃ
p
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þ

Aðr; HÞ dH
Bðr; HÞ

þ

dH
:
Bðr; HÞ

(B62)

Moreover, hr vicx
i is the ﬂux-surface averaged rate constant for
charge exchange reactions between neutrals and majority ions,
nn ðr; HÞ the neutral particle density, and En =Ti the ratio of the
incoming neutral energy to the majority ion energy. The parameter
yn takes into account the fact that the incoming neutrals at the edge
of an H-mode tokamak plasma are usually concentrated at the Xpoint (i.e., yn > 1).41

APPENDIX C: PLASMA ANGULAR VELOCITY
EVOLUTION
1. Plasma angular equations of motion
We can write
Xh ðr; tÞ ¼ Xh0 ðrÞ þ DXh ðr; tÞ;
X/ ðr; tÞ ¼ X/0 ðrÞ þ DX/ ðr; tÞ;

(C1)
(C2)

where Xh ðr; tÞ and X/ ðr; tÞ are the poloidal and toroidal plasma
angular velocity proﬁles, respectively, whereas Xh0 ðrÞ and X/0 ðrÞ
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are the corresponding unperturbed proﬁles, and DXh ðr; tÞ and
DX/ ðr; tÞ are the respective modiﬁcations to the proﬁles induced by
the electromagnetic torques exerted at the various resonant surfaces
within the plasma. The modiﬁcations to the angular velocity proﬁles
are governed by the poloidal and toroidal angular equations of
motion of the plasma, which take the respective forms34,56




@DXh @
@DXh
q
l r3
4p2 R0 ð1 þ 2 q2 Þ q r 3

þ r 3 DXh
@r
sh
@t
@r
X
¼
dThk dðr  rk Þ;
(C3)
k¼1;K

#


@DX/ @
@DX/
q
lr
qr
r DX/

þ
4p
@r
s/
@t
@r
X
dT/k dðr  rk Þ
¼
2

"

R30

(C4)

k¼1;K

and are subject to the spatial boundary conditions34
@DXh ð0; tÞ @DX/ ð0; tÞ
¼
¼ 0;
@r
@r
DXh ða; tÞ ¼ DX/ ða; tÞ ¼ 0:
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and
@DXhk ð0; tÞ @DX/k ð0; tÞ
¼
¼ 0;
@r
@r
DXhk ða; tÞ ¼ DX/k ða; tÞ ¼ 0:

(C5)
(C6)

where sii ðrÞ and li00 ðrÞ are deﬁned in Appendix B.
2. Simplified plasma angular equations of motion

Now, in the presence of poloidal and toroidal ﬂow damping, the
modiﬁed angular velocity proﬁles, DXhk and DX/k , are radially localized in the vicinity of the kth resonant surface.59 Hence, it is a good
approximation to write Eqs. (C10) and (C11) in the simpliﬁed forms




@
qk 3
2
2
3 @DXhk
3 @DXhk
r
4p R0 ð1 þ 2 qk Þ qk r
r DXhk
 lk
þ
@r
@t
@r
shk
¼ dThk dðr  rk Þ;
(C14)
"
#


@DX/k
@
@DX/k
q
r
 lk
þ k r DX/k
4p2 R30 qk r
@r
@t
@r
s/k
(C15)

where
qk ¼ qðrk Þ; qk ¼ qðrk Þ; lk ¼ lðrk Þ; shk ¼ sh ðrk Þ,
s/k ¼ s/ ðrk Þ.

Let
sA ¼

l0 q0 a2
B20

DXhk ðr; tÞ;

(C8)

X

DX/k ðr; tÞ;

(C9)

where





@DXhk @
@DXhk
q
l r3
4p2 R0 ð1 þ 2 q2 Þ q r 3

þ r 3 DXhk
@r
sh
@t
@r
¼ dThk dðr  rk Þ;
(C10)
"
4p

#


@DX/k @
@DX/k
q
lr
qr

þ
r DX/k
@r
s/
@t
@r

¼ dT/k dðr  rk Þ
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(C16)

;

(C17)

is the plasma mass density. Furthermore, let ^r ¼ r=a; ^r k ¼ rk =a;
^a ¼ a=R0 ; ^t ¼ t= sA ; q
^ k ¼ qk =q0 ; sMk ¼ qk a2 =lk ; ^s Mk ¼ sMk =sA ,
^ h ¼ sA Xh ; X
^ h0 ¼ sA Xh0 ,
^ hk
^s hk ¼ shk =sA ; ^s /k ¼ s/k =sA ; X
DX
^
^
^
¼ sA DXhk ; X / ¼ sA X/ ; X /0 ¼ sA X/0 , and DX /k ¼ sA DX/k . It
follows that
X
^ h0 ð^r Þ þ
^ hk ð^r ; ^t Þ;
^ h ð^r ; ^t Þ ¼ X
DX
(C18)
X
k¼1;K

X

k¼1;K

R30

!1=2

where q0 ¼ qð0Þ, and
( 


)
ZI  Zeff
Zeff  1
qðrÞ ¼ mi
þ mI
ne
ZI ðZI  1Þ
ZI  1

^ /0 ð^r Þ þ
^ / ð^r ; ^t Þ ¼ X
X

(C11)

X

^ /k ð^r ; ^t Þ;
DX

(C19)

k¼1;K

k¼1;K

2

and

3. Normalized plasma equations of angular motion

It is convenient to write

DX/ ðr; tÞ ¼

(C13)

¼ dT/k dðr  rk Þ;

Here, lðrÞ is the anomalous plasma perpendicular ion viscosity
(due to plasma turbulence), whereas qðrÞ is the plasma mass density
proﬁle. Furthermore, 1=sh ðrÞ is the neoclassical poloidal ﬂowdamping rate.37,57 Finally, 1=s/ ðrÞ is the neoclassical toroidal ﬂowdamping rate.58,59 Note that Eqs. (C3) and (C4) are obtained by
taking ﬂux-surface averages of the poloidal and toroidal components of the plasma equation of motion. The ﬂux-surface averaging
annihilates the dominant scalar pressure and poloidally and toroidally varying j  B terms, leaving intact the much smaller inertial
and viscous terms, as well as the residual net electromagnetic
torques acting at the resonant surfaces.
According to standard neoclassical theory37,38

2
1
q R0 li00
;
(C7)
¼
sh ðrÞ
r
sii

DXh ðr; tÞ ¼

(C12)

where


^ hk
^
@DX
1 @
1 3 ^
3 @DX hk
^r
^r DX hk

þ
ð1 þ
^s Mk @^r
^s hk
@^r
@^t
mk
^ k dð^r  ^r k Þ;
¼
dT
^ k ^a 2
2q


^ /k
^ /k
@DX
1 @
@DX
1
^ /k
^r
^r
^r DX

þ
^s Mk @^r
^s /k
@^r
@^t
n ^
¼
dT k dð^r  ^r k Þ
^k
2q
and
2 q2k Þ ^r 3

(C20)

(C21)
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^ hk ð0; ^t Þ @DX
^ /k ð0; ^t Þ
@DX
¼
¼ 0;
@^r
@^r
^ hk ð1; ^t Þ ¼ DX
^ /k ð1; ^t Þ ¼ 0:
DX

(C22)
(C23)

4. Solution of plasma angular equations of motion
Let60
^ hk ð^r ; ^t Þ ¼ 
DX

yp ð^r Þ
1 X
ak;p ð^t Þ
;
mk p¼1;P
yp ð^r k Þ

X
zp ð^r Þ
^ /k ð^r ; ^t Þ ¼ 1
b ð^t Þ
;
DX
zp ð^r k Þ
n p¼1;P k;p

(C24)

APPENDIX D: RESONANT PLASMA RESPONSE
1. Rutherford island width evolution equation
The response of the plasma to the RMP in the immediate
vicinities of the various resonant surfaces is governed by nonlinear
magnetic island physics.30 The amplitude of the reconnected magnetic ﬂux driven at the kth resonant surface is determined by the
Rutherford island width evolution equation,63,64 which can be written in the form
X
^
^ 1=2 þ ^d k dW k ¼
^ k0 cos ðuk  uk0  nkk0 Þ
^ kk0 W
E
Sk W
k
^
dt
0
k ¼1;K

(C25)

where
(C26)

zp ð^r Þ ¼ J0 ðj0;p ^r Þ

(C27)

Sk ¼

and P
1. Here, Jm ðzÞ is a standard Bessel function, and jm;p
denotes the pth zero of the Jm ðzÞ Bessel function.61 Note that Eqs.
(C24) and (C25) automatically satisfy the boundary conditions Eqs.
(C22) and (C23).
It is easily demonstrated that61


dyp
d
^r 3
(C28)
¼ j21;p ^r 3 yp ;
d^r
d^r


dzp
d
^r
(C29)
¼ j20;p ^r zp
d^r
d^r
and62
ð1

1
2
J2 ðj1;p Þ dpq ;
2
0
ð1
1
2
^r zp ð^r Þ zq ð^r Þ d^r ¼ J1 ðj0;p Þ dpq :
2
0
^r 3 yp ð^r Þ yq ð^r Þ d^r ¼

(C30)

ð1 þ 2 q2k Þ

!

dak;p
1
þ
þ
ak;p
^s Mk ^s hk
d^t
j20;p

!

dbk;p
1
þ
þ
b
^s Mk ^s /k k;n
d^t


2
yp ð^r k Þ
^
¼

2 dT k ;
^ k ^a 2 J2 ðj1;p Þ
q

p¼1;P
X

ak0 ;p ð^t Þ yp ð^r k Þ
;
mk0 yp ð^r k0 Þ
k0 ¼1;K

bk0 ;p ð^t Þ zp ð^r k Þ
^ /0 ð^r k Þ þ
^ / ð^r k ; ^t Þ ¼ X
:
X
n zp ð^r k0 Þ
k0 ¼1;K

(C33)

and I ¼ 0:8227. Here,

Qee
00 ðrÞ

(D3)
(D4)

is deﬁned in Appendix B, and

ree ðrÞ ¼

ne e2 see
;
me

(D5)

where see ðrÞ is deﬁned in Appendix B. Moreover, ^d k ¼ dSC ð^r k Þ=a,
where dSC ð^r Þ is the semi-collisional linear layer width speciﬁed in
Ref. 30. The dimensionless quantity ^d k is merely used to regularize
^k
Eq. (D1) so as to prevent it from becoming singular as W
approaches zero. Here, we are neglecting terms in the Rutherford
equation which scale as the inverse island width compared to the
RMP drive term, which scales as the inverse square of the island
width.30

The helical phase of the reconnected ﬂux driven at the kth resonant surface is determined by the no-slip constraint,34 which can
be written in the form
duk
^ / ð^r k ; ^t Þ
^ h ð^r k ; ^t Þ  n X
¼ mk X
d^t

(D6)

or
p¼1;P
p¼1;P
X mk yp ð^r k Þ
X zp ð^r k Þ
duk
^ k0 
ak0 ;p ð^t Þ 
b 0 ð^t Þ;
¼0
0
y
z ð^r 0 Þ k ;p
m
ð^
r
Þ
d^t
k0 ¼1;K k p k
k0 ¼1mK p k

(D7)

(C34)
where
(C35)

Here, k indexes the various resonant surfaces in the plasma,
whereas p indexes the various velocity harmonics.
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d ln q
;
d ln r
sR ð^r Þ ¼ l0 r 2 Qee
00 ree
sð^r Þ ¼

(C32)

It follows that

Phys. Plasmas 27, 072501 (2020); doi: 10.1063/5.0011738

(D2)

k

2

p¼1;P
X

 
2 I q 1=2 sR ð^r k Þ
;
^r k ^a g s ^r
sA

2. No-slip constraint

m2k


2
n zp ð^r k Þ
^
¼ 
2 dT k :
^ k J1 ðj0;p Þ
q

^ h0 ð^r k Þ 
^ h ð^r k ; ^t Þ ¼ X
X

(D1)

(C31)

Hence, Eqs. (C20) and (C21) yield
j21;p

^ kk ^v k cos ðuk  fk Þ;
þE
where

J1 ðj1;p ^r Þ
;
^r

yp ð^r Þ ¼

scitation.org/journal/php

^ /0 ð^r k Þ
^ h0 ð^r k Þ  n X
^ k0 ¼ mk X
-

(D8)

is the (normalized) unperturbed helical phase velocity of the tearing
mode resonant at the kth resonant surface, and use has been made
of Eqs. (C34) and (C35).
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According to the analysis of Ref. 45




gi
^ i
^ E þ 1  Lii00 þ Lii01
^ k0 ¼ n x
x
1 þ gi


 
gI
^ I ;
x
 LiI00  LiI01
1 þ gI
^r k
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(D9)

sA q 1 dU
;
B0 g r dr
sA Ta q 1 d ln pa
^ a ðrÞ ¼ 
;
x
ea B0 g r dr
d ln Ta
ga ðrÞ ¼
:
d ln na

(D10)
(D11)
(D12)

Here, UðrÞ is the electric scalar potential, whereas pa ðrÞ ¼ na Ta .
The parameters Lii00 ðrÞ; Lii01 ðrÞ; LiI00 ðrÞ, and LiI01 ðrÞ are deﬁned in
Appendix B.

APPENDIX E: COMPLETE MODEL
Our complete model can be expressed as the following closed
set of equations:
X
^
^ k j1=2 þ ^d k dW k ¼
^ k0 cos ðuk  uk0  nkk0 Þ
^ kk0 W
S k jW
E
d^t
k0 ¼1;K
^ kk ^v k cos ðuk  fk Þ;
þE
p¼1;P
X

(E1)

p¼1;P
X

zp ð^r k Þ
duk
mk yp ð^r k Þ
^ k0 
¼ak0 ;p 
b 0 ; (E2)
0 yp ð^
0Þ
z
m
r
ð^r 0 Þ k ;p
d^t
k
k
k0 ¼1;K
k0 ¼1;K p k
!

2
j21;p
m2k yp ð^r k Þ
1
2 dak;p
^
ð1 þ 2 qk Þ
þ
þ
ak;p ¼

2 dT k ; (E3)
^s Mk ^s hk
d^t
^ k ^a 2 J2 ðj1;p Þ
q
!

2
j20;p
dbk;p
n2 zp ð^r k Þ
1
^
þ
(E4)
þ
bk;n ¼ 
2 dT k ;
^s Mk ^s /k
d^t
^ k J1 ðj0;p Þ
q
where
^k ¼
dT

X

^kW
^ k0 sin ðuk  uk0  nkk0 Þ
^ kk0 W
E

k0 6¼k

^ k ^v k sin ðuk  fk Þ:
^ kk W
þE

(E5)

Here, k indexes the resonant surfaces within the plasma, whereas p
indexes the velocity harmonics. The full radial width (in r) of the
island chain driven at the kth resonant surface is
 1=2
q
^ k j1=2 :
jW
(E6)
Wk ¼ 4 R0
g s ^r
k

Note that we can simplify the numerical solution of Eq. (E1) by
^ k to allow it to take negative, as well as
extending our deﬁnition of W
^ k represents a magnetic
positive, values. A negative value for W
island chain at the kth resonant surface whose helical phase is
^ k takes an equal
shifted by p radians with respect to one for which W
and opposite value.
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