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ABSTRACT
According to a recent paper [Hu et al., Phys. Plasmas 26, 120702 (2019)], mode penetration at the top of the pedestal is a necessary and
sufﬁcient condition for the suppression of edge localized modes (ELMs) by a resonant magnetic perturbation (RMPs) in an H-mode tokamak
discharge. This paper employs asymptotic matching theory to model a particular DIII-D discharge in which ELMs were suppressed by an externally generated, static, n ¼ 2, RMP whose amplitude was modulated at a frequency of 1 Hz. It is demonstrated that the response of the plasma
to the applied RMP, in the immediate vicinities of the rational (i.e., resonant) surfaces, is governed by nonlinear, rather than by linear, physics.
This is the case because the magnetic island widths associated with driven reconnection exceed the linear layer widths, even in cases where
driven reconnection is strongly suppressed by plasma rotation. The natural frequency at a given rational surface (i.e., the helical frequency at
which the locally resonant component of the RMP would need to propagate in order to maximize driven reconnection) is found to be offset
from the local E  B frame in the ion diamagnetic direction. The size of the offset is mostly determined by neoclassical poloidal rotation.
Finally, the predictions of a fully nonlinear plasma response model are found to be broadly consistent with the DIII-D experimental data.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0003117
I. INTRODUCTION
Tokamak discharges operating in high-conﬁnement mode (Hmode)1 exhibit intermittent bursts of heat and particle transport, emanating from the outer regions of the plasma, that are known as type-I
edge localized modes (ELMs).2 ELMs are fairly harmless in present-day
tokamaks possessing carbon plasma-facing components. However,
large ELMs can cause a problematic inﬂux of tungsten ions into the
plasma core in tokamaks possessing tungsten plasma-facing components.3 Moreover, it is estimated that the heat load that ELMs will
deliver to the tungsten plasma-facing components in a reactor-scale
tokamak will be large enough to cause massive tungsten ion inﬂux
into the core, and that the erosion associated with this process will
unacceptably limit the lifetimes of these components.4 Consequently,
the development of robust and effective methods for ELM control is a
high priority for the international magnetic fusion program.
The most promising method for the control of ELMs is via the
application of static resonant magnetic perturbations (RMPs).
Complete RMP-induced ELM suppression was ﬁrst demonstrated on
the DIII-D tokamak.5 Subsequently, either mitigation or complete suppression of ELMs has been demonstrated on the JET,6 ASDEX-U,7
KSTAR,8 MAST,9 and EAST10 tokamaks.
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ELMs are thought to be caused by peeling-ballooning instabilities, with intermediate toroidal mode numbers, that are driven by the
strong pressure gradients and current density gradients characteristic
of the edge region of an H-mode tokamak discharge,11 which is known
as the pedestal region. The initial observations of RMP-induced ELM
suppression were interpreted as an indication that the magnetic ﬁeld
in the pedestal is rendered stochastic by the applied RMP, leading to
greatly enhanced transport via thermal diffusion along magnetic ﬁeldlines.5,12 This explanation was quickly abandoned because no signiﬁcant reduction in the electron temperature gradient in the pedestal is
observed during RMP-induced ELM suppression experiments,
whereas a very signiﬁcant reduction would be expected in the presence
of stochastic ﬁelds. It is now generally accepted that response currents
generated within the pedestal, as a consequence of plasma rotation,
play a crucial role in the perturbed equilibrium in the presence of
RMPs, and that these currents act to prevent the formation of RMPdriven magnetic island chains—a process known as shielding—and,
thereby, signiﬁcantly reduce the stochasticity of the magnetic ﬁeld.13
This paper concentrates on a particular (but completely typical)
DIII-D H-mode discharge (#15811514) in which ELMs were successfully suppressed by an externally applied n ¼ 2 RMP. In this discharge,
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the relative phase of magnetic perturbations generated by two sets of
external ﬁeld coils is modulated sinusoidally at a frequency of 1 Hz,
causing the amplitudes of the helical harmonics of the applied RMP
that resonate in the pedestal region to modulate in a cycloidal manner
at the same frequency. The application of the RMP is observed to generate two distinct plasma responses. The ﬁrst response—which is
known as the density pump-out—is characterized by a reduction in the
pedestal density, accompanied by a much smaller reduction in the
pedestal temperature, whose magnitude varies smoothly with the
amplitude of the edge-resonant components of the RMP. The density
pump-out is not observed to be associated with ELM suppression. The
second response—which is known as mode penetration—occurs when
the amplitude of the edge-resonant harmonics of the RMP exceeds a
certain critical value, is associated with the sudden formation of a
locked magnetic island chain at a rational surface that lies close to the
top of the pedestal, and is accompanied by a sudden shift in the edge
ion toroidal rotation. Mode penetration is observed to be strongly correlated with ELM suppression. If the amplitude of the edge-resonant
harmonics of the RMP falls below a second, somewhat smaller, critical
value, then the locked magnetic island chain is expelled from the
plasma, and the edge ion toroidal rotation returns to its original
value—this process is known as mode unlocking. Mode unlocking is
invariably accompanied by the resumption of ELMs. Note that we can
be fairly sure that mode penetration is associated with the formation
of a locked magnetic island chain because when mode unlocking
occurs the chain is sometimes observed to spin-up and decay away.
(See, for example, Fig. 5 in Ref. 14.) The fact that mode penetration is
a necessary condition for ELM suppression is a reasonable inference
from existing DIII-D experimental data.14 It is the hypothesis of this
paper that mode penetration is also a sufﬁcient condition. Incidentally,
it is not difﬁcult to understand why the formation of a locked island
chain close to the top of the pedestal might give rise to ELM suppression. The ﬂattening of the temperature and density proﬁles across the
island region reduces the pressure gradient at the top of the pedestal,
which is likely to move the plasma further from the peeling-ballooning
stability threshold. Moreover, the formation of a locked island is likely
to enhance any nonlinear interaction between the applied RMP and
the peeling-ballooning mode (essentially by allowing the associated
magnetic ﬁelds to phase lock to one another).15,16
A complete numerical simulation of DIII-D discharge #158115
would entail running a nonlinear extended (because the code would
need to incorporate diamagnetic and neoclassical effects) fullmagnetohyrodynamical (MHD) (because ELMs cannot be modeled
using reduced-MHD) code in toroidal geometry (because ELMs cannot be modeled in cylindrical geometry) for approximately 108 Alfven
times (which corresponds to 1 s of experimental time). Unfortunately,
this is completely impossible. (The most advanced, current-day, nonlinear, toroidal, extended-MHD codes are typically only capable of
running for 104 Alfven times.15,16) Hence, to make further progress,
some sort of reduced model is required. If we accept that mode penetration is a sufﬁcient condition for the achievement of ELM suppression, then the problem is greatly simpliﬁed, because we do not need to
directly model ELMs, and, thus, we can perform a nonlinear reducedMHD calculation in cylindrical geometry. This is precisely the
approach taken in a recent paper by Hu et al.17 In this paper, computer simulations—made using the cylindrical, multi-harmonic, ﬁveﬁeld, nonlinear, initial-value code, TM118–20—of DIII-D discharge
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#158115 ﬁnd that the formation of RMP-driven magnetic island
chains at the bottom and the top of the pedestal can account, in a
quantitative fashion, for the observed density pump-out, as well as the
mode-penetration-induced ELM suppression threshold.17 The simulations also ﬁnd that driven magnetic reconnection is strongly shielded
in the middle of the pedestal. (Incidentally, the ﬁve ﬁelds in TM1 are
the poloidal magnetic ﬂux, the electron density, the perpendicular ion
vorticity, the parallel ion velocity, and the electron temperature.) It
should be noted that the simulations presented in Ref. 17 use the
experimental density, temperature, safety-factor, and radial electric
ﬁeld proﬁles, apply an appropriately modulated n ¼ 2 RMP with the
experimental spectrum of resonant harmonics, and simulate the
response of the plasma for the equivalent of 2.5 s of experimental time.
Generally speaking, a tokamak plasma exhibits two distinct types
of response to an applied RMP. The ﬁrst of these is the conventional
tearing response due to magnetic islands driven at rational surfaces
within the plasma. The second is the kink response21,22 due to coupling
to a non-resonant stable kink mode. The kink response causes the
plasma to effectively amplify the applied RMP. Although the cylindrical TM1 code cannot directly determine the kink response of the
plasma, the kink-induced ampliﬁcation of the RMP can be correctly
calculated using a linear toroidal ideal-MHD code such as the HINT23
or IPEC24 codes. The ampliﬁed RMP calculated by HINT or IPEC can
then be used (as, indeed, it is used) as a boundary condition for the
TM1 code.17
Unfortunately, even the reduced model of Ref. 17 requires many
tens of hours of cpu time (corresponding to many days of actual time)
to perform a complete simulation. The ﬁrst aim of this paper is to
employ standard asymptotic matching theory to further simplify the
model in such a manner that a complete simulation can be performed
in a matter of minutes in real time. The second, and equally important,
aim is to gain a more exact understanding of the physical mechanism
that underlies RMP-induced ELM suppression in the DIII-D tokamak.
Two asymptotic matching theories are employed in this study. The
ﬁrst employs the cylindrical, single-harmonic, four-ﬁeld, linear, resonant plasma response model of Refs. 25 and 26. The second employs
the cylindrical, single-harmonic, four-ﬁeld, nonlinear, resonant plasma
response model of Refs. 27–29. (Note that, unlike the model used in
Ref. 17, for the sake of simplicity, the models used in this paper do not
evolve the electron temperature proﬁle separately from the density
proﬁle. Hence, they are four-ﬁeld, rather than ﬁve-ﬁeld, models.)
II. PRELIMINARY ANALYSIS
A. Plasma equilibrium
Consider a large aspect-ratio, low-b, tokamak plasma whose
equilibrium magnetic ﬂux surfaces map out (almost) concentric circles
in the poloidal plane. Such a plasma is well approximated as a periodic
cylinder. Suppose that the minor radius of the plasma is a. Standard
right-handed cylindrical coordinates (r, h, z) are adopted. The system
is assumed to be periodic in the z-direction, with periodicity length
2p R0 , where R0  a is the simulated plasma major radius. It is convenient to deﬁne the simulated toroidal angle / ¼ z=R0 .
The equilibrium magnetic ﬁeld is written as BðrÞ ¼ ½0; Bh ðrÞ;
B/ . The associated equilibrium plasma current density takes the form
jðrÞ ¼ ½0; 0; j/ ðrÞ, where
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1 dðr Bh Þ
:
r dr

^ ðrÞ þ Wc ðtÞ w
^
^ ðr; tÞ ¼ Ws ðtÞ w
w
out
hom
inhom ðrÞ;

(1)

r B/
;
R0 Bh

(2)

parameterizes the helical pitches of equilibrium magnetic ﬁeld-lines.
In a conventional tokamak plasma, jqðrÞj is of order unity, and is a
monotonically increasing function of r.

Consider the response of the plasma to a static RMP. Suppose
that the RMP has jmj periods in the poloidal direction, and n > 0 periods in the toroidal direction. (Note that m is positive if q is positive,
and vice versa. It turns out that q is negative in DIII-D discharge
#158115.) It is convenient to express the perturbed magnetic ﬁeld and
the perturbed plasma current density in terms of a magnetic ﬂuxfunction, wðr; h; /; tÞ. Thus
dB ¼ rw  ez ;

(3)

l0 dj ¼ r2 w ez ;

(4)

^ tÞ exp ½ i ðm h  n /Þ:
wðr; h; /; tÞ ¼ wðr;

(5)

where

30

This representation is valid provided that jmj=n  a=R0 .
According to standard asymptotic matching theory, the response
of the plasma to the applied RMP is governed by the equations of perturbed, marginally stable (i.e., @=@t  0), ideal magnetohydrodynamics (MHD) to an excellent approximation everywhere in the plasma,
apart from a relatively narrow (in r) region in the vicinity of the rational surface, minor radius rs, where qðrs Þ ¼ m=n.30–32 This is essentially the case because the resistive term in the plasma Ohm’s law is
many orders of magnitude smaller than the other terms. Moreover,
the scalar pressure gradient and the j  B terms in the plasma equation of motion are many orders of magnitude larger than the inertial,
neoclassical viscous, or perpendicular viscous terms. However, the
small terms become signiﬁcant in the immediate vicinity of the rational surface because the radial scale length becomes of order the linear
layer width, or the nonlinear island width, both of which are much less
than the plasma minor radius. The region of the plasma, in the immediate vicinity of the rational surface, in which the equations of marginally stable ideal MHD break down, is termed the inner region. The
remainder of the plasma (as well as the surrounding vacuum) is
termed the outer region.
In the outer region, the perturbed poloidal magnetic ﬂux,
^ ðr; tÞ, satisﬁes the cylindrical tearing mode equation30
w
out


^
^
1 @
@w
m2 ^
l0 m ðdj/ =drÞ w
out
out
r
 2 w
¼ 0;
(6)
out þ
r @r
@r
r
Bh ðm q  nÞ
which is obtained by linearizing the marginally stable ideal MHD relation r  ðrp þ j  BÞ ’ 0, and combining the resulting equation
with Eqs. (3)–(5).
It is convenient to write the solution to the previous equation in
the form
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8
<0
^ ðrÞ ¼ 1
w
hom
:
0

r¼0
r ¼ rs
r¼1

(8)

8
<0
^
ðrÞ
¼
1
w
inhom
:
0

r ¼ rs
r ¼ rc
r ¼ 1;

(9)

and

B. Plasma response
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(7)

where

The safety factor
qðrÞ ¼
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with

rc þ
^
dw
inhom
¼ 1:
dr
rc 

(10)

Here, it is assumed that the applied RMP is driven by an external heli1
cal current djðr; tÞ ¼ l1
0 Wc ðtÞ rc dðr  rc Þ exp ½ i ðm h  n /Þ,
^
^
where rc > a. Note that w hom ðrÞ and w
inhom ðrÞ are real continuous
functions that have gradient discontinuities across the inner region.
^ ðr; tÞ is the perturbed poloidal magnetic ﬂux in
Suppose that w
in
the inner region. Asymptotic matching between the inner and outer
regions yields
Din ðtÞ ¼ Dout ðtÞ;

(11)

where
"

^
@w
in=out
Din=out ðtÞ ¼ r
@r

#rs þ
:

(12)

rs 

It follows from Eq. (7) that
Din ðtÞ ¼ D0 rs Ws ðtÞ þ 2 jmj Wv ðtÞ;

(13)

where



^ rs þ
d ln w
;
D ¼
dr rs 

rs þ
^
Wc ðtÞ dw
inhom
Wv ðtÞ ¼
r
:
2 jmj
dr
rs 
0

(14)

(15)

Here, Wv ðtÞ ¼ jWv j eiuv is the so-called vacuum ﬂux, and is
^ tÞ at radius rs in the presence of
(approximately) the value of wðr;
the RMP, but in the absence of the plasma. Moreover, uv is the helical phase of the RMP, and is assumed to be constant in time.
^ tÞ
Furthermore, Ws ðtÞ ¼ jWs j eius , which is the actual value of wðr;
at radius rs, is termed the reconnected magnetic ﬂux. Here, us ðtÞ is
the helical phase of the reconnected ﬂux. The parameter D0 is the
familiar tearing stability index.31 According to standard tearing
mode theory,31,33 if D0 > 0 then the m/n tearing mode spontaneously reconnects magnetic ﬂux at the rational surface to form a
helical magnetic island chain. In the following, it is assumed that
D0 < 0, so that the m/n tearing mode is intrinsically stable. In this
situation, any magnetic reconnection that takes place at the rational
surface is due solely to the RMP.
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C. Semi-collisional resonant response regime
In this paper, we shall examine two different response regimes in
the inner region. The ﬁrst of these is the so-called semi-collisonal
regime.26,34,35 This is a linear, two-ﬂuid, low-collisionality regime for
which26,27


dSC
d
þ i xðtÞ Ws ðtÞ:
Din ðtÞ ¼
sR
(16)
dt
rs
Here
dSC ¼ p

jn xe j1=2 sH
1=2
ðqs =rs Þ sR

rs ;

(17)

26

is the linear layer width, whereas
sH ¼

R0
jB/ j

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l0 qðrs Þ
;
ns

sR ¼ l0 rs2 rðrs Þ;
ðdpe =drÞrs
;
e ne ðrs Þ R0 Bh ðrs Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mi Te ðrs Þ
qs ¼
;
e jB/ j

xe ¼

(18)
(19)

(21)

(22)

where Xh ðr; tÞ and X/ ðr; tÞ are the plasma poloidal and toroidal angular velocity proﬁles, respectively. (To be more exact, Xh ðr; tÞ and
X/ ðr; tÞ are the poloidal and toroidal angular velocity proﬁles of an
imaginary ﬂuid that convects reconnected magnetic ﬂux at rational surfaces. It is assumed that changes in these velocity proﬁles are mirrored
by changes in the actual plasma velocity proﬁles. In the absence of an
RMP, a magnetic island convected by the imaginary ﬂuid propagates at
its so-called natural frequency. The relationship between the natural frequency and the E  B frequency is speciﬁed in Sec. II F.) It is helpful to
deﬁne the viscous diffusion timescale at the rational surface
sV ¼

rs2 qðrs Þ
;
lðrs Þ

(23)

where lðrÞ is the equilibrium plasma (perpendicular) viscosity proﬁle.
It should be noted that the analysis of Ref. 26, combined with the
experimental data listed in Table I, leads to the conclusion that the
appropriate cylindrical, four-ﬁeld, linear, plasma response regime in
the inner region is the so-called SCi (ﬁrst semi-collisional) regime. (In
particular, the dimensionless parameters cb , D, P, and Q that control
the plasma response, according to the analysis of Ref. 26, are calculated
at the 8/2 and the 11/2 rational surfaces in the pedestal of DIII-D
discharge #15811514 in Table II. In the ﬁrst case, the fact that D > 1
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TABLE I. Measured and estimated physics parameters at two rational surfaces in
the pedestal of DIII-D discharge #158115. (See Fig. 2 of Ref. 17.) m is the poloidal
mode number, n is the toroidal mode number, B/ is the toroidal magnetic ﬁeld (T),
R0 is the major radius (m), a is the minor radius (m), ne is the electron number density (1019 m3 ), Te is the electron temperature (keV), Ti is the ion temperature (keV),
gi ¼ d ln Ti =d ln ne ; Zeff is the conventional measure of impurity content, v? is the
perpendicular momentum diffusivity (m2 s1 ), xE ¼ Er =ðR0 Bh Þ is the E  B frequency (krad s1 ), xe ¼ ðdpe =drÞ=ðe ne R0 Bh Þ is the electron diamagnetic frequency (krad s1 ), ^r s is the rational surface radius normalized to the plasma minor
radius, s is the magnetic shear, Mi is the majority ion mass number, and
D  D0 rs =ð2 mÞ.

m

n

B/

R0

a

ne

Te

Ti

gi

Zeff

8
11

2
2

1.94
1.94

1.75
1.75

0.93
0.93

2.8
0.75

1.4
0.12

1.4
0.12

1.9
1.8

2.5
2.5

m

n

v?

xE

xe

^r s

s

Mi

D

8
11

2
2

1.0
1.0

21:3
9:8

21:5
12:8

0.853
0.974

2.3
11.2

2.0
2.0

1.0
1.0

(20)

are the hydromagnetic timescale, resistive diffusion timescale, electron diamagnetic frequency, and ion sound radius, respectively, at the rational surface. Moreover, s ¼ ðd ln q=d ln rÞr¼rs is the local magnetic shear, mi is
the ion mass, and e is the magnitude of the electron charge. Furthermore,
rðrÞ; ne ðrÞ; qðrÞ  mi ne ðrÞ; Te ðrÞ; pe ðrÞ  ne ðrÞ Te ðrÞ are the equilibrium plasma electrical conductivity, electron number density, mass density, electron temperature, and electron pressure proﬁles, respectively.
Finally
xðtÞ ¼ m Xh ðrs ; tÞ  n X/ ðrs ; tÞ;

scitation.org/journal/php

implies that we should consult Fig. 3 in Ref. 26. According to this ﬁgure, the fact that cb D < Q < D and P > 1 indicates that the appropriate response regime at the 8/2 surface is the SCi regime. In the
1=3
second case, the fact that cb < D < 1 implies that we should
consult Fig. 2 in Ref. 26. According to this ﬁgure, the fact that Q < D
and P > Q3 =D6 indicates that the appropriate response regime at the
11/2 surface is the SCi regime. The response and layer thickness in
the SCi regime are listed in Table I of Ref. 26.) Equation (16) is a
slightly simpliﬁed implementation of the response of the plasma in the
vicinity of the rational surface in the SCi regime.
Incidentally, the experimental data listed in Table I are derived
from the safety-factor, electron number density, electron temperature,
and E  B frequency proﬁles shown in Ref. 17. The electron diamagnetic frequency, magnetic shear, and gi values listed in the table are
calculated directly from these proﬁles. The electron and ion temperature proﬁles are assumed to be the same. The values of the perpendicular momentum diffusivity are obtained from the TRANSP code.36 The
values of the effective ion charge number, Zeff , come from line emission spectroscopy.
Equations (13) and (16) can be combined to give the following
linear evolution equation for the reconnected magnetic ﬂux


dSC
d
þ i xðtÞ Ws ðtÞ ¼ D0 rs Ws ðtÞ þ 2 jmj Wv ðtÞ:
sR
(24)
dt
rs
TABLE II. Input parameters for the analytic, cylindrical, single-helicity, four-ﬁeld, linear,
resonant plasma response model of Ref. 26 at two rational surfaces in the pedestal of
DIII-D dischargepﬃﬃﬃ
#158115. m is the poloidal mode number, n is the toroidal mode
number, cb ¼ b (where b is the usual dimensionless measure of plasma pressure), D ¼ S1=3 qs =rs (where S ¼ sR =sH ), P ¼ sR =sV , and Q ¼ S1=3 jx0 j sH =2,
with x0 ¼ n ðxE þ xe Þ.

m

n

cb

D

P

Q

8
11

2
2

6:48  102
9:81  103

1:54  10þ0
3:43  101

7:16  10þ0
4:63  101

1:27  10þ0
6:16  102
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The previous equation is conveniently rewritten as an island width
evolution equation27
"
#
 2
 
dSC
d W
1W 0
Wv
¼
sR
D rs þ 2 jmj
cos u ;
(25)
dt rs
2 rs
rs
W
and an island phase evolution equation


 2
dSC
du
Wv
 x ¼ 2 jmj
sR
sin u:
dt
rs
W

(26)

Here

WðtÞ ¼ 4

jWs j
s rs jBh ðrs Þj

1=2
rs ;

(27)

is the full (radial) width of the magnetic island chain that forms at the
rational surface. (Incidentally, it is assumed that W  rs .) Moreover

1=2
jWv j
Wv ðtÞ ¼ 4
rs ;
(28)
s rs jBh ðrs Þj
is termed the vacuum island width. Finally
uðtÞ ¼ us ðtÞ  uv ;

(29)

is the helical phase of the island chain relative to the RMP. Note that
although Eqs. (25) and (26) are nonlinear in W and u, they are entirely
equivalent to the linear evolution equation (24). Incidentally, it is clear
from Eq. (26) that in the presence of an RMP the reconnected magnetic
ﬂux at the rational surface can slip substantially with respect to the local
plasma (i.e., du=dt  x ¼
6 0). However, this type of slippage is only
possible in linear resonant response regimes. Finally, although Eqs. (25)
and (26) appear to become singular in the limit W ! 0, this appearance
is misleading. Indeed, if the equations are rewritten in terms of the real
and imaginary parts of the reconnected ﬂux, then they are perfectly well
behaved in the limit W ! 0. [See Eqs. (77) and (78).]
The semi-collisional response regime holds in the inner region
when W < dSC . That is, when the magnetic island width falls below
the linear layer width.
D. Rutherford resonant response regime
The second response regime investigated in this paper is the socalled Rutherford regime. This is a nonlinear regime in which33
 
 
Din
d W
;
(30)
¼ I sR
Re
dt rs
Ws
where I ¼ 0:8227, and30
dus
 x ¼ 0:
dt

(31)

According to the previous equation, which is known as the no-slip constraint, the island chain is forced to co-rotate (without slippage) with
the aforementioned (see Secs. II E and II C) magnetic-ﬂux-convecting
imaginary ﬂuid at the rational surface. Note that, unlike Eq. (16), the
Din value speciﬁed in Eq. (30) is nonlinear in jWs j (becasue
W / jWs j1=2 ). Equations (13) and (30) can be combined to give the
Rutherford island width evolution equation33,38–40
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 2
 
d W
Wv
¼ D0 rs þ 2 jmj
cos u:
dt rs
W

(32)

Note that we are neglecting terms on the right-hand side of the previous equation that emanate from the perturbed bootstrap current and
magnetic ﬁeld line curvature. The neglect of the bootstrap and curvature terms is justiﬁed because they scale as 1=W,28 whereas the RMP
term scales as 1=W 2 . Hence, the RMP term is dominant at the relatively small island widths at which mode penetration is triggered.
Likewise, we are also neglecting any ﬁnite-island-width corrections to
D0 since these corrections are only important at relatively large island
widths.
The Rutherford response regime holds in the inner region when
W > dSC . That is, when the magnetic island width exceeds the linear
layer width.
E. Plasma angular velocity evolution
It is easily demonstrated that zero net electromagnetic torque can
be exerted on magnetic ﬂux surfaces located in a region of the plasma
that is governed by the equations of marginally stable, idealMHD.30,41,42 Thus, to the extent that the plasma response away from
the rational surface is governed by marginally stable, ideal-MHD
(which it is to an excellent approximation) any signiﬁcant electromagnetic torque exerted on the plasma by the RMP develops in the immediate vicinity of the rational surface, where ideal-MHD breaks down.
The net poloidal and toroidal electromagnetic torques exerted in the
vicinity of the rational surface by the RMP take the forms30,37,43
4p2 jmj m R0
jWv j jWs j sin u;
l0

(33)

4p2 jmj n R0
jWv j jWs j sin u;
l0

(34)

ThEM ¼ 
T/EM ¼
respectively.
We can write

Xh ðr; tÞ ¼ Xh0 ðrÞ þ DXh ðr; tÞ;
X/ ðr; tÞ ¼ X/0 ðrÞ þ DX/ ðr; tÞ;

(35)
(36)

where Xh0 ðrÞ and X/0 ðrÞ are the equilibrium poloidal and toroidal
plasma angular velocity proﬁles, respectively, whereas DXh ðr; tÞ and
DX/ ðr; tÞ are the respective modiﬁcations to these proﬁles induced by
the aforementioned electromagnetic torques. The modiﬁcations to the
angular velocity proﬁles are governed by the poloidal and toroidal
angular equations of motion of the plasma, which take the respective
forms30,44,45




@DXh @
@DXh
DXh
l r3
4p2 R0 ð1 þ 2 q2 Þ q r 3

þ q r3
@r
@t
@r
sh
(37)
¼ ThEM dðr  rs Þ;
"
#


@DX/ @
@DX/
DX/
lr

þ qr
4p2 R30 q r
@r
@t
@r
s/
¼ T/EM dðr  rs Þ;

(38)
30

and are subject to the spatial boundary conditions
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@DXh ð0; tÞ @DX/ ð0; tÞ
¼
¼ 0;
@r
@r
DXh ða; tÞ ¼ DX/ ða; tÞ ¼ 0:

(39)
(40)
46

Here, sh ðrÞ is the neoclassical poloidal ﬂow-damping time proﬁle, and
s/ ðrÞ is the neoclassical toroidal ﬂow-damping time proﬁle. The neoclassical toroidal ﬂow-damping is assumed to be generated by nonresonant components of the applied RMP.47,48 The factor ð1 þ 2 q2 Þ in
Eq. (37) derives from the fact that incompressible poloidal ﬂow has a
poloidaly varying toroidal component that effectively increases the
plasma mass being accelerated by the poloidal ﬂow-damping force.44 It
turns out that, in the presence of strong poloidal and toroidal ﬂowdamping, the modiﬁcations to the plasma poloidal and toroidal angular
velocity proﬁles are localized in the vicinity of the rational surface.48
Assuming that this is the case, it is a good approximation to replace q, q,
l, sh , and s/ in Eqs. (37) and (38) by their values at the rational surface.
We are, nevertheless, assuming that the localization width greatly
exceeds the linear layer width (or the island width, in the nonlinear
case). Note that we are neglecting the ﬁnite radial width of the resistive
layer/magnetic island in Eqs. (37) and (38), which accounts for the presence of delta functions on the right-hand sides. This approximation is
justiﬁed because the resistive layer/magnetic island width is generally
very much smaller than the plasma minor radius.
Equations (22), (35), and (36) imply that
xðtÞ ¼ x0 þ m DXh ðrs ; tÞ  n DX/ ðrs ; tÞ;

(41)

x0 ¼ m Xh0 ðrs Þ  n X/0 ðrs Þ;

(42)

where
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III. QUASI-LINEAR RESPONSE MODEL
A. Introduction
The response model summarized in this section is termed
“quasi-linear” because, whereas the plasma response model in the
inner region is linear, the overall model is nonlinear due to the nonlinear nature of the electromagnetic torques.
B. Un-normalized quasi-linear response model
According to Secs. II C and II E, the complete quasi-linear
response model takes the form
#
 2
 
 "
dSC
d W
1 W
Wv
0
¼
D rs þ 2 jmj
sR
cos u ; (46)
dt 4 rs
2 4 rs
rs
W


 2
dSC
du
Wv
 x ¼ 2 jmj
sR
sin u;
(47)
dt
rs
W
x ¼ x0 þ m DXh ðrs ; tÞ  n DX/ ðrs ; tÞ;
(48)




@DX
@
@DX
DX
h
h
h
l r3
ð1 þ 2 q2s Þ q r 3

þ q r3
@r
@t
@r
sh
  
jmj m Wv 2 W 2
½s rs Bh ðrs Þ2 sin u dðr  rs Þ; (49)
¼
l0
4 rs
4 rs
"
#


@DX/ @
@DX/
DX/
2
lr
R0 q r

þ qr
@r
@t
@r
s/
 2  2
jmj n Wv
W
½s rs Bh ðrs Þ2 sin u dðr  rs Þ;
(50)
¼
l 0 4 rs
4 rs
@DXh ð0; tÞ @DX/ ð0; tÞ
¼
¼ 0;
@r
@r
DXh ða; tÞ ¼ DX/ ða; tÞ ¼ 0;

is the so-called natural frequency of the m/n tearing mode. In other
words, x0 is the helical phase velocity of a naturally unstable m/n tearing mode in the absence of the RMP.

(51)
(52)

where qs ¼ m=n.
F. Natural frequency
According to the cylindrical, single-helicity, four-ﬁeld, linear
analysis of Ref. 26, the appropriate natural frequency in the semicollisional resonant response regime is
x0 ¼ n ðxE þ xe Þ;

where
ðdpi =drÞrs
;
e ne ðrs Þ R0 Bh ðrs Þ

(45)

is the ion diamagnetic frequency at the rational surface,
gi ¼ ðd ln Ti =d ln ne Þr¼rs ; Ti ðrÞ is the equilibrium ion temperature proﬁle, pi ðrÞ ¼ ne ðrÞ Ti ðrÞ is the equilibrium ion pressure proﬁle, and the
dimensionless neoclassical parameter khi is speciﬁed in Appendix B.
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It is helpful to deﬁne the typical semi-collisional magnetic reconnection timescale

(43)

where xE ¼ Er ðrs Þ=½R0 Bh ðrs Þ is the E  B frequency at the rational
surface, and Er ðrÞ is the equilibrium radial electric ﬁeld proﬁle.
According to the cylindrical, single-helicity, four-ﬁeld, nonlinear
analysis of Ref. 26, the appropriate natural frequency in the
Rutherford resonant response regime is


g khi
x0 ¼ n xE  n 1  i
xi ;
(44)
1 þ gi

xi ¼ 

C. Normalized quasi-linear response model

sSC ¼

dSC sR
:
rs 2 jmj

(53)

^ 0 ¼ x0 sSC , x
^ h ð^r ; ^t Þ ¼ m DXh ðr; tÞ sSC ,
Let ^r ¼ r=a, ^t ¼ t=sSC , x
^ ¼ W=dSC , and W
^ v ¼ Wv =dSC . The
^ / ð^r ; ^t Þ ¼ n DX/ ðr; tÞ sSC , W
x
normalized quasi-linear response model reduces to
"
#
 2
^
^
^v
0
dW
W
W
^ þ
¼
D
cos u ;
(54)
^
2
d^t
W
 2
^v
du
W
^
¼x
sin u;
(55)
^
^
dt
W
^ ¼x
^0  x
^ h ð^r s ; ^t Þ  x
^ / ð^r s ; ^t Þ;
x
(56)


^
^
@
x
@
@
x
h
h
^h
^r 3
ð1 þ 2 q2s Þ ^r 3
 l
þ  h ^r 3 x
@^r
@^r
@^t
¼

^ 2v W
^2
W
sin u dð^r  ^r s Þ;
^ 40
W

(57)
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^/
^/
@x
@
@x
^/
^r
þ  / ^r x
 l
@^r
@^r
@^t
 2 ^ 2 ^ 2
a W v W
¼
sin u dð^r  ^r s Þ;
qs
^ 40
W

(59)

^ h ð1; ^t Þ ¼ x
^ / ð1; ^t Þ ¼ 0;
x

(60)

0

^ ¼ ðD0 rs Þ=ð2 jmjÞ; a ¼ a=R0 ,  h ¼ sSC =sh ,
where ^r s ¼ rs =a; D
^ 0 ¼ W0 =dSC , and
 / ¼ sSC =s/ ,  l ¼ ðsSC =sV Þ ðrs =aÞ2 , W

1=4
s2
rs
W0 ¼ 4 2 H
a:
(61)
sSC sR dSC

We can solve Eqs. (57)–(60) by writing49
yn ð^r Þ
^ h ð^r ; ^t Þ ¼
an ð^t Þ
x
;
yn ð^r s Þ
n¼1;N
X

zn ð^r Þ
^ / ð^r ; ^t Þ ¼
bn ð^t Þ
x
;
z
r sÞ
n ð^
n¼1;N

(62)
(63)

where
J1 ðj1;n ^r Þ
;
yn ð^r Þ ¼
^r
zn ð^r Þ ¼ J0 ðj0;n ^r Þ:

(64)
(65)

The solution is exact in the limit N ! 1. Here, Jm ðzÞ is a standard
Bessel function, and jm;n denotes the nth zero of the Jm ðzÞ Bessel function.50 It is easily demonstrated that


d
3 dyn
^r
(66)
¼ j21;n ^r 3 yn ;
d^r
d^r


d
dzn
^r
(67)
¼ j20;n ^r zn ;
d^r
d^r
and51
ð1

2
1
J2 ðj1;n Þ dnm ;
2
0
ð1
2
1
^r zn ð^r Þ zm ð^r Þ d^r ¼ J1 ðj0;n Þ dnm :
2
0
^r 3 yn ð^r Þ ym ð^r Þ d^r ¼

(68)
(69)

Hence, we obtain
ð1 þ

2 q2s Þ

^ 2W
^2
dan
W
þ ð h þ  l j21;n Þ an ¼ an ð^r s Þ v 4 sin u;
d^t
^0
W

^ 2W
^2
dbn
W
þ ð / þ  l j20;n Þ bn ¼  bn ð^r s Þ v 4 sin u;
d^t
^0
W
and
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(72)

(73)
(74)

E. Final form of the normalized quasi-linear response
model
If we deﬁne
^ 2 cos u;
X¼W

(75)

^ 2 sin u;
Y ¼W

(76)

then, the normalized quasi-linear model reduces to the following
closed set of equations

D. Solution of plasma angular equations of motion
X

"pﬃﬃﬃ
#2
2 J1 ðj1;n ^r s Þ
an ¼
;
^r s J2 ðj1;n Þ
"pﬃﬃﬃ
#2
2 J0 ðj0;n ^r s Þ
bn ¼
;
J1 ðj0;n Þ
 2
a
¼
:
qs

(58)

^ h ð0; ^t Þ @ x
^ / ð0; ^t Þ
@x
¼
¼ 0;
@^r
@^r
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dX
^ 0 X þ bf ;
^ Y D
¼ x
d^t
dY
^ 0 Y;
^ XD
¼x
d^t
dan
þ ð h þ  l j21;n Þ an ¼ an ð^r s Þ L bf Y;
ð1 þ 2 q2s Þ
d^t
dbn
þ ð / þ  l j20;n Þ bn ¼  bn ð^r s Þ L bf Y;
d^t
X
X
^ ¼x
^0 
x
an 
bn ;
n¼1;N

(77)
(78)
(79)
(80)
(81)

n¼1;N

^ 2v , and L ¼ W
^ 4
where bf ¼ W
0 .
IV. NONLINEAR RESPONSE MODEL
A. Introduction
The response model summarized in this section is termed
“nonlinear” because the plasma response model in the inner region is
nonlinear in nature.
B. Un-normalized nonlinear response model
According to Secs. II D and II E, the complete nonlinear response
model takes the form
 2
 
d W
Wv
0
I sR
¼ D rs þ 2 jmj
cos u;
(82)
dt rs
W
du
¼ x;
(83)
dt
plus Eqs. (48)–(52).

(70)
C. Normalized nonlinear response model
(71)

The normalized form of the nonlinear response model is
 2
^
^v
0
dW
W
^
¼ D þ
cos u;
I
^
^
dt
W

(84)
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du
^
¼ x;
d^t
plus Eqs. (56)–(60).

D. Final form of the normalized nonlinear response
model
If we express the normalized nonlinear plasma response model
in terms of the variables X and Y, which are deﬁned in Eqs. (75) and
(76), then we get


dX
X2
^ 0 X þ f ðX; YÞ
^ Y  f ðX; YÞ D
¼ x
bf ;
(86)
X2 þ Y 2
d^t


dY
XY
^ 0 Y þ f ðX; YÞ
^ X  f ðX; YÞ D
bf ;
¼x
(87)
X2 þ Y 2
d^t
plus Eqs. (79)–(81), where
8
< 2=I
h
i
f ðX; YÞ ¼
: 2= I ðX 2 þ Y 2 Þ1=4



(85)

ðX 2 þ Y 2 Þ1=4 < 1
2 1=4

ðX 2 þ Y Þ

(88)

1:

Here, a slight modiﬁcation has been made to Eqs. (86) and (87) in the
^ < 1, (in which case they are not valid anyway) in
linear regime, W
order to render them non-singular at the origin of the X-Y plane.
V. RESULTS
A. Introduction
According to Ref. 17, the density pump-out in DIII-D discharge
#158115 is due to mode penetration at the m ¼ 11/n ¼ 2 rational
surface, which lies at the bottom of the pedestal. The formation of a
magnetic island chain at the 11/2 surface leads to a local ﬂattening of
the plasma temperature and density proﬁles via parallel transport
along magnetic ﬁeld-lines. In order to ﬂatten the proﬁles, the island
width must exceed certain critical values that depend on the ratios of
the relevant parallel and perpendicular diffusivities at the rational surface.52 For the case of the electron temperature, making use of the
analysis of Ref. 52, as well as the data in Table I, we estimate the critical
width to be


v? 1 1=3
WcritTe ’
rs ’ 7:9  103 m;
(89)
ve rs s s n
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where ve ¼ Te =me ; s ¼ rs =R0 ; v? is the perpendicular diffusivity,
and me the electron mass. For the case of the density, we estimate the
critical width to be

Wcritne ’

v? 1
vi rs s s n

scitation.org/journal/php

1=3

rs ’ 3:1  102 m;

(90)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where vi ¼ Ti =mi . If both proﬁles are ﬂattened across the island
chain then, as a consequence of the fact that the equilibrium density
gradient at the 11/2 surface greatly exceeds the temperature gradient
(i.e., because ne =ðTi gi Þ ’ 3:5 ½1019 m3 =ðkeVÞ; see Table I, as well
as Ref. 17), the ﬂattening naturally produces a much larger reduction
in the pedestal density (measured in units of 1019 m3 ) than in the
pedestal temperature (measured in units of keV).
According to Ref. 17, ELM suppression in DIII-D discharge
#158115 is due to mode penetration at the m ¼ 8/n ¼ 2 rational surface, which lies at the top of the pedestal. The formation of a magnetic
island chain at the 8/2 surface leads to a local ﬂattening of the plasma
temperature and density proﬁles. As before, the island width must
exceed certain critical values to ﬂatten the proﬁles. We estimate the
critical width required to ﬂatten the electron temperature proﬁle to be
[see Eq. (89) and Table I]
WcritTe ’ 8:5  103 m;

(91)

whereas the critical width required to ﬂatten the density proﬁle is [see
Eq. (90) and Table I]
Wcritne ’ 3:3  102 m:

(92)

The ﬂattening of the temperature and density proﬁles at the 8/2
rational surface is presumed to be sufﬁcient to prevent the plasma in
the pedestal from ever exceeding the peeling-ballooning stability
threshold, which leads to ELM suppression.
B. Quasi-linear simulations
Table I shows measured and estimated physics parameters at the
m ¼ 8/n ¼ 2 and m ¼ 11/n ¼ 2 rational surfaces in DIII-D discharge #158115. Incidentally, all experimental minor radii quoted in
this paper are ﬂux-surfaced-averaged minor radii, rather than minor
radii on the outboard mid-plane. Making use of the analysis contained
in the Appendixes, these parameters can be used to derive the input
parameters for the quasi-linear model [i.e., Eqs. (77)–(81)] that are
listed in Table III. Note that the dimensionless toroidal ﬂow-damping
rate has been set to zero (mostly because there are insufﬁcient data to
calculate its value). Note, further, that our knowledge of the edge current proﬁle in DIII-D discharge
#158115 is insufﬁcient to allow us to
^ 0 directly. Fortunately, in the limit that
calculate the parameter D
jmj  1 (which is the case here) it is a good approximation to give
this parameter its “vacuum” value unity. [This is equivalent to assuming that the term involving m2 =r 2 dominates the term involving
dj/ =dr in Eq. (6).] In DIII-D discharge #158115, the relative phase of

TABLE III. Input parameters for the quasi-linear response model at two rational surfaces in the pedestal of DIII-D discharge #158115. m is the poloidal mode number, n is the
toroidal mode number, ^r s is the rational surface radius normalized to the plasma minor radius,   ða =qs Þ2 ;  h is the dimensionless poloidal ﬂow damping parameter,  / is
^ 0 is the normalthe dimensionless toroidal ﬂow-damping parameter,  l is the dimensionless perpendicular viscosity parameter, L is the dimensionless locking parameter, and x
ized natural frequency. The latter quantity is calculated assuming that x0 ¼ n ðxE þ xe Þ.

m

n

^r s



h

/

l

L

^0
x

8
11

2
2

0:853
0:974

1:77  102
9:34  103

4:35  10þ2
6:50  10þ1

0:0
0:0

2:16  103
1:32  104

9:41  103
1:60  102

1:60  10þ2
5:16  10þ0
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RMPs generated by two sets of external ﬁeld coils is modulated sinusoidally at a frequency of 1 Hz. This causes the amplitudes of the resonant harmonics of the applied RMP to be modulated in a cycloidal
manner at the same frequency.
Figure 1 shows a quasi-linear simulation of the response of the
plasma at the 8/2 rational surface in DIII-D discharge #158115 to an
RMP whose magnitude is switched on at t ¼ 0, and then modulated
cycloidally at a frequency of 1 Hz. All simulations in this paper are performed with 200 velocity harmonics [i.e., N ¼ 200 in Eq. (81)]. The

FIG. 1. Quasi-linear simulation of the plasma response to an applied RMP at the
m ¼ 8/n ¼ 2 rational surface in DIII-D discharge #158115. The top panel shows
the applied RMP. The second panel shows the helical phase of the reconnected
magnetic ﬂux. The third panel shows the RMP-induced magnetic island width
(normalized to dSC ). The fourth panel shows the RMP-modiﬁed natural frequency,
^ (black curve), the RMP-induced shift in the plasma poloidal angular velocity,
x
^ h (red curve), and the RMP-induced shift in the plasma toroidal angular velocity,
x
^ / (blue curve). The previous three quantities are all normalized to 1=sSC . The
x
bottom panel 2 shows simulated Mirnov data. To be more exact, it shows
^ cos ½ðm h  n /  uÞ. ^t is time normalized to sSC .
contours of W
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simulation data presented in Fig. 1 are qualitatively similar to the
experimental data shown in Ref. 17, as well as the TM1 simulation
data displayed in Fig. 2 of the same paper. In particular, if the amplitude of the applied RMP rises above a certain threshold value,
then there
byﬃ
pﬃﬃﬃﬃﬃis a bifurcation from a shielded solution characterized
pﬃﬃﬃﬃ
^
^  bf to an unshielded solution characterized by W
bf .
W
This bifurcation, which is known as mode penetration, is accompanied
by a sudden reduction in the natural frequency to zero, as well as sudden shifts in the plasma poloidal and toroidal rotation at the rational
surface. Figure 2 shows the mode penetration process in more detail.
Furthermore, referring again to Fig. 1, if the amplitude of the applied
RMP falls below a second smaller threshold value, then there is a bifurcation from an unshielded solution to a shielded solution. This bifurcation, which is known as mode unlocking, is accompanied by the
recovery of the natural frequency to its unperturbed value, as well as
sudden shifts in the plasma poloidal and toroidal rotation at the

FIG. 2. Details of Fig. 1 showing mode penetration. See Fig. 1 caption.
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rational surface. Figure 3 shows the mode unlocking process in more
detail. Note that, immediately after unlocking, the magnetic island
chain at the rational surface spins-up and decays, before eventually relocking to the RMP in a ﬁxed helical phase relation. The lowest panels
in Figs. 1–3 (as well as in Figs. 4–8) represent attempts to reproduce
the type of experimental magnetic pickup coil array data epitomized
by panels (b)–(e) in Fig. 2 of Ref. 17.
As is apparent from Fig. 1, mode penetration is triggered as soon
as the natural frequency has been reduced to approximately one half
of its unperturbed value.30 Moreover, about one third of the reduction
in the natural frequency associated with mode penetration is due to a
shift in the local plasma poloidal rotation, whereas two thirds is due to
a shift in the local toroidal rotation. In the absence of neoclassical
poloidal ﬂow-damping, only about 2% (i.e., a fraction —see Table III)
of the change in the natural frequency would be due to a shift in local
plasma toroidal rotation. The large increase in the fraction of the

FIG. 4. Quasi-linear simulation of plasma response to an applied RMP at the m
¼ 11/n ¼ 2 rational surface in DIII-D discharge #158115. See Fig. 1 caption.

FIG. 3. Details of Fig. 1 showing mode unlocking. See Fig. 1 caption.
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overall frequency change due to toroidal velocity shifts, in the presence
of neoclassical poloidal ﬂow-damping, is a consequence of the fact that
a substantial fraction of the charged particles in the DIII-D pedestal
are trapped in banana orbits, and cannot, therefore, freely rotate in the
poloidal direction. Hence, neoclassical poloidal ﬂow-damping is comparatively strong in the pedestal region of the DIII-D tokamak (compared to that in the plasma core). (The same is likely to be true in the
pedestal regions of all relatively large, conventional aspect-ratio tokamaks.) The mode-penetration-induced shift in the plasma toroidal
rotation shown in Fig. 1 corresponds to a toroidal velocity shift in the
co-current direction of about 30 km=s (see Table IV), which is in
agreement with experimental observations.17 The mode-penetrationinduced shift in the plasma poloidal rotation shown in Fig. 1 corresponds to a poloidal velocity shift in the ion diamagnetic direction of
only about 2 km=s. Furthermore, we would expect the latter velocity
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FIG. 5. Nonlinear simulation of plasma response to an applied RMP at the m ¼
8/n ¼ 2 rational surface in DIII-D discharge #158115. See Fig. 1 caption.

FIG. 6. Details of Fig. 5 showing mode penetration. See Fig. 1 caption.

shift to be strongly localized in the vicinity of the rational surface.48
Hence, it is not surprising that the poloidal velocity shift is not
observed experimentally.53
According to Figs. 2 and 3, the sudden collapse/recovery of the
natural frequency associated with mode penetration/mode unlocking
takes place on a timescale of about a millisecond (see Table IV), and is
accompanied by a sudden shift in the local plasma poloidal rotation
that takes place on the same timescale. The mode penetration/mode
unlocking-induced shift in the local plasma toroidal rotation takes
place on a signiﬁcantly longer timescale (at least, 10 ms).
There is one major difference between the simulation data shown
in Fig. 1 and the experimental and TM1 simulation data shown in Ref.
17. According to Fig. 1, mode penetration at the 8/2 rational surface
in DIII-D discharge #158115 occurs when bf exceeds the critical value
649, which corresponds to a vacuum radial ﬁeld at the 8/2 surface of
bv ¼ 45 G. (See Table IV.) However, the penetration threshold inferred

from experimental data is more like bv ¼ 6 gauss.17 This discrepancy
is probably related to the fact that, according to Figs. 1 and 2, mode
penetration at the 8/2 rational surface in DIII-D discharge #158115
occurs when W 4 dSC , in other words, when the magnetic island
width exceeds the linear layer width. Given that the quasi-linear model
is only valid when W < dSC , we conclude that mode penetration at
the 8/2 rational surface in DIII-D discharge #158115 is actually governed by the nonlinear model. This particular conclusion is not consistent with the TM1 simulations described in Ref. 17, according to
which mode penetration at the 8/2 rational surface seems to be governed by linear physics in the inner region (because of the absence of
island pulsations in the TM1 simulations—see Sec. V C). One possible
explanation for this disagreement is that plasma perpendicular viscosity is artiﬁcially increased by a large factor in TM1 simulations, in
order to mimic the effect of strong neoclassical poloidal ﬂowdamping, but such an increase may also artiﬁcially increase the linear
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FIG. 7. Details of Fig. 5 showing mode unlocking. See Fig. 1 caption.

FIG. 8. Nonlinear simulation of plasma response to an applied RMP at the m
¼ 11/n ¼ 2 rational surface in DIII-D discharge #158115. See Fig. 1 caption.

layer width. Note, from Table IV, that the semi-collisional layer width
at the 8/2 rational surface is only 4 mm, which is similar to the ion
sound radius. On the other hand, the critical island width above which
mode penetration is triggered is about 1:6 cm. Incidentally, after
mode penetration has occurred, the 8/2 island width rises well above

the values required to locally ﬂatten the temperature and density proﬁles. (See Sec. V A.)
Figure 4 shows a quasi-linear simulation of the response of the
plasma at the 11/2 rational surface in DIII-D discharge #158115 to
an RMP whose magnitude is switched on at t ¼ 0, and then modulated

TABLE IV. Important physical parameters at two rational surfaces in the pedestal of DIII-D discharge #158115. m is the poloidal mode number, n is the toroidal mode number,
 e is the dimensionless electron collisionality parameter,  i is the dimensionless ion collisionality parameter, sSC is the semi-collisional reconnection timescale (s), dSC is the
semi-collisional layer width (m), qs is the ion sound radius (m), and bf =bv is the ratio of the normalized radial magnetic ﬁeld to the vacuum radial magnetic ﬁeld at the rational
surface.

m

n

 e

 i

sSC

dSC

qs

bf =bv

8
11

2
2

9:26  102
3:80  10þ0

2:97  102
1:22  10þ0

1:86  103
1:14  104

4:14  103
5:75  103

2:79  103
8:16  104

1:45  10þ1
1:77  10þ0
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cycloidally at a frequency of 1 Hz. The simulation data presented in
Fig. 4 are qualitatively similar to the TM1 simulation data shown in
Fig. 2 of Ref. 17. In particular, it is clear from Fig. 4 that there is
insufﬁcient plasma rotation at the 11/2 rational surface to enable
the effective p
shielding
of driven magnetic reconnection. In other
ﬃﬃﬃﬃﬃ
^
words, W
bf at all times. This is the case because the plasma
at the 11/2 surface is too cold and resistive for the levels of
plasma rotation present at the edge of the pedestal to generate
strong shielding. The peak 11/2 island width is sufﬁciently large
to locally ﬂatten the temperature and density proﬁles. (See Sec.
V A.) Note, however, that W > dSC , which implies that driven
reconnection at the 11/2 rational surface in DIII-D discharge
#158115 is actually governed by the nonlinear model.
C. Nonlinear simulations
Making use of the analysis contained in the Appendixes, the
experimental data given in Table I can be used to derive the input
parameters for the nonlinear model [i.e., Eqs. (86)–(88)] that are listed
in Table V. Note that the dimensionless toroidal ﬂow-damping rate
has again been set to zero.
Figure 5 shows a fully nonlinear simulation of the response of the
plasma at the 8/2 rational surface in DIII-D discharge #158115 to an
RMP whose magnitude is switched on at t ¼ 0, and then modulated
cycloidally at a frequency of 1 Hz. The simulation data presented in
Fig. 5 are qualitatively similar to the experimental data shown in Ref.
17. As before, if the amplitude of the applied RMP rises above a certain
threshold value, then mode penetration occurs. In other words, there
is bifurcation from a shielded to an unshielded solution, accompanied
by a sudden reduction in the natural frequency to zero, as well as sudden shifts in the plasma toroidal and poloidal rotation at the rational
surface. Figure 6 shows the mode penetration process in more detail.
Furthermore, again referring to Fig. 5, if the amplitude of the applied
RMP falls below a second smaller threshold value, then mode unlocking occurs. In other words, there is a bifurcation from an unshielded
solution to a shielded solution, accompanied by the recovery of the
natural frequency to its unperturbed value, as well as sudden shifts in
the plasma toroidal and poloidal rotation at the rational surface.
Figure 7 shows the mode unlocking process in more detail. As in the
quasi-linear case, mode penetration is triggered when the natural frequency has been reduced to about half of its original value. Moreover,
about two thirds of the change in the natural frequency associated
with mode penetration/mode unlocking is due to a shift in the local
toroidal plasma rotation, and about one third to a shift in the local
poloidal plasma rotation.
The main difference between the nonlinear simulations discussed
in this section and the quasi-linear simulations discussed in Sec. V B

scitation.org/journal/php

lies in the nature of the shielded solution. In the quasi-linear simulations, the shielded solution consists of a narrow magnetic island chain
that has a ﬁxed helical phase shift of about þp=2 with respect to the
locally resonant component of the RMP. On the other hand, in the
nonlinear simulations, the shielded solution consists of a narrow island
chain whose helical phase continually increases in time, and whose
width periodically falls to zero, at which times its helical phase jumps
by p radians. This type of pulsating island solution was ﬁrst predicted in Ref. 37, is discussed in detail in Refs. 27–29, and has been
observed experimentally (see Fig. 29 in Ref. 54). Note, from Figs. 5 and
6, that the width of the pulsating island chain exceeds the linear layer
^ > 1) during most of its cycle, which justiﬁes the nonlinwidth (i.e., W
ear response model employed in the inner region.
Figure 5 implies that mode penetration at the 8/2 rational surface in DIII-D discharge #158115 occurs when bf exceeds the critical
value 80, which corresponds to a vacuum radial ﬁeld at the 8/2 surface of bv ¼ 5:5 G (see Table IV). This estimate for the penetration
threshold is close to the experimentally inferred value of 6 G.17
According to Sec. II F, the natural frequency in the quasi-linear
model is
x0 ¼ n x?e ;

(93)

where x?e ¼ xE þ xe . On the other hand, the natural frequency in
the nonlinear model is


g khi
xi :
(94)
x0 ¼ n xE  n 1  i
1 þ gi
For the case of the 8/2 rational surface in DIII-D discharge #158115,
gi ¼ 1:9 and khi ¼ 0:272, which implies that
x0 ¼ nðxE þ 0:82 xi Þ;

(95)

in the nonlinear model. The fact that the natural rotation of a nonlinear magnetic island chain is offset in the ion diamagnetic direction,
rather than the electron diamagnetic direction, relative to the local
E  B frame, leads to a much smaller prediction for the natural frequency in the nonlinear model relative to that in the quasi-linear
model. This is the main reason why the predicted penetration threshold for the nonlinear model is so much smaller than that for the quasilinear model. According to the quasi-linear model, we would expect
mode penetration at the 8/2 surface to be triggered when x?e passes
through zero. Moreover, once mode penetration has occurred, and the
natural frequency becomes zero, we would expect x?e to be pinned to
zero at the rational surface. On the other hand, according to the nonlinear model, we would expect mode penetration at the 8/2 surface
to be triggered when some frequency offset from the E  B frequency
in the ion diamagnetic direction passes through zero. Moreover, once

TABLE V. Input parameters for the nonlinear response model at two rational surfaces in the pedestal of DIII-D discharge #158115. m is the poloidal mode number, n is the toroidal mode number, ^r s is the rational surface radius normalized to the plasma minor radius,   ða =qs Þ2 ;  h is the dimensionless poloidal ﬂow damping parameter,  / is the
^ 0 is the normalized
dimensionless toroidal ﬂow-damping parameter,  l is the dimensionless perpendicular viscosity parameter, L is the dimensionless locking parameter, and x
natural frequency. The latter quantity is calculated assuming that x0 is given by Eqs. (B20)–(B22).

m

n

^r s



h

/

l

L

^0
x

8
11

2
2

0:853
0.974

1:77  102
9:34  103

4:35  10þ2
6:50  10þ1

0.0
0.0

2:16  103
1:32  104

9:41  103
1:60  102

6:97  10þ1
9:72  101
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mode penetration has occurred, and the natural frequency becomes
zero, we would expect the offset frequency to be pinned to zero at the
rational surface. In fact, experimental RMP-induced ELM suppression
data from the DIII-D tokamak are not consistent with x?e being the
trigger frequency,55 but rather some frequency offset from x?e in the
ion diamagnetic direction, which constitutes strong evidence that
mode penetration at the top of the pedestal in DIII-D RMP-induced
ELM suppression experiments is not governed by the quasi-linear
model. Incidentally, there is clear experimental evidence that the helical phase velocity of a naturally unstable, nonlinear, magnetic
island chain is offset in the ion diamagnetic direction relative to the
local E  B frame.56,57
Figure 8 shows a nonlinear simulation of the response of the
plasma at the 11/2 rational surface in DIII-D discharge #158115 to
an RMP whose magnitude is switched on at t ¼ 0, and then modulated
cycloidally at a frequency of 1 Hz. The simulation data presented in
Fig. 8 are qualitatively similar the TM1 simulation data shown in
Fig. 2 of Ref. 17. In particular, it is clear from Fig. 8 that there is not
enough plasma rotation at the 11/2 rational surface to enable the
effective
shielding
of driven magnetic reconnection. In other words,
pﬃﬃﬃﬃ
ﬃ
^ f at all times. As before, this is the case because the
^
W
bf  W
plasma at the 11/2 surface is too cold and resistive for the levels of
plasma rotation present at the edge of the pedestal to generate strong
shielding. Note, however, that W > dSC , which conﬁrms that driven
reconnection at the 11/2 rational surface in DIII-D discharge
#158115 is governed by the nonlinear model.
VI. SUMMARY AND DISCUSSION
This paper investigates the plasma response to an externally generated, static, n ¼ 2, RMP, whose amplitude is modulated cycloidally
at a frequency of 1 Hz, at two rational surfaces located in the pedestal
of DIII-D H-mode discharge #158115.14 The ﬁrst rational surface is
the m ¼ 8/n ¼ 2 surface, and lies at the top of the pedestal. The second is the m ¼ 11/n ¼ 2 surface and lies at the bottom of the pedestal. According to the nonlinear, cylindrical, reduced-MHD simulations
of Ref. 17, mode penetration at the 11/2 surface is responsible for the
so-called density pump-out. Moreover, mode penetration at the 8/2
surface is hypothesized to be responsible for RMP-induced ELM suppression. This paper examines mode penetration at the 8/2 and
11/2 surfaces using two asymptotic matching models. The ﬁrst
model is such that the resonant response is linear in nature, and the
second is such that the resonant response is nonlinear.
Our linear resonant response model is based on the analysis of
Ref. 26, in which the four-ﬁeld model58 is used to ﬁnd all possible linear, two-ﬂuid, drift-MHD, resonant plasma response regimes when a
static RMP is applied to a large aspect-ratio tokamak plasma. We
deduce that the particular response regime that is appropriate at both
the 8/2 and 11/2 rational surfaces in DIII-D discharge #158115 is
the so-called ﬁrst semi-collisional regime (SCi). Incidentally, it has
long been recognized that linear (tearing) layer physics in hightemperature tokamak plasmas is semi-collisional in nature, rather
than collisional or collisionless.34,59,60 Our linear response model does
not incorporate the screening effect due to magnetic curvature that
was discovered in Ref. 61. However, this effect may be negated by parallel thermal transport.62 More importantly, the curvature screening
effect is a prediction of collisional layer physics, and the true layer
physics in tokamak plasmas is semi-collisional. Indeed, Ref. 59 found

Phys. Plasmas 27, 042506 (2020); doi: 10.1063/5.0003117
Published under license by AIP Publishing

ARTICLE

scitation.org/journal/php

that, in a semi-collisional layer, the effect of the perturbed bootstrap
current is much greater in magnitude than, and opposed to, the effect
of magnetic curvature. A much more serious deﬁciency in our linear
layer model emanates from the fact that the layer width is similar to
the ion sound radius. Given that the ion and electron temperatures in
the pedestal of DIII-D discharge #158115 are almost equal, this implies
that the layer width is also similar to the ion gyroradius.
Unfortunately, the ﬁnite ion gyroradius width is not taken into
account in the layer analysis of Ref. 26. Moreover, it is known that, in
situations in which the ion gyroradius is similar to, or exceeds, the linear layer width, ﬁnite ion orbit width effects can signiﬁcantly modify
the layer response.59,63
The linear resonant response model adopted in this paper is augmented by plasma poloidal and toroidal equations of motion that
determine how the quasi-linear electromagnetic locking torque that
develops at the rational surface, in response to the applied RMP, modiﬁes the local plasma rotation. The equations of motion take plasma
perpendicular viscosity, neoclassical poloidal ﬂow-damping, and neoclassical toroidal ﬂow-damping into account. When the equations of
motion are combined with the linear resonant response model, a
closed set of nonlinear equations is obtained; these equations are
solved numerically.
The linear resonant response model is only valid when the width
of the RMP-induced magnetic island chain at the rational surface falls
below the linear layer width. In the opposite situation, in which the
driven island width exceeds the linear layer width, the linear resonant
response model must be replaced by a nonlinear resonant response
model. It turns out that the appropriate nonlinear resonant response
model is, in many ways, simpler than the linear resonant response
model, given that it essentially consists of the Rutherford island width
evolution equation33 combined with a no-slip constraint.30
The main conclusion of our quasi-linear simulations (i.e., simulations that employ the linear resonant response model), which are
described in Sec. V B, is that a linear resonant response model is inapplicable at both the 8/2 and 11/2 rational surfaces in DIII-D discharge #158115. The problem is that the semi-collisional layer widths
at the rational surfaces are so small (a few mm, in both cases) that
rotational shielding is not sufﬁcient to reduce the driven magnetic
island widths below the layer widths.
Our fully nonlinear simulations (i.e., simulations that employ a
nonlinear resonant response model), which are described in Sec. V C,
give results that are similar to the experimental results described in
Ref. 17. At the 8/2 rational surface, driven magnetic reconnection is
strongly screened by plasma rotation as long as the resonant component of the radial magnetic ﬁeld remains below a certain threshold
value. However, as soon as the radial ﬁeld exceeds the threshold value,
which is about 6 G, there is a sudden and irreversible breakdown of
screening, accompanied by rapid shifts in the local plasma toroidal
and poloidal angular velocities. On the other hand, at the 11/2 rational surface, the plasma rotation is not large enough to screen driven
magnetic reconnection, because the plasma at the bottom of the pedestal is much colder and resistive than that at the top of the pedestal.
There are a number of improvements that could be made to the
theory described in this paper. Such improvements include employing
a more realistic plasma equilibrium; using a more accurate neoclassical
model; calculating the simultaneous responses of multiple resonant
surfaces to the applied RMP; including island saturation terms,64–66
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the perturbed bootstrap current,52 and the perturbed ion polarization
current,67 in the Rutherford equation; and taking into account orbitsqueezing effects due to the strong shear in the radial electric ﬁeld that
is typically present in H-mode tokamak pedestals.68
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APPENDIX B: ION NEOCLASSICAL EFFECTS
It is helpful to deﬁne the ion collisionality at the rational
surface69
"
#" 5=2 #
jmj
R0 ne
4
 i ¼ 9:07  10
:
(B1)
3=2
a3=2 Ti2
n ^r s
Here, Ti is the ion temperature at the rational surface, measured in
kilo-electron-volts. Let70,73–75
^ 00B ¼ a þ 0:533;
K
^ 00P ¼ 1:77;
K

APPENDIX A: ELECTRON NEOCLASSICAL EFFECTS

^ 00PS ¼ 4:25 a þ 3:02 ;
K
D
^ 01B ¼ a þ 0:707;
K
^ 01P ¼ 5:32;
K

It is helpful to deﬁne the electron collisionality at the rational
surface69
#
"
#" 5=2
jmj
R0 ne Zeff
3
 e ¼ 1:13  10
:
(A1)
a3=2 Te2
n ^r s3=2
Here, Zeff is the effective ion charge number (incidentally, the
majority ion charge number is unity), ne is the equilibrium electron
number density at the rational surface, and Te is the equilibrium
electron temperature at the rational surface. Moreover, R0 is measured in meters, a in meters, ne in 1019 m3 , and Te in kilo-electron-volts. In accordance with the analysis of Ref. 26, the Coulomb
logarithm is assumed to take the value 17 for all plasma species.
Now, the fraction of trapped particles at the rational surface, assuming that the plasma there lies in the banana collisionality regime,
is70
h
i" 1=2 #
h
i" 3=2 #
a
a
3=2
^
ft ¼ 1:46 ^r s1=2

0:46
r
:
(A2)
s
1=2
3=2
R0
R0
Let69,71,72
X¼

ft
1 þ ð0:55 

1=2
0:1 ft Þ  e

3=2

þ 0:45 ð1  ft Þ  e =Zeff

^ 01PS ¼ 20:13 a þ 12:43 ;
K
D
^ 11B ¼ 2 a þ 1:591;
K
^ 11P ¼ 21:27;
K
^ 11PS ¼ 101:06 a þ 58:65 ;
K
D
D ¼ 2:40 a2 þ 5:32 a þ 2:225;


Zeff  1
a ¼ ZI
:
ZI  Zeff

(B2)
(B3)
(B4)
(B5)
(B6)
(B7)
(B8)
(B9)
(B10)
(B11)
(B12)

Here, Zi ¼ 1 and ZI ¼ 6 are the charge numbers of the majority
(H2 ) and impurity (C6þ ) ions, respectively. Note that we are making
the simplifying (but reasonably accurate) assumptions, that the
impurity ion mass is much larger than the majority ion mass that
the impurity ion neoclassical viscous force is negligible compared to
the friction force acting between the two ion species, and that the
two ion species have the same temperature.70 It follows that:70,73–75

(A3)
^ ab ¼
K

and
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^
K
h abB
i;
^ abP Þ 1 þ 2 s3=2  i K
^ abPS Þ
^ abB =K
^ abP =ð3 K
ð1 þ 2:92  i K
(B13)

Zeff
1  ð1 þ 0:36=Zeff Þ X þ ð0:59=Zeff Þ X 2  ð0:23=Zeff Þ X 3
2
1 þ 1:198 Zeff þ 0:222 Zeff

(A4)
2 :
1 þ 2:966 Zeff þ 0:753 Zeff

for a, b ¼ 0, 1. The normalized ion neoclassical viscosities are
written

We can deﬁne the effective electron temperature at the rational
surface

(B15)

Fe ¼

Teeff ¼

Te
2=3
Fe

:

(A5)

This quantity is the electron temperature that gives the correct
plasma resistivity, taking into account the effect of impurities and
the neoclassical modiﬁcation of plasma resistivity,69,71 when
plugged into the standard formula gk ¼ me =ðne e2 see Þ. Here, see is
the electron/electron 90 scattering timescale at the rational
surface.
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^ 11i
l

^ 00 ;
^ 00i ¼ g K
l


5 ^
^
^ 01i ¼ g
l
K 00  K 01 ;
2


^ 00 ;
^ 11  5 K
^ 01 þ 25 K
¼g K
4

where g ¼ ft =ð1  ft Þ.
Let
Fi ¼

 2
qs
^ 00i :
l
s

(B14)

(B16)

(B17)

The neoclassical poloidal ﬂow-damping timescale takes the
form70,71
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sh ¼

sii
;
Fi

where sii is the majority-ion/majority-ion 90 scattering timescale
at the rational surface.76 It is helpful to deﬁne the effective ion temperature at the rational surface
Tieff ¼

Ti
2=3

(B19)

:

Fi

This is the temperature at which the neoclassical poloidal ﬂowdamping timescale matches the majority-ion/majority-ion 90 scattering timescale at the rational surface.
According to Ref. 26, the natural frequency of a nonlinear
magnetic island chain takes the form


g khi
xi ;
(B20)
x0 ¼ n xE  n 1  i
1 þ gi
where70,73–75
khi ¼

^ 01i
l
^ 201i Þ=
^ 00i þ ð^
^ 11i  l
l 00i l
l

"

(B18)

pﬃﬃﬃ
2 þ a  ab

(B21)

2

sSC ¼ 1:06  10

15
þ
2

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
2 a MI
:
Mi

APPENDIX C: MODEL PARAMETERS
The hydromagnetic timescale is written as
"
#"
#
1=2
M
R0 ne1=2
i
7
sH ¼ 1:45  10
;
ns
jB/ j

(C1)

where sR is measured in seconds. The viscous diffusion timescale is
written as
" #
 2  a2
;
(C3)
sV ¼ ^r s
v?
where sV is measured in seconds and the perpendicular momentum
diffusivity at the rational surface, v? , is measured in meters squared
per second.
The linear layer width is written as
#
 "
r s R0 a ne1=2 jn xe j1=2
4 ^
;
(C4)
dSC ¼ 9:36  10
1=2 3=4
ns
Te T
eeff

where dSC is measured in meters. The linear reconnection time is
written as
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#
;

1=2

Te

(C5)

The dimensionless locking parameter, L, is written as
"
#"
#
R40 a4 n2e B2/ jn xe j3
^r 8s
5
L ¼ 1:61  10
:
3=2
3=2
Mi n4 s4 jmj
Te Teeff
The normalized natural frequency is written as
#
"
#"
3=4
R0 a2 ne1=2 Teeff jn xe j1=2
^r 2s
þ1
^ 0 ¼ 1:06  10
x
x0 ;
1=2
n s jmj
Te

(C8)

(C9)

where x0 is measured in kilo-radians per second. The normalized
radial magnetic ﬁeld is written as
"
#
 
3=2
Te Teeff
þ3 n s
(C10)
bv ;
bf ¼ 1:83  10
^r s R0 a ne jB/ j jn xe j
where the vacuum radial magnetic ﬁeld at the rational surface, bv, is
measured in gauss.

where sH is measured in seconds and B/ in tesla. The resistive timescale is written as
i
 h
3=2
(C2)
sR ¼ 2:27  10þ1 ^r 2s a2 Teeff ;
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3=4

1=2
R0 a2 n1=2
e Teeff jn xe j

The dimensionless plasma poloidal ﬂow-damping parameter is
written as
3
"
#2
1=2
2 3=2 3=4
R
a
n
T
jn
x
j
^r 2s
0
e
e
þ0
eeff
4
5: (C7)
 h ¼ 2:74  10
1=2
1=2 3=2
Mi n s jmj
Te Tieff

(B22)

Here, Mi ¼ 2 and MI ¼ 12 are the mass numbers of the majority
and minority ions, respectively.

#"

where sSC is measured in seconds.
The dimensionless plasma viscosity parameter is written as
#
"
#"
3=4
R0 ne1=2 Teeff v? jn xe j1=2
^r 2s
2
 l ¼ 1:06  10
:
(C6)
1=2
n s jmj
Te

and
 2  2
27
Mi
b¼
4
MI

^r 2s
n s jmj
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