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Asymptotic matching techniques are used to calculate the response of a high temperature tokamak

plasma with a realistic equilibrium to an externally generated, non-axisymmetric, static, magnetic

perturbation. The plasma is divided into two regions. In the outer region, which comprises most of

the plasma, the response is governed by the linearized equations of marginally stable, ideal-

magnetohydrodynamics (MHD). In the inner region, which is strongly localized around the various

rational surfaces within the plasma (where the marginally stable, ideal-MHD equations become

singular), the response is governed by Glasser-Greene-Johnson linear layer physics. For the sake of

simplicity, the paper focuses on the situation where the plasma at one of the internal rational

surfaces is locked to the external perturbation, whereas that at the other surfaces is rotating.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4990701]

I. INTRODUCTION

Tokamak plasmas are highly sensitive to externally gen-

erated, non-axisymmetric, static, magnetic perturbations.

Such perturbations, which are conventionally termed “error-

fields,” are present in all tokamak experiments because of

imperfections in magnetic field-coils. An error-field can

drive magnetic reconnection in an otherwise tearing-stable

plasma, giving rise to the formation of “locked” (i.e., non-

rotating) magnetic island chains on so-called “rational”

magnetic flux-surfaces within the plasma.1 Such chains,

which are generally known as “locked modes,” severely

degrade global energy confinement2 and often trigger major

disruptions.3–5 Tokamak plasmas are particularly vulnerable

to locked modes in their low-b startup phases3–8 and also as

they approach the ideal b-limit.9–11

The response of a tokamak plasma to an externally gen-

erated, non-axisymmetric, static, magnetic perturbation is

generally very different to that predicted by naively superim-

posing the vacuum perturbation onto the equilibrium mag-

netic field. A major cause of this difference is the excitation

of shielding currents at the various rational surfaces within

the plasma. These currents act to suppress driven magnetic

reconnection and must be overcome before significant

locked mode formation can occur.1,12 Shielding currents are

excited by plasma rotation1 or by a combination of pressure

gradients and the characteristic favorable average magnetic

field-line curvature present in tokamak plasmas.13 The latter

mechanism for exciting shielding currents is of particular

significance for ITER,14 because of the low intrinsic plasma

rotation expected in this device. In addition to shielding cur-

rents at rational surfaces, an external magnetic perturbation

excites currents that are distributed throughout the bulk of

the plasma. In a tokamak equilibrium with a realistic aspect-

ratio, boundary shape, and pressure, these currents pro-

foundly modify the perturbation.15 Consequently, cylindrical

models, or models that rely on large aspect-ratio, low-b,

orderings (all of which do a very poor job of modeling the

distributed currents), are unable to accurately predict the

response of a realistic tokamak equilibrium to a static mag-

netic perturbation and often give highly misleading results.15

There are three main approaches to accurately modeling

the response of a realistic tokamak equilibrium to a exter-

nally generated, non-axisymmetric, static, magnetic pertur-

bation. The first approach involves solving the equations of

resistive magnetohydrodynamics (resistive-MHD) through-

out the whole plasma.16,17 Unfortunately, this approach is

both time-consuming and highly inefficient—basically,

because inertial and resistive effects are only important in

the immediate vicinities of the various rational surfaces

within the plasma, and the response of the bulk of the plasma

to the external perturbation is governed by the equations of

marginally stable, ideal magnetohydrodynamics (ideal-

MHD), which are much simpler than the full resistive-MHD

equations. The second approach is to solve the marginally

stable, ideal-MHD equations throughout the whole plasma,

placing ideal current sheets at the rational surfaces.18 Such

an approach facilitates very rapid calculations, but is of lim-

ited accuracy, because it neglects any non-ideal response of

the plasma to the external perturbation at the rational surfa-

ces, and this response is often crucially important. The final

approach is to solve the linearized, marginally stable, ideal-

MHD equations throughout the bulk of the plasma and

asymptotically match the solutions thus obtained to non-

ideal layer (or magnetic island) solutions at the rational sur-

faces.19–24 This approach, which is much more efficient than

the first, and is able to capture the non-ideal effects neglected

in the second, is the one adopted in this paper.

II. HOMOGENEOUS TEARING/TWISTING DISPERSION
RELATION

Consider a tokamak plasma surrounded by a vacuum

region that is bounded by a perfectly conducting wall. In the

following, all lengths are normalized to the major radius of

the plasma magnetic axis, R0, all magnetic field-strengths to

the vacuum toroidal field-strength at the magnetic axis,

B0, and all plasma pressures to B2
0=l0. We employ a
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right-handed flux coordinate system, r, h, /. Here, r is a

flux-surface label with dimensions of length which is such

that r¼ 0 at the magnetic axis, r ¼ b > 0 at the plasma

boundary, and r ¼ a > b at the wall. Thus, the vacuum cor-

responds to the region b< r< a. Moreover, h is a “straight”

poloidal angle defined such that h¼ 0 on the inboard mid-

plane. Finally, / is the geometric toroidal angle. The

Jacobian of the coordinate system is (see Appendix A 1)

rr �rh � r/ð Þ�1 ¼ r R2: (1)

(Here, R, /, Z is a conventional right-handed cylindrical

coordinate system whose symmetry axis corresponds to the

toroidal symmetry axis of the plasma.) The equilibrium mag-

netic field is written as (see Appendix A 2)

B r; hð Þ ¼ r g

q
r /� q hð Þ � rr; (2)

where q(r) is the safety-factor profile and g rð Þ=R is the toroi-

dal magnetic field-strength.

Consider a global, non-axisymmetric, resistive instabil-

ity whose toroidal mode number is n> 0. As is well known,

the determination of global resistive stability in a high tem-

perature tokamak plasma can be reduced to an asymptotic

matching problem.25 The system is conveniently divided

into two regions. In the “outer” region, which comprises

most of the plasma, the perturbation is described by the line-

arized, marginally stable (i.e., zero inertia), equations of

ideal-MHD. However, these equations become singular on

rational magnetic flux-surfaces. In the “inner” region, which

is strongly localized around the various rational surfaces,

non-ideal effects such as resistivity and inertia become

important. The solution in the vicinity of a given rational sur-

face can be separated into tearing and twisting (i.e., inter-

change) parity components.26 The two parities are

completely independent of one another in the various seg-

ments of the inner region but are coupled together in the sur-

rounding outer region. Finally, simultaneous asymptotic

matching of the layer solutions in the inner region to the

ideal-MHD solution in the outer region yields a matrix tear-

ing/twisting dispersion relation.19–24,27,28

Let the mj, for j ¼ 1; J, be the coupled poloidal harmon-

ics included in the stability calculation. The linearized, mar-

ginally stable, ideal-MHD equations that govern the

perturbation in the outer region become singular at the vari-

ous rational surfaces lying within the plasma. These surfaces

satisfy q rkð Þ ¼ mk=n, for k ¼ 1;K, where 0 < rk < b, and mk

is one of the mj. Writing

dB � rr ¼ i
X
j¼1;J

wj rð Þ
r R2

exp i mj h� n /
� �� �

; (3)

where dB is the perturbed magnetic field, the general ana-

lytic solution of the linearized, marginally stable, ideal-

MHD equations in the immediate vicinity of the kth rational

surface is such that (see Appendix A 5)

wk rð Þ¼W6
k Fk jxkj�L k þDW6

k Fk sgn xkð Þ jxkj�S k þAk xkþ�� � ;
(4)

where

xk ¼
r � rk

rk

� �
; (5)

Fk ¼
m2

k hjrrj�2i þ n2 r2

2
ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
 !1=2

rk

; (6)

and �Lk ¼ 1=2�
ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; �Sk ¼ 1=2þ

ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
. Here, h� � �i

¼
Þ
� � �ð Þ dh=2p is a flux-surface average operator, and

DIk ¼
r P0

f 2 s2
hjrrj�2i þ r2

q2

 !
�f

d

dr

r

f
hR2i

� �"8<
:

þ r P0

f 2
hjrrj�2 R4i

	
� r P0

f 2
hjrrj�2 R2i2

þs hjrrj�2 R2i
)

rk

� 1

4
; (7)

a standard ideal interchange stability parameter evaluated at

the surface.26 Moreover, f rð Þ ¼ r g=q, P(r) is the plasma

pressure profile, s rð Þ ¼ r q0=q, and 0 � d=dr. The plus super-

script refers to the region xk > 0, whereas the minus super-

script refers to the region xk < 0. It is helpful to define (see

Appendix A 5)

We
k ¼

1

2
Wþk þW�k
� �

; (8)

Wo
k ¼

1

2
Wþk �W�k
� �

; (9)

DWe
k ¼ DWþk þ DW�k ; (10)

DWo
k ¼ DWþk � DW�k : (11)

The complex quantities We
k and Wo

k parameterize the amount

of magnetic reconnection generated by tearing- and twisting-

parity modes, respectively, at the kth rational surface. (Thus,

in a completely ideal plasma, We
k ¼ Wo

k ¼ 0, for all k.)

Moreover, the complex quantities

De
k ¼

DWe
k

We
k

; (12)

Do
k ¼

DWo
k

Wo
k

; (13)

are completely determined by the tearing- and twisting-

parity resistive layer solutions, respectively, in the vicinity

of the kth rational surface.26

The linearized, marginally stable, ideal-MHD equations

can be solved numerically in the outer region (via adaptive-

step integration), subject to the constraint that the solution is

well behaved at the magnetic axis, and satisfies the physical

boundary condition dB � rr ¼ 0 at r¼ a. Simultaneous

asymptotic matching of this numerical solution to the ana-

lytic solution (4) at every rational surface in the plasma

yields the homogeneous tearing/twisting dispersion relation

(see Appendix A 7)X
k0¼1;K

Ee
kk0 � dkk0 D

e
k0

� �
We

k0 þ Ckk0 W
o
k0

� �
¼ 0; (14)

072506-2 Richard Fitzpatrick Phys. Plasmas 24, 072506 (2017)



X
k0¼1;K

Eo
kk0 � dkk0 D

o
k0

� �
Wo

k0 þ C0kk0 W
e
k0

� �
¼ 0; (15)

for k ¼ 1;K. Here, the elements of the Ee; Eo, C, and C0

matrices only depend on the ideal-MHD solution in the outer

region. On the other hand, the De
k and Do

k values depend on

the non-ideal layer solutions in the various segments of the

inner region. In particular, the elements of the Ee; Eo; C,

and C0 matrices are independent of the complex growth-rate,

c, of the instability, whereas the De
k and Do

k values are gener-

ally functions of c. Finally, the elements of the Ee; Eo; C,

and C0 matrices satisfy the important symmetry constraints

(see Appendix A 7)

Ee
kk0 ¼ Ee�

k0k; (16)

Eo
kk0 ¼ Eo�

k0k; (17)

C
0

kk0 ¼ C�k0k (18)

for k; k0 ¼ 1;K.

It is easily demonstrated that zero net toroidal electro-

magnetic torque is exerted on the plasma in the outer region

as a consequence of tearing or twisting perturbations21 (see

Appendix A 4). On the other hand, the net torque exerted on

the segment of the inner region centered on the kth rational

surface is (see Appendix A 5)

dTk ¼ 2 n p2 Im De
k

� �
jWe

kj
2 þ Im Do

k

� �
jWo

k j
2

h i
: (19)

It follows from Eqs. (14)–(18) thatX
k¼1;K

dTk ¼ 0: (20)

In other words, zero net toroidal electromagnetic torque is

exerted on the plasma as a whole.

III. INHOMOGENEOUS TEARING/TWISTING
DISPERSION RELATION

Suppose that the perfectly conducting wall at r¼ a is

subject to a small amplitude, non-axisymmetric, static,

displacement

nx ¼ drrr

jrrj2
; (21)

where

dr h;/ð Þ ¼ N hð Þ exp �i n /ð Þ ¼
X
j¼1;J

Nj exp i mj h� n /
� �� �

:

(22)

Thus, the displaced wall is located at

r ¼ aþ dr h;/ð Þ: (23)

The response of the plasma to the static magnetic perturba-

tion generated by the wall displacement is governed by the

inhomogeneous tearing/twisting dispersion relation, which

takes the form (see Appendix A 8)

X
k0¼1;K

Ee
kk0 � dkk0 D

e
k0

� �
We

k0 þ Ckk0 W
o
k0

� �
¼ ve

k; (24)

X
k0¼1;K

Eo
kk0 � dkk0 D

o
k0

� �
Wo

k0 þ C
0

kk0 W
e
k0

h i
¼ vo

k ; (25)

for k ¼ 1;K. Here,

ve;o
k ¼ hn

e;o�
k hð ÞN hð Þ i ¼

X
j¼1;J

ne;o�
k;j Nj; (26)

where

ne;o
k hð Þ ¼

X
j¼1;J

ne;o
k;j exp i mj h

� �
: (27)

As explained in Appendix A 8, the ne;o
k;j can be calculated

from the homogeneous tearing/twisting solutions introduced

in Sec. II. Finally, the net toroidal electromagnetic torque

exerted by the external perturbation on the segment of the

inner region centered on the kth rational surface is (see

Appendix A 8)

dTx
k ¼ �2 n p2 Im We�

k ve
k þWo�

k vo
k

� �
: (28)

IV. LINEAR LAYER RESPONSE MODEL

We can make no further progress without adopting a

particular model that describes the non-ideal physics govern-

ing the segments of the inner region centered on the various

rational surfaces within the plasma. Suppose that each seg-

ment is governed by Glasser-Greene-Johnson linear

resistive-MHD layer physics.26 This model is particularly

appropriate to cases in which the plasma is stable to tearing/

twisting instabilities, and there is strong shielding of the

plasma interior from the external magnetic perturbation (i.e.,

the external perturbation drives very little magnetic recon-

nection within the plasma, and, hence, the plasma response

at the various rational surfaces is accurately modeled by the

linear theory).

Let q rð Þ; g rð Þ, and X/ rð Þ be the plasma mass density,

electrical resistivity, and toroidal angular velocity profiles,

respectively. The functions

xA rð Þ ¼ B0

R0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 q rð Þ

p ; (29)

xR rð Þ ¼ g rð Þ
l0 R2

0 �a2
; (30)

S rð Þ ¼ xA

xR
; (31)

where �a is the wall minor radius (see Sec. V), are the shear-

Alfv�en frequency, the resistive diffusion rate, and the

Lundquist number profiles, respectively. According to the

Glasser-Greene-Johnson resistive layer theory, we can write

(see Appendix B)

De;o
k ¼ Skð Þlk ~D

e;o

k
~Qk ¼ �i n ~Xk

� �
; (32)

where
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~Xk ¼
Xk

x2=3
Ak x1=3

Rk

; (33)

and lk ¼ 2=3ð Þ
ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; Sk ¼ S rkð Þ; Xk ¼ X/ rkð Þ; xAk ¼

xA rkð Þ; xRk ¼ xR rkð Þ. (Here, we have assumed that c¼ 0,

because we are dealing with the response of a tearing/twist-

ing stable plasma to a static magnetic perturbation.) Note

that the normalized layer quantities ~D
e;o

k , which are deter-

mined via numerical solution of the Glasser-Greene-Johnson

layer equations,29 are independent of the local Lundquist

numbers, Sk.

V. PLASMA EQUILIBRIUM

The unperturbed location of the perfectly conducting

wall surrounding the plasma is written parametrically as

R ¼ Rc 1þ �a cos xþ �d sin xð Þ½ �; (34)

Z ¼ Rc �a j sin x (35)

for 0 � x � 2p. Here, �a is the wall minor radius, j the elon-

gation, and �d the triangularity. The parameter Rc is automati-

cally adjusted to ensure that the plasma magnetic axis lies at

R¼ 1. The chosen equilibrium profiles are

dP

dW
¼ P0

1� s2=s2
b

� �
0 < s < sb

0 sb � s � 1;

(
(36)

and

I� Wð Þ ¼ I0

1� s2=s2
b

� ��
0 < s < sb

0 sb � s � 1;

(
(37)

where

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� W

W0

s
; (38)

sb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�Wb

W0

s
; (39)

and 0 < sb < 1. Here, P Wð Þ is the plasma pressure profile,

I� Wð Þ ¼ � hR
2i
hRi

dP

dW
� 1

hRi g
dg

dW
; (40)

the flux-surface averaged toroidal current density,

W rð Þ ¼ �
ða

r

r g

q
dr (41)

the poloidal magnetic flux, and W0 � W 0ð Þ; Wb � W bð Þ.
Note that W að Þ ¼ 0. The parameter I0 is adjusted such that

the central safety-factor, q0 � q 0ð Þ, takes a particular value.

The parameter � is adjusted such that the edge safety-factor,

qb � q bð Þ, takes a particular value. Finally, the parameter P0

is adjusted such that the normal beta,

bN ¼
b %ð Þ �a mð ÞB0 Tð Þ

Ip MAð Þ ; (42)

takes a particular value. Here, the total toroidal current, Ip,

and total plasma beta, b, are defined in Ref. 30.

VI. EXAMPLE CALCULATION

A. Example equilibrium

Consider an example plasma equilibrium for which the

parameters �a, j, and �d are given the JET-like values 0.3, 1.8,

and 0.25, respectively.31 The chosen values of the central

safety factor, the edge safety factor, and the normal beta are

q0 ¼ 1:05; qb ¼ 3:95, and bN ¼ 0:25, respectively. Finally,

the boundary parameter sb is given the value 0.95. It follows

that a¼ 0.4057 and b¼ 0.3557. Furthermore, there are two

n¼ 1 rational surfaces in the plasma: the q¼ 2 (or k¼ 1)

surface at r=b ¼ 0:7284 and the q¼ 3 (or k¼ 2) surface at

r=b ¼ 0:9075. The equilibrium magnetic flux-surfaces, as

well as the location of the wall and the plasma boundary, are

shown in Fig. 1. The safety-factor profile is shown in Fig. 2.

(The equilibrium is calculated using the CHEASE code.30)

B. Calculation of n 5 1 shielding factors

The inhomogeneous tearing/twisting dispersion relation

(24) and (25) can be written in the general form [see Eq. (32)]

X
k0¼1;K

Ee
kk0 � dkk0 Sk0ð Þlk0 ~D

e

k0

h i
We

k0 þ Ckk0 W
o
k0


 �
¼ ve

k; (43)

FIG. 1. Unperturbed magnetic flux-surfaces for a plasma equilibrium char-

acterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95,

and bN ¼ 0:25. The thick solid curve shows the location of the perfectly

conducting wall surrounding the plasma, the thin solid curve shows the loca-

tion of the plasma boundary, and the dashed curves show magnetic flux-

surfaces inside the plasma.
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X
k0¼1;K

Eo
kk0 � dkk0 Sk0ð Þlk0 ~D

o

k0

h i
Wo

k0 þ C
0

kk0 W
e
k0


 �
¼ vo

k ; (44)

for k ¼ 1;K. In a high temperature tokamak plasma, the

Lundquist numbers, Sk, are typically very much greater than

unity and also much greater than the jEe;o
kk0 j; jCkk0 j; jC

0

kk0 j, and

j~De;o

k j. It follows that the external perturbation drives negligi-

ble magnetic reconnection inside the plasma (i.e., the jWe;o
k j

are very much less than the jve;o
k j), except when one, or

more, of the j~De

kj or the j~Do

k j is small compared to unity.

Figures 3 and 4 show the variation of the n¼ 1 twisting-

and tearing-parity layer response functions at the q¼ 2 sur-

face—~D
o

1 and ~D
e

1, respectively—with the normalized local

plasma toroidal angular velocity, ~X1, calculated (via the

finite-difference method described in Ref. 29) for the exam-

ple plasma equilibrium illustrated in Figs. 1 and 2. The varia-

tion of the corresponding response functions at the q¼ 3

surface with the local toroidal angular velocity is analogous.

It can be seen, from Fig. 3, that the magnitude of the

twisting-parity response function, ~D
o

1, is always much greater

than unity. This turns out to be a general result. Thus, we

deduce that, in general, j~Do

k j 	 1 for k ¼ 1;K. This implies,

from (44), that the Wo
k are all negligibly small: i.e., the

twisting-parity responses of the various segments of the inner

region to the external perturbation are negligible. In this situ-

ation, the inhomogeneous dispersion relation, (43) and (44),

simplifies to give

X
k0¼1;K

Ee
kk0
� dkk0 Sk0ð Þlk

0 ~D
e

k0

h i
We

k0
’ ve

k; (45)

for k ¼ 1;K.

It can be seen, from Fig. 4, that the magnitude of the

tearing-parity response function, ~D
e

1, is small compared to

unity when the magnitude of the normalized local toroidal

angular velocity, ~X1, is of order unity. On the other hand,

j~De

1j 	 1 when j~X1j 	 1. This also turns out to be a general

result. Thus, we deduce that, in general, j~De

kj 	 1 when

j~Xkj 	 1, for k ¼ 1;K. This implies, from (45), that We
k is

negligibly small when j~Xkj 	 1. In the following, for the

sake of simplicity, we shall suppose that the plasma toroidal

angular velocity profile is sufficiently sheared that only one

FIG. 2. Safety-factor profile for a plasma equilibrium characterized by �a
¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and bN ¼ 0:25.

The long-dashed vertical line indicates the location of the plasma boundary.

The two short-dashed vertical lines indicate the locations of the q¼ 2 and

q¼ 3 surfaces.

FIG. 3. Variation of the n¼ 1 twisting-parity layer response function at the

q¼ 2 surface, ~D
o

1, with the normalized local plasma toroidal angular veloc-

ity, ~X1, for a plasma equilibrium characterized by �a ¼ 0:3; j ¼ 1:8,
�d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and bN ¼ 0:25. The solid and

dashed curves on the right-hand side show Reð~Do

1Þ and Imð~Do

1Þ, respectively.

The dotted curve on the left-hand side shows j~Do

1j. Note that Reð~Do

1Þ and

Imð~Do

1Þ are even and odd functions of ~X1, respectively.

FIG. 4. Variation of the n¼ 1 tearing-parity layer response function at the

q¼ 2 surface, ~D
e

1, with the normalized local plasma toroidal angular veloc-

ity, ~X1, for a plasma equilibrium characterized by �a ¼ 0:3; j ¼ 1:8,
�d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and bN ¼ 0:25. The solid and

dashed curves on the right-hand side show Reð~De

1Þ and Imð~De

1Þ, respectively.

The dotted curve on the left-hand side shows j~De

1j. Note that Reð~De

1Þ and

Imð~De

1Þ are even and odd functions of ~X1, respectively.
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of the j~Xkj is comparable with unity, and the others are all

much greater than unity. Let the surface in question be the

kth surface. Thus, We
k0 6¼k ¼ 0, and the inhomogeneous disper-

sion relation (45) further simplifies to give

We
k ’

ve
k

Ee
kk � Skð Þlk ~D

e

k

: (46)

According to Eq. (28), the toroidal electromagnetic tor-

que exerted by the external perturbation on the plasma in the

immediate vicinity of the kth rational surface takes the form

dTx
k ’ 2 n p2

Skð Þlk Im ~D
e

k


 �
jve

kj
2

jEe
kk � Skð Þlk ~D

e

kj
2
: (47)

It is evident, from Fig. 4, that this torque acts to adjust the

local toroidal angular velocity, ~Xk, such that Imð~De

kÞ ¼ 0, at

which point j~De

kj attains a minimum value: i.e., the shielding

of the kth rational surface from the external perturbation is

minimized. Let us suppose that this process, which we shall

term the “locking” of the kth rational surface to the external

perturbation, has taken place. Let ~Xkc be the critical local

normalized toroidal angular velocity at which Imð~De

kÞ ¼ 0,

and let ~D
e

kc be the corresponding value of ~D
e

k. Note that ~D
e

kc

is real and positive.

Suppose that the tearing-parity mode that only recon-

nects magnetic flux at the kth rational surface is intrinsically

unstable: i.e., Ee
kk > 0. [Here, we are assuming that the

plasma toroidal angular velocity profile is sufficiently sheared

that if ~Qk � ~ck � i n ~Xk is of order unity for the kth rational

surface then j ~Qk0 j 	 1 for all k0 6¼ k, where ~ck ¼ c=

x2=3
Ak x1=3

Rk

h i
, and c is the complex growth-rate. Under these

circumstances, the coupled homogenous tearing mode disper-

sion relation factorizes into approximately independent dis-

persion relations for modes that only reconnect magnetic flux

at a single rational surface in the plasma. The mode that

reconnects flux at the kth rational surface is unstable when

Ee
kk > 0, and vice versa.21] In this situation, Eq. (46) becomes

We
k ’ �

ve
k

jEe
kkj

Rk Skð Þ; (48)

where

Rk Skð Þ ¼
1

Sk=Skcð Þlk � 1
; (49)

and

Skc ¼
jEe

kkj
~D

e

kc

 !1=lk

(50)

is the critical local Lundquist number above which the mode

in question is stabilized by the Glasser effect (i.e., by the sta-

bilizing influence of the characteristic favorable average

magnetic field-line curvature present in tokamak plas-

mas).13,26 In expression (48), jve
kj=jEe

kkj is the magnitude of

the tearing-parity magnetic flux that would be driven at the

kth rational surface by the external perturbation in the

absence of any shielding at the surface (i.e., when ~D
e

k ¼ 0).

Thus, Rk Skð Þ can be interpreted as the “shielding factor” at

the kth surface: i.e., the factor by which the flux driven at the

surface is reduced by the layer response. Obviously, expres-

sion (49) is only valid when Sk > Skc (i.e., when the tearing-

parity mode that only reconnects magnetic flux at the kth

rational surface is stable). In the high Lundquist limit,

Sk 	 Skc, the magnitude of the shielding factor becomes

very much less than unity. This implies that, in a high tem-

perature tokamak plasma, there can be strong shielding of a

given rational surface from a resonant external magnetic per-

turbation, even when the surface in question is locked to the

perturbation. This shielding is due to the Glasser effect.13 As

Sk ! Skc, the shielding factor grows in magnitude, eventu-

ally becoming infinite at the marginal stability point,

Sk ¼ Skc. In other words, the shielding breaks down as the

tearing-parity mode that reconnects flux at the kth rational

surface approaches marginal stability. In fact, when the

mode is close to marginal stability, the magnitude of the

shielding factor becomes greater than unity, indicating that

the layer response actually amplifies the reconnected mag-

netic flux driven at the kth rational surface.

Suppose that the tearing-parity mode that only recon-

nects magnetic flux at the kth rational surface is intrinsically

stable: i.e., Ee
kk < 0.21 In this situation, Eq. (46) becomes

We
k ’ �

ve
k

jEe
kkj

Rk Skð Þ; (51)

where

Rk Skð Þ ¼
1

Sk=Skcð Þlk þ 1
(52)

and

Skc ¼
jEe

kkj
~D

e

kc

 !1=lk

: (53)

In the high Lundquist limit, Sk 	 Skc, the magnitude of the

shielding factor, Rk Skð Þ, is very much less than unity: i.e.,

there is strong shielding. On the other hand, in the low

Lundquist number limit, Sk 
 Skc, the magnitude of the

shielding factor is unity: i.e., there is no shielding. Hence,

we can interpret Skc as the critical Lundquist number at the

kth rational surface above which there is strong shielding

due to the Glasser effect.

For the example equilibrium illustrated in Figs. 1 and 2,

Ee
11 ¼ 3:685 and Ee

22 ¼ �6:424. We also have l1 ¼ 0:338;
~D

e

1c ¼ 2:531� 10�2, ~X1c ¼ 61:606� 10�2; l2 ¼ 0:335;
~D

e

2c ¼ 1:287� 10�2, and ~X2c ¼ 66:970� 10�3. Thus,

S1c ¼ 2:49� 106 and S2c ¼ 1:14� 108. It follows that the

shielding factor at the q¼ 2 surface (assuming that this sur-

face is locked, and the plasma at the q¼ 3 surface is rapidly

rotating: i.e., j~X2j 	 j~X2cj) is

R1 S1ð Þ ¼
1

S1=2:49� 106
� �0:338 � 1

: (54)

(Obviously, if the q¼ 2 surface is not locked then the shield-

ing factor will be smaller: i.e., there will be more shielding.
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Thus, the above expression specifies the least possible

amount of shielding at the q¼ 2 surface.) On the other hand,

the shielding factor at the q¼ 3 surface (assuming that this

surface is locked, and the plasma at the q¼ 2 surface is rap-

idly rotating: i.e., j~X1j 	 j~X1cj) is

R2 S2ð Þ ¼
1

S2=1:14� 108
� �0:335 þ 1

: (55)

C. Calculation of optimal n 5 1 wall displacements

According to Eq. (26), for a wall displacement of fixed

amplitude, the magnitude of the parameter ve
k is maximized

when Nj / ne
k;j. Hence, according to Eq. (46), for a fixed

plasma response, the tearing-parity magnetic flux driven at

the kth rational surface is also maximized. We conclude that

the Fourier harmonics of the optimal wall displacement for

driving tearing-parity magnetic reconnection at the kth ratio-

nal surface can be written as

Nj ¼ �d n̂
e

k;j; (56)

where

n̂
e

k;j ¼
ne

k;j

jjne
kjj

(57)

and

jjne
kjj ¼

X
j¼1;J

jne
k;jj

2
� �1=2

: (58)

Here, d is the mean wall displacement (in r). Thus, the opti-

mally displaced wall lies at

r ¼ a� Re
X
j¼1;J

d n̂
e

k;j exp i mj h� n /
� �� �

: (59)

If the n̂
e

k;j are real (which is the case when the plasma equi-

librium is up-down symmetric), then the optimally displaced

wall lies at

r ¼ aþ d Ck hð Þ cos n /ð Þ þ Sk hð Þ sin n /ð Þ
� �

: (60)

Here,

Ck hð Þ ¼
X
j¼1;J

n̂k;j cos mj h
� �

; (61)

Sk hð Þ ¼
X
j¼1;J

n̂k;j sin mj h
� �

: (62)

Finally, from (48) and (51), if the wall is optimally dis-

placed, then the tearing-parity magnetic flux driven at the kth

rational surface is

We
k ¼ d

jjne
kjj
jEe

kkj
Rk Skð Þ: (63)

Figures 5 and 6 show the optimal n¼ 1 wall displace-

ment for driving tearing-parity magnetic flux at the q¼ 2 sur-

face, calculated for our example equilibrium. It can be seen

FIG. 5. The optimal n¼ 1 wall displacement for driving tearing-parity mag-

netic flux at the q¼ 2 surface calculated for a plasma equilibrium character-

ized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and

bN ¼ 0:25. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d C1 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 2 surface.

FIG. 6. The optimal n¼ 1 wall displacement for driving tearing-parity mag-

netic flux at the q¼ 2 surface calculated for a plasma equilibrium character-

ized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and

bN ¼ 0:25. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d S1 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 2 surface.
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that the optimal displacement takes the form of a distorted

m ¼ 3=n ¼ 1 helical oscillation in the geometric poloidal

and toroidal angles. Figures 7 and 8 show the optimal n¼ 1

wall displacement for driving tearing-parity magnetic flux at

the q¼ 3 surface, calculated for the same equilibrium. In this

case, the optimal displacement takes the form of a distorted

m ¼ 4=n ¼ 1 helical oscillation in the geometric poloidal

and toroidal angles. Both cases are indicative of a coupling

between the m/n and mþ 1; n harmonics mediated by

the m ¼ 1; n ¼ 0 Shafranov shift of the equilibrium.

Furthermore, in both cases, the distortion is such that the

amplitude of the oscillation is particularly large above and

below the plasma and particularly small on the inboard

side.32 The fact that the amplitude of the oscillation is particu-

larly large above and below the plasma could indicate that the

q¼ 2 and q¼ 3 surfaces respond preferentially to n¼ 1 wall

displacements above and below the plasma. Alternatively, this

effect may just be an artifact of flux expansion above and

below the plasma (the equilibrium magnetic flux surfaces

are relatively further apart above and below the plasma, so

a larger displacement is required to produce a given

response at the q¼ 2 and q¼ 3 surfaces). On the other

hand, there seems little doubt that the q¼ 2 and q¼ 3 sur-

faces respond preferentially to n¼ 1 wall displacements on

the outboard, rather than the inboard, side of the plasma.

This preference may be related to the previously men-

tioned coupling via the m ¼ 1; n ¼ 0 equilibrium harmonic,

which tends to cause m, n and mþ 1; n modes to phase-

lock such that they interfere constructively on the onboard

side of the plasma.33
VII. BETA SCAN

Consider a series of plasma equilibria, characterized

by �a ¼ 0:3; j ¼ 1:8; sb ¼ 0:95; �d ¼ 0:25; q0 ¼ 1:05, and

qb ¼ 3:95, for which the normal beta, bN, varies between

zero and the n¼ 1 ideal beta-limit, bNc ¼ 2:955. The exam-

ple equilibrium considered in Sec. VI is a member of this

series corresponding to bN ¼ 0:25.

Figure 9 shows the shielding factor for tearing-parity

magnetic flux driven at the q¼ 2 surface by an n¼ 1 wall

displacement, calculated for the series of equilibria in ques-

tion. Figure 10 shows the corresponding ratio of the flux

driven at the q¼ 2 surface to the mean wall displacement,

when the wall displacement is optimal. It can be seen that

strong shielding (i.e., R1 
 1) is achieved at intermediate bN

values when the local Lundquist number is relatively high

(i.e., S1 	 106), but that the shielding is always weak

(i.e., R1 � 1) when the local Lundquist number is relatively

low (i.e., S1 � 106). Furthermore, the shielding breaks down

completely and actually becomes amplification (i.e.,

R1 	 1), both in the low-b limit, bN ! 0, and in the high-b
limit, bN ! bNc. The shielding breaks down in the low-b
limit because the Glasser effect (which depends on the local

pressure gradient) becomes too feeble to stabilize the n¼ 1

tearing mode that only reconnects flux at the q¼ 2 surface

(which is intrinsically unstable: i.e., Ee
11 > 0). The shielding

breaks down in the high-b limit because the tearing stability

index Ee
11 tends to infinity as bN ! bNc.34 Figures 9 and 10

suggest that the well-known susceptibility of low-b startup

plasmas to highly amplified locked modes3–8 may be due to

the breakdown of Glasser-effect shielding of an intrinsically

FIG. 7. The optimal n¼ 1 wall displacement for driving tearing-parity mag-

netic flux at the q¼ 3 surface calculated for a plasma equilibrium character-

ized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and

bN ¼ 0:25. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d C2 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 3 surface.

FIG. 8. The optimal n¼ 1 wall displacement for driving tearing-parity mag-

netic flux at the q¼ 3 surface calculated for a plasma equilibrium character-

ized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95, and

bN ¼ 0:25. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d S2 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 3 surface.
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unstable tearing mode from a resonant error-field, as the

plasma pressure becomes too low. The figures also account for

the common appearance of highly amplified locked modes in

tokamak plasmas that approach the ideal b-limit.9–11

Figure 11 shows the shielding factor for tearing-parity

magnetic flux driven at the q¼ 3 surface by an n¼ 1 wall

displacement, calculated for the series of equilibria in ques-

tion. Figure 12 shows the corresponding ratio of the flux

driven at the q¼ 3 surface to the mean wall displacement,

when the wall displacement is optimal. It can be seen that,

although the shielding fails (i.e., R2 ! 1) as bN ! 0, there is

no amplification of the driven magnetic flux in this limit,

because the n¼ 1 tearing mode that only reconnects mag-

netic flux at the q¼ 3 surface is intrinsically stable (i.e.,

Ee
22 < 0) at low-b. On the other hand, there is again strong

amplification of the flux driven at the q¼ 3 surface when the

plasma approaches the ideal b-limit.

Figures 13 and 14 show the optimal n¼ 1 wall displace-

ment for driving tearing-parity magnetic flux at the q¼ 2

FIG. 10. The ratio of the tearing-parity magnetic flux driven at the q¼ 2 sur-

face by an optimal n¼ 1 wall displacement to the mean wall displacement

calculated as a function of the normal beta for a series of plasma equilibria

characterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05, and

qb ¼ 3:95. The solid, short-dashed, long-dashed, dot-short-dashed, and dot-

long-dashed curves correspond to S1 ¼ 1010, 109, 108, 107, and 106,

respectively.

FIG. 11. The shielding factor for tearing-parity magnetic flux driven at the

q¼ 3 surface by an n¼ 1 wall displacement calculated as a function of the

normal beta for a series of plasma equilibria characterized by

�a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05, and qb ¼ 3:95. The solid,

short-dashed, long-dashed, dot-short-dashed, and dot-long-dashed curves

correspond to S1 ¼ 1010, 109, 108, 107, and 106, respectively.

FIG. 12. The ratio of the tearing-parity magnetic flux driven at the q¼ 3 surface

by an optimal n¼ 1 wall displacement to the mean wall displacement calculated

as a function of the normal beta for a series of plasma equilibria characterized by

�a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05, and qb ¼ 3:95. The solid,

short-dashed, long-dashed, dot-short-dashed, and dot-long-dashed curves corre-

spond to S1 ¼ 1010, 109, 108, 107, and 106, respectively.

FIG. 9. The shielding factor for tearing-parity magnetic flux driven at the

q¼ 2 surface by an n¼ 1 wall displacement calculated as a function of the

normal beta for a series of plasma equilibria characterized by

�a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05, and qb ¼ 3:95. The solid,

short-dashed, long-dashed, dot-short-dashed, and dot-long-dashed curves

correspond to S1 ¼ 1010, 109, 108, 107, and 106, respectively.
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surface, calculated when the plasma lies very close to the

ideal b-limit. Likewise, Figs. 15 and 16 show the optimal

n¼ 1 wall displacement for driving tearing-parity magnetic

flux at the q¼ 3 surface. In both cases, the optimal displace-

ment takes the form of a distorted m ¼ 3=n ¼ 1 helical oscil-

lation in the geometric poloidal and toroidal angles. The

distortion is such that the amplitude of the oscillation is par-

ticularly large above and below the plasma, and on the out-

board side, but is virtually zero on the inboard side.32 This

indicates that, close to the b-limit, the q¼ 2 and q¼ 3 surfa-

ces respond preferentially to n¼ 1 wall displacements above

and below the plasma (however, see the caveat at the end of

Sec. VI C), and on the outboard side, but are completely

insensitive to wall displacements on the inboard side.32

Note that Figs. 13 and 15 are virtually identical to one

another. The same can be said for Figs. 14 and 16. This sug-

gests that, when the plasma is close to the ideal b-limit, the

optimal n¼ 1 wall displacement for driving tearing-parity

magnetic flux at the q¼ 2 surface is very similar in shape to

the optimal displacement for driving flux at the q¼ 3 sur-

face. In fact, we can measure this similarity by defining the

correlation factor

a12 ¼
X
j¼1;J

n̂1j n̂2j

����
����: (64)

Thus, if a12 ¼ 0 then there is no similarity between the two

shapes, whereas if a12 ¼ 1 then the two shapes are identical.

The correlation factor, calculated for the series of plasma

equilibria in question, is shown in Fig. 17. It can be seen that

at low-b the correlation factor is relatively small (i.e.,

FIG. 13. The optimal n¼ 1 wall displacement for driving tearing-parity

magnetic flux at the q¼ 2 surface calculated for a plasma equilibrium char-

acterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95,

and bN ¼ 3:95. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d C1 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 2 surface.

FIG. 14. The optimal n¼ 1 wall displacement for driving tearing-parity

magnetic flux at the q¼ 2 surface calculated for a plasma equilibrium char-

acterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95,

and bN ¼ 3:95. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d S1 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 2 surface.

FIG. 15. The optimal n¼ 1 wall displacement for driving tearing-parity

magnetic flux at the q¼ 3 surface calculated for a plasma equilibrium char-

acterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95,

and bN ¼ 3:95. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d C2 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 3 surface.
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0 < a12 
 1), indicating that in this limit the optimal n¼ 1

wall displacement for driving flux at the q¼ 2 surface has a

quite different shape to that for driving flux at the q¼ 3 sur-

face. On the other hand, the correlation factor approaches

unity as the ideal b-limit is approached, indicating that in

this limit the optimal n¼ 1 wall displacement shape for driv-

ing flux at the q¼ 2 surface becomes identical to that for

driving flux at the q¼ 3 surface. One possible explanation

for this behavior is that, close to the b-limit, both surfaces

are responding preferentially to a displacement that couples

strongly to the marginally stable ideal eigenfunction.18

VIII. SUMMARY AND DISCUSSION

This paper discusses the use of asymptotic matching

techniques to determine the response of a high temperature

tokamak plasma with a realistic equilibrium to an externally

generated, non-axisymmetric, static, magnetic perturbation.

The plasma is divided into two regions. In the outer region,

which comprises most of the plasma, the response is gov-

erned by the linearized, marginally stable, ideal-MHD equa-

tions. In the inner region, which is strongly localized around

the various rational surfaces within the plasma (where the

marginally stable, ideal-MHD equations become singular),

the response is obtained from Glasser-Greene-Johnson linear

layer physics.26 For the sake of simplicity, we have focused

on the situation where the plasma at one of the internal ratio-

nal surfaces is locked to the external perturbation, whereas

that at the other surfaces is rotating.

In agreement with Liu et al.,13 we find that, under

certain circumstances, the so-called Glasser effect26 leads to

strong shielding of the plasma in the vicinity of an internal

rational surface from an externally generated, non-

axisymmetric, static, magnetic perturbation. This is true

even in the limit in which the plasma at the rational surface

is locked to the perturbation. Such shielding breaks down at

low-b, because the Glasser effect becomes too weak. The

shielding also breaks down as the ideal b-limit is

approached, because the plasma becomes too unstable.

By supposing that the static external magnetic perturba-

tion is generated by a small amplitude, non-axisymmetric,

displacement in a perfectly conducting wall surrounding

(but, not, necessarily touching) the plasma, it is possible to

determine the optimal n¼ 1 wall displacement for driving

magnetic reconnection at a given rational surface within the

plasma. At low-b, the optimum displacements for driving

magnetic reconnection at different rational surfaces are quite

distinct from one another. On the other hand, as the ideal

b-limit is approached, the optimum displacements all

become identical.

The calculations discussed in this paper could be

extended in a number of different ways. For instance, we

could use the Glasser-Greene-Johnson linear layer model to

investigate the efficacy of plasma rotation as a mechanism

for shielding the internal rational surfaces of a plasma from

an externally generated, non-axisymmetric, static, magnetic

perturbation. Alternatively, we could replace the Glasser-

Greene-Johnson layer model by its nonlinear generaliza-

tion.35,36 This would enable us to determine the efficacy of

both magnetic curvature and plasma rotation as shielding

mechanisms in the nonlinear limit in which the locked island

widths at the various internal rational surfaces exceed the

linear layer widths. Finally, we could dispense with the

perfectly conducting wall, and, instead, consider a plasma

surrounded by a vacuum region that extends to infinity.

FIG. 17. The correlation factor between the optimal n¼ 1 wall displacement

shapes required to drive tearing-parity magnetic flux at the q¼ 2 and the

q¼ 3 surfaces calculated as a function of the normal beta for a series of

plasma equilibria characterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95,

q0 ¼ 1:05, and qb ¼ 3:95.

FIG. 16. The optimal n¼ 1 wall displacement for driving tearing-parity

magnetic flux at the q¼ 3 surface calculated for a plasma equilibrium char-

acterized by �a ¼ 0:3; j ¼ 1:8, �d ¼ 0:25; sb ¼ 0:95, q0 ¼ 1:05; qb ¼ 3:95,

and bN ¼ 3:95. The thin dashed curve shows r¼ a. The thick dashed curves

show r ¼ a6d S2 hð Þ, where d ¼ 0:025. Finally, the dotted curve shows the

location of the q¼ 3 surface.
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APPENDIX A: SOLUTION OF LINEARIZED
MARGINALLY STABLE IDEAL-MHD EQUATIONS

1. Normalization and coordinates

All lengths are normalized to the major radius of the

plasma magnetic axis, R0, all magnetic field-strengths to the

vacuum toroidal field-strength at the magnetic axis, B0, and

all plasma pressures to B2
0=l0.

Let R, /, Z be right-handed cylindrical coordinates

whose symmetry axis corresponds to the toroidal symmetry

axis of the plasma. The Jacobian for these coordinates is

rR�r/ � rZð Þ�1 ¼ R: (A1)

Let r, h, / be right-handed flux coordinates whose

Jacobian is19,21

J r; hð Þ � rr �rh � r/ð Þ�1 ¼ r R2: (A2)

Here, r is a flux-surface label with dimensions of length.

Furthermore, h is a straight poloidal angle. Let r¼ 0 corre-

spond to the magnetic axis and h¼ 0 to the inboard midplane.

2. Plasma equilibrium

Consider an axisymmetric tokamak plasma equilibrium.

The magnetic field is written as19,21

B r; hð Þ ¼ f rð Þr/�rr þ g rð Þr/ ¼ f r /� q hð Þ � rr;

(A3)

where

q rð Þ ¼ r g

f
(A4)

is the safety-factor profile.

Equilibrium force balance yields the Grad-Shafranov

equation,19,21

1

r

@

@r
r f jrrj2
� �

þ 1

r

@

@h
r f rr � rhð Þ þ g g0

f
þ R2 P0

f
¼ 0;

(A5)

where P(r) is the plasma pressure profile, and 0� d=dr.

3. Governing equations

Consider a small-amplitude, non-axisymmetric, pertur-

bation to the previously described plasma equilibrium. The

system is conveniently divided into an outer region and an

inner region.25 The outer region comprises all of the plasma,

and any surrounding vacuum, except a number of radially

thin layers centered on the various rational surfaces (see

Appendix A 5). The inner region consists of the aforemen-

tioned layers. The perturbation in the outer region is gov-

erned by linearized, marginally stable, ideal-MHD, whereas

that in the inner region is governed by either linear or nonlin-

ear resistive-MHD.25 The overall solution is constructed by

asymptotically matching the ideal-MHD solution in the outer

region to the resistive-MHD solutions in the various seg-

ments of the inner region.

The linearized, marginally stable, ideal-MHD equations

that govern the perturbation in the outer region are25

dB ¼ r� n� Bð Þ; (A6)

rdP ¼ dJ� Bþ J� dB; (A7)

dJ ¼ r� dB; (A8)

dP ¼ �n � rP: (A9)

Here, J ¼ r� B is the equilibrium current density.

Moreover, n; dB, dJ, and dP are the plasma displacement,

perturbed magnetic field, perturbed current density, and per-

turbed pressure, respectively.

4. Fourier transformed equations

Let

f n � rr ¼ y r; hð Þ exp �i n /ð Þ; (A10)

R2 dB � r/ ¼ z r; hð Þ exp �i n /ð Þ; (A11)

where n> 0 is the toroidal mode number of the non-

axisymmetric perturbation. After considerable algebra, Eqs.

(A6)–(A9) reduce to19,21

r
@

@r

@

@h
� inq

� �
y


 	
¼ @

@h
Q
@z

@h

� �
þ Sz� @

@h

� T
@

@h
� inq

� �
yþU y


 	
; (A12)

@

@h
� i n q

� �
r
@z

@r
¼ � @

@h
� i n q

� �
T�

@z

@h
þ U

@z

@h
þ X y

� @

@h
� i n q

� �
V

@

@h
� i n q

� �
y

þW
@

@h
� i n q

� �
y; (A13)

where

Q r; hð Þ ¼ 1

i n jrrj2
; (A14)

S r; hð Þ ¼ i n a�; (A15)

T r; hð Þ ¼ rrr � rh

jrrj2
� ag

i n jrrj2
; (A16)

U r; hð Þ ¼ ap R2

jrrj2
; (A17)

V r; hð Þ ¼ 1

jrrj2
i n

R2
þ

a2
g

i n

� �
; (A18)

W r; hð Þ ¼ 2 ag ap R2

jrrj2
� r

dag

dr
; (A19)
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X r;hð Þ¼ inap
@

@h
T�R2ð Þþ r

@R2

@r
�af R2�U R2


 	
; (A20)

and

a� rð Þ ¼ r2; (A21)

ag rð Þ ¼ 1

f

dg

dr
; (A22)

ap rð Þ ¼ r

f 2

dP

dr
; (A23)

af rð Þ ¼ r2

f

d

dr

f

r

� �
: (A24)

Let

y r; hð Þ ¼
X
j¼1;J

yj rð Þ exp i mj h
� �

; (A25)

z r; hð Þ ¼
X
j¼1;J

zj rð Þ exp i mj h
� �

; (A26)

where the mj, for j ¼ 1; J, are the various coupled poloidal

harmonics included in the calculation. Equations (A12) and

(A13) reduce to

r
d

dr
mj � n qð Þ yj½ � ¼

X
j0¼1;J

Bjj0 zj0 þ Cjj0 yj0ð Þ; (A27)

mj � n qð Þ r
dzj

dr
¼
X

j0¼1;J

Djj0 zj0 þ Ejj0 yj0ð Þ; (A28)

for j ¼ 1; J, where

Bjj0 rð Þ ¼ 1

2p i

þ
e�imjh @

@h
Q

@

@h
þ S

� �
eimj0h dh; (A29)

Cjj0 rð Þ ¼ 1

2p i

þ
e�imjh � @

@h
T

@

@h
� i n q

� �
� @U

@h


 	
eimj0h dh;

(A30)

Djj0 rð Þ ¼ 1

2p i

þ
e�imjh � @

@h
� i n q

� �
T�

@

@h
þU

@

@h


 	
eimj0h dh;

(A31)

Ejj0 rð Þ ¼ 1

2p i

þ
e�imjh � @

@h
� inq

� �
V

@

@h
� inq

� �


þW
@

@h
� inq

� �
þX

	
eimj0h dh: (A32)

Hence, it follows from Eqs. (A14)–(A20) that

n Bjj0 ¼ mj mj0 cjj0 þ n2 a� djj0 ; (A33)

Cjj0 ¼ mj mj0 � n qð Þ �fjj0 þ n�1 ag cjj0
� �

� mj ap djj0 ; (A34)

Djj0 ¼ � mj � n qð Þmj0 fjj0 þ n�1 ag cjj0
� �

þ mj0 ap djj0 ; (A35)

n�1 Ejj0 ¼ mj � n qð Þ mj0 � n qð Þ bjj0 � n�2 a2
g cjj0


 �
� mj0 � n qð Þ n�1 r

dag

dr
djj0 þ ap mj � mj0ð Þ gjj0½

þ n�1 ag mj þ mj0 � 2 n qð Þ djj0 þ r
dajj0

dr

�af ajj0 � ap ejj0
�
; (A36)

where

ajj0 rð Þ ¼
þ

R2 exp �i mj � mj0ð Þ h
� � dh

2p
; (A37)

bjj0 rð Þ ¼
þ
jrrj�2 R�2 exp �i mj � mj0ð Þ h

� � dh
2p
; (A38)

cjj0 rð Þ ¼
þ
jrrj�2

exp �i m� m0ð Þ h½ � dh
2p
; (A39)

djj0 rð Þ ¼
þ
jrrj�2 R2 exp �i mj � mj0ð Þ h

� � dh
2p
; (A40)

ejj0 rð Þ ¼
þ
jrrj�2 R4 exp �i mj � mj0ð Þ h

� � dh
2p
; (A41)

fjj0 rð Þ ¼
þ

i rrr � rh

jrrj2
exp �i mj � mj0ð Þ h
� � dh

2p
; (A42)

gjj0 rð Þ ¼
þ

i rrr � rh

jrrj2
R2 exp �i mj � mj0ð Þ h

� � dh
2p
: (A43)

Let

yj ¼
wj rð Þ

mj � n q
; (A44)

zj ¼ n
Zj rð Þ

mj � n q
� Cjj

Bjj

wj rð Þ
mj � n q

: (A45)

It follows that

dB � rr ¼ i R�2
X
j¼1;J

wj

r
exp i mj h� n /

� �� �
: (A46)

Furthermore, Eqs. (A27) and (A28) transform to

r
dwj

dr
¼
X

j0¼1;J

Ljj0 Zj0 þMjj0 wj0

mj0 � n q
; (A47)

mj � n qð Þ r
d

dr

Zj

mj � n q

� �
¼
X

j0¼1;J

Njj0 Zj0 þ Pjj0 wj0

mj0 � n q
; (A48)

for j ¼ 1; J, where

Ljj0 rð Þ ¼ n Bjj0 ; (A49)

Mjj0 rð Þ ¼ Cjj0 þ kj0 Ljj0 ; (A50)

Njj0 rð Þ ¼ Djj0 � kj Ljj0 ; (A51)

Pjj0 rð Þ ¼ n�1 Ejj0 � kj Mjj0 þ kj0 Njj0 þ kj kj0 Ljj0

�kj n q s djj0 � mj � n qð Þ r
dkj

dr
djj0 ; (A52)

with
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s rð Þ ¼ r q0

q
; (A53)

and

kj rð Þ ¼ � Cjj

n Bjj
¼ �

mj mj � n qð Þ n�1 ag cjj � m ap djj

m2
j cjj þ n2 a�

" #
:

(A54)

Now, for a general plasma equilibrium, it is easily dem-

onstrated that aj0j ¼ a�jj0 , bj0j ¼ b�jj0 , cj0j ¼ c�jj0 , dj0j ¼ d�jj0 , ej0j

¼ e�jj0 , fj0j ¼ �f �jj0 , gj0j ¼ �g�jj0 , for all j, j0, so that Bj0j ¼ B�jj0 ,
Cj0j ¼ �D�jj0 , Dj0j ¼ �C�jj0 , Ej0j ¼ E�jj0 , and

Lj0j ¼ L�jj0 ; (A55)

Mj0j ¼ �N�jj0 ; (A56)

Nj0j ¼ �M�jj0 ; (A57)

Pj0j ¼ P�jj0 : (A58)

It follows from Eqs. (A47) and (A48) that

r
d

dr

X
j¼1;J

Z�j wj � w�j Zj

mj � n q

 !
¼ 0: (A59)

The net toroidal electromagnetic torque acting on the region

lying within that equilibrium magnetic flux-surface whose

label is r takes the form21

T/ rð Þ ¼
ðr

0

þ þ
R2r/ � dJ� dBð Þ J dr dh d/; (A60)

which can be shown to reduce to

T/ rð Þ ¼ n p2 i
X
j¼1;J

Z�j wj � w�j Zj

mj � n q
: (A61)

Hence, we deduce that

dT/

dr
¼ 0 (A62)

in the outer region.

5. Behavior in the vicinity of rational surface

Let there be K rational surfaces in the plasma. Suppose

that the kth surface has the flux-surface label rk and the reso-

nant poloidal mode number mk, where q rkð Þ ¼ mk=n, for

k ¼ 1;K.

Consider the solution of the outer equations, (A47) and

(A48), in the vicinity of the kth surface. Let x ¼ r � rk. The

most general small-jxj solution of the outer equations can be

shown to take the form21

wj xð Þ¼A6
Lk jxj

�L k 1þkLk xþ�� �ð Þ
þA6

Sk sgn xð Þ jxj�S k 1þ�� �ð ÞþACk x 1þ�� �ð Þ; (A63)

Zj xð Þ ¼ A6
Lk jxj

�L k bLk þ cLk xþ � � �ð Þ
þ A6

Sk sgn xð Þ jxj�S k bSk þ � � �ð Þ þ BCk x 1þ � � �ð Þ
(A64)

if mj¼mk, and

wj xð Þ ¼ A6
Lk jxj

�L k akj þ � � �ð Þ þ �wkj 1þ � � �ð Þ; (A65)

Zj xð Þ ¼ A6
Lk jxj

�L k bkj þ � � �ð Þ þ �Zkj 1þ � � �ð Þ (A66)

if mj 6¼ mk. Moreover, the superscripts þ and � correspond to

x> 0 and x< 0, respectively. Here,

�Lk ¼
1

2
�

ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; (A67)

�Sk ¼
1

2
þ

ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; (A68)

DIk ¼ �L0k P0k �
1

4
; (A69)

L0k ¼ �
Lkk

mk s

� �
rk

; (A70)

P0k ¼ �
Pkk

mk s

� �
rk

: (A71)

Furthermore,

bLk ¼
�Lk

L0k
; (A72)

bSk ¼
�Sk

L0k
; (A73)

ACk ¼ �
1

rk P0k

Xmj 6¼mk

j¼1;J

1

mj � mk
Nkj

�Zkj þ Pkj
�wkj


 �
rk

; (A74)

BCk ¼ �
1

rk L0k

Xmj 6¼mk

j¼1;J

1

mj � mk
Lkj

�Zkj þMkj
�wkj


 �
rk

þ ACk

L0k
;

(A75)

kLk ¼
1

2 rk

P1k L0k

�Lk
þT1kþ �Lk

L1k

L0k
� 2

� �
 	
rk

� 1

mk sð Þrk

1

rk �Lk

Xmj 6¼mk

j¼1;J

1

mj�mk
Pkj Lkj�Mkj Nkjð Þrk

; (A76)

cLk ¼
1

2 rk
1þ �Lkð Þ P1k

�Lk
þT1k

L0k
� �Lk

L0k

� �
þP0k

L1k

L0k
� 1

� �
 	
rk

� 1

mk sð Þrk

1

rk L0k

Xmj 6¼mk

j¼1;J

1

mj�mk
Pkj Lkj�Mkj Nkjð Þrk

; (A77)

akj ¼ �
1

mk sð Þrk

Mjk

�Lk
þ Ljk

L0k

� �
rk

; (A78)

bkj ¼ �
1

mk sð Þrk

Njk

L0k
þ Pjk

�Lk

� �
rk

; (A79)

and

L1k ¼ lim
x!0

Lkk

mk � n q

� �
� rk L0k

x
; (A80)

P1k ¼ lim
x!0

Pkk

mk � n q

� �
� rk P0k

x
; (A81)
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T1k ¼ lim
x!0

�n q s

mk � n q

� �
� rk

x
: (A82)

The parameters ASk and ALk are identified from the numerical

solution of the outer equations in the vicinity of the rational

surface by taking the limits

�wkj ¼ wj rk þ dð Þ � akj wk rk þ dð Þ; (A83)

�Zkj ¼ Zj rk þ dð Þ � bkj wk rk þ dð Þ; (A84)

A6
Sk ¼ 6

Zk rk6jdjð Þ � bLk wk rk6jdjð Þ
bSk � bLkð Þ jdj�S k

�
BCk � bLk ACkð Þ þ cLk � bLk kLkð Þwk rk6jdjð Þ

� �
jdj

bSk � bLkð Þ jdj�S k
;

(A85)

A6
Lk ¼

wk rk6jdjð Þ7A6
Skjdj

�S k 7ACk jdj
16jdj kLkð Þ jdj�L k

(A86)

as jdj ! 0. The previous analysis is based on the assumption

that

�1 < DIk < 0: (A87)

If DIk > 0, then the indices �Lk and �Sk become complex,

indicating that the plasma in the vicinity of the kth rational

surface is unstable to ideal interchange modes.37 On the

other hand, if DIk < �1, then the indices �Lk and �Sk differ

by more than 2, and the expansion (A63)–(A66) must conse-

quently be carried out to higher order in jxj.38

6. Asymptotic matching across the rational surface

Consider the resistive layer solution in the vicinity of

the kth rational surface. This solution can be separated into

independent tearing and twisting parity components.26 The

even (tearing parity) component is such that wk �xð Þ ¼ wk xð Þ
throughout the layer, whereas the odd (twisting parity) com-

ponent is such that wk �xð Þ ¼ �wk xð Þ. It is helpful to define

the quantities

Ae
Lk ¼

1

2
AþLk þ A�Lk

� �
; (A88)

Ao
Lk ¼

1

2
AþLk � A�Lk

� �
; (A89)

Ae
Sk ¼

1

2
AþSk � A�Sk

� �
; (A90)

Ao
Sk ¼

1

2
AþSk þ A�Sk

� �
: (A91)

The even and odd layer solutions determine the ratios26

De
k ¼ r�S k��L k

k

2 Ae
Sk

Ae
Lk

(A92)

and

Do
k ¼ r�S k��L k

k

2 Ao
Sk

Ao
Lk

; (A93)

respectively. Moreover, the net toroidal electromagnetic tor-

que acting on the layer can be shown to take the form21,28

dTk ¼ 2 n p2 �Sk � �Lk

Lkk

� �
rk

jAe
Lkj

2
Im De

k

� �
þ jAo

Lkj
2

Im Do
k

� �h i
:

(A94)

Let

We
k ¼ r�L k

k

�Sk � �Lk

Lkk

� �1=2

rk

Ae
Lk; (A95)

DWe
k ¼ r�S k

k

�Sk � �Lk

Lkk

� �1=2

rk

2 Ae
Sk; (A96)

Wo
k ¼ r�L k

k

�Sk � �Lk

Lkk

� �1=2

rk

Ao
Lk; (A97)

DWo
k ¼ r�S k

k

�Sk � �Lk

Lkk

� �1=2

rk

2 Ao
Sk: (A98)

The matching conditions become

DWe
k ¼ De

k We
k; (A99)

DWo
k ¼ Do

k Wo
k : (A100)

Moreover,21,28

dTk ¼ 2 n p2 Im We�
k DWe

k þWo�
k DWo

k

� �
: (A101)

7. Derivation of homogeneous dispersion relation

Let y rð Þ represent the 2J-dimensional vector of the

wj rð Þ and Zj rð Þ functions that satisfy the outer equations,

(A47) and (A48).

Suppose that the plasma boundary corresponds to the

flux-surface r¼ b and that the plasma is surrounded by a per-

fectly conducting wall lying on the flux-surface r¼ a, where

a> b. The region b< r< a is a vacuum characterized by

g¼ 1 and P¼ 0.

Let us launch J linearly independent, well-behaved solu-

tion vectors, ye
j rð Þ, for j ¼ 1; J, from the magnetic axis,

r¼ 0, and numerically integrate them to r¼ a. (It is generally

necessary to periodically re-orthogonalize the solution vec-

tors to prevent them from becoming co-linear. See Ref. 39,

Appendix A 3.) The jump conditions imposed at the plasma

rational surfaces are

Wo
k0 ¼ 0; (A102)

DWe
k0 ¼ 0; (A103)

for k0 ¼ 1;K. Suppose that there are L rational surfaces lying

in the vacuum region b< r< a. The jump conditions

imposed at the vacuum rational surfaces are

Wþl0 ¼ W�l0 ; (A104)

DWþl0 ¼ DW�l0 ; (A105)

for l0 ¼ 1; L, where the W6
l0 and DW6

l0 are defined in an analo-

gous manner to the corresponding quantities for plasma

rational surfaces (see Appendix A 5).
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Next, let us launch a solution vector, Dye
k rð Þ, from the

kth plasma rational surface, and numerically integrate it to

r¼ a. The jump conditions imposed at the plasma rational

surfaces are

Wo
k0 ¼ 0; (A106)

DWe
k0 ¼ dk0k; (A107)

for k0 ¼ 1;K. The jump conditions (A104) and (A105) are

again imposed at the vacuum rational surfaces.

We can form a linear combination of solution vectors,

Ye
k rð Þ ¼

X
j¼1;J

ae
jk ye

j þ Dye
k; (A108)

and choose the ae
jk so as to ensure that the physical boundary

condition

wj að Þ ¼ 0; (A109)

for j ¼ 1; J, is satisfied. By construction, this solution vector

is such that

Wo
k0 ¼ 0: (A110)

DWe
k0 ¼ dk0k; (A111)

for k0 ¼ 1;K, and

Wþl0 ¼ W�l0 ; (A112)

DWþl0 ¼ DW�l0 ; (A113)

for l0 ¼ 1; L. Incidentally, the jump conditions (A112) and

(A113) ensure that the solution vector is completely con-

tinuous across the vacuum rational surfaces, as must be the

case in the absence of plasma currents. (Consequently,

zero electromagnetic torque is exerted at these surfaces.)

Let

We
k0 ¼ Fee

k0k; (A114)

DWo
k0 ¼ Foe

k0k; (A115)

for k0 ¼ 1;K. We can associate a Ye
k rð Þ with each rational

surface in the plasma.

Let us launch J linearly independent, well-behaved solu-

tion vectors, yo
j rð Þ, for j ¼ 1; J, from the magnetic axis,

r¼ 0, and numerically integrate them to r¼ a. The jump

conditions imposed at the plasma rational surfaces are

We
k0 ¼ 0; (A116)

DWo
k0 ¼ 0; (A117)

for k0 ¼ 1;K. The jump conditions (A104) and (A105) are

again imposed at the vacuum rational surfaces.

Next, we can launch a solution vector, Dyo
k rð Þ, from the

kth rational surface, and integrate it to r¼ a. The jump con-

ditions imposed at the plasma rational surfaces are

We
k0 ¼ 0; (A118)

DWo
k0 ¼ dk0k; (A119)

for k ¼ 1;K. As before, the jump conditions (A104) and

(A105) are imposed at the vacuum rational surfaces.

We can form the linear combination of solution vectors,

Yo
k rð Þ ¼

X
j¼1;J

ao
jk yo

j þ Dyo
k ; (A120)

and choose the ao
jk so as to satisfy the boundary condition

(A109). By construction, this solution vector is such that

We
k0 ¼ 0; (A121)

DWo
k0 ¼ dk0k; (A122)

for k0 ¼ 1;K, and

Wþl0 ¼ W�l0 ; (A123)

DWþl0 ¼ W�l0 ; (A124)

for l0 ¼ 1; L. Let

Wo
k0 ¼ Foo

k0k; (A125)

DWe
k0 ¼ Feo

k0k; (A126)

for k0 ¼ 1;K. We can associate a Yo
k rð Þ with each rational

surface in the plasma.

The most general well-behaved solution vector that sat-

isfies the boundary condition (A109) is written as

Y rð Þ ¼
X

k¼1;K

ak Ye
k þ bk Yo

k

� �
; (A127)

where the ak and bk are arbitrary. It follows that

We
k ¼

X
k0¼1;K

Fee
kk0 ak0 ; (A128)

Wo
k ¼

X
k0¼1;K

Foo
kk0 bk0 ; (A129)

DWe
k ¼ ak þ

X
k0¼1;K

Feo
kk0 bk0 ; (A130)

DWo
k ¼ bk þ

X
k0¼1;K

Foe
kk0 ak0 ; (A131)

for k ¼ 1;K. Let We; Wo, DWe, and DWo be the K � 1 vec-

tors of the We
k; Wo

k ; DWe
k, and DWo

k values, respectively. Let

Fee, Feo; Foe, and Foo be the K � K matrices of the

Fee
kk0 ; Feo

kk0 ; Foe
kk0 , and Foo

kk0 values, respectively. Equations

(A128)–(A131) can be combined to give the dispersion

relation

DWe

DWo

 !
¼

Ee C

C0 Eo

 !
We

Wo

 !
; (A132)

where

Ee ¼ Feeð Þ�1
; (A133)

Eo ¼ Fooð Þ�1
; (A134)

C ¼ Feo Eo; (A135)

C0 ¼ Foe Ee: (A136)
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Now, according to Eqs. (A61) and (A109),

T/ að Þ ¼
X

k¼1;K

dTk ¼ 0: (A137)

In other words, the net toroidal electromagnetic torque acting

on the plasma is zero. Hence, Eq. (A101) yields

We† DWe � DWe† We þWo† DWo � DWo† Wo ¼ 0: (A138)

Thus, making use of the dispersion relation (A132), we

deduce that20–22,28

Ee† ¼ Ee; (A139)

Eo† ¼ Eo; (A140)

C0 ¼ C†: (A141)

Hence, the homogeneous dispersion relation can be written

as20,22,27,28

Ee � De C
C0 Eo � Do

� �
We

Wo

� �
¼ 0

0

� �
; (A142)

where De and Do are the diagonal K�K matrices of the De
k

and Do
k values, respectively. Note that, according to Eqs.

(A139)–(A141), the Ee and Eo matrices are Hermitian, and

the C0 matrix is the Hermitian conjugate of the C matrix.

8. Derivation of inhomogeneous dispersion relation

Let us define the solution vectors

~Y
e

k rð Þ ¼
X

k00¼1;K

Ee
k00k Ye

k00 ; (A143)

for k ¼ 1;K. It follows, from Appendix A 7, that these vec-

tors are well-behaved solutions of the outer equations, satis-

fying the physical boundary condition at the wall, and

having the properties that

We
k0 ¼ dk0k; (A144)

Wo
k0 ¼ 0; (A145)

DWe
k0 ¼ Ee

k0k; (A146)

DWo
k0 ¼ C�kk0 ; (A147)

for k0 ¼ 1;K. Let the ~w
e

k;j rð Þ and the ~Z
e

k;j rð Þ be the elements

of the ~Y
e

k rð Þ solution vector, for j ¼ 1; J. By construction,

we have

~w
e

k;j að Þ ¼ 0; (A148)

for j ¼ 1; J.

Let us define the solution vectors

~Y
o

k rð Þ ¼
X

k00¼1;K

Eo
k00k Yo

k00 ; (A149)

for k ¼ 1;K. It follows, from Appendix A 7, that these vec-

tors are well-behaved solutions of the outer equations, satis-

fying the physical boundary condition at the wall, and

having the properties that

We
k0 ¼ 0; (A150)

Wo
k0 ¼ dk0k; (A151)

DWe
k0 ¼ Ck0k; (A152)

DWo
k0 ¼ Eo

k0k; (A153)

for k0 ¼ 1;K. Let the ~w
o

k;j rð Þ and the ~Z
o

k;j rð Þ be the elements

of the ~Y
o

k rð Þ solution vector, for j ¼ 1; J. By construction,

we have

~w
o

k;j að Þ ¼ 0; (A154)

for j ¼ 1; J.

The most general well-behaved solution vector in the

presence of an external magnetic perturbation is written as

Y rð Þ ¼
X

k¼1;K

We
k

~Y
e

k þWo
k

~Y
o

k


 �
þ Yx; (A155)

where Yx rð Þ is the solution vector that describes the ideal

(i.e., We
k ¼ Wo

k ¼ 0 for k ¼ 1;K) response of the plasma to

the perturbation. This solution vector is characterized by

We
k0 ¼ 0; (A156)

Wo
k0 ¼ 0; (A157)

DWe
k0 ¼ �ve

k0 ; (A158)

DWo
k0 ¼ �vo

k0 ; (A159)

for k0 ¼ 0;K. Thus, in the presence of the external perturba-

tion, the homogenous dispersion relation (A132) generalizes

to the inhomogenous relation

Ee � De C

C0 Eo � Do

 !
We

Wo

 !
¼

ve

vo

 !
; (A160)

where ve and vo are the K � 1 vectors of the ve
k and vO

k val-

ues, respectively.

Let the wx
j rð Þ and the Zx

j rð Þ be the elements of the Yx rð Þ
solution vector, for j ¼ 1; J. Suppose that

wx
j að Þ ¼ a

q að Þ
mj � n q að Þ
� �

Nj; (A161)

Zx
j að Þ ¼ Xj; (A162)

for j ¼ 1; J. According to Eq. (A61), the net toroidal electro-

magnetic torque acting on the plasma is written as

T/ að Þ ¼
X

k¼1;K

dTk ¼ �2 n p2 Im
X
j¼1;J

Z�j wj

mj � n q

����
r¼a

: (A163)

However,

wj að Þ ¼ a

q að Þ mj � n q að Þ
� �

Nj; (A164)

Zj að Þ ¼
X

k¼1;K

We
k

~Z
e

k;j að Þ þWo
k

~Z
o

k;j að Þ
h i

þ Xj; (A165)

so
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T/ að Þ ¼ �2 n p2 Im
X
J¼1;J

X
k¼1;K

a

q að Þ Nj

� We
k

~Z
e

k;j að Þ þWo
k

~Z
o

k;j að Þ
h i�

: (A166)

Here, we have assumed that

Im
X
j¼1;J

X�j Nj ¼ 0; (A167)

otherwise, the external perturbation would be able to exert a

torque on an ideal plasma (i.e., a plasma in which We
k

¼ Wo
k ¼ 0, for k ¼ 1;K), which is unphysical.

It follows from Eqs. (A101) and (A160), as well as the

fact that Ee and Eo matrices are Hermitian, that

T/ að Þ ¼
X

k¼1;K

dTk ¼ �2 n p2 Im
X

k¼1;K

We�
k ve

k þWo�
k vo

k

� �
:

(A168)

Comparison with Eq. (A166) reveals that

ve
k ¼

X
j¼1;J

ne�
k;j Nj; (A169)

vo
k ¼

X
j¼1;J

no�
k;j Nj; (A170)

where

ne
k;j ¼

a

q að Þ
~Z

e

k;j að Þ; (A171)

no
k;j ¼

a

q að Þ
~Z

o

k;j að Þ: (A172)

APPENDIX B: SOLUTION OF LINEARIZED
RESISTIVE-MHD LAYER EQUATIONS

1. Basic equations

Let us assume that all perturbed quantities vary in time

as exp c tð Þ, where c is the complex growth-rate of the insta-

bility. The linearized, resistive-MHD equations that govern

perturbed quantities in the inner region are26

dB ¼ r� n� Bð Þ � g
c0
r � dJ; (B1)

rdP ¼ dJ� Bþ J� dB� q c02 n; (B2)

dJ ¼ r� dB; (B3)

dP ¼ �n � rP� C Pr � n: (B4)

Here,

c0 rð Þ ¼ c� i n X/ rð Þ; (B5)

where X/ rð Þ is the plasma toroidal angular velocity. (We are

neglecting the effect of velocity shear in the preceding equa-

tions.) Moreover, g rð Þ and q rð Þ are the plasma resistivity and

density profiles, respectively. Finally, C ¼ 5=3 is the plasma

ratio of specific heats.

2. Layer equations

Consider the segment of the inner region centered on the

kth rational surface. It is helpful to define

a0 rð Þ ¼ hR2i; (B6)

c0 rð Þ ¼ hjrrj�2i; (B7)

d0 rð Þ ¼ hjrrj�2 R2i; (B8)

e0 rð Þ ¼ hjrrj�2 R4i; (B9)

x0 rð Þ ¼ hjrrj2i; (B10)

y0 rð Þ ¼ hR4i; (B11)

as well as

FR rð Þ ¼ 1þ x0 a�=q2

c0 þ a�=q2
; (B12)

FA rð Þ ¼ y0 1þ x0 a�=q2
� �

� a2
0

f 2 FR
; (B13)

and

xH rð Þ ¼ B0

R0

n sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 q FA
p ; (B14)

xg rð Þ ¼ g FR

l0 R2
0 r2

; (B15)

L rð Þ ¼ xH

xg
: (B16)

It is assumed that L	 1. Here, h� � �i ¼
Þ
� � �ð Þ dh=2p is a

flux-surface average operator.

In the vicinity of the kth rational surface, Eqs.

(B1)–(B4) can be shown to reduce to26

0 ¼ d2W
dX2
� Hk

d!
dX
� Qk W� X Nð Þ; (B17)

0 ¼ Q2
k

d2N
dX2
� Qk X2 Nþ Ek !þ Qk X Wþ K; (B18)

0 ¼ Qk
d2!
dX2
� X2!�Gk Q2

k !þ Gk �Kk Ekð ÞQ2
k N

þ X W�Kk Q2
k K; (B19)

0 ¼ Hk
d2K
dX2
� dK

dX
þ Fk

d!
dX

: (B20)

Here,

x ¼ r � rk; (B21)

W xð Þ ¼ wk xð Þ; (B22)

X ¼ L1=3 x

r

� �
rk

; (B23)

Qk ¼ L1=3 c0

xH

� �
rk

; (B24)

and
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Ek ¼
ap

s2
c0þa�=q2
� �

�r
da0

dr
þa0 af

� �
þa0 s

FR

� �
 	
rk

; (B25)

Fk ¼
a2

p

s2
c0 þ a�=q2
� �

e0 � d2
0


 �
 	
rk

; (B26)

Gk ¼
a0 c0 þ a�=q2
� �

C P

FR

FA

" #
rk

; (B27)

Hk ¼
ap

s
d0 �

a0

FR

� �
 	
rk

; (B28)

Kk ¼
s2

a2
p f 2

FR

FA

" #
rk

: (B29)

Let us write

W Xð Þ ¼ We Xð Þ þWo Xð Þ þ A0 X; (B30)

N Xð Þ ¼ Ne Xð Þ þ No Xð Þ þ A0; (B31)

! Xð Þ ¼ !e Xð Þ þ !o Xð Þ þ A0; (B32)

K Xð Þ ¼ Ke Xð Þ þ Ko Xð Þ � A0 Ek; (B33)

where A0 is an arbitrary constant, and We �Xð Þ ¼ We Xð Þ;
Wo �Xð Þ ¼ �Wo Xð Þ, etc. Equations (B17)–(B20) can be

shown to separate into the following two independent sets of

equations:26

0 ¼ d2We;o

dX2
� Hk

d!o;e

dX
� Qk We;o � X No;eð Þ; (B34)

0 ¼ Q2
k

d2No;e

dX2
� Qk X2 No;e þ Ek þ Fkð Þ!o;e

þ Qk X We;o þ Hk
dWe;o

dX
; (B35)

0 ¼ Qk
d2!o;e

dX2
� X2 !o;e � Q2

k Kk Fk þ Gkð Þ!o;e

þ Q2
k Gk � Kk Ekð ÞNo;e � Q2

k Kk Hk
dWe;o

dX
; (B36)

where

Ko;e ¼ Hk
dWe;o

dX
þ Fk !o;e: (B37)

The first set (involving We) governs tearing parity layer solu-

tions, whereas the second (involving Wo) governs twisting

parity solutions.

3. Asymptotic matching

In the limit jXj ! 1, the asymptotic behavior of the

well-behaved solutions of the layer equations, (B34)–(B37),

is such that

We Xð Þ ! ae
L jXj

�L k þ ae
S jXj

�S k ; (B38)

Wo Xð Þ ! sgn Xð Þ ao
L jXj

�L k þ ao
S jXj

�S k
� �

: (B39)

These solutions are undetermined to an arbitrary multiplica-

tive constant, which means that the ratios ae
S=ae

L and ao
S=ao

L

are fully determined. Here,

�Lk ¼
1

2
�

ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; (B40)

�Sk ¼
1

2
þ

ffiffiffiffiffiffiffiffiffiffiffi
�DIk

p
; (B41)

where

DIk ¼ Ek þ Fk þ Hk �
1

4
: (B42)

The parameter DIk can be shown to be identical to the corre-

sponding parameter defined in Appendix A 5. Asymptotic

matching to the ideal-MHD solution in the outer region

yields

De
k ¼ L

�S k��L kð Þ=3

k D̂
e

k; (B43)

Do
k ¼ L

�S k��L kð Þ=3

k D̂
o

k ; (B44)

where Lk ¼ L rkð Þ, and

D̂
e

k ¼
2 ae

S

ae
L

; (B45)

D̂
o

k ¼
2 ao

S

ao
L

: (B46)

The hydromagnetic frequency, resistive diffusion rate,

and Lundquist number of the plasma are defined as

xA rð Þ ¼ B0

R0

1ffiffiffiffiffiffiffiffiffi
l0 q
p ; (B47)

xR rð Þ ¼ g

l0 R2
0 �a2

; (B48)

S rð Þ ¼ xA

xR
; (B49)

respectively. Here, the plasma minor radius, �a, is specified in

Sec. V. It follows that

S ¼ fS L; (B50)

xA ¼ fA xH; (B51)

where

fS rð Þ ¼ F
1=2
A FR

n s

�a2

r2
; (B52)

fA rð Þ ¼ F
1=2
A

n s
: (B53)

Thus, we can write

De
k ¼ Skð Þ 2=3ð Þ

ffiffiffiffiffiffiffiffiffi
�DI k

p
~D

e

k
~Qk;Ek þ Fk;Hk;Kk Ek

�
� Gk;Kk Fk þ Gk;Kk Hk; fAk; fSkÞ; (B54)

Do
k ¼ Skð Þ 2=3ð Þ

ffiffiffiffiffiffiffiffiffi
�DI k

p
~D

o

k
~Qk;Ek þ Fk;Hk;Kk Ek

�
� Gk;Kk Fk þ Gk;Kk Hk; fAk; fSkÞ; (B55)

where

c ¼ i n Xk þ
~Qk

Skð Þ1=3
xAk; (B56)
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and

~Qk ¼
f

1=3
Sk

fAk

 !
Qk; (B57)

~D
e;o

k ¼
D̂

e;o

k

f
2=3ð Þ

ffiffiffiffiffiffiffiffiffi
�DI k

p

Sk

: (B58)

Here, Sk ¼ S rkð Þ; Xk ¼ X rkð Þ; xAk ¼ xA rkð Þ; fAk ¼ fA rkð Þ,
and fSk ¼ fS rkð Þ.
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