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ABSTRACT

The stability of vertical modes in an up–down symmetric, aspect-ratio expanded, tokamak plasma equilibrium surrounded by a conformal
resistive wall is calculated. The calculation turns out to be significantly different to previous calculations of the stability of non-axisymmetric
ideal modes in an aspect-ratio expanded equilibrium. In particular, the role of the toroidal angular momentum flux (which is identically zero
for an axisymmetric mode) is instead played by the electromagnetic energy flux. The conservation of electromagnetic energy is used to prove
that the perturbed plasma potential energy matrix is Hermitian. Positive triangularity is found to have a strong stabilizing effect on the verti-
cal mode in vertically elongated plasmas, whereas negative triangularity is either destabilizing or weakly stabilizing. It is concluded that finite
wall thickness should be taken into account when calculating the maximum controllable plasma elongation of a tokamak plasma.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0303715

I. INTRODUCTION

It is well known that an increase in the net toroidal plasma current
flowing around a tokamak leads to an enhancement of both the maxi-
mum stable b value and the energy confinement time.1,2 The conven-
tional method of maximizing the total plasma current, without degrading
the stability of the system to non-axisymmetric magnetohydrodynamical
(MHD) modes, is to modify the plasma’s poloidal cross section such that
it is both vertically elongated and triangular.3 Unfortunately, tokamak
plasmas possessing strong cross-sectional shaping are subject to severe
axisymmetric instabilities.4,5 Such instabilities involve bulk vertical motion
of the plasma on an Alfv�enic timescale (i.e., 10�7 s), which results in the
sudden and violent termination of the discharge when it comes into con-
tact with the first wall. It is possible to stabilize an axisymmetric mode by
placing a perfectly conducting wall around the plasma. In reality, the
mode remains unstable because the wall inevitably possesses finite electri-
cal conductivity.6 However, growth time of the mode is increased from
the Alfv�en time to the very much longer characteristic L/R time of the
wall7–9 (see Sec. 1 of the Appendix for a definition of this time). Usually,
the vacuum vessel plays the role of the wall and has an L/R time that is
well in excess of 10�3 s. Such a time is much shorter than the duration of
the plasma discharge but is still long enough to allow active feedback sta-
bilization of the axisymmetric mode with practical power supplies.10

Fitzpatrick11 describes the TJ toroidal tearing mode code, which
calculates the stability of an inverse aspect-ratio expanded tokamak
plasma equilibrium to non-axisymmetric tearing modes via asymptotic
matching techniques. Fitzpatrick12 describes a generalization of the TJ
code that permits it to calculate the stability of the plasma to non-
axisymmetric ideal modes in the presence of a perfectly conducting wall
surrounding the plasma. (This is possible because the basis solutions
used to construct tearing eigenfunctions in TJ can be repurposed to con-
struct ideal eigenfunctions.) The aim of this paper is to describe a further
generalization the TJ code that allows it to calculate the stability of the
plasma to axisymmetric ideal modes in the presence of a resistive wall
that surrounds the plasma. It might be hope that, in order to investigate
axisymmetric modes, we could simply take the existing TJ code and set
the toroidal mode number, n, to zero. Unfortunately, this simple scheme
does not work, as evidenced by the large number of terms involving n�1

in the analysis of Ref. 11. Hence, as described in Sec. 3 of the Appendix,
it is necessary to redo much of the TJ analysis for the special case n ¼ 0.

The simplified approach to calculating the vertical stability of
tokamak plasmas described in this paper is somewhat different to the
simplified approach described in Refs. 13 and 14. In fact, Refs. 13 and
14 employ up-down symmetric, analytic Solov’ev plasma equilibria in
which the equilibrium current jumps discontinuously to zero across
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the plasma–vacuum interface. Such equilibria can have arbitrary
aspect-ratios and possess the simplifying property that the perturbed
plasma currents generated by vertical instabilities are surface currents
that are localized on the interface. However, Solov’ev equilibria are
characterized by very broad current profiles and, consequently, possess
anomalously low normalized plasma inductances, li (see Sec. VIIE),
which can only be varied over a very narrow range. This is problematic
because vertical stability is known to have a strong dependence on li.
(For example, the well-known empirical vertical stability margin for
ITER derived in Ref. 15 exhibits an exponential dependence on li.) On
the other hand, the calculation described in this paper employs realistic
diffuse plasma equilibria in which the equilibrium plasma current and
pressure go smoothly to zero as the plasma–vacuum interface is
crossed and in which the perturbed plasma currents associated with
vertical instabilities are distributed throughout the plasma volume.
There is no restriction on the broadness of the current profile, so li can
be varied over the whole range of values observed in experiments. Our
main simplifying approximation is to restrict the inverse aspect-ratio
of the plasma to only take small values.

This paper is organized as follows. In Sec. II, we introduce a gen-
eral axisymmetric plasma equilibrium. In Sec. III, we examine axisym-
metric perturbations to this equilibrium. Magnetic perturbations in the
vacuum region surrounding the plasma are discussed in Sec. IV. The
stability of the equilibrium to ideal axisymmetric modes is examined
in Sec. V. The stability of the equilibrium to axisymmetric resistive
wall modes is discussed in Sec. VI. The large aspect-ratio approxima-
tion is introduced in Sec. VII. The results of the calculations performed
with the enhanced version of the TJ code are presented in Sec. VIII.
Finally, the paper is summarized in Sec. IX.

II. GENERAL TOKAMAK PLASMA EQUILIBRIUM

All lengths in this paper are normalized to the major radius of the
plasma magnetic axis, R0. All magnetic field-strengths are normalized
to the toroidal field-strength at the magnetic axis, B0. All current densi-
ties are normalized to B0=ðl0 R0Þ. All plasma pressures are normalized
to B2

0=l0. All energies are normalized to B2
0 R

3
0=l0.

Let R, /, and Z be right-handed cylindrical coordinates whose
Jacobian is ðrR�r/ � rZÞ�1 ¼ R. Note that jr/j ¼ 1=R. The
cylindrical axis is assumed to coincide with the symmetry axis of the
toroidal plasma equilibrium, which is assumed to have perfectly nested
toroidal magnetic flux surfaces.

We can write the divergence-free equilibrium magnetic field in
the usual Clebsch form as follows:16

B ¼ rð/� q hÞ � rw; (1)

where w is the poloidal magnetic flux enclosed by a given magnetic
flux-surface (divided by 2p), qðwÞ is the safety-factor profile, and h is a
poloidal angle. Note that B � rw ¼ 0, which implies that w is a flux-
surface label. Furthermore, B � rð/� q hÞ ¼ 0, which implies that
the equation of any magnetic field-line in a given magnetic flux-
surface is d/=dh ¼ qðwÞ. In other words, the field-line appears as a
straight-line in /–h space. Hence, w, h, and / are often referred to as
straight field-line coordinates.

It is convenient to define a flux-surface label, r, which can be
interpreted as the mean minor radius of a given magnetic flux surface.
Thus, in its normalized form, r is the mean inverse aspect-ratio of the
flux-surface. Writing dw=dr ¼ f ðrÞ, we get

B ¼ f r/�rr þ f q R2

J r/; (2)

where J ¼ ðrr �rh � r/Þ�1 is the Jacobian of the r, h, and / coor-
dinate system. Making the specific choice,17,18

J ðr;hÞ � ðrr�rh � r/Þ�1 � R
@R
@h

@Z
@r

� @R
@r

@Z
@h

� �
¼ r R2; (3)

we obtain

Bðr; hÞ ¼ f ðrÞr/�rr þ gðrÞr/; (4)

where

gðrÞ ¼ f q
r
: (5)

It is easily seen that, from the previous two equations, in the cylindrical
limit, r morphs into the cylindrical radial coordinate. Note that
r ¼ rðR;ZÞ and h ¼ hðR;ZÞ. The magnetic axis corresponds to
r ¼ 0. The plasma–vacuum interface corresponds to r ¼ a. Thus, a
can be interpreted as the mean inverse-aspect ratio of the plasma
boundary. The inboard mid-plane corresponds to h ¼ 0. We require
g ¼ 1 on the magnetic axis in order to ensure that the normalized
toroidal magnetic field-strength at the axis is unity.

More details of the equilibrium are given in Sec. 2 of the
Appendix. It is clear from the analysis of this section that g 0 ¼ 0 and
P0 ¼ 0 in the current-free vacuum region, r > a, surrounding the
plasma. Here, 0 � d=dr, and PðrÞ is the equilibrium plasma pressure
profile. Obviously, PðrÞ ¼ 0 in the vacuum region. In this paper, we
are specifically interested in realistic diffuse plasma equilibria. In such
equilibria, we expect gðrÞ, f ðrÞ, qðrÞ, and PðrÞ, and their first deriva-
tives with respect to r, to all be continuous across the plasma–vacuum
interface. The net result is that the equilibrium magnetic field is con-
tinuous across the interface [see Eqs. (A1)–(A3)], which implies that
there is no unresolved equilibrium current sheet flowing on the plasma
boundary. Of course, such a current sheet would be completely
unphysical.

III. GENERAL AXISYMMETRIC PLASMA PERTURBATION
A. Axisymmetric ideal-MHD P.D.E.s

Let us assume that all perturbed quantities are independent of the
toroidal angle, /, and vary in time as expðc tÞ. The perturbed plasma
equilibrium satisfies the linearized, marginally stable, ideal-MHD
equations as follows:18–20

b ¼ r� ðn� BÞ; (6)

rp ¼ j� Bþ J� b; (7)

j ¼ r� b; (8)

p ¼ �n � rP þ dp; (9)

dp ¼ �CPr � n; (10)

where nðr; hÞ is the plasma displacement, bðr; hÞ is the perturbed mag-
netic field, jðr; hÞ is the perturbed current density, pðr; hÞ is the per-
turbed scalar pressure, and C ¼ 5=3 is the ratio of specific heats. Here,
we are neglecting plasma inertia on the assumption that the wall slows
the growth time of the perturbation such that it is much longer than
the Alfv�en time.
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In Sec. 3 of the Appendix, using the previous five equations as a
starting point, we derive the following set of coupled partial differential
equations (p.d.e.s) that govern the perturbed equilibrium, and which
we shall refer to as the axisymmetric ideal-MHD p.d.e.s,

r
@y
@r

¼ Z
jrrj2 �

rrr � rh

jrrj2
@y
@h

; (11)

r
@Z
@r

¼ �½ðaf ap þ r a0pÞR2 þ q r a0g þ r2 a2g �y

� @

@h
1

jrrj2 R2

@y
@h

 !
� @

@h
rrr � rh

jrrj2 Z
 !

: (12)

Here, yðr; hÞ ¼ f n � rr, Zðr; hÞ ¼ �b � J r/�rr, and agðrÞ,
apðrÞ, and af ðrÞ are defined in Eqs. (A34), (A55), and (A56), respec-
tively. Note that the axisymmetric analysis of Sec. 3 of the Appendix
diverges from the non-axisymmetric analysis of Ref. 11 at a fairly early
stage.

B. Axisymmetric Ideal-MHD O.D.E.s

Let

yðr; hÞ ¼
X
m

ymðrÞ eimh; (13)

Zðr; hÞ ¼
X
m

ZmðrÞ eimh: (14)

Here, m are the set of (integer, but not necessarily positive) poloidal
mode numbers included in the calculation. Equations (11) and (12)
yield the axisymmetric ideal-MHD ordinary differential equations
(o.d.e.s),

r
dym
dr

¼
X
m0

Am0
m Zm0 þ Bm0

m ym0

� �
; (15)

r
dZm

dr
¼
X
m0

Cm0
m Zm0 þ Dm0

m ym0

� �
: (16)

The coupling coefficients, Am0
m ðrÞ, Bm0

m ðrÞ, Cm0
m ðrÞ, and Dm0

m ðrÞ, are
specified in Sec. 4 of the Appendix. It is easily seen that Z0ðrÞ is inde-
pendent of r in the vacuum region, r > a, in which ag ¼ ap ¼ 0.

The axisymmetric ideal-MHD o.d.e.s play the same role for axi-
symmetric perturbations that the outer-region o.d.e.s, (102) and (103)
of Ref. 11, play for non-axisymmetric perturbations. The main differ-
ence is that there are no singularities in the axisymmetric ideal-MHD
o.d.e.s because an axisymmetric perturbation does not resonate with
the plasma. In other words, there are no equilibrium magnetic flux-
surfaces in the plasma at which k � B ¼ 0, where k is the wavevector
of the perturbation. This is because jB � rhj > 0 throughout a conven-
tional tokamak plasma equilibrium.

C. Properties of axisymmetric ideal-MHD O.D.E.s

In Sec. 4 of the Appendix, it is demonstrated that Am
m0 ¼ Am�

m0 ,
Bm
m0 ¼ �Cm�

m0 Cm
m0 ¼ �Bm�

m0 , and Dm
m0 ¼ Dm�

m0 . It follows from Eqs. (15)
and (16) that

r
d
dr

X
m

ðZm y�m � ym Z�
mÞ

� �
¼ 0: (17)

As we shall see in Sec. IIIG, the previous equation implies that
the net electromagnetic energy flux across magnetic flux-surfaces is
independent of r.

D. Plasma incompressibility

It is well known that the most unstable ideal perturbation to
which a plasma equilibrium is subject does not compress the plasma.
In other words, the perturbation is characterized by r � n ¼ 0.20 In
fact, the axisymmetric ideal-MHD o.d.e.s, (11) and (12), were derived
on the assumption that r � n ¼ 0 (see Sec. 3 of the Appendix).
However, we must now ask whether it is possible to find a physical
nðr; hÞ that is compatible with r � n ¼ 0. In Sec. 3 of the Appendix, it
is shown that this is possible provided asþ

yðr; hÞ dh
2p

¼
þ
R2ðr; hÞ yðr; hÞ dh

2p
¼ 0 (18)

for 0 � r � a.
Now, in an up-down symmetric plasma equilibrium, the coupling

coefficients, Am0
m ðrÞ, Bm0

m ðrÞ, Cm0
m ðrÞ, and Dm0

m ðrÞ, are all real. [See Eqs.
(109)–(120).] In this case, there are two independent classes of solu-
tions to the axisymmetric ideal-MHD o.d.e.s, (13) and (14). The first
class of solutions is such that

yðr; hÞ ¼
X
m>0

ymðrÞ sinðm hÞ; (19)

Zðr; hÞ ¼
X
m>0

ZmðrÞ sinðm hÞ: (20)

We shall refer to these solutions as vertical modes, because they give
rise to predominately vertical plasma displacements. The second class
of solutions is such that

yðr; hÞ ¼
X
m	0

ymðrÞ cosðm hÞ; (21)

Zðr; hÞ ¼
X
m	0

ZmðrÞ cosðm hÞ: (22)

We shall refer to these solutions as horizontal modes, because they give
rise to predominately horizontal plasma displacements. It is clear from
Eq. (18) that, given that Rðr; hÞ is even in h [see Eq. (A83)], vertical
modes do not compress the plasma, whereas horizontal modes do
compress the plasma.21

In conclusion, if we restrict our attention to vertical modes in up-
down symmetric plasma equilibria, then it is mathematically consistent
with set r � n ¼ 0, which implies that our vertical modes are maxi-
mally unstable. We expect horizontal modes to be stable in a realistic
vertically elongated plasma equilibrium,21 so the exclusion of such
modes from our consideration is not a serious drawback. Note that
our vertical modes are not necessarily associated with pure up-down
symmetric vertical motion (because they contain Fourier harmonics
other thanm ¼ 1).22

E. Perturbed electric field

Let e be the perturbed electric field, which satisfies

r� e ¼ �c b: (23)

Hence,
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e/ ¼ �c y; (24)

and

@eh
@r

� @er
@h

¼ c r ag y; (25)

where use has been made of Eqs. (A20), (A21), (A50), and (A62). We
also expect r � e ¼ 0, which implies that er ¼ eh ¼ 0 in the vacuum
region, r 	 a, in which ag ¼ 0.

F. Toroidal electromagnetic torque

The net toroidal electromagnetic torque exerted on the region of
the plasma lying within the magnetic flux-surface whose label is r is11

T/ðrÞ ¼
þ þ

r R2 b/ b
r dh d/: (26)

It follows from Eqs. (A20) and (A39) that

T/ðrÞ ¼ �pag
2

þ
y�

@y
@h

þ y
@y�

@h

� �
dh¼�pag

2

þ
@jyj2
@h

dh¼ 0: (27)

We conclude that, not surprisingly, an axisymmetric perturbation is
incapable of exerting a net toroidal electromagnetic torque on the
plasma.

In Ref. 12, the conservation of toroidal angular momentum is
used to prove that the plasma and vacuum perturbed potential energy
matrices are Hermitian. The fact that the toroidal electromagnetic tor-
que is identically zero in the axisymmetric case negates this proof.
Hence, we need to find a new conserved quantity that is not identically
zero. The electromagnetic energy flux is found to play this role.

G. Electromagnetic energy flux

The net flux of electromagnetic energy across the plasma–vac-
uum interface is

EðaÞ ¼
þ þ

ðe� bÞ � rr J dh d/

� �
r¼a

¼
þ þ

ðeh b/ � e/ bhÞ dh d/
� �

r¼a

¼ � p c
2

þ
ðyZ� � y� ZÞr¼a dh

¼ �p2 c
X
m

Z�
m ym � y�m Zm

� 	
r¼a

: (28)

Here, use has been made of Eqs. (A49), (13), (14), and (24), as well as
the fact that eh ¼ 0 for r 	 a. Now, Eq. (17) implies thatP

mðZ�
m ym � y�m ZmÞ is independent of r. However, we expectP

mðZ�
m ym � y�m ZmÞ ¼ 0 for a well-behaved solution of the axisym-

metric ideal-MHD o.d.e.s close to the magnetic axis (r ¼ 0). [See Eqs.
(126) and (127).] Hence, we deduce that

EðaÞ ¼ 0: (29)

In other words, the net flux of electromagnetic energy out of the
plasma is zero.

H. Perturbed plasma potential energy

The perturbed plasma potential energy in the region of the
plasma lying within the magnetic flux-surface whose label is r is12,20

dWpðrÞ ¼ 1
2

þ þ
r R2 nr�ð�B � bþ nr P0Þ dh d/: (30)

Here, we have neglected the contribution to the perturbed energy from
plasma compressibility becauser � n ¼ 0. (See Sec. IIID.) However,

B � b� nr P0 ¼ Bh bh þ B/ b/ � nr P0

¼ � f
r R2

Z þ q ag y þ ap R
2

� 	
; (31)

where use has been made of Eqs. (5)–(A3), (A22), (A39), (A49), and
(A55). Hence, we obtain

dWpðrÞ ¼ 1
2

þ þ
y� Z þ ag q y þ ap R

2 y
� 	

dh du

� �
r

¼ p2
X
m

y�m Zm þ ag q ym þ ap
X
m0

am
0

m ym
� �� �

r

: (32)

In particular, the net perturbed plasma potential energy is

dWpðaÞ ¼ p2
X
m

y�m Zm

� �
a

; (33)

because ag ¼ ap ¼ 0 at r ¼ a. However, it is clear from Eqs. (28) and
(29) that ðPm y�m ZmÞa is real. Hence, we deduce that dWpðaÞ is real.

I. Perturbed surface potential energy

In principle, there is a contribution to the perturbed potential
energy from the plasma–vacuum interface. This contribution takes the
following form:20,23

dWs ¼ p
þ
r¼a

jy2j
f 2 jrrj2 rr �

""
rr P0 þ 1

2
@B2

@r

� �##
J dh; (34)

where


 � � � �� � ½� � ��r¼aþ

r¼a�. Here, we have made use of the fact that equi-
librium force balance requires P þ B2=2 to be continuous across the
plasma–vacuum interface.20 However, in this paper, we are only consid-
ering realistic diffuse plasma equilibria in which the pressure and cur-
rent density are continuous across the interface. Such equilibria are
characterized by P0ða�Þ ¼ P0ðaþÞ ¼ 0, which implies that




P0�� ¼ 0.

Moreover, it is clear from the large aspect-ratio analysis of Sec. 5 of the
Appendix, that, as long as qðrÞ and sðrÞ � r q0=q are continuous across
the interface and g 0 ¼ P0 ¼ 0 on the interface, as is the case for the
equilibria considered in this paper, then




@B2=@r

�� ¼ 0.24 We conclude
that there is no contribution to the perturbed potential energy from the
plasma–vacuum interface in a realistic diffuse plasma equilibrium.
Indeed, such a contribution could only arise from an unresolved per-
turbed current sheet flowing around the plasma boundary. However,
such a current sheet is clearly unphysical in a diffuse plasma equilibrium.

IV. GENERAL VACUUM SOLUTION
A. Introduction

In order to determine the growth-rate of the axisymmetric resis-
tive wall mode, we need to calculate the total perturbed potential
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energy in two separate cases.23,25 In the first case, the wall is treated as
a perfect conductor. In the second, the wall is absent. Now, if the r, h,
and / coordinate system is extended into the vacuum region sur-
rounding the plasma then, sufficiently far from the plasma, it eventu-
ally becomes singular. Thus, although the r, h, and / coordinate
system could be used to calculate the perfect-wall perturbed potential
energy, provided that the wall is sufficiently close to the plasma, it can-
not be used to calculate the no-wall perturbed potential energy. In
order to calculate the latter energy, we need a coordinate system that
extends to infinity without becoming singular. Orthogonal toroidal
coordinates, l, g, /, are the obvious choice. Note that toroidal coordi-
nates are not flux coordinates. In other words, the plasma–vacuum
interface does not correspond to a constant-l surface. However, this is
taken into account in our analysis.

B. Toroidal coordinates

Let l, g, and / be right-handed orthogonal toroidal coordinates
defined such that11,12,26

R ¼ sinhl
coshl� cos g

; (35)

Z ¼ sin g
coshl� cos g

: (36)

The scale-factors of the toroidal coordinate system are

hl ¼ hg ¼ 1
coshl� cos g

� h; (37)

h/ ¼ sinhl
coshl� cos g

¼ h sinhl: (38)

Moreover,

J 0 � ðrl�rg � r/Þ�1 ¼ h3 sinhl: (39)

C. Perturbed magnetic field

The curl-free perturbed magnetic field in the vacuum region is
written b ¼ irV , where r2V ¼ 0. The most general axisymmetric
solution to Laplace’s equation is12,27

Vðz; gÞ ¼
X
m

ðz � cos gÞ1=2 UmðzÞ e�img; (40)

UmðzÞ ¼ pm P̂ jmj�1=2ðzÞ þ qm Q̂ jmj�1=2ðzÞ; (41)

where z ¼ coshl, pm and qm are arbitrary complex coefficients, and

P̂ jmj�1=2ðzÞ ¼ cosðjmj pÞ
ffiffiffi
p

p
Cðjmj þ 1=2Þ ajmj

2jmj�1=2 jmj! Pjmj�1=2ðzÞ; (42)

Q̂ jmj�1=2ðzÞ ¼ cosðjmj pÞ 2jmj�1=2 jmj!ffiffiffi
p

p
Cðjmj þ 1=2Þ ajmj Qjmj�1=2ðzÞ: (43)

Here, Pjmj�1=2ðzÞ and Qjmj�1=2ðzÞ are the toroidal functions28 and
CðzÞ is a gamma function.29

In the large-aspect ratio limit, r 
 1, it can be demonstrated
that27

z ’ 1
r
; (44)

z1=2 P̂�1=2ðzÞ ’ 1
2
ln

8
r

� �
; (45)

z1=2 P̂ jmj�1=2ðzÞ ’ cosðjmj pÞ ðr=aÞ�jmj

jmj ; (46)

z1=2 Q̂ jmj�1=2ðzÞ ’
cosðjmj pÞ ðr=aÞjmj

2
: (47)

Note that Eq. (46) only applies tom 6¼ 0.

D. Toroidal electromagnetic angular momentum flux

The outward flux of toroidal angular momentum across a con-
stant-z surface is11,12

T/ðzÞ ¼ �
þ þ

J 0 b/ bl dg d/ ¼ 0; (48)

because b/ ¼ i @V=@/ ¼ 0. Of course, the flux has to be zero because
the flux of angular momentum across the plasma–vacuum interface is
zero, and there are no sources of angular momentum in the vacuum
region surrounding the plasma (see Sec. III F).

E. Electromagnetic energy flux

The outward flux of electromagnetic energy flux across a surface
of constant z is

EðzÞ ¼ �
þ þ

J 0 e� b � rl dg d/

¼ �i
p
2

þ
e/

@V�

@g
� e�/

@V
@g

� �
dg; (49)

given that el ¼ eg ¼ 0 in the vacuum. However, r� e ¼ �c b
implies that

@e/
@g

¼ �i c h sinhl
@V
@l

¼ �i c h ðz2 � 1Þ @V
@z

: (50)

Thus,

EðzÞ ¼ i
p
2

þ
@e/
@g

V� � @e�/
@g

V

 !
dg

¼ p c
2

þ
h ðz2 � 1Þ @V

@z
V� � @V�

@z
V

� �
dg

¼ �p2 c
X
m

ðpm q�m � qm p�mÞ ðz2 � 1Þ

�WðPjmj�1=2;Qjmj�1=2Þ; (51)

where we have integrated by parts, andWðf ; gÞ � f dg=dz � g df =dz.
However,27

WðPjmj�1=2;Qjmj�1=2Þ ¼ 1
1� z2

; (52)

so

EðzÞ ¼ p2 c
X
m

ðpm q�m � qm p�mÞ: (53)

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 112505 (2025); doi: 10.1063/5.0303715 32, 112505-5

VC Author(s) 2025

 25 N
ovem

ber 2025 18:11:09

pubs.aip.org/aip/php


Note that EðzÞ is independent of z, as must be the case because
there are no energy sources in the vacuum region.

F. Solution in vacuum region

According to Eqs. (A20) and (A49),

@y
@h

¼ J b � rr ¼ iJ rV � rr; (54)

Z ¼ �J r/�rr � b ¼ �i
@V
@h

: (55)

Now, we have already seen that Z0 �
Þ Z dh=ð2pÞ ¼ 0 is indepen-

dent of r in the vacuum region (see Sec. III B). However, it is clear
that Eq. (55) mandates that this constant value be zero. This con-
straint implies that the axisymmetric ideal modes to which the
plasma equilibrium is subject do not change the net toroidal cur-
rent flowing in the plasma [see Eqs. (A49) and (121)]. Note that,
furthermore, y0 �

Þ
y dh=ð2pÞ does not influence the vacuum

potential, Vðr; hÞ.
The previous two equations yield12

V ðrÞ ¼ P ðrÞ p þQðrÞ q; (56)

wðrÞ ¼ RðrÞ p þ SðrÞ q; (57)

where Vðr;hÞ ¼PmVmðrÞeimh, ZmðrÞ ¼mVmðrÞ, wmðrÞ ¼mymðrÞ,
V ðrÞ is the vector of the VmðrÞ values, wðrÞ is the vector of the wmðrÞ
values,P ðrÞ is the matrix of the

Pmm0 ðrÞ ¼
þ
r
ðz � cos gÞ1=2 P̂ jm0 j�1=2ðzÞ

� exp �i ðm hþm0 gÞ
 � dh
2p

; (58)

values,QðrÞ is the matrix of the

Qmm0 ðrÞ ¼
þ
r
ðz � cos gÞ1=2 Q̂ jm0 j�1=2ðzÞ

� exp �i ðm hþm0 gÞ
 � dh
2p

; (59)

values,RðrÞ is the matrix of the

Rmm0 ðrÞ ¼
þ
r

1
2
ðz � cos gÞ�1=2 P̂ jm0 j�1=2ðzÞ

�


þðz � cos gÞ1=2 dP̂ jm0 j�1=2

dz

#
J rr � rz

þ 1
2
ðz � cos gÞ�1=2 sin g� im0 ðz � cos gÞ1=2

� �

� P̂ jm0 j�1=2ðzÞ J rr � rg

�

� exp �i ðm hþm0 gÞ
 � dh
2p

;

(60)

values, S ðrÞ is the matrix of the

Smm0 ðrÞ ¼
þ
r

1
2
ðz � cos gÞ�1=2 Q̂ jm0 j�1=2ðzÞ

�


þðz � cos gÞ1=2 dQ̂ jm0 j�1=2

dz

#
J rr � rz

þ 1
2
ðz � cos gÞ�1=2 sin g� im0 ðz � cos gÞ1=2

� �

� Q̂ jm0 j�1=2ðzÞ J rr � rg

�

� exp �i ðm hþm0 gÞ
 � dh
2p

; (61)

values, p is the vector of the pm coefficients, and q is the vector of the
qm coefficients. Here, the subscript r on the integrals indicates that
they are taken at constant r.

G. Energy conservation

By analogy with Eq. (28), the net flux of electromagnetic energy
across a surface of constant r in the vacuum region is

EðrÞ ¼ �p2 c ðV † w � w† V Þ: (62)

However, energy conservation requires this flux to be equal to the
energy flux through the vacuum region, so Eq. (53) gives

EðrÞ ¼ p2 c ðq† p � p† qÞ: (63)

Equations (56), (57), and the previous two equations yield12

P † R ¼ R † P ; (64)

Q † S ¼ S † Q ; (65)

P † S �R † Q ¼ 1: (66)

It can also be demonstrated that

Q P † ¼ P Q †; (67)

R S † ¼ S R †: (68)

The previous five equations hold throughout the vacuum region. In
fact, checking that these relations hold in the vacuum region consti-
tutes a good numerical test that the matching between the r, h, / and
the l, g, / coordinate systems is working correctly. These relations are
found to hold to a good approximation in all of the calculations
described in Sec. VIII.

H. No-wall matching condition

Suppose that the plasma is surrounded by a vacuum region that
extends to infinity. In this case,

q ¼ 0; (69)

because the Q̂ jmj�1=2ðzÞ functions blow up in an unphysical
manner as r=a ! 1 [see Eq. (47)]. It immediately follows from Eq.
(63) that
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EðzÞ ¼ 0: (70)

In other words, as we would expect, there is zero net flux of electro-
magnetic energy through the vacuum, because we have already dem-
onstrated that there is zero energy flux across the plasma–vacuum
interface [see Eq. (29)]. Equations (56) and (57) imply that

V ðr ¼ aþÞ ¼ H wðr ¼ aÞ; (71)

where

H ¼ P
a
R�1

a
(72)

is termed the no-wall vacuum matrix. Here, P
a
¼ Pðr ¼ aÞ.

Equation (64) ensures thatH is Hermitian.

I. Perfect-wall matching condition

Suppose that the plasma is surrounded by a vacuum region that is
bounded by a perfectly conducting wall that is conformal to the plasma-
vacuum interface, and whose inner surface lies at r ¼ bw a, where
bw 	 1. Because the wall is perfectly conducting, wðr ¼ bw aÞ ¼ 0.20

In other words, the normal component of the perturbed magnetic field
is zero at the inner surface of the wall. It follows from Eq. (57) that

p ¼ �I
b
q; (73)

where

I
b
¼ R�1

b
S

b
(74)

is termed the wall matrix. Here, R
b
¼ Rðr ¼ bw aÞ. Equation (68)

ensures that I
b
is Hermitian. It immediately follows from Eq. (63) that

EðzÞ ¼ 0: (75)

In other words, as we would again expect, there is zero net flux of elec-
tromagnetic energy through the vacuum, because we have already
demonstrated that there is zero energy flux across the plasma–vacuum
interface [see Eq. (29)].

Making use of Eqs. (56) and (57), the matching condition at the
plasma-vacuum interface for a perfectly conducting wall becomes

V ðr ¼ aþÞ ¼ G wðr ¼ aÞ; (76)

where

G ¼ ðQ
a
� P

a
I
b
Þ ðS

a
�R

a
I
b
Þ�1 (77)

is termed the perfect-wall vacuum matrix. It is easily demonstrated
from Eqs. (64)–(66) that

G � G † ¼ �
h
ðS

a
�R

a
I
b
Þ�1
i†

ðI
b
� I †

b
Þ ðS

a
�R

a
I
b
Þ�1: (78)

Thus, the perfect-wall vacuum matrix, G , is Hermitian because the
wall matrix, I

b
, is Hermitian.

J. Perturbed vacuum potential energy

Equation (A20) implies that

J rr � rV ¼ �i
@y
@h

: (79)

The perturbed potential energy in the vacuum region is12,20

dWv ¼ 1
2

ð1
aþ

þ þ
b� � bJ dr dh d/

¼ 1
2

ð1
aþ

þ þ
rV� � rV J dr dh d/

¼ � 1
2

þ þ
J rr � rV� V dh d/

� �
aþ

¼ � 1
2

þ þ
�i

@y
@h

� ��
V dh d/

" #
aþ

¼ �p2
X
m

m y�m Vm

� �
aþ

; (80)

where use has been made of the facts thatr2V ¼ 0, V ¼ 0 at infinity
in the no-wall case, and rr � rV ¼ 0 at the ideal wall in the perfect-
wall case.

V. GENERAL IDEAL STABILITY
A. Perturbed plasma potential energy matrix

Suppose that the poloidal harmonics included in the calculation
range from m ¼ �mmax to m ¼ mmax, where mmax > 0. Let the
ymm0 ðrÞ and the Zmm0 ðrÞ be linearly independent solutions of the axi-
symmetric ideal-MHD o.d.e.s that, (15) and (16), are well-behaved at
the magnetic axis. Here, m indexes the poloidal harmonic, whereas m0

indexes the dominant poloidal harmonic close to the magnetic axis (see
Sec. VII F). We can form J ¼ 2mmax linearly independent solutions that
all have Z0 ¼ 0 at r ¼ a, as mandated by the matching condition (55).
Let these new solutions be denoted the ŷmjðrÞ and the ẐmjðrÞ, where j
runs from 1 to J. The most general solution to the axisymmetric ideal-
MHD o.d.e.s that satisfies the constraint Z0ðaÞ ¼ 0 is written

ymðrÞ ¼
X
j¼1;J

ŷmjðrÞ aj; (81)

ZmðrÞ ¼
X
j¼1;J

ẐmjðrÞ aj; (82)

where aj are the arbitrary complex coefficients. Here, m indexes the
poloidal harmonic and j indexes the solution.

According to Eq. (32), the net perturbed plasma potential energy
is

dWpðaÞ ¼ p2 y† Z ; (83)

where y is the vector of the ymðaÞ values, excluding the m ¼ 0 har-
monic, and Z is the vector of the Zmða�Þ values, excluding the m ¼ 0
harmonic. We can exclude the m ¼ 0 harmonic because, by construc-
tion, our solutions are such that Z0ða�Þ ¼ 0. It follows that

dWpðaÞ ¼ p2 a† y † Z a; (84)

where a is the vector of the aj values, y is the matrix of the ŷmjðaÞ val-
ues, excluding the m ¼ 0 harmonic, and Z is the matrix of the

Ẑmjða�Þ values, excluding them ¼ 0 harmonic. If

v ¼ W
p
y : (85)
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Then,

dWpðaÞ ¼ p2 a† y † W
p
y a: (86)

We have already shown that dWpðaÞ is real, which implies that W
p
,

which is known as the perturbed plasma potential energy matrix, is
Hermitian.

B. Perturbed vacuum potential energy matrix

According to Eq. (80), the perturbed vacuum potential energy is

dWv ¼ �p2
X
m

m y�mðaÞVmðaþÞ; (87)

excluding the m ¼ 0 harmonic, which obviously does not affect the
vacuum energy. However, Eqs. (71) and (76) imply that

VmðaþÞ ¼
X
m0

Hmm0 m0 ym0 ðaÞ (88)

in the no-wall case and

VmðaþÞ ¼
X
m0

Gmm0 m0 ym0 ðaÞ (89)

in the perfect-wall case. Here, we have excluded the m0 ¼ 0 harmonic,
which also obviously does not affect the vacuum energy. Hence, we
can write

dWv ¼ p2 y† W
v
y; (90)

whereW
v
is the matrix of the �mHmm0 m0 values in the no-wall case,

excluding them ¼ 0 andm0 ¼ 0 harmonics, and the�mGmm0 m0 val-
ues in the perfect-wall case, likewise excluding the m ¼ 0 and m0 ¼ 0
harmonics,. Given that Hmm0 and Gmm0 are Hermitian, we deduce that
W

v
, which is known as the perturbed vacuum potential energy matrix,

is Hermitian. It follows that

dWv ¼ p2 a† y † W
v
y a: (91)

C. Total perturbed potential energy matrix

The total perturbed potential energy is

dW ¼ dWpðaÞ þ dWv ¼ p2 a† y † W y a; (92)

where

W ¼ W
p
þW

v
: (93)

Given thatW
p
andW

v
are both Hermitian, we deduce thatW , which

is known as the total perturbed potential energy matrix, is Hermitian.

D. Ideal stability

The fact thatW is Hermitian allows us to write

W b ¼ b K ; (94)

b † b ¼ 1 ; (95)

where b is real, and K is the diagonal matrix of the real km values. If

â ¼ b † y a, then

dW ¼ p2 â † K â ¼ p2
X
m¼1;J

jâmj2 km: (96)

Thus, if any of the km are negative then solutions exist for which dW
is negative, and the plasma is consequently unstable to an axisymmet-
ric ideal mode.20

Suppose that
P

m jâmj2 ¼ 1. The ideal energy of the mth mode,
for which âm0 ¼ dmm0 , is

dWm ¼ p2 km: (97)

However,

K ¼ b † W b : (98)

Thus, the diagonal components of b † W
p
b and b † W

v
b are the

plasma and vacuum contributions to the km, respectively. The eigen-
function of the mth mode is conveniently normalized such that
ym0 ðaÞ ¼ bm0m.

VI. GENERAL RESISTIVEWALL MODE STABILITY

The unnormalized mean minor radius of the wall is b ¼ bw �a,
where �a ¼ �R0 is the unnormalized mean minor radius of the plasma.
Suppose that the wall is resistive and possesses an (unnormalized) elec-
trical conductivity rw, as well as an (unnormalized) uniform radial
thickness d. Consider a particular axisymmetric ideal mode for which
the total perturbed potential energy in the absence of a wall, dWnw, is
negative, but the total perturbed potential energy in the presence of a
perfectly conducting wall, dWpw, is positive. In this case, the no-wall
ideal mode is unstable (because dWnw < 0). In the absence of the wall,
this mode would grow very rapidly on an Alfv�enic timescale. On the
other hand, the mode is completely stabilized if the wall is perfectly
conducting (because dWpw > 0). However, because the wall is not per-
fectly conducting, the unstable ideal mode is instead converted into a
much more slowly growing resistive wall mode.

Let the (unnormalized) growth-rate of the resistive wall mode be

c ¼ ĉ
sw

; (99)

where

sw ¼ l0 rw b d (100)

is the (unnormalized) L/R time of the wall (see Sec. 1 of the
Appendix). The normalized growth-rate of the resistive wall mode is
specified by23,25 ffiffiffiffiffi

ĉ
dw

s
tanh

ffiffiffiffiffiffiffiffiffi
dw ĉ

p� �
¼ � dWnw

aw dWpw
; (101)

where dw ¼ d=b and

aw ¼ ð1=2Þ Ð jAnw � nwj2 dSw
� bw ðdWvpw � dWvnwÞ : (102)

Here, dWvnw is the vacuum potential energy in the absence of a wall,
whereas dWnpw is the vacuum energy in the presence of a perfectly
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conducting wall. Moreover, dSw is an element of the inner surface of
the wall, and the integral is over the whole inner surface. Furthermore,
the perturbed magnetic field in the vacuum region, in the no-wall case,
is written r� Anw. It is easily demonstrated from Eqs. (A20) and
(A21) that Anw ¼Pm ymnwðrÞ eimh r/, where ymnwðrÞ are the y-com-
ponents of the no-wall eigenfunction of the mode in question. Here,
we have made use of the fact that b/ ¼ 0 in the vacuum region,
because ag ¼ 0 [see Eqs. (A50) and (A62)]. Finally, dSw ¼ J dh d/.
Hence, we deduce that

aw ¼
p2
X

m6¼0
jymnwj2

� �
r̂¼bw

dWvpw � dWvnw
: (103)

Here, we have neglected y0nw because y0 does not affect the vacuum
energy (see Sec. VA).

The wall parameter, aw, is sometimes expressed as aw ¼ beff=b,
where beff is the “effective” mean minor radius of the wall.25 In the
cylindrical limit,

aw ¼ 1
2 jmj 1� �a

b

� �2jmj
" #

: (104)

In fact, 1=aw measures the strength of the inductive coupling between
the wall and the plasma.

Given that q ¼ 0 for a no-wall solution, Eq. (57) yields

m y
b
¼ R

b
R�1

a
m y

a
; (105)

which enables us to determine the ym6¼0nwðr̂ ¼ bwÞ from the
ym 6¼0nwðr̂ ¼ 1Þ. Here, m is the diagonal matrix of the poloidal mode
numbers.

Finally, in the thin-wall limit, dw 
 1, Eq. (101) simplifies to
give

ĉ ¼ � dWnw

aw dWpw
: (106)

VII. INVERSE ASPECT-RATIO EXPANDED TOKAMAK
EQUILIBRIUM
A. Introduction

Up to now, our analysis has been completely general. At this
stage, we introduce the simplifying approximation of an inverse
aspect-ratio expanded plasma equilibrium. However, as discussed in
Sec. IIID, we must restrict our discussion to up-down symmetric equi-
libria in order to ensure thatr � n ¼ 0.

B. Equilibrium magnetic flux-surfaces

Let us assume that the inverse aspect-ratio of the plasma, � ¼
a=R0 ¼ a (since R0 is normalized to unity), is such that 0 < � 
 1.
Let r ¼ � r̂ , r ¼ ��1 r̂, and 0 ! ��1 0. Suppose that the loci of the
up-down symmetric equilibrium magnetic flux-surfaces can be written
in the parametric form:11,12,18

Rðr̂ ;xÞ ¼ 1� � r̂ cosxþ �2
X
j>0

Hjðr̂Þ cos ðj� 1Þx½ �

þ �3 Lðr̂Þ cosx; (107)

Zðr̂ ;xÞ ¼ � r̂ sinxþ �2
X
j>1

Hjðr̂Þ sin ðj� 1Þx½ �

� �3 Lðr̂Þ sinx; (108)

where j is a positive integer. Here, H1ðr̂Þ controls the relative horizon-
tal locations of the flux-surface centroids, H2ðr̂Þ controls the flux-
surface elongation, H3ðr̂Þ controls the flux-surface triangularity, et
cetera, whereas Lðr̂Þ is a flux-surface re-labelling parameter. Moreover,
xðR;ZÞ is a geometric poloidal angle that is distinct from the straight
poloidal angle hðR;ZÞ. (The relationship between these two angles is
specified in Sec. 5 a of the Appendix.)

C. Coupling coefficients

In Sec. 5 of the Appendix, the following expressions for the cou-
pling coefficients that appear in the axisymmetric ideal-MHD o.d.e.s,
(15) and (16), are derived:

Am
mðr̂Þ ¼ 1þ �2 � 3 r̂2

4
þ H1 þ S1

� �
; (109)

Am61
m ðr̂Þ ¼ ��H0

1; (110)

Am6j
m ðr̂Þ ¼ ��H0

j for j > 1; (111)

Bm
mðr̂Þ ¼ 0; (112)

Bm61
m ðr̂Þ ¼ 6� ðm61Þ½̂r � p02 q

2 þ ð1� sÞH0
1�; (113)

Bm6j
m ðr̂Þ ¼ 6�

m6j
j

ð1� sÞH0
j � ðj2 � 1Þ Hj

r̂

� �
for j > 1; (114)

Cm
mðr̂Þ ¼ 0; (115)

Cm61
m ðr̂Þ ¼ 6�m½̂r � p02 q

2 þ ð1� sÞH0
1�; (116)

Cm6j
m ðr̂Þ ¼ 6�

m
j

ð1� sÞH0
j � ðj2 � 1Þ Hj

r̂

� �
for j > 1; (117)

Dm
mðr̂Þ ¼ m2 þ q r̂

d
dr̂

2� s
q

� �
þ �2 m2 S4

þ �2 �r̂2
2� s
q

� �2

þ q r̂
dR
dr̂

� r̂
d
dr̂

ðr̂ p02Þ
(

� 2 ð1� sÞ r̂ p02 þ 2 r̂ p02 q
2 �2þ 3 p02 q

2

r̂

� �

þ2H0
1 q

2 d
dr̂

ðr̂ p02Þ � 4 ð1� sÞ p02
� �)

; (118)

Dm61
m ðr̂Þ¼�q2

d
dr̂

ðr̂ p02Þ�ð2�sÞp02
� �

þ�mðm61Þðr̂�H0
1Þ; (119)

Dm6j
m ðr̂Þ ¼ ��m ðm6jÞH0

j for j > 1: (120)

Here, p2, R, and S4 are defined in Eqs. (A86) and (A91)–(A95). Our
system of equations is now complete.

D. Toroidal plasma current

The net toroidal plasma current flowing in the plasma is given by

Ip ¼
þ
r¼a

J r/�rr � B dh ¼
þ
r¼a

Bh dh; (121)
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which yields

Ip ¼ cshape Ipcly; (122)

where

Ipcyl ¼ 2p a2 gðaÞ
qðaÞ (123)

is the plasma current predicted by cylindrical theory, whereas

cshape ¼ hjr̂ r̂ j2ir̂¼1 (124)

is the factor by which the toroidal current is increased due to the shap-
ing of the plasma’s poloidal boundary.

E. Plasma self-inductance

The dimensionless self-inductance of the plasma is convention-
ally defined as11

li ¼ 2
ð1
0
r̂ f 2 hjr̂ r̂ j2i dr̂

ðf hjr̂ r̂ j2iÞ2r̂¼1:
(125)

Plasmas whose current profiles exhibit strong central peaking tend to
have high li values, whereas those with broad current profiles tend to
have low li values.

F. Behavior close to magnetic axis

When r̂ 
 1, the well-behaved solution of the axisymmetric
ideal-MHD o.d.e.s that, (15) and (16), is dominated by the poloidal
harmonic whose poloidal mode number ism is such that

ymðr̂Þ ¼ r̂ jmj; (126)

Zmðr̂Þ ¼ jmj r̂ jmj; (127)

with ym0 ðr̂Þ ¼ Zm0 ðr̂Þ ¼ 0 form0 6¼ 0.

VIII. RESULTS
A. Model equilibria

The model plasma equilibria used in the TJ code are character-
ized by

qclyðrÞ ¼ qð0Þ �q r̂2
1� ð1� r̂2Þ�q ; (128)

p2ðrÞ ¼ p2ð0Þ ð1� r̂2Þ�p ; (129)

for r̂ � 1, and

qclyðrÞ ¼ qð0Þ �q r̂2; (130)

p2ðrÞ ¼ 0; (131)

for r̂ > 1. Here, qclyðrÞ is the lowest order (cylindrical) safety-factor
profile, whose relation to the actual profile is explained in Ref. 24. The
parameter qð0Þ is the safety-factor on the magnetic axis, whereas the
parameter �q is automatically adjusted to give a desired value of the
safety-factor at the plasma boundary, qðaÞ. Moreover, p2ðrÞ is the nor-
malized pressure profile [see Eq. (A86)], and p2ð0Þ controls the central
plasma pressure. Note that qðrÞ, sðrÞ � d ln q=d ln r̂ , and p02ðrÞ are all

continuous across the plasma–vacuum interface, as is assumed to be
the case in our previous analysis, as long as �q > 1 and �p > 1.

The shaping of the poloidal cross section of the plasma is deter-
mined by two parameters. The first is H2ðaÞ, which controls the
plasma elongation. The second isH3ðaÞ, which controls the plasma tri-
angularity. All of the HjðaÞ for j > 3 are set to zero. Note that, to low-
est order, the plasma elongation is j ¼ 1þ �H2ðaÞ, whereas the
plasma triangularity is d ¼ �H3ðaÞ.24 Moreover, the large aspect-ratio
ordering scheme adopted in Sec. VII requires H2ðaÞ and H3ðaÞ to be,
at most,Oð1Þ quantities.

In summary, our model equilibria are controlled by eight param-
eters: qð0Þ, qðaÞ, p2ð0Þ, �p, H2ðaÞ, and H3ðaÞ, as well as the inverse
aspect-ratio, �, and the relative wall radius, bw.

B. Plasma elongation

Figure 1 shows the variation of the no-wall perturbed potential
energy, dWnw, the perfect-wall perturbed plasma energy, dWpw, the
wall parameter, aw [see Eq. (103)], and the normalized growth-rate of
the unstable vertical mode, ĉ, with the elongation parameter, H2ðaÞ,
for a series of non-triangular plasmas. Results are shown for mmax ¼ 5
(which implies that 11 poloidal harmonics are included in the calcula-
tion) and mmax ¼ 10 (which implies that 21 poloidal harmonics are
included in the calculation). The fact that these results are identical
demonstrates that the TJ calculation has achieved convergence with
mmax ¼ 5. It can be seen that if the plasma cross section is circular
[i.e., if H2ðaÞ ¼ 0] then the vertical mode is stable. However, as soon
as the plasma elongation parameter exceeds a very small threshold
value the vertical mode becomes unstable.

As is clear from Fig. 2, if the plasma is elongated then the unstable
mode causes the plasma to displace vertically. Furthermore, it is appar-
ent from the figure that the unstable eigenfunction satisfies the con-
straint (A61). The same can be said for the unstable eigenfunctions
shown in Fig. 5.

Of course, the vertical mode needs to be stabilized by means of
active feedback. Practical feedback coils must be placed outside the
vacuum vessel, which means that the response time of the feedback
system is limited by the L/R time of the vessel, sw. Realizable feedback
systems cannot stabilize the vertical mode if its normalized growth-
rate, ĉ ¼ c sw, exceeds a threshold value that is estimated to be about
1.5.14 It can be seen that the normalized growth-rates shown in Fig. 1
all lie below this threshold value.

C. Inverse aspect-ratio

Figure 3 shows the variation of the no-wall perturbed potential
energy, dWnw, the perfect-wall perturbed plasma energy, dWpw, the
wall parameter, aw, and the normalized growth-rate of the unstable
vertical mode, ĉ, with the inverse aspect-ratio, �, for a series of non-
triangular plasma equilibria with various different values of the elonga-
tion parameter, H2ðaÞ. It can be seen that the growth-rate of the verti-
cal mode initially exhibits a linear increase with increasing inverse
aspect-ratio, but that this linear behavior eventually breaks down.
Moreover, the breakdown occurs earlier for higher values ofH2ðaÞ.

D. Triangularity

Figure 4 shows the variation of the no-wall perturbed potential
energy, dWnw, the perfect-wall perturbed plasma energy, dWpw, the
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wall parameter, aw, and the normalized growth-rate of the unstable
vertical mode, ĉ, with the plasma triangularity parameter, H3ðaÞ, for a
series of elongated plasma equilibria with various different values of
the normalized central pressure, p2ð0Þ. It can be seen that positive tri-
angularity (i.e., a D-shaped plasma cross section—see Fig. 5) has a sta-
bilizing effect on the vertical mode, whereas negative triangularity has
a destabilizing effect. Moreover, whereas positive triangularity plasmas
exhibit a mild decrease in the growth-rate of the vertical mode with
increasing plasma pressure,30 negative triangularity plasmas exhibit a
strong increase.31 This finding is significant because, whereas negative
triangularity plasma possess many attractive features, such as ELM-
free (edge localized mode) operation,31 their increased susceptibility to
the exceptionally dangerous vertical mode is a major drawback.
Furthermore, as is clear from right panel of Fig. 5, having a highly con-
formal wall does not solve the vertical mode problem for negative tri-
angularity plasmas.

E. Wall radius

Figure 6 shows the variation of the no-wall perturbed potential
energy, dWnw, the perfect-wall perturbed plasma energy, dWpw, the
wall parameter, aw, and the normalized growth-rate of the unstable
vertical mode, ĉ, with the relative wall radius, bw, for a series of elon-
gated non-triangular plasma equilibria with various different values of
the normalized central pressure, p2ð0Þ. It can be seen that the perfect-
wall perturbed plasma energy becomes extremely positive as the wall
approaches the plasma boundary (i.e., as bw ! 1). This is indicative of
the fact that a close-fitting perfectly conducting wall is capable of
completely stabilizing any ideal external mode.20 However, as is clear
from the figure, a close-fitting wall does not stabilize the resistive wall
mode. In fact, ĉ asymptotes to a finite positive value as bw ! 1. On
the other hand, the growth-rate of the resistive wall mode increases as
the wall becomes more distant from the plasma, and quickly attains
dangerous levels (i.e., comparable with 1.5). This finding is significant

FIG. 1. The no-wall perturbed potential
energy, dWnw , the perfect-wall perturbed
potential energy, dWpw , the wall parame-
ter, aw , and the normalized thin-wall
growth-rate, ĉ, of the vertical mode, plot-
ted as functions of the plasma elongation
parameter, H2ðaÞ, for plasma equilibria
characterized by � ¼ 0:1, H3ðaÞ ¼ 0,
qð0Þ ¼ 1:01, qðaÞ ¼ 3:6, p2ð0Þ ¼ 0:05,
�p ¼ 2:5, and bw ¼ 1:1.

FIG. 2. The radial plasma displacement
function, yðr ; hÞ ¼ f nr (left panel), and
the perturbed poloidal magnetic field func-
tion, Zðr; hÞ ¼ �bh (right panel), of the
vertical mode for the case H2ðaÞ ¼ 2 that
features in Fig. 1. Here, red is positive
and blue is negative. The thick black line
indicates the wall.
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FIG. 3. The no-wall perturbed potential energy, dWnw , the perfect-wall perturbed potential energy, dWpw , the wall parameter, aw , and the normalized thin-wall growth-rate, ĉ, of
the vertical mode, plotted as functions of the plasma inverse aspect-ratio, �, for plasma equilibria characterized by H3ðaÞ ¼ 0, qð0Þ ¼ 1:01, qðaÞ ¼ 3:6, p2ð0Þ ¼ 0:05,
�p ¼ 2:5, bw ¼ 1:1, and various different values of H2ðaÞ.

FIG. 4. The no-wall perturbed potential energy, dWnw , the perfect-wall perturbed potential energy, dWpw , the wall parameter, aw , and the normalized thin-wall growth-rate, ĉ, of
the vertical mode, plotted as functions of the plasma triangularity parameter, H3ðaÞ, for plasma equilibria characterized by � ¼ 0:1, H2ðaÞ ¼ 1, qð0Þ ¼ 1:01, qðaÞ ¼ 3:6,
�p ¼ 2:5, bw ¼ 1:1, and various different values of p2ð0Þ.
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because the vacuum vessel in a tokamak fusion reactor is likely to be
quite distant from the plasma because of the presence of shielding
material inside the vessel.

F. Internal inductance

Figure 7 shows the variation of the no-wall perturbed potential
energy, dWnw, the perfect-wall perturbed plasma energy, dWpw, the
wall parameter, aw, and the normalized growth-rate of the unstable
vertical mode, ĉ, with the normalized plasma internal inductance, li,
for a series of elongated plasma equilibria with various different values
of triangularity parameter, H3ðaÞ. In practice, the internal inductance
is varied by changing qð0Þ at fixed qðaÞ. It can be seen that non-
triangular plasmas exhibit an increase in the growth-rate of the vertical
mode with increasing li, indicating that the vertical mode is more diffi-
cult to stabilize in plasmas with strongly peaked, as opposed to broad,
current profiles.15 Positive triangularity has a marked stabilizing effect
on the vertical mode that increases with increasing li. Negative triangu-
larity, on the other hand, has a destabilizing effect at low li and a weak
stabilizing effect at high li.

G. Wall thickness

All of the results shown up until now in this paper have assumed
that the thickness of the wall is much less than its mean minor radius.
In fact, as is clear from a comparison of Eqs. (101) and (106), the

relationship between the true normalized resistive wall mode growth-
rate, ĉ, and the thin-wall normalized growth-rate, ĉthin, is simplyffiffiffiffiffi

ĉ
dw

s
tanh

ffiffiffiffiffiffiffiffiffi
dw ĉ

p� �
¼ ĉthin: (132)

Here, dw is the ratio of the wall thickness to the wall mean minor
radius. As is clear from Fig. 8, the wall thickness has little influence on
the normalized growth-rate of the vertical mode when the growth-rate
lies well below the practical threshold value for feedback control, 1.5.
On the other hand, finite wall thickness leads to a higher normalized
growth-rate when the growth-rate is comparable with the threshold
value. This finding suggests that finite wall thickness should be taken
into account when calculating the maximum controllable plasma elon-
gation of a tokamak plasma.

IX. SUMMARY

In this paper, we have demonstrated how to calculate the stability
of vertical modes in an up-down symmetric, aspect-ratio expanded,
tokamak plasma equilibrium surrounded by a conformal resistive wall.
The calculation of vertical stability turns out to be significantly different
to the calculations of the stability of non-axisymmetric ideal modes in
aspect-ratio expanded equilibria described in Refs. 11 and 12. In partic-
ular, the role of the toroidal angular momentum flux (which is identi-
cally zero for an axisymmetric mode) is instead played by the

FIG. 5. The radial plasma displacement
function, yðr; hÞ ¼ f nr (left panels), and
the perturbed poloidal magnetic field func-
tion, Zðr ; hÞ ¼ �bh (right panels), of
the vertical mode for the cases
H3ðaÞ ¼ þ0:5, p2ð0Þ ¼ 0:2 (top panels)
and H3ðaÞ ¼ �0:5, p2ð0Þ ¼ 0:2 (bottom
panels) that feature in Fig. 4. Here, red is
positive and blue is negative. The thick
black line indicates the wall.
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FIG. 6. The no-wall perturbed potential energy, dWnw , the perfect-wall perturbed potential energy, dWpw , the wall parameter, aw , and the normalized thin-wall growth-rate, ĉ, of
the vertical mode, plotted as functions of the relative wall radius, bw , for plasma equilibria characterized by � ¼ 0:1, H2ðaÞ ¼ 1, H3ðaÞ ¼ 0, qð0Þ ¼ 1:01, qðaÞ ¼ 3:6,
�p ¼ 2:5, and various different values of p2ð0Þ.

FIG. 7. The no-wall perturbed potential energy, dWnw , the perfect-wall perturbed potential energy, dWpw , the wall parameter, aw , and the normalized thin-wall growth-rate, ĉ, of
the vertical mode, plotted as functions of the plasma self-inductance, li , for plasma equilibria characterized by � ¼ 0:1, H2ðaÞ ¼ 1, qðaÞ ¼ 3:6, p2 ¼ 0:05, �p ¼ 2:5,
bw ¼ 1:1, and various different values of H3ðaÞ.
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electromagnetic energy flux. The conservation of electromagnetic
energy can be used to prove that the perturbed plasma potential energy
matrix is Hermitian. The calculation described in this paper has been
implemented in the TJ toroidal tearing mode code. (This is possible
because the basis solutions used to construct tearing eigenfunctions in
TJ can be repurposed to construct ideal eigenfunctions.) The results
obtained from the enhanced TJ code are broadly similar to those
reported previously in the literature.14,15,21,22,30,31 In particular, positive
triangularity is found to have a strong stabilizing effect on the vertical
mode, whereas negative triangularity either destabilizing or weakly sta-
bilizing. Finally, our calculations indicate that finite wall thickness
should be taken into account when determining the maximum control-
lable plasma elongation of a tokamak plasma.

It should be noted that all of the analysis prior to Sec. VII is
completely general, and could be used as the basis for the calculation
of the stability of a general up-down symmetric tokamak plasma equi-
librium to vertical modes.
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APPENDIX A: TECHNICAL DETAILS

1. Wall L/R time

Let us approximate the wall as a periodic cylinder of length
2pR0, radius b, thickness d 
 b, and electrical conductivity rw. Let
r, h, and z be conventional cylindrical coordinates. In the absence of
a plasma, if we imagine that a radially uniform axial current of den-
sity j0 sin h flows in the wall then the wall’s self-inductance can eas-
ily be shown to take the form L ¼ l0 R0=2. The electrical
resistance of the wall (for an axial current) is R ¼ R0=ðrw b dÞ.
Hence, the resistive decay time of the current is L=R ¼ sw=2,
where sw ¼ l0 rw b d is what we shall refer to as the L/R time of the
wall.

2. Plasma equilibrium

It is easily demonstrated from Eq. (4) that11

Br ¼ B � rr ¼ 0; (A1)

Bh ¼ B � rh ¼ f
r R2

; (A2)

B/ ¼ B � r/ ¼ g
R2

¼ q f
r R2

; (A3)

Br ¼ J rh�r/ � B ¼ �r f rr � rh; (A4)

Bh ¼ J r/�rr � B ¼ r f jrrj2; (A5)

B/ ¼ J rr �rh � B ¼ g: (A6)

The Maxwell equation (neglecting the displacement current,
because the plasma velocity perturbations due to axisymmetric
modes are far smaller than the velocity of light in vacuum) J ¼
r� B yields

J Jr ¼ @B/

@h
¼ 0; (A7)

J Jh ¼ � @B/

@r
¼ �g 0; (A8)

J J/ ¼ @Bh

@r
� @Br

@h
¼ @

@r
r f jrrj2
� 	

þ @

@h
r f rr � rhð Þ; (A9)

where J is the equilibrium current density, 0 � d=dr, and use has
been made of Eqs. (A4)–(A6).

Equilibrium force balance requires that

rP ¼ J� B; (A10)

where PðrÞ is the equilibrium scalar plasma pressure. Here, for the
sake of simplicity, we have neglected the small centrifugal modifica-
tions to force balance due to subsonic plasma rotation.32,33 It follows
that

P0 ¼ J ðJh B/ � J/ BhÞ

¼ �g 0
g
R2

� f
r R2

@

@r
r f jrrj2
� 	

þ @

@h
r f rr � rhð Þ

� �
; (A11)

where use has been made of Eqs. (A1)–(A3), and (A7)–(A9). The
other two components of Eq. (A10) are identically zero.

Equation (A11) yields the inverse Grad–Shafranov equation:18

FIG. 8. Variation of the true normalized resistive wall mode growth-rate, ĉ, with the
wall thickness parameter, dw , for various values of the thin-wall normalized growth-
rate, ĉ thin.
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f
r
@

@r
r f jrrj2
� 	

þ f
r

@

@h
r f rr � rhð Þ þ g g 0 þ R2 P0 ¼ 0: (A12)

It follows from Eqs. (5), (A9), and (A12) that

J J/ ¼ �q g 0 � r R2 P0

f
: (A13)

It is clear from Eqs. (A8) and (A13) that g 0 ¼ P0 ¼ 0 in the current-
free “vacuum” region surrounding the plasma, r 	 a.

3. Derivation of axisymmetric ideal-MHD P.D.E.s

Now,11

ðn� BÞr ¼ J ðnh B/ � n/ BhÞ ¼ f ðq nh � n/Þ; (A14)

ðn� BÞh ¼ J ðn/ Br � nr B/Þ ¼ �q f nr; (A15)

ðn� BÞ/ ¼ J ðnr Bh � nh BrÞ ¼ f nr ; (A16)

where use has been made of Eqs. (5) and (A1)–(A3). Combining
Eqs. (6) and (A14)–(A16), we obtain11

J br ¼ @ðn� BÞ/
@h

¼ @ðf nrÞ
@h

; (A17)

J bh ¼ � @ðn� BÞ/
@r

¼ � @ðf nrÞ
@r

; (A18)

J b/ ¼ @ðn� BÞh
@r

� @ðn� BÞr
@h

¼ � @ðq f nrÞ
@r

� @

@h
½f ðq nh � n/Þ�: (A19)

Equations (3), (A17), and (A18) give11

r R2 br ¼ @y
@h

; (A20)

r R2 bh ¼ � @y
@r

: (A21)

where

yðr; hÞ ¼ f nr : (A22)

It immediately follows that r � b ¼ 0, in accordance with Eq. (6).
Note that Eq. (A21) is radically different from the expression, (54),
for bh given in Ref. 11. Thus, it is at this stage that our analysis starts
to diverge from that of Ref. 11.

According to Eq. (9),

p ¼ �P0 rr � nþ dp ¼ �P0 nr þ dp: (A23)

So, the perturbed force balance equation, (7), yields11

� @ ðP0 nrÞ
@r

þ @ dp
@r

¼ ðj� BÞr þ ðJ� bÞr ; (A24)

� @ ðP0 nrÞ
@h

þ @ dp
@h

¼ ðj� BÞh þ ðJ� bÞh; (A25)

0 ¼ ðj� BÞ/ þ ðJ� bÞ/; (A26)

giving11

� @ ðP0 nrÞ
@r

þ @ dp
@r

¼ r R2 ðjh B/ � j/ BhÞ þ r R2 ðJh b/ � J/ bhÞ;
(A27)

� @ ðP0 nrÞ
@h

þ @ dp
@h

¼ r R2 ðj/ Br � jr B/Þ þ r R2 ðJ/ br � Jr b/Þ;
(A28)

0 ¼ r R2 ðjr Bh � jh BrÞ þ r R2 ðJr bh � Jh brÞ; (A29)

where use has been made of Eq. (3). Thus, according to Eqs. (A1)–
(A3), (A7), (A8), and (A13),

� @ ðP0 nrÞ
@r

þ @ dp
@r

¼ f ðq jh � j/Þ � g 0 b/ þ q g 0 þ r R2 P0

f

 !
bh;

(A30)

� @ ðP0 nrÞ
@h

þ @ dp
@h

¼ �q f jr � q g 0 þ r R2 P0

f

 !
br ; (A31)

0 ¼ f jr þ g 0 br : (A32)

It follows from Eqs. (A20) and (A32) that:

r R2 jr ¼ �ag
@y
@h

; (A33)

where

agðrÞ ¼ g 0

f
: (A34)

Equations (A20), (A22), and (A31) give

dp ¼ dpðrÞ: (A35)

Hence, of the three components of the perturbed force balance
equation, only Eq. (A30) remains to be solved.

Equation (8) yields11

r R2 jr ¼ @b/
@h

; (A36)

r R2 jh ¼ � @b/
@r

; (A37)

r R2 j/ ¼ @bh
@r

� @br
@h

; (A38)

where use has been made of Eq. (3). It follows from Eqs. (A33),
(A36), and (A37) that

b/ ¼ �ag y þ dgðrÞ; (A39)

r R2 jh ¼ @ðag y � dgÞ
@r

: (A40)

Note that r � j ¼ 0, in accordance with Eq. (8).
Now,

b ¼ br rr þ bh rhþ b/ r/; (A41)

so

br ¼ b � rr ¼ jrrj2 br þ ðrr � rhÞ bh; (A42)

bh ¼ b � rh ¼ ðrr � rhÞ br þ jrhj2 bh; (A43)
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b/ ¼ b � r/ ¼ b/
R2

: (A44)

Equations (3), (A42), and (A43) can be rearranged to give11

br ¼ 1

jrrj2
� �

br � rr � rh

jrrj2
 !

bh; (A45)

bh ¼ rr � rh

jrrj2
 !

br þ 1

r2 R2 jrrj2
� �

bh: (A46)

Let

Zðr; hÞ ¼ jrrj2 r @y
@r

þ rrr � rh
@y
@h

: (A47)

Equations (A20), (A21), (A39), (A45), and (A46) yield

br ¼ 1

r jrrj2 R2

@y
@h

þrr � rh

jrrj2 Z; (A48)

bh ¼ �Z; (A49)

b/ ¼ �ðag y � dgÞ
R2

: (A50)

Equations (A38), (A48), and (A49) give

r R2 j/ ¼ � @Z
@r

� @

@h
1

r jrrj2 R2

@y
@h

þrr � rh

jrrj2 Z
" #

: (A51)

It follows from Eqs. (A21), (A22), (A30), (A35), (A40), (A50), and
(A51) that

� @

@r
P0

f
y

� �
þ dp0

¼ f q
r R2

@ðag y � dgÞ
@r

þ f
r R2

@Z
@r

þ f
r R2

@

@h
1

r jrrj2 R2

@y
@h

þrr � rh

jrrj2 Z
" #

þ g 0 ðag y � dgÞ
R2

� q g 0 þ r R2 P0

f

 !
1

r R2

@y
@r

: (A52)

Hence,

� ½ðaf ap þ r a0pÞR2 þ q r a0g þ r2 a2g �y þ
q R2

g
r dp0

þ q r dg 0 þ r2 ag dg

¼ r
@Z
@r

þ @

@h
1

jrrj2 R2

@y
@h

þ rrr � rh

jrrj2 Z
" #

;

(A53)

and

r2 R2 j/ ¼ ½ðaf ap þ r a0pÞR2 þ q r a0g þ r2 a2g �y

� q R2

g
r dp0 � q r dg 0 � r2 ag dg; (A54)

where

apðrÞ ¼ r P0

f 2
; (A55)

af ðrÞ ¼ r2

f
d
dr

f
r

� �
: (A56)

Equations (3), (A19), (A22), and (A50) imply that

r ðag y � dgÞ ¼ @ ðq yÞ
@r

þ @

@h
½f ðq nh � n/Þ�: (A57)

Hence, we deduce that

r dg ¼ r ag hyi � d ðq hyiÞ
dr

; (A58)

where h� � �i ¼ Þð� � �Þ dh=ð2pÞ. Furthermore, Eqs. (3), (5), (10), and
(A22) yield11

r R2 dp ¼ �C P
@

@r
q
g
R2 y

� �
þ @

@h
r R2 nh
� 	" #

; (A59)

which gives

r hR2i dp ¼ �C P
d
dr

q
g
hR2 yi

� �
: (A60)

Let us now assume that

hyi ¼ hR2 yi ¼ 0: (A61)

In this case, Eqs. (A58) and (A60) yield

dg ¼ dp ¼ 0; (A62)

which, from Eq. (10), implies that r � n ¼ 0. In other words, the
perturbation to the plasma equilibrium does not compress the
plasma.

Equations (A47), (A53), and (A62) yield the axisymmetric
ideal-MHD partial differential equations (p.d.e.s),

r
@y
@r

¼ Z
jrrj2 �

rrr � rh

jrrj2
@y
@h

; (A63)

r
@Z
@r

¼ �½ðaf ap þ r a0pÞR2 þ q r a0g þ r2 a2g �y

� @

@h
1

jrrj2 R2

@y
@h

 !
� @

@h
rrr � rh

jrrj2 Z
 !

; (A64)

which govern the perturbed equilibrium.

4. General coupling coefficients

The coupling coefficients for the axisymmetric ideal-MHD
o.d.e.s are

Am0
m ¼ cm

0
m ; (A65)

Bm0
m ¼ �m0 f m

0
m ; (A66)

Cm0
m ¼ �m f m

0
m ; (A67)

Dm0
m ¼ �ðaf ap þ r a0pÞ am

0
m

� ðq r a0g þ r2 a2gÞ dm
0

m þmm0 bm
0

m ; (A68)

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 112505 (2025); doi: 10.1063/5.0303715 32, 112505-17

VC Author(s) 2025

 25 N
ovem

ber 2025 18:11:09

pubs.aip.org/aip/php


where

am
0

m ðrÞ ¼
þ
R2 exp �i ðm�m0Þ h
 � dh

2p
; (A69)

bm
0

m ðrÞ ¼
þ
jrrj�2 R�2 exp �i ðm�m0Þ h
 � dh

2p
; (A70)

cm
0

m ðrÞ ¼
þ
jrrj�2 exp �i ðm�m0Þ h
 � dh

2p
; (A71)

f m
0

m ðrÞ ¼
þ
i rrr � rh

jrrj2 exp �i ðm�m0Þ h
 � dh
2p

: (A72)

Here, dm
0

m is a Kronecker delta symbol.
Note that amm0 ¼ am

0�
m , bmm0 ¼ bm

0�
m , cmm0 ¼ cm

0�
m , and f mm0 ¼ �f m

0�
m ,

which implies that Am
m0 ¼ Am�

m0 , Bm
m0 ¼ �Cm�

m0 , Cm
m0 ¼ �Bm�

m0 , and
Dm
m0 ¼ Dm�

m0 .

5. Derivation of large aspect-ratio coupling coefficients
a. Coordinate transformation

Let

Jðr̂ ;xÞ ¼ 1
�2

@R
@x

@Z
@ r̂

� @R
@ r̂

@Z
@x

� �
(A73)

be the Jacobian of the r̂ and x coordinate system. We can transform
to the r̂ , h coordinate system by writing

hðr̂ ;xÞ ¼ 2p
ðx
0

Jðr̂ ; ~xÞ
Rðr̂ ; ~xÞ d~x

�þ
Jðr̂ ;xÞ
Rðr̂ ;xÞ dx; (A74)

r̂ ¼ 1
2p

þ
Jðr̂ ;xÞ
Rðr̂ ;xÞ dx: (A75)

This transformation ensures that

@h
@x

¼ J
r̂ R

; (A76)

and, hence, that

J � R
�

@R
@h

@Z
@r̂

� @R
@r̂

@Z
@ r̂

� �
¼ �R J

@x
@h

¼ r R2; (A77)

in accordance with Eq. (3). Note, from Eqs. (A75) and (A76) that

r̂ ¼ 1
2p

þ
r̂
@h
@x

dx ¼ r̂ : (A78)

Thus, the transformation (A74) and (A75) really does transform
between the r̂ , x and the r̂ , h coordinate systems.

b. Metric elements

We can determine the metric elements of the flux-coordinate
system by combining Eqs. (107), (108), and (A73)–(A75).
Evaluating the elements up to Oð�Þ, but retaining Oð�2Þ contribu-
tions to terms that are independent of x, we obtain11,12

Lðr̂Þ ¼ r̂3

8
� r̂ H1

2
� 1
2

X
j>1

ðj� 1Þ H
2
j

r̂
; (A79)

h ¼ xþ � r̂ sinx� �
X
j>0

1
j

H0
j � ðj� 1Þ Hj

r̂

� �
sinðjxÞ; (A80)

jr̂ r̂ j2 ¼ 1þ 2 �
X
j>0

H0
j cosðj hÞ

þ �2
3 r̂2

4
� H1 þ 1

2

X
j>0

H02
j þ ðj2 � 1Þ H

2
j

r̂2

" #0
@

1
A; (A81)

r̂ r̂ � r̂h ¼ � sin h� �
X
j>0

1
j

H00
j þ

H0
j

r̂
þ ðj2 � 1Þ Hj

r̂2

� �
sinðj hÞ;

(A82)

R2 ¼ 1� 2 � r̂ cos h� �2
r̂2

2
� r̂ H0

1 � 2H1

� �
: (A83)

Here, 0 � d=dr̂ .

c. Expansion of inverse Grad–Shafranov equation

Let us write11,12

f ðr̂Þ ¼ �
r̂ g
q
; (A84)

gðr̂Þ ¼ 1þ �2 g2ðr̂Þ þ �4 g4ðr̂Þ; (A85)

P0ðr̂Þ ¼ �2 p02ðr̂Þ; (A86)

where q, g2, g4, and p2 are all Oð1Þ. Here, the safety-factor, qðr̂Þ, and
the second-order plasma pressure gradient, p02ðr̂Þ, are the two free
flux-surface functions that characterize the plasma equilibrium.

Expanding the inverse Grad–Shafranov equation, (A12), order
by order in the small parameter �, making use of Eqs. (A81)–(A86),
we obtain11,12,19

g 02 ¼ �p02 �
r̂
q2

ð2� sÞ; (A87)

H00
1 ¼ �ð3� 2 sÞ H

0
1

r̂
� 1þ 2 p02 q

2

r̂
; (A88)

H00
j ¼ �ð3� 2 sÞ H

0
j

r̂
þ ðj2 � 1Þ Hj

r̂2
for j > 1; (A89)

g 04 ¼ g2 p02 �
r̂
q2

ð2� sÞ
� �

� r̂
q
Rþ p02

r̂2

2
þ r̂2

q2
� 2H1 � 3 r̂ H0

1

 !
;

(A90)

where s ¼ r̂ q0=q is the magnetic shear, and

R ¼ S2
q
� 2� s

q
S3; (A91)

S1ðr̂Þ ¼ 1
2

X
j>0

3H02
j � ðj2 � 1Þ H

2
j

r̂2

" #
; (A92)

S2ðr̂Þ ¼ 3 r̂2

2
� 2 r̂ H0

1

þ
X
j>0

H02
j þ 2 ðj2 � 1Þ H

0
j Hj

r̂
� ðj2 � 1Þ H

2
j

r̂2

" #
; (A93)
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S3ðr̂Þ ¼ � 3 r̂2

4
þ r̂2

q2
þ H1 þ S1; (A94)

S4ðr̂Þ ¼ 7 r̂2

4
� H1 � 3 r̂ H0

1 þ S1: (A95)

The horizontal Shafranov shift of equilibrium magnetic flux-
surfaces is parameterized by �H1. Note that H1 is driven by toroi-
dicity [the second term on the right-hand side of Eq. (A88)] and
plasma pressure gradients (the third term). All of the other shaping
terms (i.e., the Hj for j > 1) are driven by axisymmetric currents
flowing in external magnetic field-coils.

Equations (A34), (A55), (A56), and (A84)–(A86) yield11

apðr̂Þ ¼ p02 q
2

r̂
1� 2 �2 g2
� 	

; (A96)

agðr̂Þ ¼ q
r̂

g 02 � �2 g2 g
0
2 þ �2 g 04

� 	
; (A97)

af ðr̂Þ ¼ �sþ �2 r̂ g 02: (A98)

Finally, it follows from Eqs. (A82) and (A88)–(A89) that

r̂ r̂ � r̂h¼ 2� 1� p02 q
2

r̂
þð1� sÞ H

0
1

r̂

� �
sinh

� 2 �
X
j>1

1
j

�ð1� sÞ H
0
j

r̂
þðj2� 1Þ Hj

r̂2

� �
sinðjhÞ: (A99)

d. Calculation of coupling coefficients

Equations (A81) and (A92) yield

jr̂ r̂ j�2 ¼ 1� 2�
X
j>0

H0
j cosðjhÞþ �2 �3 r̂2

4
þH1þ S1

� �
; (A100)

Equation (A83) gives

R�2 ¼ 1þ 2 � r̂ cos hþ �2
5 r̂2

2
� r̂ H0

1 � 2H1

� �
: (A101)

The previous two equations imply that

jr̂ r̂ j�2 R�2 ¼ 1þ 2 � r̂ cos h� 2 �
X
j>0

H0
j cosðj hÞ

þ �2
7 r̂2

4
� H1 � 3 r̂ H0

1 þ S1

� �
: (A102)

Finally, Eqs. (3) and (A100) yield

r̂ r̂ � r̂h jr̂ r̂ j�2

¼ 2 � 1� p02 q
2

r̂
þ ð1� sÞ H

0
1

r̂

� �
sin h

� 2 �
X
j>1

1
j

�ð1� sÞ H
0
j

r̂
þ ðj2 � 1Þ Hj

r̂2

� �
sinðj hÞ:

(A103)

Equations (A69)–(A72), (A83), (A100), (A102), and (4) imply
that

am
0

m ¼ dm
0

m � � r̂ dm0�m�1 þ dm0�mþ1ð Þ � �2
r̂2

2
� r̂ H0

1 � 2H1

� �
dm

0
m ;

(A104)

bm
0

m ¼ dm
0

m þ � r̂ dm0�m�1 þ dm0�mþ1ð Þ
� �
X
j>0

H0
j dm0�m�j þ dm0�mþj
� 	

þ �2
7 r̂2

4
�H1 � 3 r̂ H0

1 þ S1

� �
dm

0
m ; (A105)

cm
0

m ¼ dm
0

m � �
X
j>0

H0
j dm0�m�j þ dm0�mþj
� 	

þ �2 � 3 r̂2

4
þ H1 þ S1

� �
dm

0
m ; (A106)

f m
0

m ¼ ��½̂r � p02 q
2 þ ð1� sÞH0

1� dm0�m�1 � dm0�mþ1ð Þ

þ �
X
j>1

1
j

�ð1� sÞH0
j þ ðj2 � 1Þ Hj

r̂

� �
dm0�m�j � dm0�mþj
� 	

:

(A107)

If we write

ag ¼ að0Þg þ �2 að2Þg ; (A108)

ap ¼ að0Þp þ �2 að2Þp ; (A109)

af ¼ að0Þf þ �2 að2Þf ; (A110)

am
0

m ¼ 1þ � am
0ð1Þ

m þ �2 am
0ð2Þ

m ; (A111)

bm
0

m ¼ 1þ � bm
0ð1Þ

m þ �2 bm
0 ð2Þ

m ; (A112)

Dm0
m ¼ Dm0ð0Þ

m þ �Dm0 ð1Þ
m þ �2 Dm0ð2Þ

m ; (A113)

where að0Þg , að2Þg , etc., are Oð1Þ, then it follows from Eq. (A68) that

Dmð0Þ
m ¼ �að0Þf að0Þp � r̂ a0ð0Þp � q r̂ a0ð0Þg þm2; (A114)

Dm0ð1Þ
m ¼ �½að0Þf að0Þp þ r̂ a0ð0Þp �am0 ð1Þ

m þmm0 bm
0ð1Þ

m ; (A115)

Dmð2Þ
m ¼ �½að0Þf að0Þp þ r̂ a0ð0Þp �am0ð2Þ

m � að0Þf að2Þp � að2Þf að0Þp

� r̂ a0ð2Þp � q r̂ a0ð2Þg � r̂2½að0Þg �2 þm2 bmð2Þ
m : (A116)

Finally, Eqs. (A69)–(A72), (A104)–(A107), and (A114)–
(A116) give the following expressions for the coupling coefficients
appearing in the axisymmetric ideal-MHD o.d.e.s, (15) and (16)

Am
mðr̂Þ ¼ 1þ �2 � 3 r̂2

4
þ H1 þ S1

� �
; (A117)

Am61
m ðr̂Þ ¼ ��H0

1; (A118)

Am6j
m ðr̂Þ ¼ ��H0

j for j > 1; (A119)

Bm
mðr̂Þ ¼ 0; (A120)

Bm61
m ðr̂Þ ¼ 6� ðm61Þ½̂r � p02 q

2 þ ð1� sÞH0
1�; (A121)

Bm6j
m ðr̂Þ ¼ 6�

m6j
j

ð1� sÞH0
j � ðj2 � 1Þ Hj

r̂

� �
for j > 1;

(A122)

Cm
mðr̂Þ ¼ 0; (A123)
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Cm61
m ðr̂Þ ¼ 6�m½̂r � p02 q

2 þ ð1� sÞH0
1�; (A124)

Cm6j
m ðr̂Þ ¼ 6�

m
j

ð1� sÞH0
j � ðj2 � 1Þ Hj

r̂

� �
for j > 1; (A125)

Dm
mðr̂Þ ¼ m2 þ q r̂

d
dr̂

2� s
q

� �
þ �2 m2 S4

þ �2 �r̂2
2� s
q

� �2

þ q r̂
dR
dr̂

� r̂
d
dr̂

ðr̂ p02Þ
(

� 2 ð1� sÞ r̂ p02 þ 2 r̂ p02 q
2 �2þ 3 p02 q

2

r̂

� �

þ 2H0
1 q

2 d
dr̂

ðr̂ p02Þ � 4 ð1� sÞ p02
� ��

; (A126)

Dm61
m ðr̂Þ ¼ � q2

d
dr̂

ðr̂ p02Þ � ð2� sÞ p02
� �

þ �m ðm61Þ ðr̂ � H0
1Þ:

(A127)

Dm6j
m ðr̂Þ ¼ ��m ðm6jÞH0

j for j > 1: (A128)
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