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ABSTRACT

The stability of vertical modes in an up-down symmetric, aspect-ratio expanded, tokamak plasma equilibrium surrounded by a conformal
resistive wall is calculated. The calculation turns out to be significantly different to previous calculations of the stability of non-axisymmetric
ideal modes in an aspect-ratio expanded equilibrium. In particular, the role of the toroidal angular momentum flux (which is identically zero
for an axisymmetric mode) is instead played by the electromagnetic energy flux. The conservation of electromagnetic energy is used to prove
that the perturbed plasma potential energy matrix is Hermitian. Positive triangularity is found to have a strong stabilizing effect on the verti-
cal mode in vertically elongated plasmas, whereas negative triangularity is either destabilizing or weakly stabilizing. It is concluded that finite
wall thickness should be taken into account when calculating the maximum controllable plasma elongation of a tokamak plasma.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0303715

I. INTRODUCTION

It is well known that an increase in the net toroidal plasma current
flowing around a tokamak leads to an enhancement of both the maxi-
mum stable 8 value and the energy confinement time."” The conven-
tional method of maximizing the total plasma current, without degrading
the stability of the system to non-axisymmetric magnetohydrodynamical
(MHD) modes, is to modify the plasma’s poloidal cross section such that
it is both vertically elongated and triangular.” Unfortunately, tokamak
plasmas possessing strong cross-sectional shaping are subject to severe
axisymmetric instabilities.”” Such instabilities involve bulk vertical motion
of the plasma on an Alfvénic timescale (i.e., 10~ s), which results in the
sudden and violent termination of the discharge when it comes into con-
tact with the first wall. It is possible to stabilize an axisymmetric mode by
placing a perfectly conducting wall around the plasma. In reality, the
mode remains unstable because the wall inevitably possesses finite electri-
cal conductivity.” However, growth time of the mode is increased from
the Alfvén time to the very much longer characteristic L/R time of the
wall”” (see Sec. 1 of the Appendix for a definition of this time). Usually,
the vacuum vessel plays the role of the wall and has an L/R time that is
well in excess of 107> s. Such a time is much shorter than the duration of
the plasma discharge but is still long enough to allow active feedback sta-
bilization of the axisymmetric mode with practical power supplies.'’

Fitzpatrick'" describes the TJ toroidal tearing mode code, which
calculates the stability of an inverse aspect-ratio expanded tokamak
plasma equilibrium to non-axisymmetric tearing modes via asymptotic
matching techniques. Fitzpatrick'* describes a generalization of the TJ
code that permits it to calculate the stability of the plasma to non-
axisymmetric ideal modes in the presence of a perfectly conducting wall
surrounding the plasma. (This is possible because the basis solutions
used to construct tearing eigenfunctions in TJ can be repurposed to con-
struct ideal eigenfunctions.) The aim of this paper is to describe a further
generalization the TJ code that allows it to calculate the stability of the
plasma to axisymmetric ideal modes in the presence of a resistive wall
that surrounds the plasma. It might be hope that, in order to investigate
axisymmetric modes, we could simply take the existing TJ code and set
the toroidal mode number, #, to zero. Unfortunately, this simple scheme
does not work, as evidenced by the large number of terms involving 7!
in the analysis of Ref. 11. Hence, as described in Sec. 3 of the Appendix,
it is necessary to redo much of the TJ analysis for the special case n = 0.

The simplified approach to calculating the vertical stability of
tokamak plasmas described in this paper is somewhat different to the
simplified approach described in Refs. 13 and 14. In fact, Refs. 13 and
14 employ up-down symmetric, analytic Solov’ev plasma equilibria in
which the equilibrium current jumps discontinuously to zero across
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the plasma-vacuum interface. Such equilibria can have arbitrary
aspect-ratios and possess the simplifying property that the perturbed
plasma currents generated by vertical instabilities are surface currents
that are localized on the interface. However, Soloviev equilibria are
characterized by very broad current profiles and, consequently, possess
anomalously low normalized plasma inductances, I; (see Sec. VIIE),
which can only be varied over a very narrow range. This is problematic
because vertical stability is known to have a strong dependence on /;.
(For example, the well-known empirical vertical stability margin for
ITER derived in Ref. 15 exhibits an exponential dependence on /;.) On
the other hand, the calculation described in this paper employs realistic
diffuse plasma equilibria in which the equilibrium plasma current and
pressure go smoothly to zero as the plasma-vacuum interface is
crossed and in which the perturbed plasma currents associated with
vertical instabilities are distributed throughout the plasma volume.
There is no restriction on the broadness of the current profile, so [; can
be varied over the whole range of values observed in experiments. Our
main simplifying approximation is to restrict the inverse aspect-ratio
of the plasma to only take small values.

This paper is organized as follows. In Sec. II, we introduce a gen-
eral axisymmetric plasma equilibrium. In Sec. II], we examine axisym-
metric perturbations to this equilibrium. Magnetic perturbations in the
vacuum region surrounding the plasma are discussed in Sec. I'V. The
stability of the equilibrium to ideal axisymmetric modes is examined
in Sec. V. The stability of the equilibrium to axisymmetric resistive
wall modes is discussed in Sec. V1. The large aspect-ratio approxima-
tion is introduced in Sec. VII. The results of the calculations performed
with the enhanced version of the TJ code are presented in Sec. VIII.
Finally, the paper is summarized in Sec. IX.

Il. GENERAL TOKAMAK PLASMA EQUILIBRIUM

All lengths in this paper are normalized to the major radius of the
plasma magnetic axis, Ry. All magnetic field-strengths are normalized
to the toroidal field-strength at the magnetic axis, By. All current densi-
ties are normalized to By /(1 Ro). All plasma pressures are normalized
to B}/ 11,. All energies are normalized to B} RS /1.

Let R, ¢, and Z be right-handed cylindrical coordinates whose
Jacobian is (VR x V¢ -VZ)™' =R. Note that |[V¢| = 1/R. The
cylindrical axis is assumed to coincide with the symmetry axis of the
toroidal plasma equilibrium, which is assumed to have perfectly nested
toroidal magnetic flux surfaces.

We can write the divergence-free equilibrium magnetic field in
the usual Clebsch form as follows:'®

B=V()—q0) x Vi, 6

where Y is the poloidal magnetic flux enclosed by a given magnetic
flux-surface (divided by 27), q(/) is the safety-factor profile, and 0 is a
poloidal angle. Note that B - Vi = 0, which implies that / is a flux-
surface label. Furthermore, B - V(¢ — g 0) = 0, which implies that
the equation of any magnetic field-line in a given magnetic flux-
surface is d¢p/d0 = q(y). In other words, the field-line appears as a
straight-line in ¢-0 space. Hence, ¥/, 0, and ¢ are often referred to as
straight field-line coordinates.

It is convenient to define a flux-surface label, 7, which can be
interpreted as the mean minor radius of a given magnetic flux surface.
Thus, in its normalized form, r is the mean inverse aspect-ratio of the
flux-surface. Writing diy /dr = f(r), we get

pubs.aip.org/aip/pop
B:fV(/)er—O—quRZ Vo, (2)

where J = (Vr x V0 - V) " is the Jacobian of the r, 0, and ¢ coor-
dinate system. Making the specific choice, ”"*

. 1 _ ,(OROZ OROZ\
we obtain
B(r,0) =f(r) V¢ x Vr +¢(r) V¢, 4)
where
_11
glr)==>. (5)

It is easily seen that, from the previous two equations, in the cylindrical
limit, r morphs into the cylindrical radial coordinate. Note that
r=r(R,Z) and 0 = 0(R,Z). The magnetic axis corresponds to
r = 0. The plasma-vacuum interface corresponds to r = a. Thus, a
can be interpreted as the mean inverse-aspect ratio of the plasma
boundary. The inboard mid-plane corresponds to 0 = 0. We require
g = 1 on the magnetic axis in order to ensure that the normalized
toroidal magnetic field-strength at the axis is unity.

More details of the equilibrium are given in Sec. 2 of the
Appendix. It is clear from the analysis of this section that ¢’ = 0 and
P’ =0 in the current-free vacuum region, r > a, surrounding the
plasma. Here, ' = d/dr, and P(r) is the equilibrium plasma pressure
profile. Obviously, P(r) = 0 in the vacuum region. In this paper, we
are specifically interested in realistic diffuse plasma equilibria. In such
equilibria, we expect g(r), f(r), q(r), and P(r), and their first deriva-
tives with respect to r, to all be continuous across the plasma-vacuum
interface. The net result is that the equilibrium magnetic field is con-
tinuous across the interface [see Eqs. (A1)-(A3)], which implies that
there is no unresolved equilibrium current sheet flowing on the plasma
boundary. Of course, such a current sheet would be completely
unphysical.

lll. GENERAL AXISYMMETRIC PLASMA PERTURBATION
A. Axisymmetric ideal-MHD P.D.E.s

Let us assume that all perturbed quantities are independent of the
toroidal angle, ¢, and vary in time as exp(y t). The perturbed plasma
equilibrium satisfies the linearized, marginally stable, ideal-MHD
equations as follows:'* >’

b=V x (& xB), )
Vp=jxB+]xb, @)

j=V xb, ®)
p=—&-VP+dp, 9)
op=-TPV-¢ (10)

where &(r, 0) is the plasma displacement, b(r, 0) is the perturbed mag-
netic field, j(r, 0) is the perturbed current density, p(r, 0) is the per-
turbed scalar pressure, and I' = 5/3 is the ratio of specific heats. Here,
we are neglecting plasma inertia on the assumption that the wall slows
the growth time of the perturbation such that it is much longer than
the Alfvén time.
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In Sec. 3 of the Appendix, using the previous five equations as a
starting point, we derive the following set of coupled partial differential
equations (p.d.e.s) that govern the perturbed equilibrium, and which
we shall refer to as the axisymmetric ideal-MHD p.d.e.s,

. [ Z _rVr-Vo V@ 8}/ (11)
0z 2 2 2
razf[(ocfocp+roc;)R +qrog + 1oy

0 1 Oy 0 [rVr-Vo
- /4 CARY:
20 (Vr2R2 ae) < N ) 12

Here, y(r,0)=f& -Vr, Z(r,0)=—-b-JT V¢ x Vr, and o,(r),
op(r), and oy (r) are defined in Egs. (A34), (A55), and (A56), respec-
tively. Note that the axisymmetric analysis of Sec. 3 of the Appendix
diverges from the non-axisymmetric analysis of Ref. 11 at a fairly early
stage.

B. Axisymmetric Ideal-MHD O.D.E.s
Let

Zy 1m9 (13)
= sz r e”””. (14)

Here, m are the set of (integer, but not necessarily positive) poloidal
mode numbers included in the calculation. Equations (11) and (12)
yield the axisymmetric ideal-MHD ordinary differential equations
(o.d.e.s),

r d;—:‘ = %:(Aml Zw + Bﬂym), (15)
r ‘f—f - ;(az Zyy + D y). (16)

The coupling coefficients, A™ (r), B (r), C™ (r), and D (r), are
specified in Sec. 4 of the Appendix. It is easily seen that Zy(r) is inde-
pendent of r in the vacuum region, * > a, in which oy = 0oy = 0.

The axisymmetric ideal- MHD o.d.e.s play the same role for axi-
symmetric perturbations that the outer-region o.d.e.s, (102) and (103)
of Ref. 11, play for non-axisymmetric perturbations. The main differ-
ence is that there are no singularities in the axisymmetric ideal-MHD
o.d.e.s because an axisymmetric perturbation does not resonate with
the plasma. In other words, there are no equilibrium magnetic flux-
surfaces in the plasma at which k - B = 0, where k is the wavevector
of the perturbation. This is because |B - V0| > 0 throughout a conven-
tional tokamak plasma equilibrium.

C. Properties of axisymmetric ideal-MHD O.D.E.s

In Sec. 4 of the Appendix, it is demonstrated that A}, = A",
B, = =Crv Cr, = —Bl', and D, = D¥. It follows from Egs. (15)
and (16) that

r% {Z(zmy;; _ z;;)} —0. 17)

pubs.aip.org/aip/pop

As we shall see in Sec. I1I G, the previous equation implies that
the net electromagnetic energy flux across magnetic flux-surfaces is
independent of r.

D. Plasma incompressibility

It is well known that the most unstable ideal perturbation to
which a plasma equilibrium is subject does not compress the plasma.
In other words, the perturbation is characterized by V- & = 0.” In
fact, the axisymmetric ideal-MHD o.d.e.s, (11) and (12), were derived
on the assumption that V-& =0 (see Sec. 3 of the Appendix).
However, we must now ask whether it is possible to find a physical
&(r, 0) that is compatible with V - & = 0. In Sec. 3 of the Appendix, it
is shown that this is possible provided as

SCUES

for0<r<a.

Now, in an up-down symmetric plasma equilibrium, the coupling
coefficients, A™ (r), B (r), C™ (r), and D' (r), are all real. [See Egs.
(109)-(120).] In this case, there are two independent classes of solu-
tions to the axisymmetric ideal-MHD o.d.e:s, (13) and (14). The first
class of solutions is such that

%Rz(r, 0) y(r,0) g =0 (18)

Z Ym(r) sin(m0), (19)
m>0
Z Z(r) sin(m0). (20)
m>0

We shall refer to these solutions as vertical modes, because they give
rise to predominately vertical plasma displacements. The second class
of solutions is such that

Z Ym(r) cos(m0), (21)
m>0
Z Zn(r) cos(m0). (22)
m>0

We shall refer to these solutions as horizontal modes, because they give
rise to predominately horizontal plasma displacements. It is clear from
Eq. (18) that, given that R(r,0) is even in 0 [see Eq. (A83)], vertical
modes do not compress the plasma, whereas horizontal modes do
compress the plasma.”’

In conclusion, if we restrict our attention to vertical modes in up-
down symmetric plasma equilibria, then it is mathematically consistent
with set V - & = 0, which implies that our vertical modes are maxi-
mally unstable. We expect horizontal modes to be stable in a realistic
vertically elongated plasma equilibrium,”’ so the exclusion of such
modes from our consideration is not a serious drawback. Note that
our vertical modes are not necessarily associated with pure up-down
symmetric vertical motion (because they contain Fourier harmonics
other than m = 1).*

E. Perturbed electric field
Let e be the perturbed electric field, which satisfies
V xe=—yb. (23)

Hence,

Phys. Plasmas 32, 112505 (2025); doi: 10.1063/5.0303715
© Author(s) 2025

32, 112505-3

60:11:8) GZ0Z JOGWAAON GZ


pubs.aip.org/aip/php

Physics of Plasmas ARTICLE

ep ==V, (24)
and

Oey  Oe,
a—:—%:yrocgy, (25)

where use has been made of Egs. (A20), (A21), (A50), and (A62). We
also expect V - e = 0, which implies that e, = ¢y = 0 in the vacuum
region, r > a, in which og = 0.

F. Toroidal electromagnetic torque

The net toroidal electromagnetic torque exerted on the region of
the plasma lying within the magnetic flux-surface whose label is ris'"

Ty(r) = Hmz by b d0de. (26)

It follows from Eqs. (A20) and (A39) that

_ T Oy 3y) _mag [y
Ty(r) = 3 f{)(y 80+y 20 0= 5 20 d0=0. (27)

We conclude that, not surprisingly, an axisymmetric perturbation is
incapable of exerting a net toroidal electromagnetic torque on the
plasma.

In Ref. 12, the conservation of toroidal angular momentum is
used to prove that the plasma and vacuum perturbed potential energy
matrices are Hermitian. The fact that the toroidal electromagnetic tor-
que is identically zero in the axisymmetric case negates this proof.
Hence, we need to find a new conserved quantity that is not identically
zero. The electromagnetic energy flux is found to play this role.

G. Electromagnetic energy flux

The net flux of electromagnetic energy across the plasma-vac-
uum interface is

£(a) = [H(e x b) - VrJ do dqs}

r=a

= [t eobo v

r=a

ny%(yz* * ) ade

Here, use has been made of Egs. (A49), (13), (14), and (24), as well as
the fact that ep =0 for r >a. Now, Eq. (17) implies that
> Z ym — yi Zm) is independent of r. However, we expect
> Zi ym — ¥ Zim) = 0 for a well-behaved solution of the axisym-
metric ideal-MHD o.d.e.s close to the magnetic axis (r = 0). [See Eqs.
(126) and (127).] Hence, we deduce that

E(a)=0. (29)

Zm),_y (28)

In other words, the net flux of electromagnetic energy out of the
plasma is zero.

pubs.aip.org/aip/pop

H. Perturbed plasma potential energy

The perturbed plasma potential energy in the region of the

plasma lying within the magnetic flux-surface whose label is r is' >’

SW,(r) :%(H;rRZ & (—B b+ & P)dodd. (30)

Here, we have neglected the contribution to the perturbed energy from
plasma compressibility because V - € = 0. (See Sec. 111 D.) However,

B-b— &P =B"by+Bby— &P

S EranytnR), G

where use has been made of Egs. (5)
(A55). Hence, we obtain

~(A3), (A22), (A39), (A49), and

1
W, (r) = 3 H;ﬂ;y* (Z+o0gqy+a,R?y)d0 d(p}

=n? {Zy; <Zm+ocgqym+apzaz’ym)} . (32)

r

In particular, the net perturbed plasma potential energy is
SW,(a) (Z v Z ) : (33)

because o, = o, = 0 at r = a. However, it is clear from Egs. (28) and
(29) that (3, v Zm), is real. Hence, we deduce that W), (a) is real.

I. Perturbed surface potential energy

In principle, there is a contribution to the perturbed potential
energy from the plasma-vacuum interface. This contribution takes the

following form:***’

2 2
5ws:n§f; f2||yV| Vv |[v (P +8B)ﬂjd9 (34)
r=a r

where [ -] = [---];Z5". Here, we have made use of the fact that equi-
librium force balance requires P + B?/2 to be continuous across the
plasma-vacuum interface.”’ However, in this paper, we are only consid-
ering realistic diffuse plasma equilibria in which the pressure and cur-
rent density are continuous across the interface. Such equilibria are
characterized by P'(a_) = P'(a) = 0, which implies that [P'] = 0.
Moreover, it is clear from the large aspect-ratio analysis of Sec. 5 of the
Appendix, that, as long as q(r) and s(r) = r ¢’ /q are continuous across
the interface and ¢’ = P’ = 0 on the interface, as is the case for the
equilibria considered in this paper, then [0B?/0r] = 0. We conclude
that there is no contribution to the perturbed potential energy from the
plasma-vacuum interface in a realistic diffuse plasma equilibrium.
Indeed, such a contribution could only arise from an unresolved per-
turbed current sheet flowing around the plasma boundary. However,
such a current sheet is clearly unphysical in a diffuse plasma equilibrium.

IV. GENERAL VACUUM SOLUTION
A. Introduction

In order to determine the growth-rate of the axisymmetric resis-
tive wall mode, we need to calculate the total perturbed potential
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energy in two separate cases.” In the first case, the wall is treated as
a perfect conductor. In the second, the wall is absent. Now, if the 7, 0,
and ¢ coordinate system is extended into the vacuum region sur-
rounding the plasma then, sufficiently far from the plasma, it eventu-
ally becomes singular. Thus, although the r, 0, and ¢ coordinate
system could be used to calculate the perfect-wall perturbed potential
energy, provided that the wall is sufficiently close to the plasma, it can-
not be used to calculate the no-wall perturbed potential energy. In
order to calculate the latter energy, we need a coordinate system that
extends to infinity without becoming singular. Orthogonal toroidal
coordinates, i, 1, ¢, are the obvious choice. Note that toroidal coordi-
nates are not flux coordinates. In other words, the plasma-vacuum
interface does not correspond to a constant-u surface. However, this is
taken into account in our analysis.

B. Toroidal coordinates

Let u, 1, and ¢ be right-handed orthogonal toroidal coordinates
defined such that!'>26

sinhput

=, (35)
coshyt — cosy
__ smn (36)
coshy — cos
The scale-factors of the toroidal coordinate system are
hy =h, = ! =h 37)
B coshp — cosyp
inh
hy =———  _ psinhy. (38)
coshyt — cosy
Moreover,
J' = (Vux Vi-Ve¢) " =h’sinhu. (39)

C. Perturbed magnetic field

The curl-free perturbed magnetic field in the vacuum region is
written b = i VV, where V2V = 0. The most general axisymmetric
solution to Laplace’s equation is'

Viz,n) =Y (z—cosn)' > Un(z) e ™, (40)

Un(2) = P Pim-1/2(2) + G Qumi-1/2(2), (41)
where z = coshy, p,, and gy, are arbitrary complex coefficients, and

VEL(|m| +1/2) al™!

i)\ml—l/Z(Z) = cos(|m| ) Piu—12(2), (42)

pubs.aip.org/aip/pop
z 0~ l, (44)
r
/2 f?,l/z(z) ~ %ln (g), (45)
) ~|m|
Zl/2 P|m\—1/2(z) ~ COS("“‘ Trll(r/a) , (46)
) I
212y te) D " w

Note that Eq. (46) only applies to m # 0.

D. Toroidal electromagnetic angular momentum flux

The outward flux of toroidal angular momentum across a con-
s 1112
stant-z surfaceis

Ty(z) = ffH;]’ by b dndep =0, (48)

because by = 10V /9¢p = 0. Of course, the flux has to be zero because
the flux of angular momentum across the plasma-vacuum interface is
zero, and there are no sources of angular momentum in the vacuum
region surrounding the plasma (see Sec. ITT F).

E. Electromagnetic energy flux

The outward flux of electromagnetic energy flux across a surface
of constant z is

E(z) = fﬁ;ﬁ;J’exb-Vudndd)

—fizi# e av*fe*a—v d (49)
T2\ oy ¢ oy G
given that e, =e, =0 in the vacuum. However, V x e = —yb
implies that
14
%:—ivhsinhug—#:—iyh(zz—l)aa—z. (50)
Thus,
.7 ([ Oeg 862},
—i—p| =2 Vv ——2vV]|d
E(z) 12§F<8n o ) n
_my s OV . oV )
—zih(z 1)(6ZV % V |dn
=29 (ondy — dnp) (2~ 1)
X W(P =125 Qml=1/2), (51)

211 |t where we have integrated by parts, and W(f, g) = f dg/dz — g df / dz.
_ However,””
Q@) = cos(ml ) 2 LMoo, )
|m|-1/2(2) = cos(|m| 7 7 Qpmj—1/2(2)- 43 1
Val(jm| +1/2)a WP -1/25 Quni-1/2) = -z (52)
Here, Pj,_1/2(2z) and Q\mJ—l 2(2) are the toroidal functions™ and 0
I'(z) is a gamma function.”
In the large-aspect ratio limit, » <1, it can be demonstrated E(z) = yZ(pm a4y — qmp,,)- (53)
that”’ m
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Note that £(z) is independent of z, as must be the case because
there are no energy sources in the vacuum region.

F. Solution in vacuum region
According to Eqs. (A20) and (A49),

%:Jb-Vr:ijVV-Vr, (54)
z:—ijvr.b:—ig—‘g. (55)

Now, we have already seen that Zy = § Zd0/(2n) = 0 is indepen-
dent of r in the vacuum region (see Sec. I1I B). However, it is clear
that Eq. (55) mandates that this constant value be zero. This con-
straint implies that the axisymmetric ideal modes to which the
plasma equilibrium is subject do not change the net toroidal cur-
rent flowing in the plasma [see Eqs. (A49) and (121)]. Note that,
furthermore, yo = §yd0/(2m) does not influence the vacuum
potential, V(r, 6).
The previous two equations yield"”

V) =Pp+Lng (56)

Y(r)=R(r)p+

%)

(rq, (57)

where V(r,0) =3, Vin(r) €, Zu(r) = m Vyu(1), ,,(r) = mym (1),
V(r) is the vector of the V,,,(r) values, y(r) is the vector of the v, (r)
values, P (r) is the matrix of the

P (1) = 4; (z — cos 11)1/2 P‘m’|—1/2(z)

r

x exp[—i(m0+ m'n)] g, (58)

values, Q (r) is the matrix of the

O (1) = J) (z — cosn)'/? Qwe-1/2(2)

do
x exp[—i(m0+m'n)] 2 (59)

values, R (r) is the matrix of the

Rt (1) = ﬂ; { B (z=cosn) ™ P 10(2)

r

12 AP\ -1 /2

I JVr-Vz

+(z — cosn)

1
+ {E (z—cosn) /* sing —im' (z — cosn)l/2 (60)

X P‘m,‘,l/z(z) JVr- Vn}

do

s ’
x exp[—i(m0+m'n)] 7

values, S (r) is the matrix of the
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S (1) = {3 (2= coom) 2 Quur 10

JVr-Vz

AQy-
+ (z — cos 71)1/2 —Q\d; 2

—1/2 1/2

1
+ {5 (z — cosn) sinn —im' (z — cosn)

X Q\m/H/z(Z) JVr- V’?}

x exp[—i(m0+m'n)] d0 (61)

E )
values, p is the vector of the p,, coefficients, and ¢ is the vector of the

qm coefficients. Here, the subscript r on the integrals indicates that
they are taken at constant .

G. Energy conservation

By analogy with Eq. (28), the net flux of electromagnetic energy
across a surface of constant r in the vacuum region is

Er)y=-m"y(V'y —y'V). (62)

However, energy conservation requires this flux to be equal to the
energy flux through the vacuum region, so Eq. (53) gives

E(r)=nm*y (ng_) —]_JT q)- (63)

Equations (56), (57), and the previous two equations yieldlZ

P'R=R'P, (64)
Q's=5"9, (65)
P'S-R'Q=1 (66)

It can also be demonstrated that
QP'=PQ", (67)
RST=8SR" (68)

The previous five equations hold throughout the vacuum region. In
fact, checking that these relations hold in the vacuum region consti-
tutes a good numerical test that the matching between the 7, 0, ¢ and
the u, n, ¢ coordinate systems is working correctly. These relations are
found to hold to a good approximation in all of the calculations
described in Sec. VIIL.

H. No-wall matching condition
Suppose that the plasma is surrounded by a vacuum region that
extends to infinity. In this case,

q=0, (69)

because the Q‘m‘,l s2(2) functions blow up in an unphysical
manner as r/a — oo [see Eq. (47)]. It immediately follows from Eq.
(63) that
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E(z) =0. (70)

In other words, as we would expect, there is zero net flux of electro-
magnetic energy through the vacuum, because we have already dem-
onstrated that there is zero energy flux across the plasma-vacuum
interface [see Eq. (29)]. Equations (56) and (57) imply that

V(r=as)=Hy(r=a), (71)

where

H=P R (72)

—  —a

is termed the no-wall vacuum matrix. Here, P =P (r =a).
Equation (64) ensures that H is Hermitian. - =

I. Perfect-wall matching condition

Suppose that the plasma is surrounded by a vacuum region that is
bounded by a perfectly conducting wall that is conformal to the plasma-
vacuum interface, and whose inner surface lies at r = b,, a, where
b,, > 1. Because the wall is perfectly conducting,  (r = b, a) = 0.”
In other words, the normal component of the perturbed magnetic field
is zero at the inner surface of the wall. It follows from Eq. (57) that

p= _£h 1 (73)

where

-l
£b o gb gb (74)

is termed the wall matrix. Here, Eb = R (r = by, a). Equation (68)

ensures that I ) is Hermitian. It immediately follows from Eq. (63) that

£(z) = 0. (75)

In other words, as we would again expect, there is zero net flux of elec-
tromagnetic energy through the vacuum, because we have already
demonstrated that there is zero energy flux across the plasma-vacuum
interface [see Eq. (29)].

Making use of Egs. (56) and (57), the matching condition at the
plasma-vacuum interface for a perfectly conducting wall becomes

V(r=a.)=Gy(r=a), (76)
where

G=(Q -P 1) -R 1) (77)

—a —a —

is termed the perfect-wall vacuum matrix. It is easily demonstrated
from Eqs. (64)-(66) that

1 _
G-G'=-[s,-R,1)"] @,-1)(S, -R 1) 8

= —a —a=b = = —a

Thus, the perfect-wall vacuum matrix, G, is Hermitian because the
wall matrix, I e is Hermitian. o

J. Perturbed vacuum potential energy
Equation (A20) implies that

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

The perturbed potential energy in the vacuum region is'**’

W, :%J ﬁ;b* b Jdrd0de

at

:%J va*.vvmrdqu

_ _%(%Jw-vv*v{iedqs)a

) v,

- (Z my;, Vm> : (80)

m

+

where use has been made of the facts that V2V =0, V = 0 at infinity
in the no-wall case, and Vr - VV = 0 at the ideal wall in the perfect-
wall case.

V. GENERAL IDEAL STABILITY
A. Perturbed plasma potential energy matrix

Suppose that the poloidal harmonics included in the calculation
range from m = —Mpye O M = Mpypa, Where Mg, > 0. Let the
Y () and the Z,,,y (r) be linearly independent solutions of the axi-
symmetric ideal-MHD o.d.e:s that, (15) and (16), are well-behaved at
the magnetic axis. Here, m indexes the poloidal harmonic, whereas m’
indexes the dominant poloidal harmonic close to the magnetic axis (see
Sec. VIIF). We can form J = 2 1, linearly independent solutions that
all have Z, = 0 at r = a, as mandated by the matching condition (55).
Let these new solutions be denoted the y,,.(r) and the Z mj (1), where j
runs from 1 to J. The most general solution to the axisymmetric ideal-
MHD o.d.e.s that satisfies the constraint Zy(a) = 0 is written

Im(r) =3 3 i(r) 2, (81)
j=1J

Zn(r) =Y Zmi(r) o, (82)
j=1]

where o; are the arbitrary complex coefficients. Here, m indexes the
poloidal harmonic and j indexes the solution.
According to Eq. (32), the net perturbed plasma potential energy
is
o0Wy(a) = 2 XT Z, (83)
where y is the vector of the y,,(a) values, excluding the m = 0 har-
monic, and Z is the vector of the Z,,(a_) values, excluding the m = 0

harmonic. We can exclude the 7 = 0 harmonic because, by construc-
tion, our solutions are such that Zy(a_) = 0. It follows that

Wp(a) =o' y" Z a, (84)
where « is the vector of the o; values, y is the matrix of the J,,.(a) val-

ues, excluding the m =0 harmonic_, and Z is the matrix of the

Zmi(a_) values, excluding the m = 0 harmonic. If

dy
Vr-VV=—i=. 79 =W y. 85
Jvr ' 90 79) L=, (85)
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Then,
oW, (a) :nzgffipxg. (86)

We have already shown that W, (a) is real, which implies that gp,

which is known as the perturbed plasma potential energy matrix, is
Hermitian.

B. Perturbed vacuum potential energy matrix
According to Eq. (80), the perturbed vacuum potential energy is

oW, = —1? Z myy(a) Vi(ay), (87)

excluding the m = 0 harmonic, which obviously does not affect the
vacuum energy. However, Eqs. (71) and (76) imply that

Valay) = Z Hyw 1 Yy (@) (88)
in the no-wall case and

Vm(a+) = Z G m,ym/(a) (89)

in the perfect-wall case. Here, we have excluded the m’ = 0 harmonic,
which also obviously does not affect the vacuum energy. Hence, we
can write

oW, = n? ZT luz, (90)

where W is the matrix of the —m H,,,,, m’ values in the no-wall case,
—0

excluding the m = 0 and m’ = 0 harmonics, and the —m G,y,,y m’ val-
ues in the perfect-wall case, likewise excluding the m = 0 and m' = 0
harmonics,. Given that H,,,,, and G,,,, are Hermitian, we deduce that
w, which is known as the perturbed vacuum potential energy matrix,

is Hermitian. It follows that

5Wv:n2gTZT¥vzg. (91)

C. Total perturbed potential energy matrix
The total perturbed potential energy is

5W:5Wp(a)+5WU:n2g1XT¥Xg, (92)

where

<

Wew W ©3)

Given that W and W , are both Hermitian, we deduce that W, which
is known as the total perturbed potential energy matrix, is Hermitian.

D. Ideal stability

The fact that W is Hermitian allows us to write

WE=8A, 9

ﬁT

=

=1, (95)
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where E is real, and é is the diagonal matrix of the real 4,, values. If
T

=

|R>

o, then

SW=ma"As =7 |aml* Jm- (96)
m=1,]
Thus, if any of the 4,, are negative then solutions exist for which W
is negative, and the plasma is consequently unstable to an axisymmet-
ric ideal mode.”’
Suppose that 3", |&,,|> = 1. The ideal energy of the mth mode,
for which &,y = , is

W, = 72 D (97)
However,

A=g'Ww

[

(98)

Thus, the diagonal components of f Tﬁp p and p Tgv f are the

plasma and vacuum contributions to the 4,,, respectively. The eigen-
function of the mth mode is conveniently normalized such that

ym’(a) = ﬁm/m'
VI. GENERAL RESISTIVE WALL MODE STABILITY

The unnormalized mean minor radius of the wall is b = b, a,
where a = € Ry is the unnormalized mean minor radius of the plasma.
Suppose that the wall is resistive and possesses an (unnormalized) elec-
trical conductivity o, as well as an (unnormalized) uniform radial
thickness d. Consider a particular axisymmetric ideal mode for which
the total perturbed potential energy in the absence of a wall, W, is
negative, but the total perturbed potential energy in the presence of a
perfectly conducting wall, 5WPW, is positive. In this case, the no-wall
ideal mode is unstable (because 6 W,,, < 0). In the absence of the wall,
this mode would grow very rapidly on an Alfvénic timescale. On the
other hand, the mode is completely stabilized if the wall is perfectly
conducting (because 6 W,,, > 0). However, because the wall is not per-
fectly conducting, the unstable ideal mode is instead converted into a
much more slowly growing resistive wall mode.

Let the (unnormalized) growth-rate of the resistive wall mode be

)= (99)
Tw

where
Ty = Uy Oywbd (100)

is the (unnormalized) L/R time of the wall (see Sec. 1 of the
Appendix). The normalized growth-rate of the resistive wall mode is
specified by

P =\ W
5Wtanh( 5.7) = P (101)
where 0,, = d/b and
1/2) [ |Ap, % n,|* dS,,
_(/2) A xS o

I by (W — OWomy)

Here, 0 Wy, is the vacuum potential energy in the absence of a wall,
whereas dW,,,, is the vacuum energy in the presence of a perfectly
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conducting wall. Moreover, dS,, is an element of the inner surface of
the wall, and the integral is over the whole inner surface. Furthermore,
the perturbed magnetic field in the vacuum region, in the no-wall case,
is written V X A,,. It is easily demonstrated from Egs. (A20) and
(A21) that Ay = >, Vi (1) "0 b, where Y (1) are the y-com-
ponents of the no-wall eigenfunction of the mode in question. Here,
we have made use of the fact that ¥ = 0 in the vacuum region,
because o, = 0 [see Eqs. (A50) and (A62)]. Finally, dS,, = J d0dé¢.

Hence, we deduce that
2
2 (Zm#o‘ymn\vl )?:bw

103
5 vaw - 5 anw ( )

Oy =

Here, we have neglected y,,,, because y, does not affect the vacuum
energy (see Sec. V A).

The wall parameter, o, is sometimes expressed as o, = beg /b,
where b is the “effective” mean minor radius of the wall.”” In the

cylindrical limit,
—\ 2|m|
1 a

In fact, 1/, measures the strength of the inductive coupling between
the wall and the plasma.
Given that =0 for a no-wall solution, Eq. (57) yields

my, :Rbg;lgzu, (105)

which enables us to determine the yton(? = by) from the
Ymomw(7 = 1). Here, m is the diagonal matrix of the poloidal mode
numbers. o
Finally, in the thin-wall limit, J,, < 1, Eq. (101) simplifies to
give
oWy
Oty 6 Wy,

h=— (106)

VII. INVERSE ASPECT-RATIO EXPANDED TOKAMAK
EQUILIBRIUM

A. Introduction

Up to now, our analysis has been completely general. At this
stage, we introduce the simplifying approximation of an inverse
aspect-ratio expanded plasma equilibrium. However, as discussed in
Sec. 111 D, we must restrict our discussion to up-down symmetric equi-
libria in order to ensure that V - € = 0.

B. Equilibrium magnetic flux-surfaces

Let us assume that the inverse aspect-ratio of the plasma, € =
a/Ry = a (since Ry is normalized to unity), is such that 0 < € < 1.
Letr=e¢?, V=¢1V,and ' — ¢!’ Suppose that the loci of the
up-down symmetric equilibrium magnetic flux-surfaces can be written
in the parametric form:'"'>"®

R(7, @) =1—€? cosw + € ZHJ(?) cos[(j— 1) w]

>0

+ & L(#) cos o, (107)

pubs.aip.org/aip/pop

Z(#,w) = € sinw + € ZH](?’) sin[(j — 1) o]
1
— & L(7) sinw, (108)

where j is a positive integer. Here, H; (#) controls the relative horizon-
tal locations of the flux-surface centroids, H,(7) controls the flux-
surface elongation, H3(7) controls the flux-surface triangularity, et
cetera, whereas L(7) is a flux-surface re-labelling parameter. Moreover,
(R, Z) is a geometric poloidal angle that is distinct from the straight
poloidal angle 0(R, Z). (The relationship between these two angles is
specified in Sec. 5 a of the Appendix.)

C. Coupling coefficients

In Sec. 5 of the Appendix, the following expressions for the cou-
pling coefficients that appear in the axisymmetric ideal-MHD o.d.es,
(15) and (16), are derived:

o ,( 3#
Am(r):1+€ —T+H1+Sl ’ (109)
Aﬁil(?) = —€H, (110)
AMEI(7) = 75H]{ forj>1, (111)
B"(#) =0, (112)
BI(F) = ze(m=)f —phq’ +(1-s)H],  (113)
. +j Hj
B"H(7) = e ) [(1 —s)H — (" - 1) 7’} forj>1, (114)
r
cr(#) =0, (115)
Cirl(7) = *emli —ph g + (1= H},  (116)
+i/sA H
Ch(7) = *e T [(1 fs)H} -G -1 TJ} forj>1, (117)
j r
A .d [2—s5
Dﬁ(r):mz-i-&n%( . )+ezm284
) of2—3s 2 ., dx P
+ € =7 p +qVE_rdA(rpz)

/2
—2(1—5)?’p'2+2?p/2q2<—2+3p+q)
1 2 d A0 /
+2H,q 5( ) —4(1—=9)py] ¢, (118)
+1/s d . , .
D 5) = [ S 780) (- 9pi] emmE G, (19)
Dy (#) = —em (m=j)H]  forj> 1. (120)

Here, p,, %, and S4 are defined in Egs. (A86) and (A91)-(A95). Our
system of equations is now complete.

D. Toroidal plasma current

The net toroidal plasma current flowing in the plasma is given by

IP:f#; JVquVr-BdB:fF By do, (121)
r=a T

=a

Phys. Plasmas 32, 112505 (2025); doi: 10.1063/5.0303715
© Author(s) 2025

32, 112505-9

60:11:8) GZ0Z JOGWAAON GZ


pubs.aip.org/aip/php

Physics of Plasmas ARTICLE

which yields
Ip = yshape Ipclyv (122)
where
2na’g(a)
Loy = ——=—~ (123)
T qla)

is the plasma current predicted by cylindrical theory, whereas

yshape = <|VA?|2>?:1 (124)
is the factor by which the toroidal current is increased due to the shap-

ing of the plasma’s poloidal boundary.

E. Plasma self-inductance

The dimensionless self-inductance of the plasma is convention-
ally defined as''
1
I = 2[ PV di
0
UV

Plasmas whose current profiles exhibit strong central peaking tend to
have high [; values, whereas those with broad current profiles tend to
have low [; values.

(125)

F. Behavior close to magnetic axis

When # < 1, the well-behaved solution of the axisymmetric
ideal-MHD o.d.e.s that, (15) and (16), is dominated by the poloidal
harmonic whose poloidal mode number is 7 is such that

ym(#) = #" (126)
Zw(#) = |m]|#™, (127)
with yy (7) = Zy (7) = 0 for m’ # 0.
VIIl. RESULTS
A. Model equilibria

The model plasma equilibria used in the TJ code are character-
ized by

B q(0) vg 72
Gay(r) =1 TS (128)
pa(r) = pa(0) (1 = #%)"7, (129)
for7 < 1,and
qcly(r) =q(0) Vg ?27 (130)
pa(r) =0, (131)

for # > 1. Here, qay(r) is the lowest order (cylindrical) safety-factor
profile, whose relation to the actual profile is explained in Ref. 24. The
parameter g(0) is the safety-factor on the magnetic axis, whereas the
parameter v, is automatically adjusted to give a desired value of the
safety-factor at the plasma boundary, g(a). Moreover, p,(r) is the nor-
malized pressure profile [see Eq. (A86)], and p,(0) controls the central
plasma pressure. Note that q(r), s(r) = dlng/dIn#, and p)(r) are all

pubs.aip.org/aip/pop

continuous across the plasma-vacuum interface, as is assumed to be
the case in our previous analysis, as long as v, > 1 and v, > 1.

The shaping of the poloidal cross section of the plasma is deter-
mined by two parameters. The first is H,(a), which controls the
plasma elongation. The second is Hj(a), which controls the plasma tri-
angularity. All of the H;(a) for j > 3 are set to zero. Note that, to low-
est order, the plasma elongation is x = 1+ € H,(a), whereas the
plasma triangularity is 6 = ¢ H3(a).”* Moreover, the large aspect-ratio
ordering scheme adopted in Sec. VII requires H(a) and H3(a) to be,
at most, O(1) quantities.

In summary, our model equilibria are controlled by eight param-
eters: 9(0), q(a), p2(0), vy, Hy(a), and Hs(a), as well as the inverse
aspect-ratio, ¢, and the relative wall radius, b,,.

B. Plasma elongation

Figure 1 shows the variation of the no-wall perturbed potential
energy, 6W,,,, the perfect-wall perturbed plasma energy, dW,,, the
wall parameter, o,, [see Eq. (103)], and the normalized growth-rate of
the unstable vertical mode, 7, with the elongation parameter, H,(a),
for a series of non-triangular plasmas. Results are shown for #1a = 5
(which implies that 11 poloidal harmonics are included in the calcula-
tion) and i, = 10 (which implies that 21 poloidal harmonics are
included in the calculation). The fact that these results are identical
demonstrates that the TJ calculation has achieved convergence with
Mmax = 5. It can be seen that if the plasma cross section is circular
[ie., if Hy(a) = 0] then the vertical mode is stable. However, as soon
as the plasma elongation parameter exceeds a very small threshold
value the vertical mode becomes unstable.

As is clear from Fig. 2, if the plasma is elongated then the unstable
mode causes the plasma to displace vertically. Furthermore, it is appar-
ent from the figure that the unstable eigenfunction satisfies the con-
straint (A61). The same can be said for the unstable eigenfunctions
shown in Fig. 5.

Of course, the vertical mode needs to be stabilized by means of
active feedback. Practical feedback coils must be placed outside the
vacuum vessel, which means that the response time of the feedback
system is limited by the L/R time of the vessel, ,,. Realizable feedback
systems cannot stabilize the vertical mode if its normalized growth-
rate, ) = 7 1, exceeds a threshold value that is estimated to be about
1.5."" It can be seen that the normalized growth-rates shown in Fig, 1
all lie below this threshold value.

C. Inverse aspect-ratio

Figure 3 shows the variation of the no-wall perturbed potential
energy, 6W,,, the perfect-wall perturbed plasma energy, dW,,, the
wall parameter, o,,, and the normalized growth-rate of the unstable
vertical mode, §, with the inverse aspect-ratio, ¢, for a series of non-
triangular plasma equilibria with various different values of the elonga-
tion parameter, H,(a). It can be seen that the growth-rate of the verti-
cal mode initially exhibits a linear increase with increasing inverse
aspect-ratio, but that this linear behavior eventually breaks down.
Moreover, the breakdown occurs earlier for higher values of H(a).

D. Triangularity

Figure 4 shows the variation of the no-wall perturbed potential
energy, 0W,,, the perfect-wall perturbed plasma energy, 5WPW, the
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wall parameter, o,,, and the normalized growth-rate of the unstable E. Wall radius
vertical mode, 7, with the plasma triangularity parameter, Hs(a), for a
series of elongated plasma equilibria with various different values of
the normalized central pressure, p,(0). It can be seen that positive tri-
angularity (i.e., a D-shaped plasma cross section—see Fig. 5) has a sta-
bilizing effect on the vertical mode, whereas negative triangularity has
a destabilizing effect. Moreover, whereas positive triangularity plasmas the normalized central pressure, p;(0). It can be seen that the perfect-
?Xhibit.a mild decrease in t};e growth—rgte of th? vertical mode‘\,\.rith wall perturbed plasma energy becomes extremely positive as the wall
increasing plasr£1la pressure,” negative triangularity plasmas exhibit a approaches the plasma boundary (i.e., as b, — 1). This is indicative of
strong increase.” This finding is significant because, whereas negative the fact that a close-fitting perfectly conducting wall is capable of
triangularity plasma possess many attractive features, such as ELM- completely stabilizing any ideal external mode.”” However, as is clear
free (edge localized mode) operation,’" their increased susceptibility to from the figure, a close-fitting wall does not stabilize the resistive wall
the exceptionally dangerous vertical mode is a major drawback.  ode In fact, asymptotes to a finite positive value as b,, — 1. On

Figure 6 shows the variation of the no-wall perturbed potential
energy, 6W,,, the perfect-wall perturbed plasma energy, 6W,,, the
wall parameter, o, and the normalized growth-rate of the unstable
vertical mode, 9, with the relative wall radius, b, for a series of elon-
gated non-triangular plasma equilibria with various different values of

Furthermore, as is clear from right panel of Fig. 5, having a highly con- ¢ ther hand, the growth-rate of the resistive wall mode increases as
formal Wall does not solve the vertical mode problem for negative tri- the wall becomes more distant from the plasma, and quickly attains
angularity plasmas. dangerous levels (i.e., comparable with 1.5). This finding is significant
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FIG. 3. The no-wall perturbed potential energy, oW, the perfect-wall perturbed potential energy, oW, the wall parameter, o, and the normalized thin-wall growth-rate, 9, of
the vertical mode, plotted as functions of the plasma inverse aspect-ratio, e, for plasma equilibria characterized by Hs(a) = 0, g(0) = 1.01, g(a) = 3.6, p»(0) = 0.05,
vp = 2.5, by, = 1.1, and various different values of H(a).
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FIG. 4. The no-wall perturbed potential energy, oW, the perfect-wall perturbed potential energy, oW, the wall parameter, o, and the normalized thin-wall growth-rate, 9, of
the vertical mode, plotted as functions of the plasma triangularity parameter, Hz(a), for plasma equilibria characterized by e = 0.1, Hy(a) =1, q(0) = 1.01, g(a) = 3.6,
vp = 2.5, by = 1.1, and various different values of p,(0).
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=010 -0.104 FIG. 5. The radial plasma displacement
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because the vacuum vessel in a tokamak fusion reactor is likely to be
quite distant from the plasma because of the presence of shielding
material inside the vessel.

F. Internal inductance

Figure 7 shows the variation of the no-wall perturbed potential
energy, 0W,,, the perfect-wall perturbed plasma energy, oWy, the
wall parameter, o, and the normalized growth-rate of the unstable
vertical mode, §, with the normalized plasma internal inductance, J;,
for a series of elongated plasma equilibria with various different values
of triangularity parameter, Hs(a). In practice, the internal inductance
is varied by changing q(0) at fixed g(a). It can be seen that non-
triangular plasmas exhibit an increase in the growth-rate of the vertical
mode with increasing [;, indicating that the vertical mode is more diffi-
cult to stabilize in plasmas with strongly peaked, as opposed to broad,
current profiles.”” Positive triangularity has a marked stabilizing effect
on the vertical mode that increases with increasing J;. Negative triangu-
larity, on the other hand, has a destabilizing effect at low J; and a weak
stabilizing effect at high J;.

G. Wall thickness

All of the results shown up until now in this paper have assumed
that the thickness of the wall is much less than its mean minor radius.
In fact, as is clear from a comparison of Egs. (101) and (106), the

.15 ; ; ; ; .
0.85 090 095 1.00 1.05 1.10 1.15

R/Ro

relationship between the true normalized resistive wall mode growth-
rate, 9, and the thin-wall normalized growth-rate, } y,;,, is simply

;—Wtanh(m) — - (132)

Here, 9,, is the ratio of the wall thickness to the wall mean minor
radius. As is clear from Fig. 8, the wall thickness has little influence on
the normalized growth-rate of the vertical mode when the growth-rate
lies well below the practical threshold value for feedback control, 1.5.
On the other hand, finite wall thickness leads to a higher normalized
growth-rate when the growth-rate is comparable with the threshold
value. This finding suggests that finite wall thickness should be taken
into account when calculating the maximum controllable plasma elon-
gation of a tokamak plasma.

IX. SUMMARY

In this paper, we have demonstrated how to calculate the stability
of vertical modes in an up-down symmetric, aspect-ratio expanded,
tokamak plasma equilibrium surrounded by a conformal resistive wall.
The calculation of vertical stability turns out to be significantly different
to the calculations of the stability of non-axisymmetric ideal modes in
aspect-ratio expanded equilibria described in Refs. 11 and 12. In partic-
ular, the role of the toroidal angular momentum flux (which is identi-
cally zero for an axisymmetric mode) is instead played by the
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FIG. 6. The no-wall perturbed potential energy, oW, the perfect-wall perturbed potential energy, oW, the wall parameter, o, and the normalized thin-wall growth-rate, 9, of
the vertical mode, plotted as functions of the relative wall radius, by, for plasma equilibria characterized by € = 0.1, Ho(a) =1, Hz(a) =0, q(0) = 1.01, g(a) = 3.6,
vp = 2.5, and various different values of p,(0).
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electromagnetic energy flux. The conservation of electromagnetic
energy can be used to prove that the perturbed plasma potential energy
matrix is Hermitian. The calculation described in this paper has been
implemented in the TJ toroidal tearing mode code. (This is possible
because the basis solutions used to construct tearing eigenfunctions in
TJ can be repurposed to construct ideal eigenfunctions.) The results
obtained from the enhanced TJ code are broadly similar to those
reported previously in the literature.*'>*"*>**! In particular, positive
triangularity is found to have a strong stabilizing effect on the vertical
mode, whereas negative triangularity either destabilizing or weakly sta-
bilizing. Finally, our calculations indicate that finite wall thickness
should be taken into account when determining the maximum control-
lable plasma elongation of a tokamak plasma.

It should be noted that all of the analysis prior to Sec. VII is
completely general, and could be used as the basis for the calculation
of the stability of a general up-down symmetric tokamak plasma equi-
librium to vertical modes.
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APPENDIX A: TECHNICAL DETAILS

1. Wall L/R time

Let us approximate the wall as a periodic cylinder of length
27 Ry, radius b, thickness d < b, and electrical conductivity o,,. Let
r, 0, and z be conventional cylindrical coordinates. In the absence of
a plasma, if we imagine that a radially uniform axial current of den-
sity jo sin 0 flows in the wall then the wall’s self-inductance can eas-
ily be shown to take the form L = p,Ry/2. The electrical
resistance of the wall (for an axial current) is R = Ry/(0, bd).
Hence, the resistive decay time of the current is L/R =1,/2,
where 7,, = y, g,, bd is what we shall refer to as the L/R time of the
wall.

2. Plasma equilibrium
It is easily demonstrated from Eq. (4) that''

B =B-Vr=0, (A1)
0_p.vo—t_

B'=B-V0=—5, (A2)
o_B.vp—S 4

B =B-V$=o5="5, (A3)

B,=JVOxV¢ -B=—rfVr-Vo, (A4)

Bg:JV(/)er-B:rf|Vr|2, (A5)

By =JVrxV0-B=g. (A6)

The Maxwell equation (neglecting the displacement current,
because the plasma velocity perturbations due to axisymmetric
modes are far smaller than the velocity of light in vacuum) J =
V x B yields

OB
JI'="%y=0, (A7)
OB
jIOZ—a—;b:—g/7 (A8)
OBy OB, 0 d
o 70 _T7r 7 2 _ .
T =t =y =5 (f V) + 5 (rf Vr-¥0),  (A9)

where J is the equilibrium current density, ' = d/dr, and use has
been made of Eqs. (A4)-(A6).
Equilibrium force balance requires that

VP =] x B, (A10)

where P(r) is the equilibrium scalar plasma pressure. Here, for the
sake of simplicity, we have neglected the small centrifugal modifica-
tions to force balance due to subsonic plasma rotation.””” It follows

that
P =70"B%—J¢B

__g8_J |2 2, O ,
= ¢ 70— 5, (S IV + 55 (F V-0 |, (A1)
where use has been made of Egs. (A1)-(A3), and (A7)-(A9). The

other two components of Eq. (A10) are identically zero.
Equation (A11) yields the inverse Grad-Shafranov equation:'’
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fo n, f O P op2p OP'E) 00p  h s b0 2000 1 b 1é 10
rar(rf|Vr|)+r89(err VO0)+g¢ +R°P=0. (Al2) —T—FW—}’ROB —j”BY) +rR*(J7b? —J?b"),
It follows from Egs. (5), (A9), and (A12) that (A27)

(P& 9p 2 (i — 2 (19
2 - +—=rR(j*B —j B +rR(J*V —J b?),
f (A28)
It is clear from Egs. (A8) and (A13) that ¢’ = P’ = 0 in the current- 0=rR(j B’ —ja B)+rR*(J -7 b, (A29)
« > . >4
free “vacuum” region surrounding the plasma, r > a where use has been made of Eq. (3). Thus, according to Egs. (Al)-
(A3), (A7), (A8), and (A13),
3. Derlvaltllon of axisymmetric ideal-MHD P.D.E.s o) +@ P - —g b+ ' FREP y
Now, ar ar q] —J g 8 f )
(ExB), =T ("B ¢ B') = f(q¢" - &), (A14) (A30)
B), = J ("B — & B?) = —qf & Al5 APE) a9 R:P
(ExB)y=J (B ~&B) = —qf&,  (A15) B <89:>+ﬁ__qu,_<qg/+rf )ba (s
(ExB),=J (B —&B)=f¢, (A16)
. 0=fj"+g'v" (A32)
where use has been made of Egs. (5) and (A1)-(A3). Combining
Egs. (6) and (A14)-(A16), we obtain'’ It follows from Egs. (A20) and (A32) that:
D& xB), _a(fe) e,
"= = J = % 755 (A33)
J b a0 0 s (A17) g 90
Jd(E X B £r h
gy = 2By 0¢&) (a18) o
or or ¢
Tht — d(ExB), IExB), oy (r) = 7 (A34)
or a0
B r o Equations (A20), (A22), and (A31) give
=MD Doy )
r 5p = op(r). (A35)
. 3), . .11
Equations (3), (A17), and (A18) give Hence, of the three components of the perturbed force balance
Oy equation, only Eq. (A30) remains to be solved.
2 1.7
TR = 90’ (A20) Equation (8) yields]1
0
210 _ y
R = (A21) Ry = (A36)
a0
where PR = 7?, (A37)
y(r,0) =f¢&". (A22) "
rR*j = by _ b, (A38)
It immediately follows that V - b = 0, in accordance with Eq. (6). I =3 "0

Note that Eq. (A21) is radically different from the expression, (54),
for b’ given in Ref. 11. Thus, it is at this stage that our analysis starts
to diverge from that of Ref. 11.

where use has been made of Eq. (3). It follows from Egs. (A33),
(A36), and (A37) that

60:11:8) GZ0Z JOGWAAON GZ

According to Eq. (9), by = —agy +0og(r), (A39)
- P Ur. —_per 0 -9
p=—PVr &+op=—P & +dp. (A23) R = (War $) (A40)
So, the perturbed force balance equation, (7), yieldsI !
Note that V - j = 0, in accordance with Eq. (8).
OP'E) 09
- (8,5 ) 6—f = (i B), +( xb), (A24) Now,
’ b=0bVr+byVO -+ by Vo, (A41)
oPeE) 99 .
- (ae ) 8—61,:(]><B)0+(I><b)97 (A25) 5o
0=(xB),+(Jxb), (A26) b =b-Vr=|Vr*b, + (Vr-V0)by, (A42)
giving'’ bW =b-V0=(Vr-V0)b, +|V0 by, (A43)
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by
b¢:b.v¢:ﬁ (A44)

Equations (3), (A42), and (A43) can be rearranged to give''

1 Vr-Vo

b, = V- by, A45
(&) (w#)” s

Vr- V0 1
b = b+ bp. A46
(vﬂ) L

Let
o 2 Oy dy

Z(r,0) =|Vr|"r ar—i-rVr %4 50" (A47)

Equations (A20), (A21), (A39), (A45), and (A46) yield
1 dy Vr-Vo

= v Z, A48
r|VrPR2 90 | Vr| (A48)
by = —Z, (A49)
(g y — 0g)
bt = - (A50)

Equations (A38), (A48), and (A49) give

_9z2_ 9
dr 00

1 9y Vr-vo

rR2j = a7 1
r|VrPR2 00 |Vr|

Z|. (A51)

It follows from Egs. (A21), (A22), (A30), (A35), (A40), (A50), and
(A51) that

o (P /
(7)o
_Jfaduy—dg) f 02
rR? or rR2 Or
Lg 1 @+VF-VH
rR? 00 r\Vr\z R2 00 |Vr|2

g (o, y — 6g) rREP'Y 1 0
e g 7 Wa_i' (452

Hence,

/

RZ
— [(oy ot —I—rcx;,)Rz +qroz;, +r? oté]y—l—q? rop

+qrog +r’ oy og (A53)
9z o 1 9y rvr-vo }

~"or To0 |[vPr 90T P

and
PR = (o o + )R+ qr o + 1 oy
AR s vl — s (A54)
—?rp—qrg—r O(g g,

where

pubs.aip.org/aip/pop
P/
ap(r) = rf—z, (A55)
2 d
oy (r) = r? = <J;) (A56)
Equations (3), (A19), (A22), and (A50) imply that
0 0
rogy—o0) =2y D) s
Hence, we deduce that
d
rog =rog (y) — (Zf‘y)) , (A58)

where (---) = §(---) d0/(2n). Furthermore, Egs. (3), (5), (10), and
(A22) yieldH

0 /q 0
250 9 2 2 20
rR*op=—-IP o (gR y) +_86 (rR ¢ )] (A59)
which gives
d (q
2\ s 9 p2
r(R)op=-TP - (g (R y)). (A60)

Let us now assume that

() = (R y) =0. (A61)
In this case, Egs. (A58) and (A60) yield

which, from Eq. (10), implies that V - € = 0. In other words, the
perturbation to the plasma equilibrium does not compress the
plasma.

Equations (A47), (A53), and (A62) yield the axisymmetric
ideal-MHD partial differential equations (p.d.e.s),

r@ _Z _rVr~V0@
o |vrf IVr? 90’

(A63)

0Z
r——=—[(oy % +roc1’,)R2 +qr0€fg+rz O‘;])’

or
0 1 Oy 0 (rVr-Vo
_ % (vr|2 R %) - % < |Vr|2 2)7 (A64)

which govern the perturbed equilibrium.

4. General coupling coefficients

The coupling coefficients for the axisymmetric ideal-MHD
od.es are

AT = (A65)
B = —m/f, (A66)
cy = —mflr, (A67)
Dy = —(o oy +r0t,) ap,
—(qrog + r ocfg) M 4 mm b (A68)
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where
am/( ) = %RZ exp[ i(m— m’)@] ;l—e, (A69)
7
. , do
|Vr|™? 2 exp[—i(m—m') 0] bt (A70)
' . , do
an(r) = |Vr| 2 exp [—1 (m—m") 0] et (A71)
irVr-Vo , do
‘“ T —i(m— 0 —. A72
0 = ool S
Here, 52/ is a Kronecker delta symbol.
Note that a), = aﬁ'*, by = bﬁ’*, Cy = cﬁ’*, and ) = — ;l”'*,

which implies that A, =AY, B, = —C", Cr = —Bpf, and
Dy, =D
m/ m/ .

5. Derivation of large aspect-ratio coupling coefficients

a. Coordinate transformation

Let

OR 0Z OR az) (A73)

160 =3 (5o 3~ 56
be the Jacobian of the # and w coordinate system. We can transform
to the 7, 0 coordinate system by writing

Lo Y, o) . J(7, ®)
0(r,w) =2n L RG.) dco/ ?j;R(?,w) do, (A74)
.1 [ w)
= ZK#R(?,CU) do. (A75)
This transformation ensures that
00 ]
dw R’ (A76)
and, hence, that
OROZ OROZ\ _ Jdo
(@E_EE)*GR]@*YR’ (A77)
in accordance with Eq. (3). Note, from Egs. (A75) and (A76) that
.1 [ 00 .
r—ﬂi;r%dw—r. (A78)

Thus, the transformation (A74) and (A75) really does transform
between the 7, o and the 7, 0 coordinate systems.

b. Metric elements

We can determine the metric elements of the flux-coordinate
system by combining Egs. (107), (108), and (A73)-(A75).
Evaluating the elements up to O(e), but retaining O(e?) contribu-
tions to terms that are independent of , we obtain'""*

~3 ~ H
L(?):r__r_Hl_le_l) ?17 (A79)

pubs.aip.org/aip/pop

0=w+etr sinw—ezl[H]{—O—l)H] sin(jw),  (A80)

>0
Vi =1 +2€ZI‘I; cos(j 0)
>0
~2 H2
+ e i_Hl G- Z HP + (P —1) - ] . (A81)
]>0
AU 1 H; H;
V?-V@zesin()—ez—, {H}’—i—%—i—(jz - )ﬁ} sin(j 0),
=0/ r r
(A82)
~2
REP=1-2¢7 cosﬁfez(%f?H{fZHl). (A83)
Here,” = d/dr.
c. Expansion of inverse Grad-Shafranov equation
Let us write' "'
fl) =%, (A84)
q
g() =1+ @) + ¢ gu(?), (A85)
P'(#) = e ply(7), (A86)

where g, &, g1, and p, are all O(1). Here, the safety-factor, g(#), and
the second-order plasma pressure gradient, p)(7), are the two free
flux-surface functions that characterize the plasma equilibrium.

Expanding the inverse Grad-Shafranov equation, (A12), order
by order in the small parameter €, making use of Eqs. (A81)-(A86),
we obtain' "' *"”

;
=P 5029 (A87)
Hl 2 )
H;’:—(3—2s)71—1+%, (A88)
H! H,
@':_(3—2s)7’+(;‘2—1)A—; forj> 1, (A89)
r

=2

i P (7 .
=& pZ q (2—5) _52+p2 ?+?—2H1—37H1 5

(A90)
where s = 7 ¢ /q is the magnetic shear, and

S 2-—
2 7% (A91)

q q

L n_ (2 H‘z
SiF) =52 |3H7 = (F=1) 5|, (492)
j>0
o3
Sz(r) = T -2 H;
/2 2 IJ]/I—IJ 2 H’Z
+Y O [HP+2( - )= N CCE)
j>0
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S3(r):_T+E+HI+SI’ (A94)

7A2
&(%):Ter] —3FH, + 8. (A95)

The horizontal Shafranov shift of equilibrium magnetic flux-
surfaces is parameterized by —H;. Note that H, is driven by toroi-
dicity [the second term on the right-hand side of Eq. (A88)] and
plasma pressure gradients (the third term). All of the other shaping
terms (ie., the H; for j > 1) are driven by axisymmetric currents
flowing in external magnetic field-coils.

Equations (A34), (A55), (A56), and (A84)-(A86) yield"'

a,(7) = pzq (1-2e&g), (A96)
% (7) :§<gz -Cag+eg), (A97)
w(?) = —s+ et g (A98)

Finally, it follows from Egs. (A82) and (A88)-(A89) that

12 /
V#-Vl= 26[1_172;1 +(1—s)%]sin0

—252 { 1—s H—I—(]z—l)H}sm(]f)) (A99)

]>1

d. Calculation of coupling coefficients
Equations (A81) and (A92) yield
SA—2 / . 2 3?2
IV#H?=1-2¢) H] cos(j0) + ¢ —=HH+S ), (A100)
>0
Equation (A83) gives

52

R’2:1+26?cosO—l—eZ(T—?H;—ZHl). (A101)

The previous two equations imply that
Vi 2R 2 =1+2¢€f cosf — ZEZI‘I]{ cos(j0)
j>0
77
+€2(77H173?H;+51>. (A102)
Finally, Egs. (3) and (A100) yield

Vi#-VO|V#?

/2
:Ze{l_Pqu
r

H/
+(1-ys) > } sin 0 (A103)

H! H.
—Zez { 1—5s) ;—‘—(jz—l);‘—zj}sin(]’()).
]>1

Equations (A69)-(A72), (A83), (A100), (A102), and (4) imply
that

pubs.aip.org/aip/pop

22
am, = 62, — 6?(5m’—m71 + 5m’7m+1) - 62 (% - ?Hi B ZHI) 5$,7
(A104)
bml = 53 + €7 (O —m-1 + Omr—m+1)
—€ Z I_I]/ (5m’7m7j + 5m’7m+j)
>0
7#
+e (- H -3k H 45 )5 (A105)
o = 52, - szj,(‘sm’—m—j + Ot —mt)
>0
5 372 m
+€ *T+H1+Sl 5m’ (A106)

frt;n, = —e[f _plz qz +(1-s) H”(ém’fmfl = O —mt1)

1
(A107)

If we write
oy = oc(o) +é ocfgz), (A108)
o2 = o) +Eal (A109)
O(f:otf()-l-e ocj(f), (A110)
m, =1+ eam,(l) +é am,m (A111)
b =14t 4 2 (A112)
Dm:D$<)+eD$<>+eDg<), (A113)

where a&(yo), ag), etc.,, are O(1), then it follows from Eq. (A68) that

DO = —a¥ 0 — 7 oy — qi ) + i, (A114)
D =~ o + 7 oyl O+ m B0, (A115)

Dﬁm = —[ocj(f)) otl(, )7 ozp( )]am’(z) — a}o) oc‘f,z) — oc}z) oc},o)
2).

_M;)(z) —q?otfg(z) _;2[ (o >] +m? hm (Al16)

Finally, Egs. (A69)-(A72), (A104)-(A107), and (Al14)-
(Al116) give the following expressions for the coupling coefficients
appearing in the axisymmetric ideal-MHD o.d.e.s, (15) and (16)

~2
An(F) = 1+52<73T7+H1 +Sl>: (A117)
ALY = —eH), (A118)
Aﬁtj(f‘) :—6[’1; forj>1, (A119)
B () =0, (A120)
BIE\(7) = ®e (m=1)[F — phg® + (1 — ) H], (Al21)
- *j H;
B (?):ie—"’j {(l—s)H}—(iz—U 71] for j>1,
(A122)
cn(#) =0, (A123)
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(A124)

+i H;
C"’—](?):iez {(lfs)HJ{f(jzfl) A]] forj>1, (Al25)
j 7
. . d /2
Dﬁ(f):m2+q7%<7)+€zm254
2722—52 Adzggw
te r( ;) TG iR
P 395
—2(1—s)7py+27phq 2+ 5

(A126)

(A127)
(A128)
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