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ABSTRACT

The external-kink stability of a toroidal plasma surrounded by a rigid resistive wall is investigated. The well-known analysis of Haney and
Freidberg is rigorously extended to allow for a wall that is sufficiently thick that the thin-shell approximation does not necessarily hold. A
generalized Haney-Freidberg formula for the growth-rate of the resistive wall mode is obtained. Thick-wall effects do not change the mar-
ginal stability point of the mode but introduce an interesting asymmetry between growing and decaying modes. Growing modes have
growth-rates that exceed those predicted by the original Haney-Freidberg formula. On the other hand, decaying modes have decay-rates that
are less than those predicted by the original formula. The well-known Hu-Betti formula for the rotational stabilization of the resistive wall
mode is also generalized to take thick-wall effects into account. Increasing wall thickness facilitates the rotational stabilization of the mode,
because it decreases the critical toroidal electromagnetic torque that the wall must exert on the plasma. On the other hand, the real frequency
of the mode at the marginal stability point increases with increasing wall thickness.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0239148

I. INTRODUCTION

According to the standard ideal-magnetohydrodynamical (ideal-
MHD) stability theory, a fusion plasma confined on a set of toroidally
nested magnetic flux-surfaces can be rendered completely stable to
ideal external-kink modes by means of a perfectly conducting, rigid
wall that is located sufficiently close to the plasma boundary. * Of
course, a practical metal wall possesses a finite electrical conductivity
and can, therefore, only act as a perfect conductor on timescales that
are much less than its characteristic L/R time. Given that the L/R time
of any conceivable wall (1072 s) is considerably smaller than the
desired confinement time of a fusion plasma (~1 s),” it is clear that
the finite conductivity of the wall must be taken into account in the
stability analysis. When the finite wall conductivity is taken into con-
sideration, ideal external-kink modes that would be stabilized by the
wall, were it perfectly conducting, are found to grow on the L/R time
of the wall.”” Such comparatively slowly growing modes [compared to
ideal external-kink modes, which grow on the extremely short
(1077 s) Alfvén time]® " are known as resistive wall modes. In 1989,
Haney and Freidberg'~ derived a very general formula for the growth-
rate of a resistive wall mode that makes use of the “thin-shell approxi-
mation,” according to which the skin-depth in the wall material is

assumed to be much larger than the wall thickness. The aim of this
paper is to generalize the Haney-Freidberg formula to allow for thicker
walls in which the thin-shell approximation breaks down.'” "

The Haney-Freidberg formula features the quantity 6 W,,,,, which
represents the perturbed potential energy of the plasma calculated on
the assumption that inertia is negligible and the wall is absent, as well
as the quantity dW,,,, which represents the corresponding energy cal-
culated on the assumption that the wall is present and perfectly con-
ducting. The Haney-Freidberg calculation constructs the physical
resistive wall mode eigenfunction as a linear superposition of the trial
eigenfunctions that are used to calculate 6W,,, and 0 Wp,,. Now, the
resistive wall mode eigenfunction must satisfy all physical boundary
conditions at the plasma/vacuum interface. On the other hand, it turns
out that the trial eigenfunctions do not satisfy the perturbed pressure
balance boundary condition at the interface. In general, the only rea-
son that 6W,,, and 6W,, can take non-zero values is because this
boundary condition is not satisfied. The fact that the trial eigenfunc-
tions do not satisfy the pressure balance boundary condition is implicit
in previous work, but has never been directly pointed out before.
Furthermore, Haney and Freidberg did not explicitly demonstrate that
their resistive wall mode eigenfunction satisfies the pressure balance
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boundary condition (in general, it does). Consequently, the analysis
presented in this paper will pay particular attention to the boundary
conditions at the plasma/vacuum interface.

Il. IDEAL EXTERNAL-KINK MODE STABILITY
A. Scenario

Section II reprises some well-known background material in order
to closely examine relationship between dW,,, and 6W,,, and the pres-
sure balance boundary condition at the plasma/vacuum interface.

Consider a fusion plasma that is confined on a set of toroidally
nested magnetic flux-surfaces. Let V), represent the toroidal volume
occupied by the plasma, and let S, be the volume’s bounding surface.
Suppose that the plasma is surrounded by a rigid, conducting wall
whose uniform thickness, d, is small compared to its effective minor
radius, b. Let the wall occupy the toroidal surface S,,. Let V; represent
the vacuum region lying between the plasma boundary and the wall.
Finally, let V, represent the vacuum region that lies outside the wall,
and extends to infinity, see Fig. 1.

B. Plasma equilibrium

Let p(r), p(r), B(r), and j(r) represent the equilibrium plasma
mass density, scalar pressure, magnetic field, and electric current den-
sity, respectively. It follows that 11yj = V x B,and Vp =j x B. Letn
be a unit, outward directed normal vector to S,. We have

n-B=0 (1)

on S, because S, must correspond to a magnetic flux-surface. We also
expect the rapid transport of particles and energy along magnetic field-
lines to ensure that n x Vp = 0 on S,.” Hence, we deduce from the
equilibrium force balance equation that

n-j=0 2)

on S,,. Finally, equilibrium force balance across S, yields

S w

FIG. 1. Schematic diagram showing the poloidal cross section of a toroidally con-
fined plasma. V, is the plasma volume, and S, is its bounding surface. S, is a phys-
ically thin wall that surrounds the plasma. V; is the vacuum region that lies between
the plasma and the wall, whereas V;, is the vacuum region that lies outside the wall.

pubs.aip.org/aip/pop
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on Sy, which implies that

(2] bl

on S,. Here, B(r) is the equilibrium magnetic field in the vacuum
region.

C. Plasma perturbation

Assuming an exp(y t) time dependence of all perturbed quanti-
ties, and neglecting equilibrium plasma flows, the perturbed, linearized
plasma equation of motion takes the form® "'

P pE=F(), (5)

where

F(&) =V(I'pV-&) — ' Bx(VxQ+V( Vp)+jxQ,
(6)
and Q=V x (& x B). Here, &(r) is the plasma displacement,
I' = 5/3 is the ratio of specific heats, and Q(r) is the divergence-free
perturbed magnetic field in the plasma. Moreover, F(&) is known as
the force operator. The divergence-free perturbed magnetic field in the
vacuum region is written as V x A, where

V x(VxA)=0. (7)

D. Physical boundary conditions

Now, &(r) must be square integrable at the magnetic axis, other-
wise the potential energy, 0 W [see Eq. (12)], of the perturbation would
be infinite. Furthermore,” "

nXA:—(n-f)ﬁ, (8)
BZ
“IpV g+ eV oot B-Q
0
BZ
_é.v<>+;¢01]§~V><A )
2 o

on S, Equation (8) ensures that the perturbed plasma boundary
remains a magnetic flux-surface, whereas Eq. (9) is an expression of
perturbed pressure balance across the boundary. Finally, if the wall is
perfectly conducting then

n, x A =0, (10)

on S, where n,, is a unit, outward directed normal vector to S,,. On
the other hand, if the wall is absent then

VxA=0, (11)

at infinity. Equation (10) ensures that the perturbed magnetic field
cannot penetrate the perfectly conducting wall, whereas Eq. (11)
ensures that the potential energy of the perturbation remains finite.
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The boundary conditions (8), (10), and (11), the constraint that
&(r) be square integrable at the magnetic axis, and the constraint that
V x A be square integrable at infinity, are conventionally termed
essential boundary conditions, whereas the boundary condition (10) is
termed a natural boundary condition.” "' An essential boundary con-
dition is one that must be satisfied by all prospective solution pairs
[é(r), A(r)]. In other words, an essential boundary condition must be
satisfied by the physical resistive wall mode eigenfunction, as well as
the trial eigenfunctions used to calculate 6W,,, and 6W,,. On the
other hand, a natural boundary condition is one that must be satisfied
by the resistive wall mode eigenfunction, but can be violated by the
trial eigenfunctions.

A more precise definition of a natural boundary condition is that
it is one that emerges from the minimization of the plasma potential
energy. In other words, the minimization processes drives the trial
solution toward one that satisfies the boundary condition. Although
this has been pointed out many times before,”’”'' what is not
completely clear from previous work is that the minimization process
can fail to satisfy a natural boundary condition if such satisfaction
would overconstrain the problem. This is precisely what happens to
the trial solutions used to calculate 6 W,,,, and 0 Wp,,.

E. Ideal-MHD energy principle

The potential energy of the perturbation characterized by the
solution pair [&(r), A(r)] takes the form® "’

ow(es) = eF@a, (12)
Vp
It follows from Eq. (A4) that
OW = OW, + SW, + dW,, (13)
where
W8 =3 [Mp(vV-8(V- 8+ Q-0
+(V-& (& Vp)+j-&xQldV,, (14)
1 B?
OW(E,¢) zin(nf) (n-&n- HV <P+2_%>:|:|dspv (15)
. 1
SW,(A,A) = ZTJV(V x A)-(V x A)dV. (16)

Clearly, 6W,, 6Wj, and 6 W,, respectively, represent the contributions
from the bulk plasma, from equilibrium surface currents flowing on
the plasma boundary, and from the vacuum, to the overall potential
energy of the perturbation.

The ideal-MHD energy principle” ' states that if any solution
pair that satisfies the boundary conditions makes W < 0 then the
plasma is ideally unstable. In other words, at least one eigenmode with
92 > 0 exists, where 7 is of order the inverse Alfvén time. On the other
hand, if no valid solution pair can be found such that W < 0 then
the plasma is ideally stable. In other words, all eigenmodes are charac-
terized by y? < 0.

Clearly, in order to utilize the ideal-MHD principle, we need to
minimize 0W (&, &) with respect to &, and then determine whether the
minimum value is positive or negative. In the former case, the plasma

pubs.aip.org/aip/pop

is ideally stable. In the latter case, it is ideally unstable. In Subsection 2
of the Appendix, it is shown that the trial solution pair that minimizes
OW, subject to the essential boundary conditions, satisfies the force-
balance equation,

E(¢) =0, 17)

in V,, satisfies Eq. (7) in V, and also ought to satisfy the pressure bal-
ance matching condition, (9), at the plasma boundary.

F. 0Wpw and 6Wpy,

The perfect-wall and no-wall plasma potential energies, 0 Wp,,
and 0W,,,,, respectively, are defined in Subsection 3 of the Appendix. If
0Wp,, > 0 then the ideal external-kink mode in question is stabilized
by the wall. On the other hand, if W,,, < 0 then the ideal external-
kink mode is unstable in the absence of the wall. Of course, the situa-
tion in which a kink mode is unstable in the absence of the wall, and
stable in the presence of perfectly conducting wall, is exactly that which
pertains to the resistive wall mode.

G. Relationship between W, W, and pressure
balance boundary condition

The reason that we have reproduced the very standard theory
outlined in Secs. IIB-IIF is to make an important observation.
Namely, the solution pairs [&(r), Ay, (r)] and [£(r), A, ()], conven-
tionally used to calculate W, and 0W,,,, respectively, do not satisfy
the pressure balance matching condition, (9), at the plasma boundary.
One way of seeing this is to note that if F(§) = 0 in V), then, according
to Eq. (12), W = 0. However, if we assume that the pressure balance
matching condition is not satistied then Eq. (13) generalizes to

OW = OW, + W, + W, + oW,, (18)

where

2
OW(&,A) :%L (n-¢&) —va.§+§.v<f_ﬂo>

BZ
+uolB~Qf-v<2”>
0

—1ty" B+ (V x A)|dS,. (19)

Here, the surface energy 0 W. is directly related to the failure to satisfy
the pressure balance matching condition at the plasma boundary.
Thus, it is clear that

5pr - _5WC(E,A[)W)7 (20)
5an = _5Wc(§,Anw)~ (21)

In other words, the only reason that 6W,,, and 6W,,, can take non-
zero values at all is because the pressure balance matching condition is
not satisfied, see Sec. IV L.

The fact that the solution pairs [&(r), Ap,(r)] and
[é(r), Ay (r)], do not satisfy the pressure balance matching condition,
(9), at the plasma boundary is not problematic within the context of
ideal-MHD theory. The ideal-MHD energy principle guarantees that if
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0W,, < 0 then we can find a solution of Eq. (5) inside the plasma,
and Eq. (7) outside the plasma, which satisfies all of the boundary con-
ditions in the absence of a wall, and is such that y?> > 0. Likewise, if
0Wpy, > 0 then we can find a solution of Eq. (5) inside the plasma,
and Eq. (7) outside the plasma, which satisfies all of the boundary con-
ditions in the presence of a perfectly conducting wall, and is such that
72 < 0. In both cases, the undetermined Alfvénic growth-rate of the
instability, y, provides the additional degree of freedom that allows the
pressure balance matching condition, (9), to be satisfied at the plasma
boundary. However, the analysis of Haney-Freidberg constructs the
resistive wall mode solution from a linear combination of
[&(r), Ay, (r)] and [&(r), Ay, (r)]. Moreover, such a solution must
satisfy all of the boundary conditions, including Eq. (9). Haney and
Freidberg did not explicitly demonstrate that this is possible. As we
shall see, it turns out that it is possible.

lll. RESISTIVE WALL MODE PHYSICS
A. Resistive wall physics

Let A;(r) be the vector potential in V;. Let A,(r) be the vector
potential in V,. Finally, let A, (r) be the vector potential inside the
wall. Choosing the Coulomb gauge within the wall,” the electric field
in the wall takes the form E,, = —y A,,, whereas the magnetic field is
given by B,, = V x A,,. Ohm’s law inside the wall yields j, = o, E,,
where ¢, is the uniform electrical conductivity of the wall material,
and j,, is the density of the electrical current flowing in the wall.
Finally, 1, j,, = V x B,,. The previous equations can be combined to
give

VX (VXA =—lowyA,. (22)

Let d and b be the uniform thickness and effective minor radius
of the wall, respectively. Now, we are assuming that the wall is physi-
cally thin: ie., d < b. Following Haney and Freidberg,"” the position
vector of a point lying within the wall is written r = r; + u d n,,. where
r; is the position vector of a point on the inner surface of the wall. The
normalized length u represents perpendicular distance measured out-
ward from the inner surface of the wall. Thus, u=0 and u=1
correspond to the inner and outer surface of the wall,
respectively. We deduce that the gradient operator within the wall can
be written as

n, 0
V= aut Vs
where Vg, ~ b only involves derivatives tangent to the surface of
the wall.
To lowest order in d/ b, Egs. (22) and (23) yield

(23)

2Aw
n, X (nw X 88u2 ) =/2A,, (24)
where 2 = /i, o, d?*y. Let
d
= 25
77 (25)

The neglect of tangential derivatives with respect to perpendicular
derivatives in Eq. (24) is valid as long as |0;] < 1, which we shall
assume to be the case. Note that || = d/dky,, where

pubs.aip.org/aip/pop
iy = ——— (26)
Ho Ow |71

is the skin-depth in the wall material.” The so-called thin-shell limit
correspond to the situation in which the skin-depth is much greater
than the wall thickness: i.e., || < 1. On the other hand, the thick-shell
limit corresponds to the situation in which the skin-depth is much
greater than the wall thickness: i.e., |4| > 1. Note that it is possible for
the wall to be physically thin (i.e, d/b < 1) but still be in the thick-
shell limit.
Equation (24) yields
2

0
o n, X A, = 2*n, X A,. (27)
u

The solution is
n, X A, (u) = [cosh(Au) + asinh(Au)]n, X A,,(0), (28)

where « is an arbitrary constant. Here, we have made the simplifying
assumption that A,, () does not change direction across the wall: ie.,
as u varies from 0 to 1. This assumption is certainly valid in the thin-
shell limit, and we shall assume that it is also valid in the thick-shell
limit. To the lowest order in 9§,

= L—/; [sinh(Au) + occosh(Au)n x A,,(0). (29)

The boundary conditions that must be satisfied at the inner and
outer surfaces of the wall are continuity of the tangential component
of the electric field,”’ and continuity of the tangential component of
the magnetic field. The latter boundary condition follows because we
are assuming that there are no sheet currents flowing on the inner or
the outer surface of the wall.'* Thus, we obtain

n, x A; = n, x A,(0), (30)
n, X A, =n, X A,(1) = (cosh 2+ asinh ) n x A;, (31)

bn, x (VxA;) =bn, x (VxA,)]0)~35"an, x (n, x A)),
(32)
bn, x (VxA,)=b[n, x(VxA,)]Q1)
~ ;! (sinh 2+ acosh ) m,, x (n,, x A;)

o (sinhﬂv+ ocosh /

07 (S < (¢ A, 39

where use has been made of Egs. (25), (28), and (29). Here, A; and A,
are evaluated on the inner and outer surfaces of the wall, respectively.
Let

Co:anX (VXAO). (34)
n, %X (n, X A,)
Note that {, must be a scalar in order to satisfy Eq. (33). Now, we
expect A, to decay monotonically to zero as we move from the outer
surface of the wall to infinity. Moreover, we expect the decay length to
be of order 1/b. It follows that {, ~ O(1).
Equations (33) and (34) can be combined to give
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sinh 4 + o cosh 4

0 = 35
2o cosh A + asinh 2’ (35)
which implies that '’
o= —tanh /A + 5*—% + 05, ,)% (36)
cosh”/
To lowest order in d; ,, Egs. (31), (32), and (34) yield
n, X A;
n, X Ao = m, (37)
\ tanh
n, x (VxA;) = —Ma;l / n, x (n, X A;)
n, X (V X A,)
cosh 1 ' (38)
The previous equation gives
1 tanh A
ny X [ X (V X A))] :“a; “ ny X A;
4w X [, X (V x A,)] . (39)

cosh A

Equations (37) and (38) [or, alternatively, Eq. (39)] are the two match-
ing conditions that must be satisfied at the wall. According to Eq. (37),
[n, x A,| =~ |n, x Aj| in the thin-shell limit.'”” On the other hand,
|, X A,| < |n,, X Ay| in the thick-shell limit, due to the shielding of
the outer vacuum region, V,, from the inner vacuum region, V;, by
eddy currents excited in the wall. (See Fig. 2.) Finally, Egs. (37) and
(39) can be combined to produce

n, X A;-n, X [n, x (V x A;)]
Jtanh A

=n, XA, -n, X [, X (VxA,)]+ \anA,-|2.
(40)

Figure 2 shows how n,, x A,, varies across a wall for various dif-
ferent choices of the ratio of the wall thickness to the skin-depth, A. It

1.0

0.8

0.6

F(u)

0.4

0.2

0.0

0.8 1.0

u

FIG. 2. Variation of F(u) = [n, x Ay (u)]/[ny x Ay (0)] across a resistive wall
for various values of the ratio, 4, of the wall thickness to the skin-depth in the wall
material. Here, the scaled perpendicular distance, u, takes the value 0 on the inner
surface of the wall, and 1 on the outer surface.

pubs.aip.org/aip/pop

can be seen that in the thin-shell limit, A < 1, n,, X A only exhibits
weak variation across the wall, whereas in the thick-shell limit,
4> 1, n,, x A decays to almost zero from the inner to the outer sur-
face of the wall.

B. Timescale ordering

In order for the left-hand side of Eq. (5) to compete with the
right-hand side, we need y ~ 1!, where 14 ~ /iy pa?/B* ~ 1077
s. Here, a is the minor radius of the plasma. However, the growth-
rate of a resistive wall mode is of order 7,', where T,
~ Uy Oy d b =103 5.°”"? Hence, it is clear that, for the case of a resis-
tive wall mode, the left-hand side of Eq. (5) is negligible. In other
words, plasma inertia is negligible. Consequently, the plasma dis-
placement associated with the resistive wall mode satisfies the force
balance equation, (17), within the plasma. Note that we are saying
that the actual physical solution, as opposed to a trial solution,
must satisfy Eq. (17) within the plasma.

C. Variational principle

In Subsection 4 of the Appendix, we confirm that the force opera-
tor is self-adjoint in the presence of a thick resistive wall. Making use
of Eq. (A23), the perturbed potential energy of the resistive wall mode
can be written as

1
ow(e.d) =3 | ¢ @,
VI’
=W, + W, + oW + oW + 5w, (41)
where
, 1

oW (A A) =5 | (7 x A av, (12

214 Jy,
5W50)(A07A0) = LJ (V x A dV,, (43)

24y )y,

Atanh /1
SWI (A, A,) = 212004 7J A; x n,[* dS,. 44
v ( ) ) d 2#0 Swl Xn| ( )

Clearly, SW is the potential energy associated with the vacuum
region interior to the wall, W is the potential energy associated
with the vacuum region exterior to the wall, and W is the potential
energy associated with eddy currents excited in the wall. In fact, it is
easily demonstrated that

SW = y*‘J j - By dV,, (45)
Vi

where V,, represents the volume occupied by the wall. In deriving the
previous formula, we have assumed that n,, - A, ~ 0 in V,,, which
implies that the eddy currents excited in the wall flow predominately
in directions tangental to the wall surface (because d < D).
Incidentally, can be shown that the magnetic energy of the wall,
(1/2 o) Jy, IV x A, [* dV,, is negligible.

Given that Eq. (17) holds within the plasma, it is clear that from
Eq. (12) that

oW =0 (46)
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for a resistive wall mode. This is not a surprising result, because a resis-
tive wall mode is essentially a marginally stable ideal mode (given that
|7| < t;1), which corresponds to a mode with W = 0.

In Subsection 5 of the Appendix, it is shown that the solution
pair [£(r), A(r)], that minimizes the 0W (&, &) specified in Eq. (41),
while satisfying the essential boundary conditions, satisfies Eq. (17) in
V,, satisfies Eq. (7) in V; and V,,, satisfies the pressure balance match-
ing condition, (9), at the plasma boundary, and satisfies the matching
condition (39) at the wall. In other words, the solution pair solves the
resistive wall mode problem.

Note that the wall matching condition (37) is clearly an essential
boundary condition, whereas the matching condition (38) [or, alterna-
tively, (39)] plays the role of a natural boundary condition."’

We might ask why we believe that the solution pair that mini-
mizes the SW (&, &) specified in Eq. (41) will satisfy the pressure bal-
ance matching condition, (9), at the plasma boundary, when the
solution pair that minimizes the 0W (&, &) specified in Eq. (13) failed
to do this. The answer is that the unspecified growth-rate of the resis-
tive wall mode, y, introduces an additional degree of freedom into the
system that allows us to simultaneously satisfy all of the boundary
conditions.

D. Minimization process
Following Haney and Freidberg,'” let us write
Ai(r) =0 Anw(r) +o pr(r)7 (47)
Au(r) =03 Anw(r)7 (48)
where ¢, ¢;, and ¢; are constants that must be determined by the

essential boundary conditions and the minimization process. Now, the
essential boundary condition (8) implies that

nxA =—(n-¢B (49)

on §,. Combining this relation with Eqs. (A13), (A17), and (47), we
deduce that

C1 —+ C = 1. (50)

Next, the essential boundary condition (37) can be combined with
Egs. (A14), (47), and (48) to give

1

(51)

3= .
cosh A

Note that the essential boundary condition (11) is automatically satis-
fied because of Eq. (A 18).

The useful results listed in Subsection 6 of the Appendix can be
combined to give the following expression for the vacuum energy:

SW, = W) + oW + 5w
= oW 4 2 (oW — swix))
—+ (1 — Cz)z |:

Atanh A
2upd

J [Apw X nW|2 ds,, — tanh*/ 5W£"> .
Sw

(52)

Here, 5W,Sx) represents the contribution of the region V, to the no-
wall vacuum energy, and is defined in Eq. (A34). Now, the ratio of the
first term to the second term appearing in square brackets in the

pubs.aip.org/aip/pop

previous equation is roughly b A/(d tanh A). Thus, in the thin-shell
limit, 2 < 1, the ratio is b /d, which is very large. On the other hand,
in the thick-shell limit, 2 > 1, the ratio is (5;1 [see Eq. (25)], which is
also very large. Hence, we deduce that we can neglect the second term.
Thus, the previous equation simplifies to give

W, = oW 4 & (WY — oW ®) + (1 —¢,)* F(2), (53)
where

Atanh 4
F(2) = 2pd

J |Ayy % 0, dS,. (54)
Sw

According to the variational principle discussed in Sec. II1 C, we
can determine the true vacuum energy by minimizing dW, with
respect to variations in c,. This procedure yields

F(3)
2= ) (=) ’
swi — swi™ + F(2)
(W — swi E(2)
Swi —swi™ 4+ F(2)

(55)

W, = oW 4 (56)

Following Haney and Freidberg,'” we can define the effective minor
radius of the wall as

(1/2,uO)J |A, X nW|2 ds,,

T s
b= S oW . (57)

Equations (54) and (57) give

W, = W) 4 (SW® — W)y

v

(58)

where

G(y) = Vgﬂtanh(\/ O m), (59)

Ty = o ()'WdE7 (60)

(61)

Here, T,, is the effective L/R time of the wall, whereas 0,, < 1 mea-
sures the relative wall thickness.

E. Generalized Haney-Freidberg formula

According to Egs. (41), (52), and (58), the total potential energy
of the perturbation is
W =W, + W, + W, =W, + (5WPW75W,,W)M, (62)
1+G(y)
where use has been made of Eqs. (A11) and (A15). However, Eq. (46)
mandates that 0W = 0 for a resistive wall mode, so we obtain the fol-
lowing generalized Haney-Freidberg formula:

V%W < — __(3an
5 tanh( 5W/1:W)— —5pr’ (63)

w
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for the case 6W,,, < 0, W), > 0 in which the resistive wall mode is

unstable, and
—P Ty - _ oW,
5 tan(\/ féwyrw) = W (64)

w

for the case 6 W, > 0, §W,,, > 0 in which the resistive wall mode is
stable. The formula does not apply to the case 6Wp,, < 0 in which the
plasma is ideally unstable in the presence of the wall, because the
neglect of plasma inertia is not tenable in this situation. The derivation
of the generalized Haney-Freidberg formula is valid provided

d
E<< [7|Tw, 1. (65)

In the thin-shell limit, J,, |y| %, < 1, Eqgs. (63) and (64) reduce to the
original Haney-Freidberg formula:

YTy = — Wiy (66)
=

Equations (46), (50), (55), and (62) yield

oWy
= 67
(5] 5pr _ 5an ) ( )

5an

= " 68
2 W — W .

Moreover, given that the generalized Haney-Freidberg dispersion rela-
tion sets 0W = 0, a comparison of Egs. (18) and (62) reveals that
O0W, = 0, where W, is defined in Eq. (19). Thus, the linear combina-
tion of solutions, (47), with ¢; and ¢, given by the previous two equa-
tions, ensures that the pressure balance matching condition, (9), is
satisfied at the plasma boundary. Later on, in Sec. IV N, we shall show
a particular example of this.

F. Resistive wall mode growth-rate

Figure 3 shows the growth-rate of the resistive wall mode pre-
dicted by the generalized Haney-Freidberg formula, (63) and (64). For

20l — t?w=0.01
— 6,=0.1
— 6,=022
15
10
=
[
>~ 5
0
-5
-10
-10.0 -75 -5.0 -2.5 0.0 25 5.0 7.5 10.0
_6an/6pr

FIG. 3. Growth-rate of the resistive wall mode predicted by the generalized Haney—
Freidberg formula, (63).
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a thin wall characterized by J,, < 1, we reproduce the characteristic
linear relationship between y7,, and —0W,, /6W,,, predicted by the
original Haney-Freidberg formula. The mode grows or decays on the
characteristic L/R timescale, T,, and the marginal stability point,
OW,,, = 0, is the same as that for an ideal-kink mode in the absence
of a wall. Thick-wall effects, which manifest themselves when 9,,<1,
do not change the marginal stability point, in accordance with a result
first proved by Pfirsch and Tasso in 1971,° but introduce an interesting
asymmetry between growing and decaying modes. Growing modes
have growth-rates that exceed those predicted by the original Haney—
Freidberg formula. (Here, we are comparing thick and thin walls with
the same 7,, values.) On the other hand, decaying modes have decay-
rates that are less than those predicted by the original formula. Note
that there are actually multiple branches of decaying solutions, and we
have plotted the most slowly decaying branch in Fig. 3.

For a very rapidly growing resistive wall mode, such that
Y7, 0, > 1, which corresponds to the complete breakdown of the
thin-shell approximation, Eq. (63) reduces to' >

2
— < 5an
yTW — 5w <_ 5pr) . (69)

In this limit, the mode is almost completely shielded from the vacuum
region outside the wall. [See Eq. (37) and Fig. 2.] According to Eq.
(64), a very rapidly decaying resistive wall mode (on the slowest decay-
ing solution branch) cannot decay faster than

T
T = 70

U 2%, (70)
Interestingly, rapidly growing resistive wall modes only partially pene-
trate the wall (in other words, the skin-depth in the wall material is
much less than the wall thickness), whereas rapidly decaying modes
always penetrate the wall (in other words, the skin-depth in the wall

material is of order the wall thickness).

G. Experimental detection of thick-wall effects

Let A = —0W,,,/dW,,. Suppose that we can calculate A for two
similar plasmas using an ideal-MHD stability code, and can also mea-
sure the corresponding growth-rates, 7, of the resistive wall mode
experimentally. We can then form the ratio

V_zﬁ_\/@tanh<”yl 6W?W)
v A ) =
7 As 71 tanh(m)

where the subscript 1 refers to the first plasma, et cetera. Thick-wall
effects would manifest themselves by making this ratio differ from
unity. This test becomes more sensitive in the limit in which the ratio
71/7, differs substantially from unity.

If the ratio in the previous equation differs from unity then we
can use the right-hand side of the equation to estimate O Ty We can
then compare one of the growth-rates with Eq. (63) to estimate
Tw/ 9. In this manner, we could estimate both the effective wall thick-
ness parameter, SW, and the effective wall L/R time, 7,,, from experi-
mental data. Note that this estimation method depends on the
assumption that the effective minor radius of the wall, b, is the same in

) (71)
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both plasmas. However, according to Eq. (107), in cylindrical geome-
try, the ratio of b to the actual minor radius of the wall, b, depends on
the poloidal and toroidal mode numbers of the resistive wall mode and
the minor radius of the plasma, but is otherwise independent of the
plasma equilibrium. Hence, the assumption that b/b is the same in
both plasmas seems reasonable.

H. Further generalization of the Haney-Freidberg
formula

Our analysis has assumed that the thickness, d, and conductivity,
a,, of the wall are uniform. However, if we redo the analysis without
making this assumption then very similar arguments reveal that

fsuyy/yfw/gwtanh(\/gwy?w) |Ap x 1> dS,, W

=- (72)
Js. | Ay x m,,* dS,, oW,

where both d and ¢, which appear inside the expressions for 7,, and
0 [see Egs. (60) and (61)], are now allowed to vary around the wall.
Note that the previous equation can be reexpressed in the form

yJ G f(2) Ay X 0> dV,, = —0W,,, (1 - 5W”W>, (73)
Vi 5pr

where 1 = (y uy o dz)l/2 and f(x) = (1/2) tanh(x)/x. Here, A, is
evaluated on the inner surface of the wall. This formula is clearly
related to the following completely general expression first derived by
Pfirsch and Tasso in 1971:°

yJ o A dV, = —0W. (74)
Vi

Here, we have neglected plasma inertia in Pfirsch and Tasso’s Eq. (14).

IV. AXISYMMETRIC QUASI-CYLINDRICAL EQUILIBRIUM
A. Introduction

In order to further illustrate some of the arguments presented in
this paper, let us calculate the resistive wall stability of an axisymmetric
toroidal plasma of major radius R, that is modeled as a periodic
cylinder.

Let r, 0, z be right-handed cylindrical coordinates. Let the mag-
netic axis of the plasma corresponds to r =0, and let the cylinder be
periodic in the z-direction, with periodicity length 27 R.

B. Plasma equilibrium

The plasma equilibrium is such that p=p(r) and
B = By(r) ey + B,(r) e,. Force balance within the plasma yields

BZ
uop/+BgB;,+BzB;+70:o, (75)

pubs.aip.org/aip/pop

C. Perturbation

Let us assume that all perturbed quantities vary with 6 and z as
exp[i(m 0 + kz)], where m is the poloidal mode number of the insta-
bility, k = n/Ro, and n >0 is the toroidal mode number. The plasma
displacement is written & = &, + &b = &(r) e, +1(r) e, + & (r) b,
where e, = (B;/B) ey — (By/B)e;, and b = (By/B)ey+ (B.B)e,.
Here, ¢ is assumed to be real, whereas 1 and él\ turn out to be imagi-
nary. Note that e, e,, and b form a right-handed set of mutually
orthogonal unit vectors.

D. Plasma potential energy

In Subsection 7 of the Appendix, it is shown that the minimiza-
tion of the perturbed plasma potential energy leads to Refs. 9-11
and 21

2R a 2B — m? B2
ow, =120 J(fé/2+g£2)dr+<¢) &(a) b,
0

Ho ki r2
(77)
where

sy =" 78)
kO

2k, (K1 2k m
el D T 2 (kB - By ) E. (79
g(r) K2 top + ( 2r r +rk3 ( p 0> (79)
Here, F(r) and ko(r) are defined in Eqgs. (A42) and (A43), respectively.

E. Surface potential energy
The perturbed potential energy associated with equilibrium sur-
face currents can easily be shown to take the form

7'52 R() -

SW, = (Bj — By), &(a). (80)

Ho

F. Vacuum region
We shall write the divergence- and curl-free perturbed magnetic
field in the vacuum region as

Q=VxA=iVV. (81)

Here, V = V(r) expli(m 0 + kz)], where V(r) is assumed to be real.
Now, the wall matching condition (37) implies that
(m/r)Ap+ kA, = 0. Hence, we deduce that

. mk dV
1Ar = 7r2k4 ﬁa (82)
where ' = d/dr. Force balance across the plasma boundary, which lies 0
at r = a, demands that k dV
Ap=— 2 ar (83)
2o a2 s2 0
21iop + B+ B = B+ B, 76)
at r=a. In the vacuum region, r>a, we have B:) = —By/r and A, = m d_V (84)
B =o. rk3 dr
z
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G. Matching conditions at the plasma boundary

Given that n = e,, the essential boundary condition (8) yields
_dv
T dr’

at r=a, where F(r) = (m/r) By + k B,. Moreover, the pressure bal-
ance matching condition, (9), reduces to

Fé (85)

KrrB:—m?B2\ , ) A
fé&+ (,g%rz(’)wwz —By)¢=rFv, (86)

atr=a.

H. Matching conditions at wall

The wall is assumed to be uniform, and located at minor radius
r=b. Given that n,, = e,, the essential boundary condition (37) gives

av dv
(E) = cosh 4 ( dr) (87)

Moreover, the natural boundary condition (38) reduces to

itanh 1 dV(b_) V(b.)

d kI dr  coshi’ (88)

V(b)) +

Here, b_ and b, denote the inner and outer wall radii, respectively,
where it is assumed that the wall is radially thin. Furthermore,
K =m*/b* + 2

I. Vacuum potential energy

The contribution of the vacuum region lying internal to the wall
to the overall potential energy of the perturbation can be shown to be
[see Egs. (42) and (81)]

k]

y R b . av
swi =20 {—J VVAVrdr— (rEEV), + (rﬁ V)
a b_

(89)

where use has been made of the essential boundary condition (85).
Similarly, the contribution of the vacuum region lying outside the wall
is [see Egs. (43) and (81)]

2 00
swio =R —( v V) ,j VV2Vrdrl.
Ho dr by by

(90)

J. Wall potential energy

The contribution of the wall to the overall potential energy of the
perturbation can be shown to take the form [see Egs. (44), (83), and (84)]

Ry Atanh A b ?
SW = Ry < ) 91
v o d k dr ©n

K. Variation principle

In Subsection 8 of the Appendix, we demonstrate that the pertur-
bation that minimizes the total perturbed potential energy,

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

OW =W, + W, + 5WL@ + oW, + (SWL(,O), satisfies Newcomb’s
equation,21
(f&) -gé=o, (92)

in the plasma, satisfies

1d/( dv 2
vl ) (E e o

in the vacuum, and satisfies the natural boundary conditions (86) and
(88) at the plasma boundary and at the wall, respectively.

L. No-wall and perfect-wall energies

The independent solutions of Eq. (93) are Iy, (kr) and
Ky (k7), where I,,(z) and K,,(z) are modified Bessel functions.
The vacuum scalar potential associated with the no-wall solution
must satisfy

AV _
“ ~ F(a)&(a) o

at the plasma boundary [see Eq. (85)], and
Vi = 0 (95)
at infinity [see Eq. (A18)]. It follows that

F(a) &(a) K (k1)
k K (ka)

[m|

Vaw(r) = (96)
Here, " denotes differentiation with respect to argument. The vacuum
potential energy associated with the no-wall solution is

2
R N
T2 (rFE Vi), 97)
Ho

where use has been made of Egs. (42), (81), (85), (93), and (95).
The vacuum scalar potential associated with the perfect-wall solu-
tion must satisfy

W) = —

avy, .
=F
7 b (a) ¢(a) °8)
at the plasma boundary [see Eq. (85)], and
dv,
I 0 (99)

at the wall [see Eq. (A14)]. It follows that

vy < F @ 0a) I (kr) Kiy (8) = Ki (), (kD)
TR T (k) K, (kb) — K (ka) T, (kD)

The vacuum potential energy associated with the perfect-wall solution
is

(100)

7'[2 R()
Ho

where use has been made of Egs. (42), (81), (85), (93), and (99).
Now, integrating by parts, and making use of Eq. (92), the expres-
sion, (77), for the plasma potential energy becomes

owl) = — (rEEVip)a (101)
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Ry | .| .. k* r* B> — m? B?
W, == ¢\ fE + ——=—— el (102)
Ho kgr B

Thus, the total potential energy of the no-wall ideal external-kink
mode takes the form

Wiy = W), + W, + W)
m* Ry , k*r* B2 — m* B}
“telre s ()

F(BL—By)E—rF V,W]} . (103)

a

Likewise, the total potential energy of the perfect-wall ideal external-
kink mode can be written as

Wy = OW,, + W, + oW

2 Ry . K*r* B2 — m* B}
= o {é|:f§ + T ¢
} . (104)

In accordance with the discussion in Sec. I1 G, we can see that the only
reason that the energies 6 W,,, and W, can take non-zero values is
because the solution pairs, [£(r), V(r)], from which they are con-
structed, do not satisfy the pressure balance matching condition, (86),
at the plasma boundary.

~2 ~
+(Bj—By)E—rFV,,

M. Effective wall radius

It follows from Egs. (96), (97), (100), and (101) that
oW — swi)

1Ry (rF&);K],, (kb)

Ho (ka)’K], (ka) [I"m‘(ka) K/, (kb) — K[, (ka) I‘/m‘(kb)] ‘

(105)
Moreover,
1 2
—J |[Anw X €] dS,
2 s,
_ ™Ry b (dv,w)2
o Ho ki dr b
2Ry - b [K,(kb)]®
S O IS ‘,‘( ) : (106)
Ho (kp a) K‘m‘(ka)

where use has been made of Egs. (83), (84), and (96). Hence, it follows
from Eq. (57) that the ratio of the effective wall minor radius to the
actual wall minor radius is'’

- m? + (kb)® K, (ka)

(ka) K, (kb) — K|, (ka) I, (kb)|.

|m|

b (kb)* K, (kb)
’ [

(107)

pubs.aip.org/aip/pop

N. Pressure balance matching condition
Let

, k2 ZBZ_ ZBZ R
P, = {f& + <%)é+(3§—33)é] . (108)

According to Eqgs. (67), (68), (103), and (104),

[Pa —F pr)a]

a :[rF(VW——VPW)L (109)

[P = (rF V),

—{rﬁ Vo — pr)] u . (110)

C) = —

Thus, the linear combination of solutions that satisfies the resistive
wall mode problem is characterized by [see Eq. (47)]

(rﬁV)a:cl (rFVnW)a—i-cz(rI:“pr)a:Pu. (111)

However, the pressure balance matching condition at the plasma
boundary, (86), can be written as

P, =(rkv),. (112)

Thus, it is clear, from a comparison of the previous two equations, that
the matching condition is satisfied.

The natural boundary condition at the wall, (88), is satisfied
when the growth-rate of the resistive wall mode takes the value [see
Egs. (60), (61), (63), and (64)]

20 anh (V377 =

b oW,
b oWy,

(113)

Here, t,, = 1y 0,db is the true time-constant of the wall, and
O, = d/b is a measure of its true thickness.

O. Force-free reversed-field pinch equilibrium

Consider a reversed-field pinch'’ plasma equilibrium. Let us
assume, for the sake of simplicity, that the equilibrium pressure is neg-
ligible. In this case, the equilibrium magnetic field, both in the plasma
and in the vacuum, satisfies”>

By=0B, ——, (114)

B, = —a By, (115)

where ¢(r) = u,j-B/B*. Let us adopt the following model o(r)
proﬁle,22

(116)
0, r>a,

0'(7) = {O-O [1 n (r/a)a]yv r< a,

where o, v > 0. Note that o(a) = 0, which implies that there is no
equilibrium current sheet flowing around the plasma boundary.

The resistive wall mode perturbation can be specified, both in the
plasma and in the vacuum, in terms of the perturbed poloidal flux,
W (r),” where
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TF&, r§a7 d n m2+ ka2Km(ka)
W(r) = (117) Cow = <r ‘ZW) - k( ) K', ‘(k T (128)
r(dV/dr), r>a. " /a a Im\F 4
The matching condition (85) becomes ( d,/,PW)
w=\T1
Yla) =(ay), (118) dr /a
2 2 Ii(ka)K! (kb) — Ky (ka)I (kb
whereas the pressure balance matching condition, (86), reduces to _m+ (ka)” 7 (ka) |""( ) jmi(ka) ‘”“( ) . (129)
ka I"m‘ (ka) Kl/m\ (kb) — K"m‘ a) I‘/m‘
d d
r _'10 =T —l// . (119) Tti ilv d
dr |, dr |, t is easily demonstrated that
Note that a failure to satisfy the pressure balance matching condition oW, = m Ro : 3 (G — Cm)s (130)
is associated with a gradient discontinuity in (r) at the plasma Ho m?+ (ka)
boundary. Such a discontinuity implies the existence of a perturbed
current sheet flowing on the boundary. SW. — ™ Ry ; o ¢ (131)
Inside the plas7ma, Newcomb’s equation, (92), can be re- T m? + (k a)l (G = Cpw)-
expressed in the form™”
Furthermore,
AN, ~ _ _
(fl,b) 7glp = 07 (120) o = CP pr 7 (132)
where Cnw ™ Cpw
L =" (133)
f(r) e (121) Cow — Cpw
R 1 ¢dG 2mko o Note that ¢; + ¢, = 1.
8(r) = v + rRE . Pk Rk (122) The resistive wall dispersion relation, (113), becomes
Here, G(r) is defined in Eq. (A41). Note that Eq. (120) is singular at Y Tw Caw — Cp
L anhy/3, p Ty = ¢ [ ——2 ), 134
any equilibrium magnetic flux-surface, r = r,, lying within the plasma, O an T = Cp— Cow (134)
that satisfies F(r;) = 0. An ideal solution (which is unable to reconnect
magnetic field-lines) must satisfy (r;) = 0 at such a surface.”'" It is where
helpful to define
dy
P
Cp = (T 7)‘1, (123) 3]
where i, (r) is a solution of Eq. (120) that is well-behaved at r =0, sat-
isfies /(rs) = 0 at any singular surfaces within the plasma, and is such T 2
that y/,(a) = 1. Thus, the solution in the region 0 < r < a becomes ©
W(r) =gty (r), (124) 4
where y/, = /(a), which is the value of the perturbed poloidal mag-
netic flux at the plasma boundary, is undetermined.Outside the %.o 0.2 0.4 0.6 0.8 1.0
plasma, in the region r > a, we can write rla

lp(r) = l//a l//rwm(r) = l//a [Cl l//nw(r) +o l//pw(r):l7 (125)

where ,,,(a) = ¥, (a) = 1, and ¢; + ¢, = 1. [See Egs. (132) and
(133).] This automatically satisfies the matching condition (120). Here,

T K"m‘(kr)
l//nw(r) - a K’ (ka)’ (126)

m]|

) = L ) S QOO
M el (ka) K, (kb) — K, (ka) I}, (kb) 0.0 02 04 06 08 1.0
rla

Note that ,,,(c0) = ,,,(b) = 0, in accordance with Egs. (95) and

(99). Furthermore, it is understood that ,,,(r > b) = 0. It is helpful FIG. 4. Force-free reversed-field pinch equilibrium characterized by a/Ry = 0.25,
to define gopa =357, 0 =4.0,and v = 2.0.
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kv? K|, (kb) , ) , ,
T (+ (ic b)? K:m: () o (@) Ky (k8) = K (ka) T, (KD

(135)

Thus, the whole problem is fully specified, for given poloidal and toroi-
dal mode numbers, once the parameter c,, defined in Eq. (123), is
numerically calculated from the modified Newcomb equation, (120).

P. Example calculation

Let us adopt the following equilibrium parameters:
a/Ry =0.25, 6pa =3.57, « =4.0, and v =2.0. The resulting
generic reversed-field pinch equilibrium is shown in Fig. 4. The char-
acteristic pinch and reversal parameters'’ are ©® =1.70 and
F = —0.18, respectively. As is well-known, it is necessary to place the
wall relatively close to a reversed-field pinch plasma in order to stabi-
lize all possible ideal external-kink modes.'’ In the present case, we
choose b/a = 1.12. The thickness of the wall is d/a = 0.4, which is
the largest value that we could adopt and plausibly argue that
d/b < 1.

Consider the m = —1/n = 11 resistive wall mode. This is a
mode that possesses a resonant surface in the plasma located at
r/a = 0.463. The no-wall and perfect-wall energies of the mode
are SW,, = 0.359 (n? Ry Y2/ 1ty) and SWp, = 1.030 (n? Ro Y2/ 11y),
respectively. The fact that both energies are positive indicates that the
mode is stable. In fact, the decay-rate of the mode is —y 7,, = 0.026 77.
If the wall were in the thin-shell limit, but had the same t,, value, then
the decay-rate would have been —yt, = 0.02685. Thus, the finite
thickness of the wall has decreased the decay-rate of mode, in accor-
dance with the discussion in Sec. III F. However, despite the compara-
tively large wall thickness, the reduction is extremely modest.

Figure 5 shows the eigenfunctions of the m = —1/n = 11 resis-
tive wall mode. The no-wall ideal external-kink mode has the eigen-
function [, (r), ¥,,(r)], where the first function corresponds to the
plasma, whereas the second corresponds to the vacuum. It can be seen
that this eigenfunction has a gradient discontinuity at the plasma

1.0
0.8
— ¥
50.6 — Ynw
— Yow
Yrwm
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

rla

FIG. 5. Eigenfunctions of an m = —1/n = 11 resistive wall mode in a force-free
reversed-field pinch equilibrium characterized by a/Ry = 0.25, oga = 3.57,
o=4.0,»=20, b/a=1.12, and d/a = 0.4. The dotted vertical line indicates
the resonant surface, the dashed vertical line indicates the plasma boundary, and
the solid vertical line indicates the inner surface of the wall.
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boundary, indicating that it does not satisfy the pressure balance
matching condition. The perfect-wall ideal external-kink mode has the
eigenfunction [y, (r), ¥,,,(r)]. Again, this eigenfunction has a gradient
discontinuity at the plasma boundary, indicating that it does not satisfy
the pressure balance matching condition. Finally, the resistive wall
mode has the eigenfunction [y/,(r), ¥,,,,(r)]. Note that this eigen-
function is completely continuous across the plasma boundary, indi-
cating that it does satisfy the pressure balance matching condition.

Figure 6 shows the growth-rates of the m=- 1, m=0, and
m =1 resistive wall modes, calculated for # in the range 1-20, and for
various values of the wall thickness. It can be seen that the varying wall
thickness makes no discernible difference to the growth-rates of the
modes, with the exception of the m = —1/n = 7 mode. It turns out
that the m = —1/n = 7 ideal external-kink mode is barely stabilized
by a perfectly-conducting wall located at b/a = 1.12. Consequently,
the corresponding resistive wall mode has a comparatively large
growth-rate. In fact, in this case, it can be seen that increasing wall
thickness (at fixed 7,,) leads to a noticeable increase in the growth-rate,
in accordance with the discussion in Sec. 1 F. Thus, we conclude that
thick-wall effects are only important for resistive wall modes that lie
fairly close to the perfect-wall ideal stability boundary.

V. ROTATIONAL STABILIZATION OF THE RESISTIVE
WALL MODE
A. Generalized Hu-Betti formula

So far, the analysis presented this paper suggests that the marginal
stability point for the resistive wall mode is the same as that for the no-
wall ideal external-kink mode: i.e., Wy, = 0.° In other words, a close-

m= -1
X
1.5 % x dfa=0.1
+ 1.0 x  dla=02
e I x dla=0.4
> 051
0.04. X ‘
1 2 3 4 5
ka
m=0
000_ ........................................................................................................................
. x dfa=0.1
E—o.oz- e x dla=02
e x- dla=0.4
%K X * x "
—0.041 L e vy

£ —0.021 x dla=02
> X...
\xn X dla=0.4
—0.04 [
. % W Y Yo X X X X
1 2 4

ka

FIG. 6. Growth-rates of m=— 1, m=0, and m = 1 resistive wall modes calculated
in a force-free reversed-field pinch equilibrium characterized by a/Ry
=0.25, gpa =3.57, « = 4.0, v = 2.0, and b/a = 1.12, for various values of
the wall thickness. Note that most of the data points for different wall thicknesses
plot on top of one another.
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fitting resistive wall is capable of transforming a rapidly growing ideal
external-kink mode into a slowly growing resistive wall mode, but is
unable to completely stabilize the mode.”'’ This conclusion is ulti-
mately a consequence of the fact that the plasma potential energy,
0W,, is a real quantity. However, it turns out that resonances within
the plasma, in combination with toroidal plasma rotation, allow 5WP
to acquire an imaginary component.” The resonances in question
include resonances with the sound wave continuum,”* resonances with
the shear-Alfvén wave continuum,”” and resonances with trapped and
circulating particles.”*”” Furthermore, above a critical plasma rotation
rate, the resistive wall mode is stabilized by the imaginary component
of SW,.” _ _

Let us write 5Wp = 5W + iéW(l), where 5W§r) and (5W1§’) are
the real and imaginary components of 0W), respectively. We can then
make the following redefinitions:

Wy = WS + 5W, + oW, (136)
Wiy = OWS + W, + SW), (137)

Inc1denta11y, it is obvious, from their definitions, that W, 5WL ,and
SWE are all real quantities. Note that the real part of the resonant
contribution to W), has been incorporated into 5W< " In general, we
expect 5W1§ ) to be proportional to the toroidal plasma rotation at the
resonant point within the plasma.”

In the presence of resonances, our generalized Haney-Freidberg
formula, (63), generalizes further to give

; (@)
[7Tw =\ [0Wa +iW,
3, tanh( (3Wyrw) =\ 0l (138)

oWy +10W,

where y = 9, — iw,. Here, 7, and w, are the real growth-rate and real
frequency of the resistive wall mode, respectively. The previous for-
mula is a generalization of a formula that first appeared in a paper by
Hu and Betti in 2004.”

Note, incidentally, that it is not obvious that the force operator,
F(), remains self-adjoint in the presence of an imaginary resonant
contribution to 6W,. Given that the proof of the variation principle,
upon which Eq. (63) is based, is itself based on the self-adjoint nature
of the force operator, this calls into question the validity of the Hu and
Betti formula, and the previous generalization. However, in the follow-
ing, we shall assume that these formulas are correct.

B. Marginal stability point

Let us assume that the resistive wall mode is unstable in the
absence of an imaginary resonant contribution to 6 W,, which implies
that 0W,,, < 0 and 6W,,, > 0. Let us search for a margmal stability
point at which y, = 0. If we define x = w,7,, y = (SWP /OWpy,
2= =W /oWy, (= [x/(25,)]"% n=(28,x)"% $=sinhy,
C = coshy, s = sin u, ¢ = cos y, and

M@:(g:) (139)
Blx) = C(éii), (140)

then Eq. (138) yields

ARTICLE pubs.aip.org/aip/pop
_zy
i (141)
_y(1+2)
B = T (142)

Here, we are assuming, without loss of generality, that x > 0 and y > 0.
This assumption simply implies an arbitrary choice of the direction of
plasma rotation. The previous two equations can be combined to give
Fx)=p*—(z—a)(14+a)=0. (143)
Once x has been determined, by finding the root of the previous equa-
tion, y is specified by
z—
1+o

y= (144)

Figure 7 shows the critical real frequency, ®,, and the critical
imaginary part of the plasma potential energy, 5W1§ 5, needed to stabi-
lize the resistive wall mode, according to the generalized Hu-Betti for-
mula, (138). It can be seen that increasing wall thickness (at fixed 7,,)
facilitates the stabilization of the resistive wall mode, because it
decreases the critical value of (3WI(,’), which corresponds to a decreased
critical plasma rotational rate. On the other hand, the real frequency of
the mode at the marginal stability point increases with increasing wall
thickness. Note, finally, that the thick-wall stabilization criterion
only differs substantially from the thin-wall stabilization criterion,
which is

owl SW,
— P nw
T) o = || = = , 14
(U) T )crzt |:5pr:| it 5pr ( 5)

when —5an/5pr2 1, which implies that the corresponding
external-kink mode lies fairly close to the perfect-wall stability
boundary.

6
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FIG. 7. Critical real frequency, ), and critical imaginary part of the plasma potential
energy, 5Wp(’), needed to stabilize the resistive wall mode according to the general-
ized Hu-Betti formula, (138).

Phys. Plasmas 31, 112502 (2024); doi: 10.1063/5.0239148
© Author(s) 2024

31, 112502-13

1€:/S L} ¥20T 18qWaAON 20


pubs.aip.org/aip/php

Physics of Plasmas ARTICLE

C. Toroidal electromagnetic torque

As pointed out by Park,”” there is an intimate connection
between the imaginary component of the plasma potential energy,
0 WI(,') , and the net toroidal electromagnetic torque exerted by the resis-
tive wall on the plasma. Let us investigate this connection.

Employing the cylindrical analysis of Sec. IV, the net outward
flux of toroidal angular momentum across a magnetic flux-surface of
minor radius r, lying outside the plasma, is™

1 271Ry ok a s
Ty(r) :mﬂo rRo (Qz Q +Q, Q,) do dz. (146)

Given that Q =1 V'V in a vacuum region, we deduce that

2 n R, ( av dV*)
T, =— il -V'r—+V 147
»(1) o i r o +Vr ) (147)

where the additional factor of 1/2 comes from averaging
cos? (m0+ kz), and n = kR is the toroidal mode number. However,
it is clear from Eq. (93) that

d . dv av*
E(V r—derr dr) =0. (148)
Hence, we conclude that
dT,
—0 14
dr 0 (149)

in any vacuum region.”’
Now, in the vacuum region beyond the wall,

V(}’) = % C3 Vnw(r) (150)

[see Eq. (48)], where , = (r F ¢),, is the value of the perturbed poloi-
dal magnetic flux at the plasma boundary, and

N 1 K‘m‘ (k 1’)
nw = . 151
(r ka K,/ (ka) (151)
[m|
[See Eq. (96).] However, it is obvious from Egs. (147) and (150) that
Ty(r > b) =0. (152)

In other words, the net flux of toroidal angular momentum from the
plasma-wall system is zero.
Now, in the vacuum region between the plasma and the wall,

V(T) = lﬁu |:C1 Vnw(r) + pr(r) (153)

[see Eq. (47)], where ¢; + ¢; = 0 [see Eq. (50)]. Here,

N " = L I‘m|(k7‘) K{m‘(kb) — K‘m‘(kr) I‘,m‘(kb)
') =kt k)KL, (b — K (ka1 (k) Y

[See Eq. (100).] Note that

anw _ dVPW) —
(r I )ai (r I afl. (155)

It follows from Eqs. (147) and (153) that
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72n2 Ry ny?

(Vi = Vo), Im(cy). (156)
Ho

Ty(a) =
Thus, if ¢; possesses an imaginary component then there is a constant
flux of toroidal electromagnetic angular momentum between the
plasma and the wall. This flux is associated with a toroidal electromag-
netic torque exerted on the plasma, and an equal and opposite torque
exerted on the wall.
Now, according to Egs. (80), (97), (102), (108), and (109),

o W, + SW,+ oW

= - - . (157)
PRy (Vi = Vp),
which implies that
eyt s ow
2 Ry Wﬁ (Vnw - VpW)a s Ro lpz (V"W - VPW)a
(158)

Here, we have made use of the fact that 6 W, and 5Wé°c) are obviously
real quantities. Hence, we deduce from Eq. (156) that”

Ty = —2nsW). (159)

[Note that the opposite sign with respect to the result in Ref. 29 is due
to the assumed exp(—inz/Ry) variation of perturbed quantities in
this reference, as opposed to the assumed exp(+inz/Ry) variation in
this paper.] Here, T is the toroidal electromagnetic torque acting on
the plasma. It follows that the variable y, appearing in the analysis of
Sec. V B, represents a normalized electromagnetic torque exerted by
the wall on the plasma. In fact,

Ty

- 1
2n6W,, (160)

y =
Thus, we can reinterpret Fig. 7 as stating, first, that the rotational stabi-
lization of the resistive wall mode requires the assistance of such a tor-
que, and, second, that the critical torque needed to stabilize the mode
decreases with increasing wall thickness (at constant 7,,).

VI. SUMMARY

This paper investigates the external-kink stability of a toroidal
plasma surrounded by a rigid resistive wall. The main aim of this paper
is to extend the well-known analysis of Haney and Freidberg'” to allow
for a wall that is sufficiently thick that the thin-shell approximation
does not necessarily hold.

In Subsection 4 of the Appendix, we demonstrate that the MHD
force operator remains self-adjoint in the presence of a thick resistive
wall. In Sec. III C, making use of the self-adjoint property, we modify
the variational principle of Haney and Freidberg to allow for a thick
wall. Finally, in Sec. IIT D, we minimize the plasma potential energy to
obtain a generalized Haney-Freidberg formula, (63) and (64), for the
growth-rate of the resistive wall mode that allows the wall to lie either
in the thin-shell regime, the thick-shell regime, or somewhere in
between.

We find that thick-wall effects do not change the marginal stabil-
ity point of the mode, but introduce an interesting asymmetry
between growing and decaying modes. Growing modes have growth-
rates that exceed those predicted by the original Haney-Freidberg
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formula. (Here, we are comparing walls with differing thicknesses but
the same L/R time.) On the other hand, decaying modes have decay-
rates that are less than those predicted by the original formula. We can
even generalize the Haney-Freidberg formula to allow for walls with
varying thickness and electrical conductivity. [See Eq. (72).]

We also show, during the course of our investigation, that the
eigenfunctions conventionally used to calculate the quantities dW,,
and 6 W), that feature in the Haney-Freidberg formula, do not satisfy
the pressure balance matching condition at the plasma boundary. We
then explain why this is not problematic. In particular, the resistive
wall mode eigenfunction is found to satisfy the pressure balance
matching condition.

In Sec. IV, we perform a cylindrical calculation for a generic
force-free reversed-field pinch plasma equilibrium that reveals
that thick-wall effects have no noticeable effect on the growth-
rates of the various resistive wall modes to which the plasma is
subject, except when the mode in question lies quite close to the
perfect-wall stability boundary. For such a comparatively rapidly
growing mode, thick-wall effects perceptibly increase the growth-
rate.

Finally, in Sec. V, we generalize the well-known Hu-Betti
formula® for the rotational stabilization of the resistive wall
mode to take thick-wall effects into account. We find that
increasing wall thickness (at fixed L/R time) facilitates the rota-
tional stabilization of the resistive wall mode, because it decreases
the critical toroidal electromagnetic torque that the wall must
exert on the plasma. On the other hand, the real frequency of the
mode at the marginal stability point increases with increasing
wall thickness.
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APPENDIX: TECHNICAL DETAILS

1. Self-adjoint property of force operator

Let [&(r), A(r)] and [g(r), C(r)] be two independent pro-
spective solution pairs that satisfy both the essential and the nat-
ural boundary conditions. It is easily demonstrated that"'

pubs.aip.org/aip/pop

qu~F(¢)de:—JV [IFp(V-&(V-m)+u'QR
SV (Vo) &+ (V-&)n
j-(ExR+14xQ)dV,

+| () (TpV-E+E&-Vp—py'B-Q)dS,,

Sp

%NIP—‘N —_

(A1)

where R = V x ( x B), and use has been made of Egs. (1) and (2).
The surface integral can be expressed as

L (n ) (FpV-&+¢& Vp— ;' B-Q)dS,

= —L m-p)(n-&)n- [[V(p—l—f—;o)ﬂdsp

+ ugIJ n-Cx (V x A)dS,, (A2)
SP

where use has been made of Egs. (4), (8), and (9). However, the
boundary conditions (10) and (11) allow us to write

J n~Cx(V><A)dSP:fJ V-[Cx(VxA)dV

_J (VxC)-(VxAdV, (A3)

where use has been made of Eq. (7). Here, V denotes the appropri-
ate vacuum region: i.e., V; for the case of a perfectly conducting
wall, and Vj, = V; + V, for the case of no wall. The previous three
equations yield

JVU-F(E)dVP:—JV {Fp(v.é)(v.n)+ﬂ()—1Q.R

Lo vomer (Voo

»—-N

<:xR+uxQ>]dvp

Awean o) o

J,uo (VxC)-(VxA)dv.
14

(A4)

The well-known self-adjoint property of the force operator,’ "'

J n-E(E)dV, = J £ E(y)dv,, (A5)
VP VP

immediately follows from the invariance of Eq. (A4) under the
transformation &, A, Q < 1, C, R, respectively.

2. Minimization of AW

Following from Sec. I E, we can write
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O[OW (&, &) = OW(5¢, &) + 0W(E,08) =20W(d¢, &),  (A6)

where use has been made of the self-adjoint property of the force
operator, (A5). It is easily demonstrated that

26W,(5¢.8) = —jv 58 - B(&)dV,

+L (n-08)(FpV - E+&-Vp— g B-Q)dS,,

P

(A7)

25W, (58, &) = Lp(n 58 E-V (23; _ % p> ds,,  (A8)
211y OW,(0A, A) = L (n-3¢)B-(V xA)dS, + JV(SA -V

xp(v x A)dV. (A9)

Here, use has been made of the boundary conditions (8), (10), and
(11), which are assumed to apply to 6 and JA. Thus, setting
O[oW (&, &)] = 0, we get

0= —J 5 - B(&)dV,
VP

b B

- . —I'pV- V| —

Lp(n O|-I'pV-&+¢& 2

+14'B-Q (A10)
B 5

—O—J Uy SA -V x (V x A)dV.
v

Because the previous equation must hold for arbitrary d¢ and JA,
we deduce that the trial solution pair that minimizes 6W satisfies
the force-balance equation, F(&) = 0, in V,, satisfies Eq. (7) in V,
and also ought to satisfy the pressure balance matching condition,
(9), at the plasma boundary.

3. Perfect-wall and no-wall stability

Suppose that the wall is perfectly conducting. In this case, the
analysis of Sec. IIE suggests that the minimum value of the per-
turbed potential energy can be written

Wy = OW, + W, + oW, (A11)

where 6W,, and 0 W are calculated from a particular solution of Eq.
(17) that is well-behaved at the magnetic axis, and

Sw — ﬁj (V  Apy)? dV,. (A12)
0JV;

Here, the superscript (b) implies that the perfectly conducting wall
is present at effective minor radius b. Moreover, A, (r) is a solution
of Eq. (7) that satisfies the boundary conditions

nx Ay, = —(nf)ﬁ, (A13)

pubs.aip.org/aip/pop

on S, [see Eq. (8)], and
n, X Ay, =0, (A14)
on S,,. [See Eq. (10).]
Suppose that there is no wall. In this case, the analysis of

Sec. ITE suggests that the minimum value of the perturbed potential
energy can be written as

Wiy = OW,, + W, + W™, (A15)
where W, and dW; are calculated from the same solution of Eq.
(17) as that used to calculate 6 W,,,, and

1

W) = —
2 py

J (V x Ayy)* dVi. (A16)
Vio

Here, the superscript (co) implies that the perfectly conducting wall
is absent, which is equivalent to it being placed at infinity.
Moreover, A, (r) is a solution of Eq. (7) that satisfies the boundary
conditions

nxA, =—(n-§&B, (A17)
on S, [see Eq. (8)], and

V x Ay =0, (A18)

at infinity. [See Eq. (11).]

4, Self-adjoint property of force operator in presence of
thick resistive wall

The proof of the self-adjoint property of the force operator in
the presence of a thick resistive wall follows along the lines of that
in Subsection 1 of Appendix, except that

J n-Cx (V x A)dS,
SP

Z*J V[C,X(VXA,)]dV,+J nw~C,«><(V><A,«)dSW
v;

Sw

:_J (V x C) - (V x A)dV;

— an x C;-my, X [my, X (V x A;)] dS,,,

(A19)

where use has been made of Eq. (7). However, Eq. (40) can easily be
generalized to give

n, x C;-n, X [n, x (V x Aj)]
=n, xC, -n, X [n, X (V XA, (A20)

Atanh 4

d

IIWXC,"IIWXA,'.

Moreover,
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J nwag~nW><[nw><(VXAD)]dSW:—J nwaD-(VXAO)dSW:j V-[CDX(VXAO)]dVGZJ (VXGC,)-(VxA,)dV,,
Sy Sy Vo

Vo
(A21)

where use has been made of Egs. (7) and (11). Hence, we deduce that

J n~C><(V><A)dsp:_J Jtanh 4
SP

(VxGCy)-(VxA,)dV, —J n, X C;-n, X A;dS,,. (A22)

(VXC,)(VXAZ)dW—J
Sw

Vi Vo

Thus, in the presence of a thick resistive wall, Eq. (A4) generalizes to give

Fp(V 0 (V) 4" QRS ¥ [V )+ (V@ 35 (€ Robn x Q) ay

B2
V{p+-—

n, X Ci -1, X A,' dSW (A23)

JVP'I : F(é) de = _J

Ve

Jmmemon
e

]dsp - JV,#EI(V x Ci) - (V x A)dV; — JV 1t (VX Cp) - (V x Ap)dV,
Ho a

The self-adjoint property of the force operator, (A5), immediately follows from the symmetric nature of the previous equation. Thus, we con-
clude that the force operator remains self-adjoint in the presence of a resistive wall, even when the wall lies in the thick-shell limit.

5. Minimization of §W in presence of thick resistive wall
Consider the expression for W (&, &) given in Eq. (41). We can write
O[OW(E,8)] = dW(d¢, &) + oW (E,0¢) = 26W(d¢, &), (A24)

where use has been made of the self-adjoint property of the force operator, (A5). Now, 20W, (&, &) and 2 0W,(d¢&, &) are given by Egs. (A7)
and (A8), respectively. Moreover,

2 1o OW (5A;, A;) = J V x 0A; -V x A;dV; = J {V - [0A; x (V x A))] + 0A; - V x (V x A;) }dV;

Vi Vi
:—J n~6A><(V><A)dSP+J nW~5Ai><(V><Ai)dSW+J 0A; -V x (V x A;)dV;
S, S Vi
:J (n-é)ﬁ-(VXA)dSP—J nw><8A,~-nW><[nwx(VXAi)]dSW—i-J 0A; -V x (V x A;)dV;, (A25)
S, Sy Vi

where use has been made of the essential boundary condition (8). Furthermore,
2 1y SWV(0A,, A,) = J V x 0A, -V x A, dV, = J {V - [6A; x (V x A,)] + 34, - V x (V x A,) }dV,
Vo Vo
w X [y, X (VX A,)]

= fJ n,, - 0A, X (VXAO)dSWJrJ 0A, -V x (V xAg)dVO:J n, ><8A,—~n ds,,
Su v, S, cosh 4
+ J 0A; -V x (V x A,)dV,, (A26)
Vo
where use has been made of the essential boundary condition (11), as well as Eq. (37). Finally,
Atanh /
211y SW (3A, A) = J ta:; n, X 6A; -0, X A; dS,. (A27)
Sw

Thus, setting 6[0 W (&, &)] to zero, we obtain

B B .
—IpV-&+&-V|(—|+1,'B-Q-¢-V — 1" B (V xA)

0=—| 6¢-F(&)dv,— -0 —
jvpf &)V Lp(n 9 2 1o 2 1t

dsp+J 1y OA; -V
V;

><(V><Ai)dVi+J H515A0~V><(V><Ao)dVa+H§1J n, X 0A;

Vo Sw
n, X [n, x (V x A Atanh A
. { wx | ( 0)}—nw><[nw><(V><A,-)}+ nwai] (A28)
cosh 4 d
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However, the previous equation must hold for arbitrary 6& and JA. Hence, we deduce that the solution pair [¢(r), A(r)], that minimizes the
OW(&, €) specified in Eq. (41) satisfies Eq. (17) in V), satisties Eq. (7) in V; and V,, satisfies the pressure balance matching condition, (9), at
the plasma boundary, and satisfies the matching condition (39) at the wall.

6. Useful results

Making use of the analysis of Sec. I1I C, the following results are easily demonstrated:

21y W = L (n-&B-V ><A,»dSP+L n, X A; -V ><A,-dSW:c1L (n-&B-V xAnwdSP—i-ch (n-&)B -V x A, dS,
. v . .
+ ch n, X Ay, -V X Ay, dS, + 1 CzL Ny X Ay - V X Apy dSy, (A29)
211y SW = fL n, x A, -V x A, dS, = fch Ny, X Ay V X Apy dS,, (A30)
21y SW = L (n-&B -V x A, dS,, (A31)
.
2 1ty SW) = L (n-&B -V x A, dS,, (A32)
and p
Jw(v x Any) - (V X Apy) dV; = Lp(n “E)B -V X Ay, dS, + Lwnw X Ay - V X Apy, dS,, = Jsp(n “E)B -V x A, dS,, (A33)

where use has been made of Egs. (7), (8), (10), (11), (A13), (A14), (A17), (A18), (47), and (48). It is helpful to define
2 1ty OWY) = J IV X Al dV, = ’J nx Ay, -V X Ay, dS,. (A34)

Vs Sw

Here, SW.” represents the contribution of the region V, to the no-wall vacuum energy.

7. Minimization of 6W, in axisymmetric plasma

In an axisymmetric quasi-cylindrical plasma, the perturbed plasma potential energy can be written” "’

N 1 “ * * * . * 1

Wy = 31| [Fiop (V) (V-8 +Q Qe (V£ & - Vi p)) + 0] - €1 % Q) 2mr 2 Rodr, (139)
0Jo

where 14yj =V x B, Q =V x (£, x B), and the factor 1/2 comes from averaging cos?(m 6 + kz). After a great deal of standard analysis,

we arrive at

2 R a
oW, =" OJ W(r) rdr, (A36)
Ho Jo
where
ré)y .G F.I* |G ((r&r 2kB 2
W(r) =T p ﬁﬂ—nﬂ—éu L |G oy, 2B EtikgBn| +A 2+ A EE+ A, (A37)
r B B ki Tk()
and
2
Al (r) =72 (A38)
kg
(k*r* B2 — m* BY)
Ay(r) =—2——L, (A39)
3 k2
1 G*+4mkByB
As(r) =P+ Bg—Bg—er;,Bg—(rJ“—W], (A40)
r rkg
G(r) = % B. — kBy, (A41)
m
E(r) = v By + kB, (A42)
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2
K(r) = % + K (A43)

Because ¢ and  only appear in Eq. (A37) inside positive-definite
terms, we can minimize 6W, by choosing ¢ and # in such a man-
ner as to set these terms to zero. After doing this, and after integrat-
ing by parts, we arrive at Eqs. (77)-(79).

8. Minimization of W in axisymmetric plasma
The total potential energy of the perturbation is

OW =W, + W, + W +-6W,, + oW

k*r* B2 — m* B} 2
K2r?

b av
—J VVZVrdr+<r—)
a dr b_

a

Atanh 1 1 (dV V(by) *
x | V(bo)+ P <dr)b7 wosh Jb+ VV*Vrdr .

2 a
oz RO{J (ff'z—i-gfz)dr—F
Ho 0

+(B2-B) & —rFev

(A44)

Here, use has been made of the essential boundary condition (87). If
we minimize the potential energy, making use of the self-adjoint
property of the overall expression demonstrated in Subsection 4 of
Appendix, then we get

5[5w]—2”20R°{J:55 [—(f&Y +g¢&ldr
+6¢(a) ff'+(%)z+wz—ﬁz>é—rpv
| svvrvears (rd‘iv)
a dr /.
e P (5, o
- :Cavvzwdr}o. (A45)
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Given that the previous expression must hold for arbitrary 6¢
and 0V, we deduce that the perturbation that minimizes 6 W satis-
fies Eq. (92) in the plasma, satisfies (93) in the vacuum, and satisfies
the natural boundary conditions (86) and (88) at the plasma bound-
ary and at the wall, respectively.
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