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ABSTRACT

The analysis of Hazeltine [Phys. Plasmas 5, 3282 (1998)], which considers the transport of electron number density and energy parallel to
the magnetic field in a magnetized plasma of arbitrary collisionality, is generalized by incorporating a model electron–ion collision
operator, including a self-consistent calculation of the parallel electric field, and taking time dependence into account. The resulting
enhanced model is used to investigate the transport of electron energy across a magnetic island chain in a tokamak plasma. A general
expression for the critical island width above which the electron temperature profile is flattened inside the magnetic separatrix of the
island chain is derived. This expression is valid at arbitrary electron collisionality and also allows for temporal oscillation of the
radial temperature gradient across the island chain. The expression is shown to asymptote to much simpler expressions in the short
mean-free-path and long mean-free-path limits. An expression for the appropriate value of the parallel electron thermal conductivity to
use in extended magnetohydrodynamical simulation codes that represent parallel electron energy transport in terms of a diffusive opera-
tor is obtained.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0293517

I. INTRODUCTION

In Hazeltine,1 the steady-state transport of electron number den-
sity and energy parallel to the magnetic field of a magnetized, weakly
coupled, electron-ion plasma of arbitrary collisionality is investigated
in slab geometry by solving a simplified one-dimensional kinetic
equation for the electron distribution function that employs a
Bhatnagar–Gross–Krook (BGK) electron–electron collision operator.2

The resulting model is able to successfully reproduce standard results
for the electron heat flux in both the short mean-free-path and the
long mean-free-path limits. In the short mean-free-path limit, electron
energy transport is found to be local and diffusive in nature, whereas
the transport is found to be non-local and convective in the long
mean-free-path limit.

The aim of this paper is to generalize the analysis of Hazeltine1 by
incorporating a model electron-ion collision operator, including a self-
consistent calculation of the parallel electric field, and taking time
dependence into account. The resulting enhanced model is used to
investigate the transport of electron energy across a magnetic island
chain in a tokamak plasma.

II. FUNDAMENTAL MODEL
A. Electron distribution function

Let feðt; x; vÞ be the ensemble-averaged electron distribution
function. Here, t denotes time, x ¼ ðx1; x2; x3Þ is a position vector,
x1, x2, and x3 are Cartesian coordinates that are defined such that the
x3-axis is parallel to the local equilibrium magnetic field, and v is the
electron velocity. Let us write

feðt; x; vÞ ¼ ne Fðv1Þ Fðv2Þ Fðv3Þ þ f ðt; x3; v3Þ½ �; (1)

where

FðvÞ ¼ expð�v2=v2teÞ
p1=2 vte

; (2)

and jf =Fj � 1. Here, ne is the unperturbed electron number density,

vte ¼
ffiffiffiffiffiffiffiffi
2Te

me

r
(3)

the electron thermal velocity, me is the electron mass, and Te is the
unperturbed electron temperature (measured in energy units). Note
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that we are assuming that the electron distribution function remains
relatively close to a Maxwellian distribution.

B. Electron–electron collision operator

The electron–electron collision operator is modeled as a BGK
operator1,2

CeeðfeÞ ¼ ��ee Fðv1Þ Fðv2Þ
(
ne Fðv3Þ þ ne f ðt; x3; v3Þ

� ne þ dneðt; x3Þ½ �m1=2
e

p1=2 ð2 Te þ dTeðt; x3Þ½ �Þ1=2

� exp � v3 � Veðt; x3Þ½ �2 me

2 Te þ dTeðt; x3Þ½ �

" #)
: (4)

Here, �ee is the electron–electron collision frequency. Moreover,
jdne=nej � 1, jVe=v3j � 1, and jdTe=Tej � 1. It can be seen that the
operator acts to relax the distribution function to the perturbed
Maxwellian

Fðv1ÞFðv2Þ ne þ dneðt;x3Þ½ �m1=2
e

p1=2 ð2 Te þ dTeðt;x3Þ½ �Þ1=2
exp � v3 �V3ðt;x3Þ½ �2me

2 Te þ dTeðt;x3Þ½ �

" #
:

(5)

Note that we are working in an assumed common electron-ion rest
frame. Expanding the collision operator and only retaining terms that
are first order in perturbed quantities, we obtain

CeeðfeÞ ¼ ��ee ne Fðv1Þ Fðv2Þ
(
f ðt; x3; v3Þ �

"
dneðt; x3Þ

ne

þ Veðt; x3Þ
vte

2 v3
vte

þ dTeðt; x3Þ
Te

v23
v2te

� 1
2

 !#
Fðv3Þ

)
: (6)

Now, in order for the electron–electron collision operator to con-
serve the number of electrons, we require thatð ð ð

CeeðfeÞ d3v ¼ 0; (7)

which yields

dneðt; x3Þ
ne

¼
ð1
�1

f ðt; x3; v3Þ dv3: (8)

Here, dneðt; x3Þ is the perturbed electron number density.
Likewise, in order for the electron–electron collision operator to

conserve electron momentum, we needð ð ð
v CeeðfeÞ d3v ¼ 0: (9)

It is easily seen that
Ð Ð Ð

v1 CeeðfeÞ d3v ¼ Ð Ð Ð v2 CeeðfeÞ d3v ¼ 0.
Thus, we require ð ð ð

v3 CeeðfeÞ d3v ¼ 0; (10)

which yields

Veðt; x3Þ ¼
ð1
�1

v3 f ðt; x3; v3Þ dv3: (11)

Here, Veðt; x3Þ is the perturbed parallel drift velocity of the electrons
with respect to the ions.

Finally, in order for the electron–electron collision operator to
conserve electron energy, we requireð ð ð

v2 CeeðfeÞ d3v ¼ 0: (12)

It is easily seen that
Ð Ð Ð

v21 CeeðfeÞ d3v ¼ Ð Ð Ð v22 CeeðfeÞ d3v ¼ 0.
Thus, we need ð ð ð

v23 CeeðfeÞ d3v ¼ 0; (13)

which yields

dTeðt; x3Þ
Te

¼ 2
ð1
�1

v23
v2te

� 1
2

 !
f ðt; x3; v3Þ dv3: (14)

Here, dTeðt; x3Þ is the perturbed electron temperature. Thus, the elec-
tron–electron collision operator, (6), is now fully specified in terms of
the perturbed electron distribution function, f ðt; x3; v3Þ.

C. Electron–ion collision operator

By analogy with the analysis in Subsection II B, our model
electron–ion collision operator is written as

CeiðfeÞ ¼ ��ei ne Fðv1Þ Fðv2Þ
(
f ðt; x3; v3Þ �

"
dneðt; x3Þ

ne

þ dTeðt; x3Þ
Te

v23
v2te

� 1
2

 !#
Fðv3Þ

)
; (15)

where �ei is the electron–ion collision frequency. Note that this colli-
sion operator conserves the number of electrons, as well as the electron
energy (because the ions are treated as infinitely massive with respect
to the electrons), but does not conserve electron momentum (as a con-
sequence of momentum transferred to the ions via collisions). Note,
finally, that the ion fluid is stationary in the infinite mass limit.

D. Electron kinetic equation

The ensemble-averaged electron kinetic equation that governs
the transport of electron number density and energy parallel to the
magnetic field can be written as1,3

@fe
@t

þ v3
@fe
@x3

� e
me

E3
@fe
@v3

¼ CeiðfeÞ þ CeeðfeÞ þ Sðx; vÞ: (16)

Here, we are assuming that the plasma is subject to a perturbed parallel
electric field, E3ðt; x3Þ. Moreover, the source term in the kinetic equa-
tion takes the form

Sðt; x; vÞ ¼ ne Fðv1Þ Fðv2Þ Fðv3Þ S0ðt; x3Þ þ S2ðt; x3Þ v23
v2te

� 1
2

 !" #
;

(17)
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where S0ðt; x3Þ represents a particle source and S2ðt; x3Þ represents an
energy source.

Linearizing the kinetic equation and integrating over v1 and v2,
we obtain

@f
@t

þ v3
@f
@x3

� hCeiðf Þi � hCeeðf Þi

¼ S0 þ S1
2 v3
vte

þ S2
v23
v2te

� 1
2

 !" #
Fðv3Þ; (18)

where

hCeeðf Þi ¼ 1
ne

ð1
�1

ð1
�1

CeeðfeÞ dv1 dv2

¼ ��ee f � dne
ne

þ Ve

vte

2 v3
vte

þ dTe

Te

v23
v2te

� 1
2

 !" #
Fðv3Þ

( )
;

(19)

hCeiðf Þi ¼ 1
ne

ð1
�1

ð1
�1

CeiðfeÞ dv1 dv2

¼ ��ei f � dne
ne

þ dTe

Te

v23
v2te

� 1
2

 !" #
Fðv3Þ

( )
; (20)

S1ðt; x3Þ ¼ � e E3ðt; x3Þ
me vte

: (21)

E. Poisson–Maxwell equation

Assuming that the ions constitute a uniform neutralizing back-
ground, the perturbed parallel electric field is related to the perturbed
electron number density according to

@E3
@x3

¼ � e dneðt; x3Þ
�0

: (22)

F. Heat flux

The flux of parallel electron kinetic energy is defined as3

qkðt; xÞ ¼
ð ð ð

1
2
me ðv3 � VeÞ2 ðv � VÞ feðt; x; vÞ d3v: (23)

It is easily demonstrated that, to first order in small quantities,
qk1 ¼ qk2 ¼ 0, and

qk3ðt; x3Þ ¼ 1
2
me ne

ð1
�1

v3 v23 �
3
2
v2te

� �
f ðt; x3; v3Þ dv3: (24)

III. FOURIER–LAPLACE TRANSFORM SOLUTION OF THE
ELECTRON KINETIC EQUATION
A. Normalization

Let

�e ¼ �ee þ �ei (25)

be the total electron collision frequency, and let

le ¼ vte
�e

(26)

be the electron mean-free-path between collisions. Let us adopt the fol-
lowing normalizations: t̂ ¼ �e t, x̂ ¼ x3=le, u ¼ v3=vte, f̂ ¼ vte f ,
dn̂e ¼ dne=ne, V̂ e ¼ Ve=vte, dT̂ e ¼ dTe=Te, Ŝ0 ¼ S0=�e, Ŝ1 ¼ S1=�e,
Ŝ2 ¼ S2=�e, and q̂e ¼ qk3=ðne Te vteÞ.

The electron kinetic equation, (18), takes the normalized form

@ f̂

@ t̂
þ u

@ f̂
@x̂

þ f̂ ¼
"
ðdn̂e þ Ŝ0Þ þ ðle V̂ e þ Ŝ1Þ 2 u

þ ðdT̂ e þ Ŝ2Þ u2 � 1
2

� �#
FM ; (27)

where

FMðuÞ ¼ expð�u2Þ
p1=2

; (28)

le ¼
�ee

�ee þ �ei
: (29)

Here, use has been made of Eqs. (19) and (20). Furthermore, Eqs. (8),
(11), (14), and (24) yield

dn̂eð̂t ; x̂Þ ¼
ð1
�1

f̂ ð̂t ; x̂; uÞ du; (30)

V̂ e ð̂t ; x̂Þ ¼
ð1
�1

u f̂ ð̂t ; x̂; uÞ du; (31)

dT̂ eð̂t ; x̂Þ ¼ 2
ð1
�1

u2 � 1
2

� �
f ð̂t ; x̂ ; uÞ du; (32)

q̂eð̂t ; x̂Þ ¼
ð1
�1

u u2 � 3
2

� �
f̂ ð̂t ; x̂; uÞ du: (33)

Finally, Eqs. (21) and (22) give

2 k̂
2

D
@Ŝ1
@x̂

¼ dn̂e; (34)

where

k̂D ¼ kD
le

(35)

and

kD ¼ �0 Te

ne e2

� �1=2

(36)

is the Debye length.3 Note that k̂D is necessarily a small parameter in a
weakly coupled plasma.3

B. Fluid equations

Taking
Ð1
�1[Eq. (27)]du, we obtain the electron continuity

equation,

@dn̂e

@ t̂
þ @V̂ e

@x̂
¼ Ŝ0: (37)

Taking
Ð1
�1 u[Eq. (27)]du, we obtain the electron momentum conser-

vation equation,
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@V̂ e

@ t̂
þ 1
2

@

@x̂
ðdn̂e þ dT̂ eÞ þ ð1� leÞ V̂ e ¼ Ŝ1: (38)

Finally, taking 2
Ð1
�1ðu2 � 1=2Þ[Eq. (27)]du, we obtain the electron

energy conservation equation,

@dTe

@ t̂
þ 2

@

@x̂
ðV̂ e þ q̂eÞ ¼ Ŝ2: (39)

C. Fourier–Laplace transformation

Let

�f ðg; k̂; uÞ ¼ 1ffiffiffiffiffi
2p

p
ð1
�1

ð1
0
f̂ ð̂t ; x̂; uÞ e�gt̂ dt̂

� �
e�ik̂ x̂ dx̂; (40)

d�neðg; k̂Þ ¼ 1ffiffiffiffiffi
2p

p
ð1
�1

ð1
0
dn̂eð̂t ; x̂Þ e�gt̂ dt̂

� �
e�ik̂ x̂ dx̂; (41)

etc. Here, k̂ ¼ k le, where k is the unnormalized wavenumber. If we
operate on Eqs. (27) and (34) with

Ð1
�1
Ð1
0 ½ð� � �Þegt̂ dt̂ �e�i k̂ x̂ dx̂ , and

combine the resulting equations, then we obtain

ðg þ i k̂ uþ 1Þ�f ¼
"
ðd�ne þ �S0Þ þ le �Ve þ d�ne

2ik̂ k̂
2

D

 !
2 u

þ ðd�Te þ �S2Þ u2 � 1
2

� �#
FM : (42)

Here, we are assuming that all perturbed quantities are zero for t̂ < 0.

D. Fourier–Laplace transformed fluid equations

Taking
Ð1
�1 [Eq. (42)]du, we obtain the Fourier–Laplace trans-

formed electron continuity equation,

g d�ne þ i k̂ �Ve ¼ �S0: (43)

Taking
Ð1
�1 u[Eq. (42)]du, we obtain the Fourier–Laplace transformed

electron momentum conservation equation,

ðg þ 1� leÞ �Ve þ i k̂
2

KD d�ne þ d�Teð Þ ¼ 0; (44)

where

KDðk̂Þ ¼ 1þ ðk̂ k̂DÞ2
ðk̂ k̂DÞ2

¼ 1þ ðk kDÞ2
ðk kDÞ2

: (45)

Finally, taking 2
Ð1
�1ðu2 � 1=2Þ[Eq. (42)]du, we obtain the Fourier–

Laplace transformed electron energy conservation equation,

g d�T e þ 2ik̂ ð�V e þ �qeÞ ¼ �S2: (46)

E. Reformulation

Equation (42) can be rearranged to give

�f ðg; k̂;uÞ¼ð1þgÞ�1

(
d�neþ�S0ð Þþ le �V eþð1þgÞðKD�1Þd�ne

2n

� �
2u

þ d�Teþ�S2ð Þ u2�1
2

� �� �n
u�n

� �
FM ; (47)

where

nðg; k̂Þ ¼ i ð1þ gÞ
k̂

¼ i ð1þ gÞ
k le

: (48)

Likewise, the fluid equations, (43), (44), and (46), can be re-expressed
in the forms

d�ne þ �S0 ¼ ð1þ gÞ d�ne � n�1 �Ve

� 	
; (49)

le �Ve þ ð1þ gÞ ðKD � 1Þ d�ne

2 n
¼ ð1þ gÞ �Ve � n�1

2
ðd�ne þ d�TeÞ

� �
;

(50)

d�Te þ �S2 ¼ ð1þ gÞ d�Te � 2 n�1 ð�Ve þ �qeÞ

 �

: (51)

It follows that:

n le �Ve þ ð1þ gÞ ðKD � 1Þ d�ne

2 n

� �
¼ gn2 d�ne � 1

2
ð1þ gÞ

� ðd�ne þ d�TeÞ � n2 Ŝ0; (52)

�qe ¼ ð1þ gÞ�1 n �g d�ne � d�Te

2

� �
þ �S0 �

�S2
2

� �" #
: (53)

F. Modified plasma dispersion function

Let

ZnðnÞ ¼
ð1
�1

un
�n
u� n

� �
FMðuÞ du: (54)

It is easily demonstrated that

Znþ1 ¼ n ðZn � InÞ; (55)

where

In ¼ 1

p1=2

ð1
�1

un expð�u2Þ du: (56)

Now, I0 ¼ 1, and I1 ¼ 0, so

Z1 ¼ n ðZ0 � I0Þ ¼ nZ0 � n; (57)

Z2 ¼ n ðZ1 � I1Þ ¼ n2 Z0 � n2: (58)

Note that

Z0ðnÞ ¼ �n �ZðnÞ; (59)

where

�ZðnÞ ¼ 1
p1=2

ð1
�1

e�u2

u� n
du (60)

is related to the plasma dispersion function.3,4 In fact, it can be shown
that3

�ZðnÞ ¼ i p1=2 wðnÞ (61)

for ImðnÞ > 0, and

�ZðnÞ ¼ i p1=2 wðnÞ � 2ip1=2 expð�n2Þ (62)
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for ImðnÞ < 0. Here,

wðnÞ ¼ expð�n2Þ erfcð�i nÞ (63)

is a so-called Faddeeva function (alternatively known as a Kramp func-
tion),5 and erfcðzÞ is the complementary error function.5

Now,3,5

wðnÞ ¼ 1þ 2in

p1=2
þOðn2Þ (64)

in the limit jnj � 1, whereas

wðnÞ ¼ r expð�n2Þ þ i

p1=2

"
1
n
þ 1

2n3
þ 3

4n5
þ 15

8n7

þ 105

16n9
þO 1

n11

� �#
(65)

in the limit jnj ! 1. Here,

r ¼
0 ni > jnr j�1;

1 jnij < jnrj�1;

2 ni < �jnrj�1;

8>><
>>: (66)

where n ¼ nr þ ini and nr and ni are both real. It follows that:

Z0ðnÞ ¼ �ip1=2 sgnðniÞnþ 2n2 þOðn3Þ (67)

in the limit jnj � 1, whereas

Z0ðnÞ ¼ �ip1=2r0n expð�n2Þ þ 1þ 1

2n2
þ 3

4n4

þ 15

8n6
þ 105

16n8
þO 1

n10

� �
(68)

in the limit jnj � 1, where

r0 ¼
0 jnij > jnr j�1;

1 0 < ni < jnr j�1;

�1 �jnrj�1 < ni < 0:

8>><
>>: (69)

G. Fourier–Laplace transformed electron heat flux

Equations (30), (47), and (54) can be combined to give

ð1þ gÞ d�ne ¼ ðd�ne þ �S0Þ � 1
2
ðd�Te þ �S2Þ

� �
Z0

þ le �Ve þ ð1þ gÞ ðKD � 1Þ d�ne

2 n

� �
2Z1

þ ðd�Te þ �S2ÞZ2: (70)

Equations (52), (57), (58), and (70) yield

d�Te ¼ 2 n2 � ð2 n2 � 1ÞZ0


 �
�S0 � �S2=2� g d�ne


 �
ðn2 � 1� gÞ � ðn2 � 3=2� gÞZ0

: (71)

Finally, Eqs. (53) and (71) give1

�qeðg; k̂Þ ¼ nGðnÞ d�Teðg; k̂Þ; (72)

where

GðnÞ ¼ ðn2 � 1Þ � ðn2 � 3=2ÞZ0

2n2 � ð2 n2 � 1ÞZ0
: (73)

Note that the electron heat flux only depends on the perturbed electron
temperature, and is independent of both the perturbed electron num-
ber density and the electron drift velocity. It follows from Eqs. (67) and
(68) that:

GðnÞ ¼ �i
sgnðniÞ
p1=2 n

þ 3
2
� 4
p
þOðnÞ (74)

in the limit jnj � 1, and

GðnÞ ¼ 3

4n2
þ 3

2n4
þOðn�6Þ (75)

in the limit jnj � 1.

H. Fourier–Laplace transformed electron fluid
quantities

The Fourier–Laplace transformed fluid equations, (49)–(51),
combined with Eq. (72), yield

g1d�ne � n�1 �V e ¼
�S0

1þ g
; (76)

�KDd�ne þ g2n
�1 �Ve � d�Te ¼ 0; (77)

�n�1 �V e � G� g1
2

� �
d�Te ¼

�S2
2 ð1þ gÞ ; (78)

where

g1ðgÞ ¼ g
1þ g

; (79)

g2ðg; k̂Þ ¼ 2 ð1� le þ gÞ n2
1þ g

: (80)

Finally, Eqs. (76)–(78) can be solved to give1

d�neðg; k̂Þ ¼ � 1þ g2 ðG� g1=2Þ½ ��S0ðg; k̂Þ þ �S2ðg; k̂Þ=2
ð1þ gÞ ðG� g1=2Þ ðKD � g1 g2Þ � g1½ � ; (81)

�Veðg; k̂Þ ¼ �ðG� g1=2ÞKD n �S0ðg; k̂Þ þ g1 n�S2ðg; k̂Þ=2
ð1þ gÞ ðG� g1=2Þ ðKD � g1 g2Þ � g1½ � ; (82)

d�Teðg; k̂Þ ¼ KD �S0ðg; k̂Þ � ðKD � g1 g2Þ�S2ðg; k̂Þ=2
ð1þ gÞ ðG� g1=2Þ ðKD � g1 g2Þ � g1½ � : (83)

The previous three equations specify the Fourier–Laplace transformed
electron number density, drift velocity, and temperature directly in
terms of the particle and energy sources.

IV. ELECTRON ENERGY TRANSPORT ACROSS A
MAGNETIC ISLAND CHAIN
A. Introduction

Consider a tearing mode in a tokamak plasma.6,7 Suppose that
the mode possesses m periods in the poloidal direction, and n periods
in the toroidal direction. (Here, m and n are positive integers.) As is
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well-known, the mode resonates with the equilibrium magnetic
field at the so-called “rational surface” whose minor radius, rs, sat-
isfies qðrsÞ ¼ m=n, where qðrÞ is the safety-factor profile, and r
denotes the minor radius of equilibrium magnetic flux-surfaces.7,8

The tearing mode reconnects magnetic flux at the rational surface,
in the process opening up a magnetic island chain, centered on the
surface, which also possesses m periods in the poloidal direction,
and n periods in the toroidal direction.9 Let W be the full radial
width of the island chain.

As is well-known, if W exceeds a fairly small critical width, Wc,
then the radial equilibrium electron temperature gradient is flattened
in the region lying within the island chain’s magnetic separatrix.10 In
this case, the perpendicular electron energy flux across the island
chain, driven by radial gradients in the equilibrium electron tempera-
ture, is diverted parallel to magnetic field-lines in a thin boundary layer
that lies on the island separatrix, see Fig. 1. Let d be the radial width of
the boundary layer.

The critical island width, Wc, is defined as the island width at
which d ¼ W. IfW > Wc then the electron temperature profile is flat-
tened by the island chain, and the energy transport across the chain is
predominately parallel to magnetic field-lines. On the other hand, if
W < Wc then the electron temperature profile is unaffected by the
island chain, and the energy transport across the chain is predomi-
nately perpendicular to magnetic field-lines.10

We wish to employ the theory developed Secs. II and III to calcu-
late the critical island width at arbitrary collisionality. (In reality, paral-
lel electron energy transport in tokamak plasmas does not lie in the
short mean-free-path limit.) We also wish to calculate the critical
island width in the case in which the energy flow across the island
chain oscillates at some frequencyx.

Our calculation takes place in the simplified island geometry
pictured in Fig. 2. Here, the separatrix boundary layer has been

split into two straight boundary layers which represent the inner
(in r) and outer sides of the magnetic separatrix. Electron energy
flows parallel to magnetic field-lines within these boundary layers.
Furthermore, any energy that flows out of the ends of the inner
boundary layer is fed into the corresponding end of the outer
boundary layer, and vice versa.

B. Connection length

Let x3 measure distance along magnetic field-lines in the separa-
trix boundary layers. The equation of the field-lines is10

dx3
df

¼ R0 rs
n ss

1
jr � rsj ; (84)

where ss ¼ ðd ln q= ln rÞrs is the magnetic shear at the rational surface
and R0 is the plasma minor radius. Here, f ¼ m h� n/ is a helical
angle, h is a poloidal angle, and / is a toroidal angle. Now, on the mag-
netic separatrix,10

jr � rsj ¼ W
2

sin
f
2

� �
: (85)

Note that the island O-point lies at f ¼ p, whereas the X-points lie at
f ¼ 0, 2p (see Fig. 1). The average value of jr � rsj in the boundary
layers is

hjr � rsji ¼ W
2

ðp
0
sin

f
2

� �
df
p

¼ W
p
: (86)

Hence, the so-called “connection length,” which is defined as the
length of the boundary layers parallel to magnetic field-lines, is

FIG. 1. True geometry of electron energy transport across a magnetic island. Here, f ¼ m h� n/, where h is a poloidal angle and / is a toroidal angle.
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L ¼
ð2p
0

dx3
df

df ¼ R0 rs
n ss

2p
hjr � rsji ¼

R0 rs
n ss

2p2

W
: (87)

Here, the island O-point lies at x3 ¼ 0, whereas the X-points lie at
x3 ¼ 6L=2. Note that the two ends of the boundary layers lie at the
X-points, see Fig. 2.

C. Electron temperature perturbation

Consider the inner separatrix boundary layer. Suppose that the
perturbed electron temperature on the inner (in r) side of the layer is

dTeinðt; x3Þ ¼ dTe0 cosðx tÞ cos p
x3
L

� �
: (88)

Suppose that the layer is much thinner (in r) than the island (i.e.,
d � W), which implies that the perturbed electron temperature is
zero inside the island. Thus, the perturbed electron temperature on the
outer side of the layer is

dTeoutðt; x3Þ ¼ 0: (89)

Finally, let

dTeðt; x3Þ ¼ dTe0 cosðx t � aÞ cos p
x3
L

� �
(90)

be the average perturbed electron temperature within the layer. Here, a
represents a phase-lag between the average temperature and the driv-
ing temperature on the inner side of the layer. Moreover, x > 0 is the
oscillation frequency of the temperature perturbation. Finally, dTe0

represents the small temperature difference between the middle and
the two ends of the layer that is responsible for driving the flow of
energy around the island. Note that the perturbed temperature in the
outer boundary layer is minus that in the inner boundary layer.

D. Parallel electron heat flux

The normalized Fourier–Laplace transformed perturbed electron
temperature in the inner boundary layer is [see Eq. (41)]

d�Teðg; k̂Þ ¼ 1ffiffiffiffiffi
2p

p
ð1
�1

ð1
0
dT̂ e ð̂t ; x̂Þ e�gt̂ dt̂

� �
e�ik̂ x̂ dx̂

¼
ffiffiffi
p
2

r
dT̂ e0

1
2

e�ia

g � ix̂
þ eia

g þ îx̂

 !

� dðk̂ � k̂0Þ þ dðk̂ þ k̂0Þ
h i

: (91)

Here, x̂ ¼ x3=le, L̂ ¼ L=le, t̂ ¼ �et, x̂ ¼ x=�e, dT̂ e ¼ dTe=Te,
dT̂ e0 ¼ dTe0=Te, and k̂0 ¼ p=L̂. Moreover, �e, le, and Te are the total
electron collision frequency [see Eq. (25)], the electron mean-free-path
between collisions [see Eq. (26)], and the equilibrium electron temper-
ature, respectively, at the rational surface.

Now, according to Eq. (72), the Fourier–Laplace transformed
normalized parallel electron heat flux in the inner boundary layer is

�qeðg; k̂Þ ¼ nGðnÞd�Teðg; k̂Þ; (92)

where [see Eq. (48)]

n ¼ ið1þ gÞ
k̂

; (93)

and the function GðnÞ is defined in Eqs. (59), (60), and (73).
Let

GðnÞ ¼ Grðnr ; niÞ þ iGiðnr; niÞ; (94)

where

nr ¼
x̂

k̂0
; (95)

FIG. 2. Simplified geometry of electron energy transport across a magnetic island. Here, x3 measures distance along magnetic field-lines.
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ni ¼
1

k̂0
; (96)

and Gr and Gi are real. It is easily demonstrated that

Grðnr ; niÞ ¼ Grð�nr ; niÞ ¼ Grðnr ;�niÞ ¼ Grð�nr ;�niÞ; (97)

Giðnr ; niÞ ¼ �Gið�nr ; niÞ ¼ �Giðnr ;�niÞ ¼ Gið�nr ;�niÞ: (98)

The time-asymptotic normalized parallel heat flux in real space,

q̂e ð̂t ; x̂Þ ¼ lim
t̂!1

1ffiffiffiffiffi
2p

p
ð1
�1

1
2p i

ð
C
�qeðg; k̂Þ egt̂ dg

� �
eik̂ x̂ dk̂; (99)

where C is the Bromwich contour, can be shown to take the form

q̂e ð̂t ; x̂Þ ¼ dT̂ e0 f�½cos a ð�nr Gr þ ni GiÞ þ sin a ðni Gr þ nr GiÞ�
� sinðx̂ tÞ þ ½sin a ð�nr Gr þ ni GiÞ
� cos a ðni Gr þ nr GiÞ�cosðx̂ tÞg sinðk̂0 x̂Þ: (100)

Here, q̂e ¼ qe=ðne Te vteÞ, where ne is the equilibrium electron
number density at the rational surface, and vte ¼ ð2Te=meÞ1=2 ¼ le �e
[see Eqs. (3) and (26)]. Moreover, Gr ¼ Re½Gðnr ; niÞ� and
Gi ¼ Im½Gðnr ; niÞ�.

E. Electron energy conservation

The net parallel electron energy flux (per unit toroidal distance)
in the inner separatrix boundary layer is

Qkð̂t ; x̂Þ ¼ ne Te vte q̂eð̂t ; x̂Þ d: (101)

The perpendicular energy flux (per unit toroidal distance) into the sec-
tion of the layer that lies between x3 ¼ 0 and x3 ¼ x3 is

Q?ð̂t ; x̂Þ ¼ j?
d

ðx3
0
dTeinð̂t ; x̂Þ dx3

¼ j? dTe0

d̂ k̂0
cosðx̂ t̂Þ sinðk̂0 x̂Þ; (102)

where j? is the perpendicular electron thermal conductivity at the
rational surface and d̂ ¼ d=le. Finally, the electron thermal energy (per
unit toroidal distance) contained in the section of the layer is

Eð̂t ; x̂Þ ¼ 1
2

ðx3
0
ne dTe ð̂t ; x̂Þ dx3 d

¼ ne d le dTe0

2 k̂0
cos a cosðx̂ t̂Þ þ sin a sinðx̂ t̂Þ
 �

sinðk̂0 x̂Þ:

(103)

In the absence of a density source (i.e., �S0 ¼ 0), and assuming
that the Debye length is extremely small (i.e., KD � 1), the Fourier–
Laplace transformed fluid equations, (76)–(78), imply that
d�ne ¼ �Ve ¼ 0. Hence, the Fourier–Laplace transformed energy con-
servation equation, (78), yields [see Eq. (39)]

@E
@t

¼ Q? � Qk; (104)

which implies that

cos a
1
2
nr � nr Gr þ ni Gi

� �
þ sin a ðni Gr þ nr GiÞ ¼ 0; (105)

sin a
1
2
nr � nr Gr þ ni Gi

� �
� cos a ðni Gr þ nr GiÞ ¼ ĵ?

d̂
2
k̂0

;

(106)

where

ĵ? ¼ j?
ne vte le

: (107)

Thus, it follows that

tan a ¼ x̂=2� x̂ Gr þ Gi

�Gr � x̂ Gi
; (108)

and

d̂
2 ¼ ĵ?

ðx̂=2� x̂ Gr þ GiÞ2 þ ð�Gr � x̂ GiÞ2

 �1=2 : (109)

F. Short mean-free-path limit

Consider the short mean-free-path limit jnj � 1, which implies
that

L � le

ð1þ x2=�2e Þ1=2
: (110)

Here, the term on the right-hand side of the previous equations is the
effective mean-free-path of electrons in the separatrix boundary layer.
According to Eq. (75), in the limit jnj � 1,

GðnÞ ’ 3

4 n2
; (111)

which gives

Gr ’ � 3
4
ð1� x̂2Þ
ð1þ x2Þ2 k̂

2

0; (112)

Gi ’ � 3
2

x̂

ð1þ x̂2Þ2 k̂
2

0: (113)

Hence, Eqs. (108) and (109) yield

tan a ’ 2
3
x̂ ð1þ x̂2Þ

k̂
2

0

; (114)

d̂
2 ’ ĵ?

x̂2=4þ ð9=16Þ k̂40=ð1þ x̂2Þ2
h i1=2 : (115)

1. Zero-frequency limit

Consider the zero-frequency limit in which x ¼ 0. In this case,
Eqs. (114) and (115) imply that a ¼ 0 (i.e., there is no phase lag
between the average electron temperature in the inner separatrix
boundary layer and the driving temperature on the inner side of the
layer), and

d̂
2 ¼ 4

3
ĵ?

k̂
2

0

: (116)
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The previous equation can be rearranged to give

d
W

¼ Wc0

W

� �2

; (117)

where10

Wc0

rs
¼

ffiffiffiffiffi
2p

p j?
jk0

� �1=4 1

ðn ss �sÞ1=2
; (118)

and �s ¼ rs=R0. Here,

jk0 ¼ 3
4
ne vte le (119)

is the zero-frequency, short mean-free-path electron parallel thermal
conductivity.7,11 It is clear from Eq. (117) that if the island width, W,
exceeds the critical value Wc0 then the separatrix boundary layer is
thinner than the island (i.e., d � W). Thus, we can identifyWc0 as the
critical island width above which the electron temperature profile is
flattened inside the island separatrix in the zero-frequency, short
mean-free-path limit.

2. Low-frequency limit

Consider the low-frequency limit in which

x̂ ð1þ x̂2Þ � 3
2
k̂
2

0: (120)

In this case, Eqs. (114) and (115) imply that a � 1, and

d
W

¼ Wc1

W

� �2

; (121)

where10

Wc1

rs
¼ ffiffiffiffiffi

2p
p j?

jk1

� �1=4 1

ðn ss �sÞ1=2
; (122)

and

jk1 ¼ 3
4

ne vte le
1þ x2=�2e

: (123)

Here, jk1 is the low-frequency, short mean-free-path electron parallel
thermal conductivity. Note that the effective electron thermal conduc-
tivity is reduced in the limit in which x � �e. Thus, we can identify
Wc1 as the critical island width above which the electron temperature
profile is flattened inside the island separatrix in the low-frequency,
short mean-free-path limit.

3. High-frequency limit

Consider the high-frequency limit in which

x̂ ð1þ x̂2Þ � 3
2
k̂
2

0: (124)

In this case, Eqs. (114) and (115) imply that a ’ p=2, and

d
W

¼ Wc2

W
; (125)

where

Wc2

rs
¼ 2 j?

ne r2s x

� �1=2

: (126)

Thus, we can identify Wc2 as the critical island width above which the
electron temperature profile is flattened inside the island separatrix in
the high-frequency, short mean-free-path limit.

4. General frequency

In the general frequency case, it is easily demonstrated that

tan a ¼ W4
c1

W2
c2 W2

; (127)

and

d
W

¼ W
Wc2

� �4

þ W
Wc1

� �8
" #�1=4

: (128)

The critical island width,Wc, at whichW ¼ d, satisfies

Wc

Wc2

� �4

þ Wc

Wc1

� �8

¼ 1; (129)

which yields

Wc ¼ Wc1 � 1
2

Wc1

Wc2

� �4

þ 1þ 1
4

Wc1

Wc2

� �8
" #( )1=4

: (130)

Clearly,Wc is the lesser ofWc1 andWc2.

G. Long mean-free-path limit

Consider the long mean-free-path limit jnj � 1, which implies
that

L � le

ð1þ x2=�2e Þ1=2
: (131)

According to Eq. (74), in the limit jnj � 1,

GðnÞ ’ � i
p1=2 n

þ 3
2
� 4
p
; (132)

which gives

Gr ’ � k̂0
p1=2 ð1þ x̂2Þ þ

3
2
� 4
p
; (133)

Gi ’ � x̂ k̂0
p1=2 ð1þ x̂2Þ : (134)

Hence, Eqs. (108) and (109) yield

tan a ’ p1=2 ð4=p� 1Þ x̂
k̂0

; (135)

d̂
2 ’ ĵ?

ð4=p� 1Þ2 x̂2 þ ðk̂0=p1=2 þ 4=p� 3=2Þ2
h i1=2 : (136)
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1. Low-frequency limit

Consider the low-frequency limit in which

x̂ � k̂0
ð4=p� 1Þp1=2 : (137)

In this case, Eqs. (135) and (136) imply that a � 1, and

d
W

¼ Wc3

W

� �3=2

; (138)

where10

Wc3

rs
¼ 21=3 p1=2

j?
ne vte rs

� �1=3 1

ðn ss �sÞ1=3
: (139)

Thus, we can identify Wc3 as the critical island width above which the
electron temperature profile is flattened inside the island separatrix in
the low-frequency, long mean-free-path limit. However, we can also
write

Wc3

rs
¼

ffiffiffiffiffi
2p

p j?
jk3

� �1=4 1

ðn ss �sÞ1=2
; (140)

where

jk3 ¼ ne vte L

p3=2
(141)

is the low-frequency, long mean-free-path electron parallel thermal
conductivity. Here, L is evaluated withW ¼ Wc3.

2. High-frequency limit

Consider the high-frequency limit in which

x̂ � k̂0
ð4=p� 1Þp1=2 : (142)

In this case, Eqs. (135) and (136) imply that a ’ p=2, and

d
W

¼ Wc4

W
; (143)

where

Wc4

rs
¼ j?

ð4=p� 1Þner2sx
� �1=2

: (144)

Thus, we can identify Wc4 as the critical island width above which the
electron temperature profile is flattened inside the island separatrix in
the high-frequency, long mean-free-path limit.

3. General frequency

In the general frequency case, it is easily demonstrated that

tan a ¼ W3
c3

W2
c4 W

; (145)

and

d
W

¼ W
Wc3

� �6

þ W
Wc4

� �4
" #�1=4

: (146)

The critical island width,Wc, at whichW ¼ d, satisfies

Wc

Wc3

� �6

þ Wc

Wc4

� �4

¼ 1: (147)

Clearly,Wc is the lesser ofWc3 andWc4.

H. General case

In the general case, in which we make no assumptions regarding
the mean-free-path and the frequency, it is easily demonstrated that

tan a ¼ x̂=2� x̂ Gr þ Gi

�Gr � x̂ Gi
; (148)

Wc

Wc0
¼ ð3=4Þk̂20

�Gr � x̂Gi
cos a

" #1=4
: (149)

Note that a and Wc=Wc0 are both functions of L̂ ¼ L=le and
x̂ ¼ x=�e.

I. Results

Figure 3 shows the critical radial width, Wc, above which a mag-
netic island flattens the electron temperature profile plotted as a func-
tion of the ratio of the connection length to the electron mean-
free-path, L̂, in a steady-state (i.e., x ¼ 0). The critical island width is
normalized with respect to the zero-frequency short mean-free-path
critical width, Wc0, which is defined in Eq. (118). Also shown is the
zero-frequency long mean-free-path critical island width, Wc3, which
is defined in Eq. (140). It can be seen thatWc asymptotes toWc0 in the
short mean-free-path limit, L̂ � 1, and asymptotes toWc3 in the long
mean-free-path limit, L̂ � 1.

FIG. 3. Zero-frequency critical island width, Wc , for electron temperature flattening,
plotted as a function of the ratio of connection length to electron mean-free-path,
L̂. Also shown are the short and long mean-free-path limits, Wc0 and Wc3. Observe
that Wc ! Wc0 for L̂ � 1, and Wc ! Wc3 for L̂ � 1.
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Figure 4 shows the phase-lag, a, and the normalized critical island
width, Wc=Wc0, plotted as functions of the normalized oscillation fre-
quency, x̂, and the normalized connection length, L̂, in the short
mean-free-path limit, L̂ � 1. Also shown are the short mean-free-
path expressions for the phase-lag [see Eq. (114)],

tanðasmfpÞ ¼ 2
3
x̂ ð1þ x̂2Þ

k̂
2

0

; (150)

and for the normalized critical island width [see Eq. (115)],

Wcsmfp

Wc0
¼ ð3=2Þ k̂20

h i1=4
x̂2 þ ð9=4Þ k̂40=ð1þ x̂2Þ2
h i1=8 : (151)

Note that k̂0 ¼ p=L̂ � 1 in the short mean-free-path limit. It can be
seen that a ’ asmfp and Wc ’ Wcsmfp are excellent approximations in
the short mean-free-path limit.

Figure 5 shows the phase-lag, a, and the normalized critical island
width, Wc=Wc0, plotted as functions of the normalized oscillation fre-
quency, x̂, and the normalized connection length, L̂, in the long
mean-free-path limit, L̂ � 1. Also shown are the long mean-free-path
expressions for the phase-lag [see Eq. (135)],

tanðalmfpÞ ¼ p1=2 ð4=p� 1Þ x̂
k̂0

(152)

and for the normalized critical island width [see Eq. (136)],

Wc lmfp

Wc0
¼ ð3=4Þ k̂20

h i1=4
ð4=p� 1Þ2 x̂2 þ ðk̂0=p1=2 þ 4=p� 3=4Þ2
h i1=8 : (153)

Note that k̂0 � 1 in the long mean-free-path limit. It can be seen that
a ’ almfp and Wc ’ Wclmfp are excellent approximations in the long
mean-free-path limit.

V. SUMMARY AND CONCLUSIONS

We have generalized the analysis of Hazeltine,1 which considers
the transport of electron number density and energy parallel to the
magnetic field in a magnetized plasma of arbitrary collisionality, by
incorporating a model electron-ion collision operator, including a self-
consistent calculation of the parallel electric field, and taking time
dependence into account. The resulting enhanced model is used to
investigate the transport of electron energy across a magnetic island
chain in a tokamak plasma. A general expression for the critical island
width above which the electron temperature profile is flattened inside
the magnetic separatrix of the island chain is derived [see Eq. (149)].
This expression is valid for arbitrary electron collisionality and also
allows for temporal oscillation of the radial temperature gradient
across the island chain. The expression is shown to asymptote to much
simpler expressions in the short mean-free-path limit [see Eq. (151)]
and in the long mean-free-path limit [see Eq. (153)].

Extended magnetohydrodynamical (MHD) codes that simulate
tearing mode dynamics in tokamak plasmas invariably represent the
parallel transport of electron temperature using a diffusive operator,
despite the fact that the transport is convective, rather than diffusive,

FIG. 4. Top-left panel: Tangent of the phase-lag, a, plotted as a function of the normalized oscillation frequency, x̂, for L̂ ¼ 1. Also shown is the tangent of the short mean-
free-path phase-lag, asmfp. Top-right panel: Same as top-left panel, except that tan a is plotted as a function of the normalized connection length, L̂, for x̂ ¼ 1. Bottom-left
panel: Normalized critical island width, Wc=Wc0, plotted as a function of the normalized oscillation frequency, x̂, for L̂ ¼ 1. Also shown is short mean-free-path normalized
island width, Wcsmfp=Wc0. Bottom-right panel: Same as the bottom-left panel, except that Wc=Wc0 is plotted as a function of the normalized connection length, L̂, for x̂ ¼ 1.
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due to the low collisionality of such plasmas. Assuming diffusive trans-
port, the expression for the critical magnetic island width, Wc, above
which the electron temperature is flattened takes the well-known
value10

Wc

rs
¼

ffiffiffiffiffi
2p

p j?
jk

� �1=4 1

ðn ss �sÞ1=2
: (154)

However, if the Braginskii expression for the parallel electron thermal
conductivity,11 jk, is used in the previous expression then the corre-
sponding value of Wc is far too small, because tokamak plasmas are
not in the short mean-free-path collisionality regime. So, what is an
appropriate expression for jk? Adopting the reasonable criterion that
the appropriate expression is that which yields the correct value for
Wc, we deduce that

jk ¼ ne vte le

k̂
2

0

jGði=k̂0Þj; (155)

where

k̂0 ¼ p le
L

; (156)

L ¼ R0 rs
n ss

2p2

Wc
: (157)

(Here, we are assuming that the oscillation frequency, x, is zero.) The
previous four equations can be solved iteratively to determine jk:

We can define

x ¼ Wc

rs
; (158)

a ¼ nssle
2pR0

; (159)

b ¼ 2pa
n�sss

j?
nevtele

� �1=2

; (160)

then

jk
nevtele

¼ b2

a2x4
; (161)

where the value of x is determined from the solution of the transcen-
dental equation

FIG. 5. Top-left panel: Tangent of the phase-lag, a, plotted as a function of the normalized oscillation frequency, x̂, for L̂ ¼ 0:1. Also shown is the tangent of the long mean-
free-path phase-lag, almfp. Top-right panel: Same as top-left panel, except that tan a is plotted as a function of the normalized connection length, L̂, for x̂ ¼ 0:1. Bottom-left
panel: Normalized critical island width, Wc=Wc0, plotted as a function of the normalized oscillation frequency, x̂, for L̂ ¼ 0:1. Also shown is long mean-free-path normalized
island width, Wclmfp=Wc0. Bottom-right panel: Same as the bottom-left panel, except that Wc=Wc0 is plotted as a function of the normalized connection length, L̂, for x̂ ¼ 0:1.

TABLE I. Input parameters adopted from ITER for the sample calculation.

Quantity Symbol Value Unit

Toroidal mode number n 1 � � �
Major radius R0 6.2 M
Rational surface radius rs 1.2 M
Magnetic shear at ration surface ss 1.0 � � �
Electron density ne 1:0� 1020 m�3

Electron temperature Te 7.0 keV
Perpendicular thermal diffusivity v? 1.0 m2/s
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x ¼ b

����G i
a x

� �����
�1=2

: (162)

(Note that x, a, and b are all dimensionless.)
Using the ITER parameters listed in Table I, we obtain a magnetic

island width ratio of Wc=rs � 0:01, and a conductivity anisotropy of
jk=j? � 8:3� 1010. These values are of physically reasonable magni-
tude and consistent with expectations for ITER-scale plasmas.
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