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Formation and locking of the ‘‘slinky mode’’ in reversed-field pinches
Richard Fitzpatrick
Institute for Fusion Studies, Department of Physics, University of Texas at Austin,
Austin, Texas 78712-1060

~Received 3 September 1998; accepted 4 January 1999!

The formation and breakup of the ‘‘slinky mode’’ in a Reversed-Field Pinch~RFP! is investigated
analytically. The slinky mode is a toroidally localized, coherent interference pattern in the magnetic
field, which corotates with the plasma at the reversal surface. This mode forms, via a series of
bifurcations, as a result of the nonlinear coupling of multiplem51 core tearing modes. The slinky
mode breaks up via a second series of bifurcations. However, the typical mode amplitude below
which slinky breakup is triggered is much smaller than that above which slinky formation occurs.
Analytic expressions for the slinky formation and breakup thresholds are obtained in all regimes of
physical interest. The locking of the slinky mode to a static error field is also investigated
analytically. Either the error field arrests the rotation of the plasma at the reversal surface before the
formation of the slinky mode, so that the mode subsequently forms as a nonrotating mode, or the
slinky mode forms as a rotating mode and subsequently locks to the error field. Analytic expressions
for the locking and unlocking thresholds are obtained in all regimes of physical interest. ©1999
American Institute of Physics.@S1070-664X~99!02604-X#

I. INTRODUCTION

A reversed-field pinch~or RFP! is a magnetic fusion
device that is similar to a tokamak1 in many ways. Like a
tokamak, the plasma is confined by a combination of a tor-
oidal magnetic field,Bf , and a poloidal magnetic field,Bu ,
in an axisymmetric toroidal configuration.2 Unlike a toka-
mak, whereBf@Bu , the toroidal and poloidal field strengths
are comparable, and the RFP toroidal field is largely gener-
ated by currents flowing within the plasma. The RFP concept
derives its name from the fact that the toroidal magnetic field
spontaneously reverses direction in the outer regions of the
plasma. This reversal is a consequence of relaxation to a
minimum energy state driven by intense magnetohydrody-
namical ~MHD! mode activity during the plasma start-up
phase.3 Intermittent, relatively low-level, mode activity
maintains the reversal, by dynamo action, throughout the du-
ration of the plasma discharge. As a magnetic fusion con-
cept, the RFP has a number of possible advantages relative to
the tokamak. The magnetic field strength at the coils is rela-
tively low, allowing the possibility of a copper coil, as op-
posed to a superconducting-coil, reactor. Furthermore, the
plasma current can, in principle, be increased sufficiently to
allow Ohmic ignition, thus negating the need for auxiliary
heating systems.

Unlike a tokamak, which can be completely MHD
stable, a RFP is characterized by an ever present background
level of MHD activity. The dominant MHD instabilities are
rotatingm51 tearing modes with a range of toroidal modes
numbers satisfyingnea;O(1). Here,m is the poloidal mode
number,n is the toroidal mode number,ea5a/R0 , anda and
R0 are the minor and major radii of the plasma, respectively.
These modes, which are known asdynamo modes, since they
are ultimately responsible for the dynamo action that main-
tains the field reversal, are generally resonant in the plasma
core.

In the Madison Symmetric Torus~MST!,4,5 the dynamo
modes continually execute a so-calledsawtooth cycle, in
which their typical amplitude gradually increases from a
small value, until a critical value is reached at which a rapid
global magnetic reconnection event, known as asawtooth
crash, is triggered. After the crash, the mode amplitudes re-
turn to their initial values, and the process continuesad in-
finitum. Note that the dynamo action that maintains the field
reversal is only significant during the sawtooth crashes. This
intermittency of the MHD dynamo is a common feature of
RFPs.

It is often observed that in the early stages of the saw-
tooth cycle, well before the crash, the dynamo modes in a
RFP become locked in phase to form a toroidally localized,
rotating magnetic perturbation known as a ‘‘slinky
mode.’’6–8 This mode degrades the plasma confinement, giv-
ing rise to a rotating, toroidally localized ‘‘hot spot’’ on the
plasma facing surface. Slinky modes sometimes lock to static
error fields, and, thereby, stop rotating in the laboratory
frame.5,9 Unfortunately, when this occurs the associated ‘‘hot
spots’’ also stop rotating and rapidly overheat the plasma
facing surface, leading to the influx of impurities into the
plasma, and the eventual termination of the discharge. In-
deed, the plasma current in many RFPs@in particular, the
Reversed-Field Experiment~RFX!9,10# is limited as a direct
consequence of the problems associated with locked slinky
modes.

The aim of this paper is to investigate the formation and
locking of the slinky modeanalytically, using techniques
that have been employed, with considerable success, to in-
vestigate mode coupling and error-field related effects in
tokamaks.11–13 This is a complementary approach to that of
using three-dimensional, nonlinear MHD simulations.14,15

In tokamaks, the dominant mode coupling mechanism is
that due to toroidicity.12 However, this coupling mechanism
is far less important in RFPs, and is, in fact, neglected alto-
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gether in this paper. The dominant mode coupling mecha-
nism in RFPs is that due to thenonlinear interaction of dif-
ferent MHD modes inside the plasma.16–18 Unfortunately,
this type of coupling is far more difficult to analyze than the
toroidal coupling that takes place inside tokamaks. In order
to make any progress, it is necessary toseverely limitthe
number of modes that are taken into account during the
analysis. Hence, in this paper, only the intrinsically unstable
m51 tearing modes resonant in the plasma core, and the
intrinsically stable 0,1 mode resonant at the reversal surface
~whereBf50) are taken into account, since these modes are
judged to play the most significant roles in slinky mode for-
mation and locking events. Note that all of the nonlinear
coupling terms in this paper are calculated viaquasilinear
theory ~i.e., using liner eigenfunctions—see Appendix A!.
This weakly nonlinear approach is justified during the saw-
tooth ramp phases, when the highly nonlinear MHD dynamo
is not active, but obviously breaks down during the crashes.
Indeed, it is easily checked that the nonlinear coupling terms
obtained in this paper only represent small corrections to the
linear stability of dynamo modes at the typical mode ampli-
tudes required to trigger slinky formation.

There is another major difference between tokamaks and
RFPs. Tokamaks generally possess intact, nested magnetic
flux surfaces, except during major disruption events.1 RFPs,
on the other hand, only possess intact magnetic flux surfaces
in the outer regions of the plasma, and even these flux sur-
faces are broken up during sawtooth crashes.18 The magnetic
field in the core of a RFP isstochasticin nature, due to the
effect of overlapping magnetic islands associated with the
dynamo modes. It follows that the nonlinear evolution of
these modes cannot be analyzed using standard single-
helicity magnetic island theory~i.e., Rutherford island
theory19!. In fact, the only assumption made in this paper
regarding the nonlinear evolution of the dynamo modes is
that these modessaturateat some level: this level increases
gradually during a sawtooth ramp, and decreases abruptly at
each sawtooth crash. On the other hand, both the linear and
nonlinear evolution of the intrinsically stable 0,1 mode are
analyzed using standard single-helicity theory. This approach
is justified because the 0,1 rational surface~i.e., the reversal
surface! usually lies in that region of the plasma possessing
good magnetic flux surfaces.18

It is a standard MHD result11 that 0,0 electromagnetic
torques can only develop in those regions of the plasma
where the linear equations of marginally stable ideal-MHD
break down: i.e., in the layer or island regions centered on
the various rational surfaces in the plasma. In this paper, the
radial widths of these regions are neglected, so that the 0,0
torque takes the form of a series of radiald functions, cen-
tered on the various rational surfaces. In reality, given the
extensive island overlap that occurs in the plasma core, the
radial distribution of the electromagnetic torque in the core is
probably more continuous than this. However, this approxi-
mation is unlikely to be a source of significant error.

The plasma pressure is neglected in this paper for a num-
ber of reasons. First, finite plasma pressure greatly compli-
cates the analysis of nonlinear mode coupling. Second, since
the curvature of magnetic field lines is ‘‘unfavorable’’ in

RFPs, finite plasma pressure destabilizes resistive inter-
change modes,20 which must then be taken into account dur-
ing the analysis. Finally, and most importantly, plasma pres-
sure is not thought to play a significant role in the formation
and locking of slinky modes. Likewise, the finite resistivity
of the flux conserving shell is not taken into account in this
paper because resistive shell effects are also not thought to
play an important role in the formation and locking of slinky
modes.15

This paper is organized as follows. In Sec. II we inves-
tigate the formation of the slinky mode via the nonlinear
coupling of multiplem51 core tearing modes. The locking
of the slinky mode to a static error field is examined in Sec.
III. Finally, the main results of this paper are summarized in
Sec. IV. The analysis of the nonlinear coupling between dif-
ferent MHD modes is described in detail in Appendix A.
Likewise, the technical details of the analysis of error-field
effects are contained in Appendix B.

II. FORMATION OF THE SLINKY MODE

A. Introduction

Consider a large aspect ratio,21 zero-b,22 circular cross
section, RFP equilibrium. Suppose thatR0 and a are the
major and minor radii of the plasma, respectively. The
plasma is assumed to be surrounded by a concentric, close-
fitting, perfectly conducting shell of minor radiusb. In this
paper, all calculations are carried out incylindrical geom-
etry, using the standard coordinates (r ,u,f), where f
[z/R0 . The plasma equilibrium is described in more detail
in Sec. A 1.

The m,n tearing mode isresonantinside the plasma at
the m,n rational surface, minor radiusr s

m,n , which satisfies
the resonance condition

Fm,n~r s
m,n!50, ~1!

whereFm,n(r ) is given in Sec. A 3.
The radial magnetic perturbation associated with anm,n

tearing mode is specified by the complex function
cm,n(r ,u,f,t) ~see Sec. A 2!, where

cm,n~r ,u,f,t !5Cm,n~ t !ĉm,n~r !ei ~mu2nf!. ~2!

Here,Cm,n is a complex constant that parametrizes the am-
plitude and phase of the perturbation at the rational surface,
andĉm,n(r ) is a real function that determines the variation of
the perturbation amplitude across the plasma. These quanti-
ties are defined in more detail in Sec. A 3. Note thatCm,n is
effectively thereconnected magnetic fluxat them,n rational
surface.

It is helpful to write

Cm,n~ t !5Ĉm,n~ t !eiwm,n
, ~3!

whereĈm,n[uCm,nu andwm,n[arg(Cm,n).
According to standard MHD theory, the magnetic per-

turbation associated with them,n tearing modecorotates
with the plasma at the associated rational surface.11 In this
paper, the plasma is assumed to rotate only in thetoroidal
direction, with angular velocityV(r ,t). Thus,
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wm,n~ t !5w0
m,n1nE

0

t

V~r s
m,n ,t8!dt8. ~4!

Consider thenonlinearcoupling of the 1,n through 1,n
1N21 tearing modes, which are generally resonant in the
plasmacore, via the 0,1 mode, which is resonant at there-
versal surface. The reversal surface~i.e., the surface at which
the equilibrium toroidal magnetic field reverses direction! is
usually located close to the plasma boundary. The 1,n
through 1,n1N21 tearing modes are assumed to be intrin-
sically unstable, with saturated amplitudesĈ1,n1 j , for j 50
to N21. On the other hand, the 0,1 tearing mode is assumed
to be intrinsicallystable. Incidentally,N ~i.e., the number of
unstablem51 tearing modes! is largely determined by the
inverse aspect ratio, ea[a/R0 , of the device. Generally
speaking,Nea;O(1). The conventional large aspect ratio
RFP orderings areea!1 andnea;O(1).

B. Electromagnetic torques

Consider the nonlinear coupling of the 1,n1 j ; 1,n1 j
11; and 0,1 tearing modes, wherej lies in the range 0 to

N22. According to Eqs.~A94!–~A96!, the nonlinear toroi-
dal electromagnetic torques acting in the vicinity of the re-
spective rational surfaces are written:

dTf EM
1,n1 j 52~n1 j !Tn1 j , ~5!

dTf EM
1,n1 j 115~n1 j 11!Tn1 j , ~6!

dTf EM
0,1 52Tn1 j . ~7!

Equations~A100! and ~A103! yield

Tn1 j52
2p2R0

m0

Im$B0,1~C0,1!* %

H0,1~r s
0,1!

, ~8!

where

B0,152~C1,n1 j !* C1,n1 j 11
H0,1~r s

0,1!

4
PE

0

a

tn1 j~r !dr,

~9!

and

tn1 j~r !5s8H r ~ ĉ1,n1 j !8ĉ0,1ĉ1,n1 j 11
G1,n1 j

H1,n1 jF0,1F1,n1 j 11 1ĉ1,n1 j r ~ ĉ0,1!8ĉ1,n1 j 11
G0,1

H0,1F1,n1 jF1,n1 j 11

1ĉ1,n1 j ĉ0,1r ~ ĉ1,n1 j 11!8
G1,n1 j 11

H1,n1 j 11F1,n1 jF0,11ĉ1,n1 j ĉ0,1ĉ1,n1 j 11F rsS F1,n1 j

H1,n1 jF0,1F1,n1 j 11

1
F0,1

H0,1F1,n1 jF1,n1 j 11 1
F1,n1 j 11

H1,n1 j 11F1,n1 jF0,1D1
2BuBf2rs~Bu

21Bf
2 !

F1,n1 jF0,1F1,n1 j 11 G J . ~10!

Here,P denotes a Cauchy principal part,8 denotesd/dr, and
the equilibrium functionsBu(r ), Bf(r ), s(r ), Fm,n(r ),
Gm,n(r ), andHm,n(r ) are defined in Secs. A 1 and A 3.

The quantityC0,1 ~i.e., the 0,1 reconnected flux driven at
the reversal surface by the nonlinear interaction of the 1,n
1 j and 1,n1 j 11 tearing modes! can be determined from
linear layer physics. This approach is valid as long as the
driven island width at the reversal surface is less than the
linear layer width ~see Sec. A 6 and Ref. 13!. Equations
~A32! and ~A100! yield

D0,1~vn1 j !C
0,1[DC0,15E0,1C0,11B0,1. ~11!

Here, the real quantityE0,1 ~n.b., E0,1,0) is the lineartear-
ing stability indexfor the 0,1 mode~see Sec. A 3!, the com-
plex quantityD0,1 is the layer response functionfor the 0,1
mode~see Sec. A 5!, andvn1 j is the real frequency of the
0,1 mode formed by the nonlinear interaction of the 1,n1 j
and 1,n1 j 11 modes, as seen in a frame of reference coro-
tating with the plasma at the reversal surface. It follows that

vn1 j5~n1 j !V~r s
n1 j !1V~r s

0,1!2~n1 j 11!V~r s
n1 j 11!.

~12!

In this paper,poloidal electromagnetic torques, and the
modifications to the plasma poloidal rotation profile induced
by such torques, areneglected. In general, poloidal electro-
magnetic torques are smaller than the corresponding toroidal
torques by an inverse aspect ratio,ea5a/R0 . On the other
hand, the moment of inertia of the plasma is much smaller
for poloidal rotation than for toroidal rotation. The net result
is that the modifications to tearing mode frequencies induced
by poloidal torques are of the same order of magnitude as
those induced by toroidal torques. Thus, the neglect of po-
loidal torques is only justified if the plasma is subject to
significantpoloidal flow damping.23 This is certainly the case
in tokamaks. However, since flow damping is a toroidal ef-
fect ~i.e., it does not occur in a cylinder!, and toroidal effects
tend to be far weaker in RFPs than in tokamaks, it is not
obvious that flow damping is sufficiently strong in RFPs to
justify the neglect of the poloidal torques. If the assumption
of strong poloidal flow damping in RFPs~which greatly sim-
plifies the analysis! turns out to be incorrect, the analysis
presented in this paper can be generalized in a relatively
straightforward manner to include the effect of the poloidal
torques~see Ref. 11!.
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C. Viscous torques

The toroidal electromagnetic torques that develop in the
plasma as a consequence of nonlinear mode couplingmodify
the plasma toroidal rotation profile. Such modifications are
opposedby the action of~perpendicular! plasma viscosity. In
steady state, the change induced in the toroidal angular ve-
locity profile, DV(r ), satisfies

d

dr S rm
dDV

dr D50, ~13!

wherem(r ) is the~anomalous! coefficient of~perpendicular!
plasma viscosity. The plasma toroidal rotation is assumed to
be ‘‘clamped’’ at the edge, so that

DV~a!50. ~14!

Finally, the toroidal viscous torque that develops in the vi-
cinity of the m,n rational surface takes the form

dTf VS
m,n 54p2R0S rmR0

2 dDV

dr D
r
s2
m,n

r s1
m,n

. ~15!

Note that, like the electromagnetic torques, the steady-state
viscous torques only develop in the vicinity of the rational
surfaces. The assumptions underlying the analysis in this
section are described in more detail in Ref. 11. Note, in
particular, that it is possible to generalize the analysis to take
account of the fact that tearing modes do not generally coro-
tate with the ion fluid in RFPs without significantly modify-
ing any of the results obtained in this paper.

D. Torque balance

In steady state, the electromagnetic torques that develop
in the vicinity of the various coupled rational surfaces in the
plasma must be balanced by viscous torques. Solving Eq.

~13! subject to the boundary condition~14!, making use of
Eqs. ~5!–~7! and Eq. ~15!, including the electromagnetic
torques generated at the reversal surface byall of the un-
stablem51 tearing modes, and balancing the electromag-
netic and viscous torques ateverycoupled rational surface,
yields

Vn1 j5Vn1 j
~0! 1 (

k50

j 21 S E
r n1 j

r
* m*

m

dr

r D T̃n1k

1 (
k5 j

N22 S E
r n1k11

r
* m*

m

dr

r

2~n1k!E
r n1k

r n1k11 m*
m

dr

r D T̃n1k , ~16!

for j 50 to N21, whereT̃n1k5Tn1k /(4p2R0
3m* ) and m*

[m(r * ). Here, Vn1k[V(r s
1,n1k). Likewise, r n1k[r s

1,n1k

andr * [r s
0,1. Also, Vn1k

(0) is the toroidal angular velocity of
the plasma at radiusr s

1,n1k in the unperturbedstate. Of
course,DV(r s

1,n1k)[Vn1k2Vn1k
(0) . Note that the nonlinear

electromagnetic torquesdo notmodify the plasma rotation at
the reversal surface.

Recall that

vn1 j5~n1 j !Vn1 j1V* 2~n1 j 11!Vn1 j 11 ~17!

@where V* [V(r * ) is the plasma angular velocity at the
reversal surface# is the real frequency of the 0,1 mode
formed by the nonlinear coupling of the 1,n1 j and 1,n1 j
11 tearing modes, as seen in a frame corotating with the
plasma at the reversal surface. Of course,

vn1 j
~0! 5~n1 j !Vn1 j

~0! 1V* 2~n1 j 11!Vn1 j 11
~0! ~18!

is the value ofvn1 j in the unperturbed plasma. Equations
~16!–~18! can be combined to give the following set of
coupled torque balance equations:

vn1 j2vn1 j
~0! 5~n1 j !(

k50

j 21 S E
r n1 j

r
* m*

m

dr

r D T̃n1k2~n1 j 11!(
k50

j S E
r n1 j 11

r
* m*

m

dr

r D T̃n1k

1~n1 j ! (
k5 j

N22 S E
r n1k11

r
* m*

m

dr

r
2~n1k!E

r n1k

r n1k11 m*
m

dr

r D T̃n1k

2~n1 j 11! (
k5 j 11

N22 S E
r n1k11

r
* m*

m

dr

r
2~n1k!E

r n1k

r n1k11 m*
m

dr

r D T̃n1k , ~19!

for j 50 to N22.

E. Two unstable m 51 tearing modes: N52

1. Basic equations

Suppose that only the 1,n and 1,n11 tearing modes are
intrinsically unstable: i.e.,N52. Equations~16!–~19! yield
the torque balance equation,

vn
~0!2vn5LnT̃n~vn!, ~20!

plus

Vn2Vn
~0!5MnT̃n~vn!, ~21!

Vn112Vn11
~0! 5Nn11T̃n~vn!, ~22!

where

vn5nVn1V* 2~n11!Vn11 , ~23!

vn
~0!5nVn

~0!1V* 2~n11!Vn11
~0! . ~24!
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Here,

Ln5n2E
r n

r n11 m*
m

dr

r
1E

r n11

r
* m*

m

dr

r
, ~25!

Mn5E
r n11

r
* m*

m

dr

r
2nE

r n

r n11 m*
m

dr

r
, ~26!

Nn5E
r n

r
* m*

m

dr

r
. ~27!

2. Linear analysis

Equations~8!, ~9!, and~11! can be rearranged to give

T̃n52
1

2

tV

tH
2 xn

2 Im@D0,1~vn!#

uD0,1~vn!2E0,1u2 , ~28!

where

tH5S m0r*
~F

*
8 !2D 1/2

, ~29!

tV5
r* r

*
2

m*
, ~30!

xn5uPnuC̃1,nC̃1,n11, ~31!

Pn52
e
*
2 r

*
2 F

*
8

4
PE

0

a

tn~r !dr, ~32!

e* 5
r *
R0

, ~33!

F
*
8 5d@F0,1~r * !#/dr, ~34!

C̃1,n5
Ĉ1,n

r
*
2 F

*
8

, ~35!

C̃1,n115
Ĉ1,n11

r
*
2 F

*
8

. ~36!

Here,r* is the plasma mass density at the reversal surface,
tH and tV are the hydromagnetic and viscous time scales
evaluated at the reversal surface, respectively, andxn , Pn ,
C̃1,n, andC̃1,n11 are nondimensional real constants.

According to Sec. A 5, in the so-calledviscoresistivere-
gime ~i.e., the most appropriate linear response regime for an
Ohmically heated device13!, the layer response function for
the 0,1 mode takes the form

D0,1~vn!52 ivnt* , ~37!

where

t* 52.104
tH

1/3tR
5/6

tV
1/6 ~38!

is the L/R time of the resistive layer driven at the reversal
surface by the nonlinear coupling of the 1,n and 1,n11 tear-
ing modes. Here,

tR5
m0r

*
2

h*
~39!

is the resistive diffusion time scale, evaluated at the reversal
surface, andh* is the plasma~parallel! resistivity at radius
r * .

Equations~20!, ~28!, and ~37! can be combined to give
the normalized torque balance equation,

1

4

xn
2

Ln
2

v̂n

zn
21v̂n

2 512v̂n , ~40!

where

v̂n5
vn

vn
~0! , ~41!

zn5
2E0,1

vn
~0!t*

, ~42!

Ln
25

1

2

@vn
~0!#2t* tH

2

tV
Y Ln . ~43!

Equation~40! is very similar to the torque balance equa-
tion that governs the behavior of a conventional induction
motor.24 Furthermore, Eq.~40! is exactly analogous to the
torque balance equation which governs the locking of a ro-
tating tearing mode to an error field,11,25 and also the equa-
tion that governs the locking of two toroidally coupled, dif-
ferentially rotating, tearing modes in a tokamak.12,26

It is easily demonstrated that ifzn.1/A27, then Eq.~40!
possessescontinuoussolutions, whereas ifzn,1/A27 then
the solutions split intotwo separate branches. In a RFP~as in
a tokamak11! it is generally expected thatzn!1 @since the
plasma rotation period is generally much less than theL/R
time of a resistive layer—see Eq.~42!#.

In the physically relevant limitzn!1, the two branches
of solutions to Eq.~40! are as follows. On theunlocked
branch, which is characterized byvn;vn

(0) , Eq. ~40! re-
duces to

vn5
vn

~0!

2 S 11A12
xn

2

Ln
2D , ~44!

whereas on thelocked branch, which is characterized by
vn;znvn

(0) , Eq. ~40! yields

vn5
vn

~0!

8 S xn
2

Ln
22Axn

4

Ln
4264zn

2D . ~45!

Note that theunlockedbranch of solutions ceases to ex-
ist for

xn>Ln . ~46!

When the ‘‘amplitude’’ of the two coupled tearing modes
~i.e.,xn) exceeds the critical value given above, a bifurcation
from the unlocked to the locked branch of solutions takes
place. Such a bifurcation is termed alocking bifurcation.
Note, also, that thelockedbranch of solutions ceases to exist
for

xn<~8zn!1/2Ln . ~47!

When the mode amplitude falls below the critical value
given above, a bifurcation from the locked to the unlocked
branch of solutions takes place. Such a bifurcation is termed
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an unlocking bifurcation. The locking/unlocking phenom-
enon exhibits considerablehysteresis, since the critical mode
amplitude for locking@given in Eq. ~46!# is much greater
than the critical amplitude for unlocking@given in Eq.~47!#.
Thus, once the mode amplitude has become sufficiently large
to induce locking, it must be reduced significantly before
unlocking occurs. The bifurcation diagram for the locked/
unlocked branches of solutions is sketched in Fig. 1.

3. Nonlinear analysis

Equation~40! was derived usinglinear layer physics to
calculate the 0,1 reconnected flux driven at the reversal sur-
face by the nonlinear interaction of the 1,n and 1,n11 tear-
ing modes. As discussed in Ref. 13, this approach is gener-
ally appropriate on the unlocked branch of solutions, where
vn is large, since driven magnetic reconnection at the rever-
sal surface is effectively suppressed by differential plasma
rotation~parametrized byvn). On the other hand, there is no
suppression of magnetic reconnection on the locked branch
of solutions, wherevn is small, so the system can be ex-
pected to enter thenonlinear regime once locking has taken
place. Note that the locking threshold, Eq.~46!, is not modi-
fied by nonlinear effects, since this threshold only depends
on the properties of the unlocked branch of solutions. How-
ever, in general, the unlocking threshold, Eq.~47!, is modi-
fied by nonlinear effects. The nonlinear regime is character-
ized by the presence of a chain of driven magnetic islands at
the reversal surface. The plasma in the vicinity of the rever-
sal surface cannot flow across the magnetic separatrix asso-
ciated with this island chain, so in the nonlinear regime there
arises ano-slip constraint, which demands that the driven
island chain at the reversal surface mustcorotate exactly
with the plasma at this surface.11,13 The no-slip constraint
gives

vn[nVn1V* 2~n11!Vn1150, ~48!

on the locked branch of solutions.
On the locked branch of solutions, the 0, 1 reconnected

flux driven at the reversal surface by the nonlinear interac-
tion of the 1,n and 1,n11 tearing modes is determined by
the Rutherford island equation,~A37!, which yields

4I tR

d~AC̃0,1!

dt
5ReS DC0,1

C0,1 D5E0,11
xn

C̃0,1cosDwn ,

~49!

whereI 50.8227. Here, 4AC̃0,1r * is the radial width of the
island chain driven at the reversal surface,C̃0,1

5C̃0,1/r
*
2 F

*
8 ,

Dwn5w0
1,n1w0

0,12w0
1,n111@12sgn~Pn!#

p

2
, ~50!

and use has been made of Eq.~48!. Of course, sgn(Pn)
561 asPn:0.

The torque balance equation~20! reduces to

vn
~0!5LnT̃n5

Ln

2

tV

tH
2 xnC̃0,1sinDwn , ~51!

on the locked branch of solutions. It is easily demonstrated
that all solutions characterized byuDwnu.p/2 aredynami-
cally unstable.11

In steady state, Eqs.~49! and ~51! yield

C̃0,15
xn

2E0,1cosDwn , ~52!

and

8znLn
25xn

2 sin 2Dwn . ~53!

Note that the locked branch of solutions ceases to exist for

xn<~8zn!1/2Ln . ~54!

When the mode amplitude,xn , falls below this critical value
an unlocking bifurcation takes place. In this simple example,
the unlocking threshold~54! predicted by nonlinear theory is
the same as the threshold~47! predicted by linear theory. In
general, however, this is not the case, and the correct unlock-
ing threshold is that predicted bynonlinear theory.

Note, finally, that in thestrongly lockedlimit, in which
the mode amplitude lies well above the unlocking threshold,
Eq. ~53! gives

Dwn.0. ~55!

4. Mode structure

In order to understand the significance of the constraint
vn50, which characterizes the locked branch of solutions, it
is necessary to calculate the plasma angular velocities at the
1,n and 1,n11 rational surfaces after locking. Equation
~20!–~22! yield

nVn5v0 , ~56!

~n11!Vn115v01V* , ~57!

on the locked branch of solutions, where

v05nS Vn
~0!1

Mn

Ln
vn

~0!D . ~58!

The above expressions suggest that locking is associated
with a slight redistribution of the plasma toroidal angular
momentum interior to the reversal surface~since vn

(0)

FIG. 1. The bifurcation diagram for the formation and breakup of the slinky
mode. All quantities are defined in Sec. II E 2.

1173Phys. Plasmas, Vol. 6, No. 4, April 1999 Richard Fitzpatrick

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.83.61.231 On: Wed, 11 Mar 2015 20:10:44



;Vn
(0);Vn11

(0) and Ln;nMn). In other words, the locking
process isnot, in general, associated with a dramatic change
in the core plasma rotation.

According to Eqs.~2! and ~3!, the radial magnetic per-
turbation associated with the saturated 1,n and 1,n11 tear-
ing modes resonant in the plasma core is characterized by

c~r ,u,f,t !5Ĉ1,nĉ1,n~r !ei @u2nf1w0
1,n

1nVnt#

1Ĉ1,n11ĉ1,n11~r !

3ei @u2~n11!f1w0
1,n11

1~n11!Vn11t#. ~59!

Here, the contribution of the nonlinearly driven 0,1 mode is
neglected, sinceĈ0,1!Ĉ1,n,Ĉ1,n11. On thelockedbranch of
solutions, the above expression reduces to

c~r ,u,f,t !5$An~r !1An11~r !e2 iw
* ~f,t !%

3ei ~u2nf1w0
1,n

1v0t !, ~60!

where

An~r !5Ĉ1,nĉ1,n~r !, ~61!

An11~r !5sgn~Pn!Ĉ1,n11ĉ1,n11~r !, ~62!

w* ~f,t !5f2w0
0,12V* t, ~63!

and use has been made of Eqs.~48! and~55!–~57!. Here, it is
assumed that the mode amplitude lies well above the unlock-
ing threshold. It follows that

uc~r ,u,f,t !u5$An
21An11

2 12AnAn11 cosw* %1/2. ~64!

Note that the amplitude of the perturbed radial magnetic field
possesses ann51 modulation that corotates with the plasma
at the reversal surface@see Eq.~63!#. Within this relatively
slowly rotating n51 envelope, the field exhibits high-n,
high-frequency oscillations~assuming, as seems reasonable,
that the plasma core rotates far more rapidly than the plasma
at the reversal surface!. Admittedly, the amplitude of the
radial magnetic perturbation also exhibits ann51 modula-
tion on the unlocked branch of solutions. However, this
modulation rotates at an angular velocity, which is, in gen-
eral, not related to the angular velocity of the plasma at the
reversal surface. Clearly, the only difference between the
locked and unlocked branches of solutions is that then51
modulation is forced to corotate with the plasma at the re-
versal surface on the former branch of solutions, but is free
to rotate with any angular velocity on the latter branch. How-
ever, as will soon become apparent, when there are more
than two unstablem51 tearing modes resonant in the
plasma core the distinction between the unlocked and locked
branches of solutions becomes far more significant.

F. Many unstable m 51 tearing modes: N>2

1. Basic equations

Suppose that all of the 1,n1 j tearing modes are intrin-
sically unstable, wherej 50, N21, and N.2. Equations
~16!–~19! yield the coupled torque balance equations,

vn1 j
~0! 2vn1 j5 (

k50

j 21

Mn1 j T̃n1k1Ln1 j T̃n1 j

1 (
k5 j 11

N22

Mn1kT̃n1k , ~65!

for j 50, N22, plus

Vn1 j2Vn1 j
~0! 5 (

k50

j 21

Nn1 j T̃n1k1 (
k5 j

N22

Mn1kT̃n1k , ~66!

for j 50, N21.

2. Linear analysis

On the unlocked branch of solutions, where linear analy-
sis remains valid, the coupled torque balance equations re-
duce to

12v̂n1 j5
1

4 S (
k50

j 21

ln1k,n1 j

xn1k
2

Ln1k
2 v̂n1k

1
xn1 j

2

Ln1 j
2 v̂n1 j

1 (
k5 j 11

N22

kn1 j ,n1k

xn1k
2

Ln1k
2 v̂n1k

D , ~67!

for j 50, N22. Here,

kn,n85
Mn8
Ln8

vn8
~0!

vn
~0! , ~68!

ln,n85
Mn8
Ln

vn
~0!

vn8
~0! . ~69!

Equation~67! can only be solved analytically for thev̂n1 j

when N,4.25 However, the numerical solution of these
equations is fairly straightforward. A locking bifurcation is
indicated by the sudden disappearance of the physical root of
Eq. ~67! as the mode amplitudes,xn1 j , are gradually in-
creased. If the 1,n1 l and 1,n1 l 11 modes are locked
~wherel lies in the range 0,N22), but the remaining modes
are unlocked, then Eq.~67! are modified by allowingv̂n11

→0 while xn1 l
2 /v̂n1 l remains finite. In this manner, it is

possible to obtain the equations governing the further lock-
ing of anycombination of locked and unlockedm51 modes.

3. Nonlinear analysis

Consider thefully lockedstate, in which the 1,n to 1,n
1N21 modes are all locked together. It follows that

vn1 j50, ~70!

for j 50, N22. In steady state, the Rutherford island equa-
tion, ~A37!, gives

C̃0,15
( j 50

N22xn1 j cosDwn1 j

2E0,1 , ~71!

wherexn andDwn are defined in Eqs.~31! and~50!, respec-
tively. The above expression can be combined with the
torque balance equations~65! to give
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15
1

4 S (
j 50

N22

xn1 j cosDwn1 j D
3S (

k50

j 21

ln1k,n1 j

xn1k

zn1kLn1k
2 sinDwn1k

1
xn1 j

zn1 jLn1 j
2 sinDwn1 j

1 (
k5 j 11

N22

kn1 j ,n1k

xn1k

zn1kLn1k
2 sinDwn1kD , ~72!

for j 50, N22. Equation~72! can only be solved analytically
for the Dwn1 j whenN,3. However, the numerical solution
of these equations is fairly straightforward. An unlocking
bifurcation is indicated by the sudden disappearance of the
physical root of Eq.~72! as the mode amplitudes,xn1 j , are
gradually decreased. If the 1,n1 l mode unlocks~wherel lies
in the range 1,N22), but the other modes remain locked,
then Eq.~72! are modified by neglecting the equations cor-
responding toj 5 l 21 and j 5 l , and lettingxn1 l 21 , xn1 l

→0 in the remaining equations. If the 1,n mode unlocks, but
the other modes remain locked, then Eq.~72! are modified
by neglecting the first equation, and lettingxn→0 in the
remaining equations. Finally, if the 1,n1N21 mode un-
locks, but the other modes remain locked, then Eq.~72! are
modified by neglecting the last equation, and letting
xn1N22→0 in the remaining equations. In this manner, it is
possible to obtain the equations governing the further un-
locking of any combination of locked and unlockedm51
modes.

Note that in the strongly locked limit, in which the mode
amplitudes lie well above the unlocking threshold, Eq.~72!
yield

Dwn1 j.0, ~73!

for j 50, N22.

4. Mode structure

According to Eqs.~65! and~66!, in the fully locked state
the angular velocities of the plasma at the various coupled
m51 rational surfaces are given by

~n1 j !Vn1 j5v01 j V* , ~74!

for j 50, N21. Here,

v05nS Vn
~0!1 (

j ,k50

N22

Mn1 j~M21! j ,kvn1k
~0! D , ~75!

where

M j ,k5H Mn1k , for j ,k,

Ln1 j , for j 5k,

Mn1 j , for j .k,

~76!

for j, k in the range 0 toN22. Again, it is clear that locking
is, in general, associated with aslight redistribution of the
plasma toroidal angular momentum interior to the reversal
surface~sincevn1 j

(0) ;Vn1k
(0) andLn1 j;nMn1k).

The radial magnetic perturbation associated with the
fully locked state is characterized by

c~r ,u,f,t !5H (
j 50

N21

An1 je
2 i j w

* J ei ~u2nf1w0
1,n

1v0t !,

~77!

where use has been made of Eqs.~70!, ~73!, and~74!. Here,
it is assumed that the mode amplitudes lie well above the
unlocking threshold. TheAn andw* are defined in Eqs.~61!
and ~63!, respectively. Furthermore,

An1 j~r !5S )
k50

j 21

sgn~Pn1k!D Ĉ1,n1 j ĉ1,n1 j~r !, ~78!

for j 51, N21. It follows that

uc~r ,u,f,t !u5S (
j ,k50

N21

An1 jAn1k cos@~ j 2k!w* # D 1/2

.

~79!

Note that the amplitude of the perturbed radial magnetic field
possesses a toroidal modulation that corotates with the
plasma at the reversal surface@see Eq.~63!#. Within this
relatively slowly rotating envelope, the field exhibits high-n,
high-frequency oscillations~assuming, again, that the plasma
core rotates far more rapidly than the plasma at the reversal
surface!. TheN coupledm51 modes addcoherently, so that

ucu5U (
j 50

N21

An1 jU, ~80!

at a single toroidal angle, specified byw* 50, which also
corotates with the plasma at the reversal surface. In general,
if the modes are unlocked, or only partially locked, then they
add incoherentlythroughout the plasma, so that

ucu.A(
j 50

N21

An1 j
2 . ~81!

Thus, the peak mode amplitude in the fully locked state is
roughly AN times that in the unlocked state.

The structure of the slowly rotating envelope that char-
acterizes the fully locked state can be elucidated by making
the simplifying assumption thatAn1 j5An for j 50, N21. In
this case,

uc~r ,u,f,t !u5AnA12cosNw*
12cosw*

. ~82!

As illustrated in Fig. 2, there is a single primary maximum,
located atw* 50, at which ucu5N An . There areN21
minima, located atw* 5 j 2p/N, for j 51, N21, at which
ucu50. Finally, there areN22 secondary maxima, located at
w* .(2 j 21)p/N, for j 52, N21, at whichucu;An . The
angular width of the primary maximum is 4p/N.

It is clear that in situations where there are many un-
stable m51 tearing modes, resonant in the plasma core,
mode locking gives rise to the formation of atoroidally lo-
calized, coherent, interference patternin the perturbed mag-
netic field, which corotates with the plasma at the reversal
surface. The toroidal angular width of this interference pat-
tern is determined solely by the number of lockedm51
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modes. The interference pattern forms a relatively slowly
rotating envelope within which the magnetic field exhibits
high-n, high-frequency oscillations~assuming, as seems rea-
sonable, that the plasma core rotates far more rapidly than
the plasma at the reversal surface!. The nature of these high-
frequency oscillations is determined by the core plasma ro-
tation, as well as the toroidal mode numbers of the constitu-
ent m51 tearing modes. Note, in particular, that the
occurrence of a slowly rotating magnetic interference pattern
does notnecessarily imply that the plasma core is slowly
rotating.

The magnetic interference pattern described above is
identified with the so-called ‘‘slinky mode,’’ which has been
observed both experimentally6–8 and in numerical
simulations.14,15

G. Effect of enhanced core viscosity

1. Introduction

In the above analysis, it is tacitly assumed that the
~anomalous! perpendicular viscosity in the plasma core is not
dramatically different to that in the vicinity of the reversal
surface. In reality, the dominant contribution to the radial
momentum transport in a RFP comes from free streaming
along stochastic magnetic field lines generated by the over-
lappingm51 magnetic island chains in the plasma core.27,28

However, the magnetic field is not generally expected to be
stochastic in the outer regions of the plasma~except during
sawtooth relaxation events!.18 Hence, it is probable that the
viscosity in the plasma core is significantlyenhanced, due to
the presence of the saturatedm51 tearing modes, with re-
spect to that at the reversal surface. In order to more fully
understand the effect of such an enhancement on the forma-
tion of the slinky mode, this section considers anextreme
case in which the viscosity in the plasma core is taken to be
infinite. To be more exact,m(r ) is assumed to be infinite in

the regionr ,r c , where r n1N21,r c,r * . Of course, the
viscosity is assumed to be finite in the regionr c,r ,a. As
before, theN unstablem51 tearing modes have toroidal
mode numbers in the rangen to n1N21.

Since the viscosity in the plasma core is effectively in-
finite, it is only sensible to assume that in the unperturbed
state the plasma core rotates toroidally as arigid body. It
follows that

Vn1 j
~0! 5Vn

~0! , ~83!

for j 50, N21. Furthermore,

vn1 j
~0! 5vn

~0! , ~84!

for j 51, N22, where

vn
~0!5V* 2Vn

~0! . ~85!

For the case of infinite core viscosity, Eqs.~25!–~27!
reduce to

Ln1 j5Mn1 j5Lc , ~86!

for j 50, N22, and

Nn1 j5Lc , ~87!

for j 51, N21, where

Lc5E
r c

r
* m*

m

dr

r
. ~88!

Thus, Eqs.~28! and ~66! imply that

Vn1 j5Vn , ~89!

for j 51, N21: i.e., the plasma core continues to rotate to-
roidally as a rigid body in the presence of nonlinear electro-
magnetic torques. Furthermore,

vn1 j5vn , ~90!

for j 50, N22, where

vn5V* 2Vn . ~91!

2. Linear analysis

In the presence of a strongly enhanced core viscosity, the
N21 torque balance equations~67! become identical. It fol-
lows that the unlocked branch of solutions is governed by a
single torque balance equation of the form

v̂n~12v̂n!5
1

4Lc
2 (

j 50

N22

xn1 j
2 , ~92!

wherev̂n is defined in Eq.~41!, and

Lc
25

1

2

@vn
~0!#2t* tH

2

tV
Y Lc . ~93!

The core plasma rotation velocity,Vn , is related tovn via

Vn5V* 2vn . ~94!

According to Eq.~92!, the unlocked branch of solutions
ceases to exist for

FIG. 2. The amplitude of the perturbed radial magnetic field plotted as a
function of the toroidal angle for a typical slinky mode made up of ten
nonlinearly coupledm51 core tearing modes of equal amplitude. All quan-
tities are defined in Sec. II F 4.
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(
j 50

N22

xn1 j
2 >Lc

2. ~95!

When the left-hand side of the above expression exceeds the
right-hand side, a bifurcation takes place in which the 1,n
through 1,n1N21 core tearing modessimultaneouslylock
together. Of course,vn50 in the locked state. The great
simplification of simultaneous, as opposed to piecemeal,
locking occurs because the enhanced core viscosity forces
them51 tearing modes resonant in the plasma core to rotate
toroidally with the samephase velocity.

Note that the locking threshold~95! only depends on the
unenhanced plasma viscosity in the outer regions of the
plasma@through the parameterLc—see Eq.~88!#.

3. Nonlinear analysis

Consider the locked branch of solutions, on whichvn

50. In the presence of strongly enhanced core viscosity, the
N21 torque balance equations~72! yield

Dwn1 j5Dwn , ~96!

for j 50, N22. It follows that the locked branch of solutions
is governed by a single torque balance equation of the form

8znLc
25S (

j 50

N22

xn1 j D 2

sin 2Dwn , ~97!

wherezn is defined in Eq.~42!.
According to Eq.~97!, the locked branch of solutions

ceases to exist for

S (
j 50

N22

xn1 j D 2

<8znLc
2. ~98!

When the right-hand side of the above expression exceeds
the left-hand side, a bifurcation takes place in which the 1,n
through 1,n1N21 core tearing modessimultaneouslyun-
lock. As usual, there is strong hysteresis in the locking/
unlocking process, since the locking threshold~95! is much
less than the unlocking threshold~98! when both are ex-
pressed in terms of the typical amplitude of a saturatedm
51 tearing mode in the plasma core.

Note that the unlocking threshold~98! also only depends
on the unenhanced plasma viscosity in the outer regions of
the plasma@through the parameterLc—see Eq.~88!#.

In the strongly locked limit, in which the left-hand side
of Eq. ~98! greatly exceeds the right-hand side, the torque
balance equation~97! yields

Dwn.0. ~99!

4. Mode structure

On the locked branch of solutions, wherevn50, Eq.
~94! gives

Vn5V* : ~100!

i.e., after locking, the whole plasma core corotates with the
plasma at the reversal surface. Clearly, in marked contrast to
the cases discussed previously, mode locking in the presence
of enhanced core viscosity is associated with asignificant

reduction in the toroidal angular momentum of the plasma
interior to the reversal surface~assuming that the plasma
core is initially rotating much faster than the outer regions of
the plasma!.

The radial magnetic perturbation associated with theN
saturatedm51 tearing modes in the plasma core is specified
by

c~r ,u,f,t !5S (
j 50

N21

An1 j~r !e2 i ~ j f2w0
1,n1 j

2 j Vnt !D
3ei ~u2nf1nVnt !, ~101!

where theAn1 j (r ) are defined in Eqs.~61! and~78!, and use
has been made of Eq.~89!. Note that on the unlocked branch
of solutions the modesdo not, in general, add coherently,
despite that fact that they rotate with the same phase veloc-
ity, because the stationary phases,w0

1,n1 j , arerandomlydis-
tributed. On the locked branch of solutions, the above ex-
pression simplifies to

c~r ,u,f,t !5S (
j 50

N21

An1 j~r !e2 i j w
* D ei ~u2nf1w0

1,n
1nV

*
t !,

~102!

wherew* (f,t) is defined in Eq.~63!, and use has been made
of Eqs. ~99! and ~100!. Here, it is assumed that the 1,n
through 1,n1N21 tearing modes are strongly locked. By
analogy with the discussion in Sec. II F, it is clear that the
correlation in the stationary phases of them51 tearing
modes associated with locking@see Eq.~99!# gives rise to the
development of a toroidally localized, coherent, interference
pattern in the perturbed magnetic field that corotates with the
plasma at the reversal surface. As before, the toroidal angular
width of this pattern, which is approximately 4p/N, is de-
termined solely by the number of lockedm51 modes. How-
ever, unlike the previous case, there are no high-frequency,
high-n oscillations contained within the interference pattern,
since the constituentm51 modes all rotate toroidally with
the same phase velocity as the pattern itself. Of course, this
toroidally localized interference pattern is again identified
with the ‘‘slinky mode.’’ Note that, in the presence of en-
hanced core viscosity, the observation of a slowly rotating
slinky modedoesnecessarily imply that the plasma core is
slowly rotating.

5. Discussion

The above analysis demonstrates that enhanced core vis-
cosity significantly modifies the locking process by forcing
the saturatedm51 tearing modes in the plasma core to al-
ways rotate with identical phase velocities. This, in turn,
forces the plasma core to corotate with the plasma at the
reversal surface after locking has occurred. Thus, in general,
there is a significant reduction in the core toroidal rotation
after locking. On the other hand, in the absence of enhanced
core viscosity, the locking bifurcation is only associated with
a slight redistribution in the plasma toroidal angular momen-
tum interior to the reversal surface. In this case, there is no
significant reduction in the core rotation after locking. The
core viscosity also affects the nature of the slinky mode. In
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the absence of enhanced core viscosity, the slinky mode
forms a toroidally localized, slowly rotating envelope within
which high-frequency, high-n oscillations, controlled by the
core plasma rotation, take place. However, there are no such
oscillations in the presence of enhanced core viscosity.

A careful examination of Eqs.~25!–~27!, ~74!, and~75!
demonstrates that the core viscosity can only be regarded as
being enhanced, provided that

mn@nm* , ~103!

where mn is the typical core viscosity,m* is the typical
viscosity at the reversal surface, andn is the typical toroidal
mode number of a saturatedm51 tearing mode. Conversely,
the core viscosity cannot be regarded as being enhanced
whenever

mn!nm* . ~104!

As an added complication, since the core viscosity is largely
generated by magnetic stochasticity associated with the satu-
ratedm51 tearing modes in the plasma core, the level of
enhancement is almost certainly astrongly increasingfunc-
tion of the amplitudes of these modes. Thus, the enhance-
ment level may change systematically during a sawtooth re-
laxation cycle. It may also differ significantly from machine
to machine, and also between different modes of operation
on the same machine.

Incidentally, in the presence of enhanced core viscosity
it is not necessary to invoke strong poloidal flow damping to
justify the neglect of the poloidal torques. Since these
torques are only capable of modifying the plasma rotation
interior to the core~i.e., for r ,r n1N21), they are naturally
rendered ineffective by enhanced core viscosity.

III. LOCKING OF THE SLINKY MODE

A. Introduction

Consider the locking of the slinky mode to a static error
field, a process by which the mode rotation isarrestedin the
laboratory frame. Since the rotation of the slinky mode is
entirely determined by the plasma rotation velocity at the
reversal surface~see Sec. II!, it is natural to concentrate on
the effect of a 0,1 error field, which is resonant at this sur-
face. There are two possibilities. Either the error field arrests
the rotation of the plasma at the reversal surfacebeforethe
formation of the slinky mode, so that the mode subsequently
forms as alocked ~i.e., nonrotating! mode, or the slinky
mode forms as arotating mode that subsequently locks to
the error field. In the following, these two possibilities are
considered separately.

B. Locking of the reversal surface to a static error
field

1. Basic equations

The dispersion relation for the 0,1 mode in the presence
of a 0,1 error field, but in the absence of a slinky mode, takes
the form @see Appendix B and Eq.~11!#

D0,1~v* !C0,1[DC0,15E0,1C0,11C0,1. ~105!

Here, the complex quantityD0,1 is the layer response func-
tion for the 0,1 mode~see Appendix A 5!, v* is the fre-
quency of the static error field, as seen in a frame of refer-
ence that corotates with the plasma at the reversal surface,
the real quantityE0,1 ~n.b., E0,1,0) is the tearing stability
index for the 0,1 mode~see Appendix A 3!, and the complex
quantity C0,1 specifies the amplitude and phase of the 0,1
error field at the reversal surface~see Appendix B!. It fol-
lows that

v* 5V* , ~106!

whereV* is the plasma toroidal angular velocity at the re-
versal surface.

The toroidal electromagnetic torque exerted at the rever-
sal surface by the error field is written@see Eq.~B6!#

dTf EM
0,1 5

2p2R0

m0

Im@C0,1~C0,1!* #

H0,1~r * !
. ~107!

Balancing this torque against the viscous restoring torque
that develops at the reversal surface~calculated according to
the prescription of Sec. II C!, yields the torque balance equa-
tion,

v* 2v
*
~0!5L* T̃* ~v* !, ~108!

where

L* 5E
r
*

a m*
m

dr

r
, ~109!

andT̃* 5dTf EM
0,1 /(4p2R0

3m* ). Note thatv
*
(0) is the value of

v* in the unperturbed plasma. It follows that

v
*
~0!5V

*
~0! , ~110!

whereV
*
(0) is the value of the toroidal angular velocity of the

plasma at the reversal surface in the unperturbed state. The
plasma angular velocity inside the reversal surface is simply
given by

V~r ,r * !5V~0!~r ,r * !1V* 2V
*
~0! . ~111!

Note that none of the nonlinear frequencies,vn1 j , defined
in Eq. ~12!, are affected by the modification to the plasma
toroidal rotation profile induced by a 0,1 error field.

2. Linear analysis

It follows from Eqs.~105! and ~107! that

T̃* 5
1

2

tV

tH
2 ~C̃0,1!2

Im@D0,1~v* !#

uD0,1~v* !2E0,1u2
, ~112!

wheretH and tV are defined in Eqs.~29! and ~30!, respec-
tively, and

C̃0,15
uC0,1u
r
*
2 F

*
8

. ~113!

Here,F
*
8 is defined in Eq.~34!.

Using the explicit form~37! for the layer response func-
tion, the torque balance equation~108! can be written as
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1

4

~C̃0,1!2

L
*
2

v̂*
z
*
2 1v̂

*
2 512v̂* , ~114!

where use has been made of Eq.~112!, and

v̂* 5
v*
v

*
~0! , ~115!

z* 5
2E0,1

v
*
~0!t*

, ~116!

L
*
2 5

1

2

@v
*
~0!#2t* tH

2

tV
Y L* . ~117!

Here,t* is defined in Eq.~38!.
Equation~114! is, of course, the standard induction mo-

tor equation@see Eq.~40!#. In the physically relevant limit
z* !1, there are two branches of solutions~see the discus-
sion in Sec. II E!. On theunlockedbranch, there is substan-
tial plasma rotation at the reversal surface, which effectively
suppresses any error-field driven magnetic reconnection,
whereas on thelockedbranch the plasma rotation at the re-
versal surface is arrested, and a nonrotating, error-field
driven, magnetic island chain forms. The unlocked branch of
solutions ceases to exist for

C̃0,1>L* . ~118!

A lockingbifurcation~i.e., a bifurcation from the unlocked to
the locked branches! takes place when the error-field ampli-
tude~i.e., C̃0,1) exceeds the critical value given above. Like-
wise, the locked branch of solutions ceases to exist for

C̃0,1<~8z* !1/2L* . ~119!

An unlockingbifurcation~i.e., a bifurcation from the locked
to the unlocked branches! takes place when the error-field
amplitude falls below the critical value given above. As al-
ways, there is considerablehysteresisin the locking process,
since the critical error-field amplitude for locking@given in
Eq. ~118!# is much greater than that for unlocking@given in
Eq. ~119!#.

3. Nonlinear analysis

On the locked branch of solutions, theno-slipconstraint
~see the discussion in Sec. II E! demands that

v* 50. ~120!

In other words, the plasma rotation at the reversal surface is
completely arrested after locking.

According to Eq.~B27!, C0,1 can be written as

C0,15c0,1Cgap
0,1 , ~121!

where c0,1 is a real positive parameter, specified by Eq.
~B28!, andCgap

0,1 is a complex parameter that determines the
amplitude and phase of the 0,1 error field leaking through the
gaps in the conducting shell. Let

Cgap
0,15Ĉgap

0,1 eiwgap
0,1

, ~122!

whereĈgap
0,1[uCgap

0,1u, andwgap
0,1[arg(Cgap

0,1).

On the locked branch of solutions, the 0,1 reconnected
flux driven by the error field at the reversal surface is deter-
mined by the Rutherford island equation~A37!, which yields

4I tR

d~AC̃0,1!

dt
5ReS DC0,1

C0,1 D5E0,11
C̃0,1

C̃0,1cosDw* ,

~123!

whereI 50.8227,C̃0,15Ĉ0,1/r
*
2 F

*
8 , andtR is defined in Eq.

~39!. Here,

Dw* 5w0
0,12wgap

0,1 , ~124!

and use has been made of Eqs.~3!, ~4!, ~106!, and ~120!–
~122!.

The torque balance equation~108! reduces to

v
*
~0!5

L*
2

tV

tH
2 C̃0,1C̃0,1sinDw* , ~125!

on the locked branch of solutions.
In steady state, Eqs.~123! and ~125! yield

8z* L
*
2 5~C̃0,1!2 sin 2Dw* . ~126!

Note that the locked branch of solutions ceases to exist for

C̃0,1<~8z* !1/2L* . ~127!

When the error-field amplitude,C̃0,1, falls below this critical
value, an unlocking bifurcation takes place.

The unlocking threshold~127! predicted by nonlinear
theory is the same as the threshold~119! predicted by linear
theory. However, as discussed in Sec. II E, this is somewhat
fortuitous. In general, the correct unlocking threshold is that
predicted by nonlinear theory. On the other hand, the locking
threshold~118! predicted by linear theory is generally cor-
rect.

In the strongly locked limit, in which the error-field am-
plitude lies well above the unlocking threshold, Eq.~126!
yields

Dw* .0. ~128!

C. Formation of a locked slinky mode

1. Basic equations

Consider the formation of a slinky mode when the rever-
sal surface is strongly locked to a static error field~i.e., when
v* 5Dw* 50). The presence of an error-field-driven,
locked magnetic island chain at the reversal surface pre-
cludes the use of linear response theory. However, the Ruth-
erford island equation yields

4I tR

dAC̃0,1

dt

5E0,11S (
j 50

N22

xn1 j cos~vn1 j t !1C̃0,1D Y C̃0,1. ~129!

Furthermore, the nonlinear electromagnetic torques exerted
inside the plasma can be written as
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T̃n1 j5
1

2

tV

tH
2 xn1 jC̃

0,1sin~vn1 j t !, ~130!

for j 50, N22, where use has been made of Eqs.~8! and~9!.

2. Slinky mode formation

Let

C̃0,1~ t !5C̃~0!
0,11C̃~1!

0,1~ t !, ~131!

where

C̃~0!
0,15

C̃0,1

2E0,1 ~132!

and

uC̃~1!
0,1u!C̃~0!

0,1 . ~133!

It follows from Eq. ~129! that

WC

r *

tR

2

dC̃~1!
0,1

dt
. (

j 50

N22

xn1 j cos~vn1 j t !, ~134!

where

WC54AC̃~0!
0,1r * 54A C̃0,1

2E0,1r * ~135!

is the width of the error-field-driven island chain at the re-
versal surface.

Equation~134! yields

C̃~1!
0,1.

2( j 50
N22xn1 j sin~vn1 j t !

I ~WC /r * !tRvn1 j
. ~136!

Thus,

T̃n1 j5
1

2

tV

tH
2 xn1 j S C̃~0!

0,11
2(k50

N22xn1k sin~vn1kt !

I ~WC /r * !tRvn1k
D

3sin~vn1 j t !. ~137!

Note that the nonlinear electromagnetic torquesT̃n1 j os-
cillate in time. In this paper, however, it is assumed that the
plasma is sufficiently viscous that it only responds to the
steadycomponents of these torques, which is equivalent to
the assumption that the plasma continues to rotateuniformly
in the presence of the oscillating nonlinear torques~i.e., the
frequenciesvn1 j remain constant in time!. This approxima-
tion, which is discussed in more detail in Refs. 11 and 13, is
justified, provided that

Avn1 j
~0! tV@1, ~138!

for j 50, N22, as is likely to be the case in all conventional
RFP plasmas.

According to the above discussion, the nonlinear torque
T̃n1 j can effectively be replaced by its time-averaged value:
i.e.,

T̃n1 j→^T̃n1 j&5
1

2

tV

tH
2

xn1 j
2

I ~WC /t* !tRvn1 j
. ~139!

Now, from linear response theory, the nonlinear torques on
the unlocked branch of solutions can be written as

T̄n1 j5
1

2

tV

tH
2

xn1 j
2

t* vn1 j
, ~140!

where

t* 5
d*
t*

tR . ~141!

Here, use has been made of Eqs.~28!, ~37!, and ~38!. Fur-
thermore,

d* 52.104
tH

1/3

tV
1/6tR

1/6 r * ~142!

is the linear layer width at the reversal surface@see Eq.
~A40!#. It is clear, from a comparison of Eqs.~139! and
~140!, that the only difference between linear and nonlinear
response theory, at the reversal surface, is that the linear
layer widthd* is replaced by the modified island widthIWC

in the latter case.
The above insight allows Eq.~67!, which govern the

formation of the slinky mode, to be generalized in a fairly
straightforward manner to give

12v̂n1 j5
1

4g*
S (

k50

j 21

ln1k,n1 j

xn1k
2

Ln1k
2 v̂n1k

1
xn1 j

2

Ln1 j
2 v̂n1 j

1 (
k5 j 11

N22

kn1 j ,n1k

xn1k
2

Ln1k
2 v̂n1k

D , ~143!

for j 50, N22. Here,

g* 5H 1, for d* .IWC ,

IWC /d* , for d* ,IWC .
~144!

Note that, in general, the formation of the slinky mode is
somewhat inhibited when the reversal surface is locked to a
static error field~i.e., the mode amplitudesxn1 j must be
made slightly larger in order to trigger slinky mode forma-
tion!.

For the special case of enhanced core viscosity, the
slinky formation criterion~95! generalizes to

(
j 50

N22

xn1 j
2 >g* Lc

2. ~145!

3. Slinky mode breakup

Equation~72!, which govern the breakup of the slinky
mode, generalize in a fairly obvious manner when the rever-
sal surface is strongly locked to a static error field to give

15
1

4 S (
j 50

N22

xn1 j cosDwn1 j1C̃0,1D
3S (

k50

j 21

ln1k,n1 j

xn1k

zn1kLn1k
2 sinDwn1k

1
xn1 j

zn1 jLn1 j
2 sinDwn1 j
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1 (
k5 j 11

N22

kn1 j ,n1k

xn1k

zn1kLn1k
2 sinDwn1kD , ~146!

for j 50, N22.
For the special case of enhanced core viscosity, the

above expression reduces to

4znLc
25F S (

j 50

N22

xn1 j D cosDwn1C̃0,1G
3S (

j 50

N22

xn1 j D sinDwn . ~147!

As is easily demonstrated, the criterion for the breakup of the
slinky mode is written as

S (
j 50

N22

xn1 j D 2

<8znLc
2, ~148!

in the limit C̃0,1!( j 50
N22xn1 j , which is the same as the

breakup criterion found previously@see Eq.~98!#. However,
in the limit C̃0,1@( j 50

N22xn1 j the breakup criterion becomes

C̃0,1S (
j 50

N22

xn1 j D<4znLc
2. ~149!

Note that, in general, the breakup of the slinky mode is
somewhat inhibited when the reversal surface is locked to a
static error field~i.e., the mode amplitudesxn1 j must be
made slightly smaller in order to trigger slinky mode
breakup!.

D. Locking of a slinky mode to a static error field

1. Basic equations

Consider the interaction of a rotating slinky mode whose
constituentm51 modes are strongly locked together~i.e.,
vn1 j5Dwn1 j50, for j 50, N22) with a static 0,1 error
field that is not sufficiently strong to arrest the plasma rota-
tion at the reversal surface in the absence of a slinky mode. It
follows thatv* Þ0 ~initially !. The presence of a nonlinearly
driven, rotating magnetic island chain at the reversal surface
precludes the use of linear response theory. However, the
Rutherford island equation yields

4I tR

dAC̃0,1

dt

5E0,11S (
j 50

N22

xn1 j1C̃0,1cos~v* t !D Y C̃0,1.

~150!

Furthermore, the toroidal electromagnetic torque exerted at
the reversal surface is written as

T̃* 52
1

2

tV

tH
2 C̃0,1C̃0,1sin~v* t !. ~151!

The frequencyv* , which parametrizes the plasma rotation
at the reversal surface, is determined by the torque balance
equation~108!.

2. Mode locking

Let

C̃0,1~ t !5C̃~0!
0,11C̃~1!

0,1~ t !, ~152!

where

C̃~0!
0,15

( j 50
N22xn1 j

2E0,1 , ~153!

and

uC̃~1!
0,1u!C̃~0!

0,1 . ~154!

It follows from Eq. ~150! that

Wx

r *

tR

2

dC̃~1!
0,1

dt
.C̃0,1cos~v* t !, ~155!

where

Wx54AC̃~0!
0,1r * 54A( j 50

N22xn1 j

2E0,1 r * ~156!

is the width of the nonlinearly driven island chain at the
reversal surface.

Equation~155! yields

C̃~1!
0,1.

2C̃0,1sin~v* t !

I ~Wx /r * !tRv*
. ~157!

Thus,

T̃* 52
1

2

tV

tH
2 C̃0,1F C̃~0!

0,11
2C̃0,1sin~v* t !

I ~Wx /r * !tRvn1k
Gsin~v* t !.

~158!

Note that the locking torqueT̃* oscillates in time. As
before, it is assumed that the plasma is sufficiently viscous
that it only responds to thesteadycomponent of this torque.
This approximation is justified, provided that13

Av
*
~0!tV@1, ~159!

as is likely to be the case in all conventional RFP plasmas.
According to the above discussion, the locking torque

T̃* can effectively be replaced by its time-averaged value:
i.e.,

T̃*→^T̃* &52
1

2

tV

tH
2

~C0̃,1!2

I ~Wx /r * !tRv*
. ~160!

Hence, the torque balance equation~108! reduces to

v̂* ~12v̂* !5
~C̃0,1!2

4L
*
2 ~ IWx /d* !

. ~161!

It is easily seen, from the above expression, that the un-
locked branch of solutions ceases to exist for

C̃0,1>AIWx /d* L* . ~162!

When the error-field amplitude~i.e., C̃0,1) exceeds the criti-
cal value given above a locking bifurcation~i.e., a bifurca-
tion from the unlocked to the locked branch of solutions!
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takes place. Of course, on the locked branch of solutions
both the plasma rotation at the reversal surface and the rota-
tion of the slinky mode are arrested.

Note that the locking criterion given in Eq.~162! is simi-
lar to that found previously in Eq.~118!, except that the
linear layer widthd* is replaced by the modified island
width IWx in the former case. The generalized locking cri-
terion, which accounts for the locking of the reversal surface
by a 0, 1 error field both in the absence and in the presence
of a rotating slinky mode, is written as

C̃0,1>AgxL* , ~163!

where

gx5H 1, for d* .IWx ,

IWx /d* , for d* ,IWx .
~164!

Note that, in general, the locking of the reversal surface is
somewhat inhibited in the presence of a rotating slinky mode
~i.e., the error-field amplitudeC̃0,1 must be made slightly
larger in order to trigger locking!.

3. Mode unlocking

On the locked branch of solutions, wherev* 50, the
Rutherford island equation reduces to

4I tR

dAC̃0,1

dt

5E0,11S (
j 50

N22

xn1 j1C̃0,1cosDw* D Y C̃0,1. ~165!

Furthermore, the torque balance equation takes the form
given in Eq.~125!. In steady state, these equations yield

4z* L
*
2 5S (

j 50

N22

xn1 j1C̃0,1cosDw* D C̃0,1sinDw* .

~166!

As is easily demonstrated, the criterion for the unlocking
of the slinky mode is written

~C̃0,1!2<8z* L
*
2 , ~167!

in the limit ( j 50
N22 xn1 j!C̃0,1, which is the same as the cri-

terion found previously@see Eq.~127!#. However, in the
limit ( j 50

N22 xn1 j@C̃0,1 the unlocking criterion becomes

C̃0,1S (
j 50

N22

xn1 j D<4z* L
*
2 . ~168!

Note that, in general, the unlocking of the reversal surface is
somewhat inhibited in the presence of a locked slinky mode
~i.e., the error-field amplitudeC̃0,1 must be made slightly
smaller in order to trigger unlocking!.

E. The toroidal locking angle

Consider a slinky mode whose constituentm51 modes
are strongly locked together~i.e., vn1 j5Dwn1 j50, for j
50, N22). Suppose that the mode is, in turn, strongly
locked to a 0, 1 error field~i.e.,v* 5V* 5Dw* 50). Recall,

from Sec. II F, that the magnetic perturbation associated with
a slinky mode is strongly peaked at the toroidal angle,

f lock5w0
0,1, ~169!

obtained from settingw* to zero—see Eq.~63!. However, it
follows from Eq.~124! that

f lock5wgap
0,1 , ~170!

since Dw* 50 for a strongly locked mode, wherewgap
0,1 is

defined in Eq.~122!.
The dominant error-field source in a RFP is usually a 1,0

field arising from the mismatch between the ‘‘vertical’’ mag-
netic fields interior and exterior to the shell. Of course, the
plasma experiences this field filtered through the gaps in the
shell. Suppose that the mismatched ‘‘vertical’’ field is of
magnitudeBv , and is directed toward poloidal angleuv . In
this paper,u50 corresponds to theinboard midplane. Thus,
uv56p/2 corresponds to a true vertical field, whereasuv
50,p corresponds to a horizontal field.

Suppose, for example, that the flux-conserving shell con-
tains two vacuum gaps: apoloidal gap, extending fromf
5fg2Df/2 to f5fg1Df/2, and atoroidal gap, extend-
ing from u5ug2Du/2 to u5ug1Du/2. The gaps are both
assumed to bethin: i.e., Df,Du!p. It follows from Eqs.
~122!, ~170!, and~B31! that

f lock5wgap
0,15fg1~ug2uv!, ~171!

in this case. Thus, the slinky mode only locks to the poloidal
gap ~i.e., f lock5fg) when the ‘‘vertical’’ error field points
toward the toroidal gap~i.e., whenuv5ug). If there is a
mismatch between the direction of the ‘‘vertical’’ error field
and the poloidal location of the toroidal gap, then there is a
corresponding mismatch between the locking angle of the
slinky mode and the toroidal location of the poloidal gap.

F. Locked mode alleviation

Slinky modes are generally associated with a significant
increase in the plasma radial heat transport. Naturally, this
confinement degradation tends to be strongly peaked at the
toroidal localization angle of the perturbed magnetic field.
Thus, a slinky mode gives rise to a toroidally localized
anomalous heat flux out of the plasma, whose toroidal posi-
tion corotates with the mode. This heat flux is not generally
problematic, as long as the slinky mode remains rotating,
since the heat load is spread over a relatively large area of
the plasma facing surface. However, if the mode locks to an
error field, and, thereby, ceases to rotate, the heat load be-
comes concentrated on a relatively small area, which, almost
invariably, leads to overheating, the influx of impurities into
the plasma, and the premature termination of the discharge.9

There are two obvious methods by which the problems
associated with a locked slinky mode can be alleviated. The
first method is to cancel out the error field that is responsible
for the locking, using a second, deliberately created,static
error field, thereby allowing the slinky mode to unlock, and,
hence, rotate~rapidly!. The second method is to~slowly!
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rotate the locking position of the slinky mode using a delib-
erately created,rotating error field.29 These two approaches
are considered separately below.

The accidentally produced error field that is responsible
for locking the slinky mode is assumed to be a 1, 0 ‘‘verti-
cal’’ field of the type discussed in Sec. III E. Suppose that the
second, deliberately produced error field, which is used to
alleviate the locking problems, is a 0, 1 perturbation. This is
a natural choice, since it is the 0, 1 component of the error
field that is responsible for the locking problems in the first
place. In vacuum, the radial component of the second ‘‘con-
trol’’ field, at the shell radiusb, is assumed to attain its
maximum amplitudeBc at toroidal anglefc . Of course, the
plasma experiences both error fields filtered through the gaps
in the conducting shell. It follows from Appendix B 6 that

Cgap
0,15b f@Bveif lock1Bce

ifc#, ~172!

wheref is the area fraction of gaps in the conducting shell.
According to Eq.~121!, the normalized amplitude of the 0,1
error field at the reversal surface can be written as

C̃0,15c0,1f @B̃v
21B̃c

212B̃vB̃c cos~fc2f lock!#
1/2, ~173!

whereB̃v5bBv /r
*
2 F

*
8 and B̃c5bBc /r

*
2 F

*
8 . Here,B̃v and

B̃c are dimensionless quantities parametrizing the magni-
tudes of the ‘‘vertical’’ mismatch field and the control field,
respectively, whereasc0,1 is a real positive constant defined
in Eq. ~B28!. The amplitude of the 0,1 error field is most
effectively minimized when the control field is inantiphase
with the original locking phase of the slinky mode: i.e., when

fc5f lock1p. ~174!

In this case,

C̃0,15c0,1f uB̃v2B̄cu. ~175!

Note thatC̃0,1→0 asBc→Bv . If C̃0,1 is made sufficiently
small then the slinky mode will either unlock, and start to
rotate, or breakup altogether, depending on which threshold
is reached first. The unlocking threshold is specified in Eqs.
~167! and ~168!, whereas the breakup threshold is deter-
mined by Eq.~146!.

The thick conducting shell that surrounds a conventional
RFP generally makes it difficult to control the plasma verti-
cal and horizontal positions. Consequently, the 1,0 ‘‘verti-
cal’’ mismatch field at the gaps in the shell tends to be rela-
tively large, and alsofluctuatesin time. Thus, it may not be
practical to cancel out the 0,1 component of this field, which
also fluctuates in time. An alternative, and more practical,
locked mode alleviation scheme is to use a rotating 0,1 error
field to sweepthe locking angle of the slinky mode, thereby
reducing the heat load associated with this mode on the
plasma facing surface. This approach has already been suc-
cessfully implemented on the RFX device.29 Suppose that
the control field rotates uniformly at some relatively low-
frequencyvc : i.e.,

fc5vct. ~176!

It follows from Eqs.~122!, ~170!, and ~172! that the devia-
tion of the slinky mode locking angle from its unperturbed
value satisfies

tanDw lock5
~Bc /Bv!sinvct

11~Bc /Bv!cosvct
. ~177!

For Bc,Bv , the locking angle oscillates about its unper-
turbed value. The amplitude of the oscillation is given by

~Dw lock!max5sin21~Bc /Bv!. ~178!

However, forBc.Bv the locking angle executes complete
toroidal rotations around the device with angular frequency
vc .

IV. SUMMARY

In Sec. II of this paper we examine the formation of the
slinky mode via the nonlinear coupling of multiplem51
tearing modes resonant in the plasma core. This coupling is
mediated by the nonlinearly driven 0, 1 mode, resonant at the
reversal surface. The slinky mode forms as a result of a
locking bifurcation. Likewise, the slinky mode breaks up as
the result of an unlocking bifurcation. However, there is con-
siderable hysteresis in the formation and breakup processes,
since the locking threshold@which is obtained from Eq.~67!#
is much smaller than the unlocking threshold@which is ob-
tained from Eq.~72!#, when both are expressed in terms of
the typical amplitude of anm51 tearing mode in the plasma
core.

In general, the locking bifurcation by which a slinky
mode forms is associated with aslight redistribution of the
plasma toroidal angular momentum in the plasma core. This
redistribution modifies the rotation frequencies of the core
tearing modes such that they addcoherentlyat one particular
toroidal angle@see Sec. II F 4#. This angle@which is specific
by w* 50—see Eq.~63!# rotates toroidally with the angular
velocity of the plasma at the reversal surface. Thus, the
slinky mode takes the form of a toroidally localized, coher-
ent interference pattern in the magnetic field that corotates
with the plasma at the reversal surface. The toroidal angular
width of this pattern is determined solely by the number of
locked m51 modes. The larger the number of modes, the
narrow the width of the pattern. In general, the slinky mode
constitutes a relatively slowly rotating envelope within
which the magnetic field exhibits high-n, high-frequency os-
cillations ~assuming, as seems reasonable, that the plasma
core rotates far more rapidly than the plasma at the reversal
surface!. The nature of these high-frequency oscillations is
determined by the core plasma rotation rate, as well as the
toroidal mode numbers of them51 modes that make up the
slinky pattern. Note that, in general, the occurrence of a
slowly rotating slinky modedoes notnecessarily imply that
the plasma core is slowly rotating.

In Sec. II G we examine the effect of an enhanced~per-
pendicular! plasma viscosity in the plasma core, relative to
that at the plasma edge, on the formation and breakup of the
slinky mode. Such an enhancement is likely to develop natu-
rally in a RFP due to the stochasticity of the core magnetic
field generated by overlapping magnetic islands. An en-
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hanced core viscosity significantly modifies the slinky for-
mation process by forcing the saturatedm51 tearing modes
in the plasma core to always rotate with identical phase ve-
locities. This, in turn, requires the plasma core to corotate
with the plasma at the reversal surface after the formation of
the slinky mode. It follows that, in the presence of enhanced
core viscosity, the formation of the slinky mode is associated
with a significant reduction in the core plasma rotation. En-
hanced core viscosity greatly simplifies the locking and un-
locking bifurcations by which the slinky mode forms and
breaks up, respectively, since it forces all of them51 tear-
ing modes in the plasma core to lock and unlocksimulta-
neously. In the absence of enhanced core viscosity, the slinky
mode generally forms and breaks up in a piecemeal manner.
Consequently, in the presence of enhanced core viscosity,
the slinky formation and breakup thresholds take the particu-
larly simple forms~95! and ~98!, respectively. An enhanced
core viscosity also modifies the structure of the slinky mode
by suppressing the high-n, high-frequency oscillations de-
scribed previously. The criterion that must be satisfied before
the core plasma viscosity can be regarded as being enhanced
is given in Eq.~103!.

In Sec. III of this paper we examine the interaction of a
slinky mode with a static error field. This interaction is me-
diated by the 0,1 component of the field, which is resonant at
the reversal surface. Either the error field arrests the rotation
of the plasma at the reversal surface before the formation of
the slinky mode~see Sec. III B!, so that the mode subse-
quently forms as a nonrotating mode~see Sec. III C!, or the
slinky mode forms as a rotating mode and subsequently
locks to the error field~see Sec. III D!. In all cases, the lock-
ing and unlocking bifurcations are similar to those by which
a tearing mode locks to and unlocks from an error field in a
tokamak.13 As always, there is considerable hysteresis in the
locking/unlocking process, since the locking thresholds
@given in Eq.~163!# are much smaller than the corresponding
unlocking thresholds@given in Eqs.~167! and ~168!#. Fur-
thermore, as described in Sec. III C, the criteria for the for-
mation and breakup of the slinky mode are slightly modified
when the reversal surface is locked to an error field.

The dominant error-field source in a RFP is usually a 1,0
field arising from the mismatch between the ‘‘vertical’’ mag-
netic fields interior and exterior to the conducting shell. Of
course, the plasma experiences this field filtered through the
gaps in the shell. In Sec. III E, it is demonstrated that if the
shell contains a single poloidal gap and a single toroidal gap
then the slinky mode only locks to the poloidal gap when the
‘‘vertical’’ error field points toward the toroidal gap. If there
is a mismatch between the direction of the ‘‘vertical’’ error
field and the poloidal location of the toroidal gap, then there
is a corresponding mismatch between the locking angle of
the slinky mode and the toroidal location of the poloidal gap.
This calculation can be generalized to take account of more
complicated gap arrangements in a fairly straightforward
manner.

Finally, in Sec. III F we discuss two methods for allevi-
ating the problems associated with a locked slinky mode.
The first, and most obvious, method is to cancel out the
accidentally produced error field responsible for locking the

slinky mode using a deliberately generated ‘‘control’’ error
field. It is assumed that the control field is a 0,1 perturbation
~in the absence of the plasma and the conducting shell!. It is
found that the amplitude of the locking field is most effec-
tively minimized when the control field is inantiphasewith
the locking phase of the slinky mode. If the amplitude of the
control field is adjusted such that the locking field is made
sufficiently small, then a bifurcation is triggered by which
the slinky mode either unlocks, and starts to rotate, or breaks
up altogether. The unlocking threshold is specified in Eqs.
~167! and ~168!, whereas the breakup threshold is deter-
mined by Eq.~146!. The second, and more practical, method
is to sweep the locking angle of the slinky mode toroidally
using a rotating control field. It is demonstrated that if the
amplitude of the control field is too low, then the locking
angle merely oscillates about its unperturbed value. How-
ever, above a certain critical value of this amplitude the lock-
ing angle executes complete toroidal rotations around the
device at the angular oscillation frequency of the control
field.

V. KEY RESULTS

The key new results of this paper are the following.

~i! Equations ~A77!, ~A99!–~A101!, and ~A104!–
~A106!, which describe the nonlinear electromagnetic
coupling of the various differentm51 dynamo
modes in a RFP. The nonlinear terms are calculated
via quasilinear theory ~i.e., using liner eigenfunc-
tions!. This weakly nonlinear approach is justified
during the sawtooth ramp phases of a RFP discharge:
i.e., when the highly nonlinear MHD dynamo is not
active.

~ii ! Equations~67!, which are a collection of nonlinear
equations governing the phase relations of a set of
saturated rotating dynamo modes subject to nonlinear
electromagnetic locking torques and viscous restoring
torques. The solution of these equations describes
how the slinky mode forms via a series of bifurcations
as the typical mode amplitude is increased.

~iii ! Equations~72!, which are a collection of nonlinear
equations governing the phase relations of a set of
saturated dynamo modes that are phase locked to-
gether so as to form a rotating slinky mode. The so-
lution of these equations describes how the slinky
mode breaks up via a series of bifurcations as the
typical mode amplitude is decreased.

~iv! Equations~161! and~166!, which describe the locking
and unlocking, respectively, of a rotating slinky mode
to a static error field.
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APPENDIX A: NONLINEAR COUPLING

1. The plasma equilibrium

Consider a large aspect ratio,21 zero-b,22 RFP plasma
equilibrium whose unperturbed magnetic flux surfaces map
out ~almost! concentric circles in the poloidal plane. Such an
equilibrium is well approximated as a periodic cylinder. Sup-
pose that the minor radius of the plasma isa. Standard cy-
lindrical polar coordinates (r ,u,z) are adopted. The system
is assumed to be periodic in thez direction, with periodicity
length 2pR0 , whereR0 is the simulated major radius of the
plasma. It is convenient to define a simulated toroidal angle
f5z/R0 .

The equilibrium magnetic field is written as

B5@0,Bu~r !,Bf~r !#. ~A1!

The associated equilibrium plasma current takes the form

m0J5@0,2Bf8 ,~rBu!8/r #, ~A2!

where8 denotesd/dr. In a RFPuBu /Bfu;O(1)2.
The model RFP equilibrium used in this paper is the

well-known a-Q0 model,30 according to which

“`B5s~r !B, ~A3!

where

s5S 2Q0

a D F12S r

aD aG . ~A4!

Here, both a and Q0 are positive constants. Note that
s5const ~i.e., a→`! corresponds to aTaylor state.3,31 In
theory, a RFP equilibrium should relax to a Taylor state. In
practice, relaxation occurs everywhere in the plasma apart
from close to the edge, where the plasma is sufficiently cold
and resistive that the strong equilibrium currents associated
with a Taylor state cannot be maintained. Hence,a is finite.
In general,Q0 is such that there is areversal surface, where
Bf goes through zero, situated close to the plasma boundary.

2. The linear eigenmode equation

The linearized, marginally stable, ideal-MHD force bal-
ance equation takes the form

~ j–“ !B1~J–“ !b2~b–“ !J2~B–“ !j50, ~A5!

whereb and j are the perturbed magnetic field and plasma
current, respectively.

A general perturbed quantity can be written as

a~r ,t !5(
m,n

am,n~r ,t !ei ~mu2nf!, ~A6!

wherem,n are integers. It is convenient to define

cm,n~r ,t !52 irb r
m,n~r ,t !. ~A7!

It follows that

bu
m,n52

m~cm,n!8

m21n2e2 1
nescm,n

m21n2e2 , ~A8!

bf
m,n5

ne~cm,n!8

m21n2e2 1
mscm,n

m21n2e2 , ~A9!

and

m0 jm,n5sbm,n1
ir s8br

m,n

mBu2neBf
B. ~A10!

Here,

e~r !5
r

R0
. ~A11!

In a large aspect ratio RFP,e!1 andm;ne;O(1).32

Equation ~A5! reduces to the well-known eigenmode
equation33

d

dr S f m,n
dcm,n

dr D2gm,ncm,n50, ~A12!

where

f m,n~r !5
r

m21n2e2 , ~A13!

gm,n~r !5
1

r
1

r ~neBu1mBf!

~m21n2e2!~mBu2neBf!

ds

dr

1
2mnes

~m21n2e2!22
rs2

m21n2e2 . ~A14!

In the limit r→0, a regular solution to Eq.~A12! satis-
fies cm,n;r umu for mÞ0, andcm,n;r 2 for the special case
m50.

Suppose that the plasma is surrounded by a vacuum gap,
extending over the regiona,r ,b, which is bounded by a
perfectly conducting shell situated atr 5b. It follows that
s(r )50 for a,r ,b, and

cm,n~b!50. ~A15!

3. Resonant modes

Let

Fm,n~r !5mBu2neBf , ~A16!

Gm,n~r !5neBu1mBf , ~A17!

Hm,n~r !5m21n2e2. ~A18!

A resonantmode satisfies

Fm,n~r s
m,n!50, ~A19!

for 0,r s
m,n,a. The flux surfacer 5r s

m,n is known as the
m,n moderational surface.

Note that the eigenmode equation~A12! becomessingu-
lar at them,n rational surface. The most general solution in
the immediate vicinity of this surface takes the form

cm,n~x!5CL
m,n@11lm,nx~ ln uxu21!1¯#

1CS
m,n@x1¯#, ~A20!
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where

x5
r 2r s

m,n

r s
m,n , ~A21!

lm,n5S Gm,nr 2s8

r ~Fm,n!8 D
r
s
m,n

,

x5S rs8

s D
r
s
min.

~A22!

Here, CL
m,n and CS

m,n are known as the coefficients of the
large and small solutions, respectively.

In a zero-b plasma it is possible to demonstrate that the
coefficient of the large solution must be continuous across a
mode rational surface, whereas the coefficient of the small
solution may be discontinuous.20,26 Thus, them,n mode can
be characterized by two complex parameters:

Cm,n5CL
m,n , ~A23!

DCm,n5@CS#
r
s2
m,n

r s1
m,n

. ~A24!

The m,n eigenfunction can be written as

cm,n~r ,t !5Cm,n~ t !ĉm,n~r !, ~A25!

whereĉm,n is a real solution of Eq.~A12!, which is regular
at r 50, satisfies the boundary condition~A15!, and is con-
tinuous at the rational surface. In addition,

ĉm,n~r s
m,n!51. ~A26!

Incidentally, the boundary condition~A15! is equivalent
to

S r

ĉm,n

dĉm,n

dr D
a

5km,n, ~A27!

where

km,n5
m21n2ea

2

nea

I m~nea!Km8 ~neb!2Km~nea!I m8 ~neb!

I m8 ~nea!Km8 ~neb!2Km8 ~nea!I m8 ~neb!
.

~A28!

Here,ea5a/R0 , eb5b/R0 , andI m , Km are modified Bessel
functions. Note thatI m8 (z)[dIm(z)/dz, etc.

In general,ĉm,n possesses a gradient discontinuity at the
rational surface. This discontinuity is conveniently param-
etrized by

Em,n5S r
dĉm,n

dr D
r
s2
m,n

r s1
m,n

. ~A29!

Note thatEm,n is a real number.
As is well known, in a zero-b plasma them,n mode is

resistively unstable wheneverEm,n.0, and is stable
otherwise.34 This type of instability is known as atearing
mode, since in its nonlinear phase it ‘‘tears’’ and reconnects
the equilibrium magnetic field.19 Likewise,Em,n is known as
the tearing stability indexfor them,n mode, andcm,n(r ,t) is
the associatedtearing eigenfunction.

4. Nonresonant modes

A nonresonant mode~i.e., a mode possessing no rational
surface inside the plasma! cannot be resistively unstable, but
may be ideally unstable. For such a mode, it is possible to
define anideal stability index,

E
*
m,n5km,n2S r

cm,n

dcm,n

dr D
a

, ~A30!

assuming thatcm,n is regular atr 50. It is easily demon-
strated that them,n mode is ideally unstable ifE

*
m,n.0, and

is stable otherwise.33

In this paper, it is assumed that all nonresonant modes
are ideally stable. This is always the case, provided that the
flux conserving shell is situated sufficiently close to the edge
of the plasma.35

5. Linear layer theory

Ideal MHD breaks down in the immediate vicinity of the
m,n mode rational surface. In this region, nonideal effects
such as plasma inertia, resistivity, and viscosity become im-
portant. Suppose that

Cm,n~ t !5Ĉm,nei ~wm,n2vm,nt !, ~A31!

whereĈm,n, wm,n, and vm,n are real constants. Of course,
vm,n is the real frequencyof the m,n mode. Asymptotic
matching between the thin layer, centered on the rational
surface, where ideal MHD breaks down, and the remainder
of the plasma, where ideal MHD is valid, yields

DCm,n5Dm,n~vm,n!Cm,n. ~A32!

Here, the complex parameterDm,n is termed thelayer re-
sponse function.

In the so-calledviscoresistiveregime, the layer response
function takes the form

Dm,n~vm,n!52.104vm,n
~tH

m,n!1/3~tR
m,n!5/6

~tV
m,n!1/6 e2 ip/2, ~A33!

where

tH
m,n5S m0r

~Fm,n!82D
r
s
m,n

1/2

, ~A34!

tR
m,n5S m0r 2

h D
r
s
m,n

, ~A35!

tV
m,n5S rr 2

m D
r
s
m,n

, ~A36!

are the hydromagnetic, resistive, and viscous time scales,
respectively, evaluated at them,n rational surface. Here,
r(r ), h(r ), andm(r ) are the plasma mass density,~parallel!
resistivity, and~perpendicular! viscosity, respectively. The
criteria for the validity of the viscoresistive regime are set
out in detail in Ref. 13.
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6. Nonlinear island theory

The nonlinear concomitant of the linear response regime
discussed above is the well-known Rutherford regime.19 A
straightforward generalization of Rutherford’s analysis
~which makes ordering assumptions that are appropriate to
tokamaks, but not to REPs! yields the following island width
evolution equation:

I tR
m,n d

dt S Wm,n

r s
m,n D 5ReS DCm,n

Cm,n D , ~A37!

whereI 50.8227. Here,

Wm,n54S uCm,nu
u~Fm,n!8ur

s
m,nD 1/2

~A38!

is the maximum radial width of the island chain at them,n
rational surface. Let

zm,n5mu2nf1wm,n2vm,nt. ~A39!

For dFm,n(r s
m,n)/dr.0, the X points of the island chain are

situated atzm,n5(2k21)p, and the O points are atzm,n

52kp, wherek is an integer. FordFm,n(r s
m,n)/dr,0, the O

points are situated atzm,n5(2k21)p, with the X points at
zm,n52kp. Note that (Fm,n)8.0 for conventional RFP
equilibria ~assuming thatn>0).

The Rutherford regime takes over from the viscoresis-
tive regime whenever the island width,Wm,n, exceeds the
linear layer width,

dm,n;
~tH

m,n!1/3

~tV
m,n!1/6~tR

m,n!1/6 r s
m,n . ~A40!

The criteria for the validity of the Rutherford regime are
set out in detail in Ref. 13.

7. The nonlinear eigenmode equation

The complete, marginally stable, ideal-MHD force bal-
ance equation takes the form

~ j–“ !B1~J–“ !b2~b–“ !J2~B–“ !j5
A

m0
, ~A41!

where

A5m0~b–“ !j2m0~ j–“ !b. ~A42!

Equation ~A7! remains valid. However, Eqs.~A8!–
~A10! generalize to

bu
m,n52

m~cm,n!8

Hm,n 1
nescm,n

Hm,n 1
ner 2Ar

m,n

Hm,nFm,n , ~A43!

bf
m,n5

ne~cm,n!8

Hm,n 1
mscm,n

Hm,n 1
mr2Ar

m,n

Hm,nFm,n , ~A44!

and

m0 j r
m,n5sbr

m,n1
irA r

m,n

Fm,n , ~A45!

m0 j u
m,n5sbu

m,n1
ir s8Bubt

m,n

Fm,n 1
irA u

m,n

Fm,n

1
r ~rsBf22Bu!Ar

m,n

~Fm,n!2 , ~A46!

m0 j f
m,n5sbf

m,n1
ir s8Bfbr

m,n

Fm,n 1
irA f

m,n

Fm,n 2
r 2sBuAr

m,n

~Fm,n!2 .

~A47!

Likewise, Eq.~A12! generalizes to

d

dr S f m,n
dcm,n

dr D2gm,ncm,n5
Um,n

m
5

Vm,n

ne
, ~A48!

where

Um,n52 i
r 2Af

m,n

Fm,n 1
ner 3sGm,nAr

m,n

Hm,n~Fm,n!2 1S ner 3Ar
m,n

Hm,nFm,nD 8
,

~A49!

Vm,n52 i
r 2Au

m,n

Fm,n 1
2r 2BuAr

m,n

~Fm,n!2 2
mr3sGm,nAr

m,n

Hm,n~Fm,n!2

2r S mr2Ar
m,n

Hm,nFm,nD 8
. ~A50!

8. The nonlinear coupling coefficients

Consider the nonlinear coupling ofthree tearing modes
with mode numbersm1 ,n1 ; m2 ,n2 ; andm3 ,n3 , where

m35m11m2 , ~A51!

n35n11n2 . ~A52!

It can be demonstrated, after considerable algebra, that

Ar
m1 ,n152~Cm2 ,n2!* Cm3 ,n3

s8ĉm2 ,n2ĉm3 ,n3

4r 2

~Fm1 ,n1!2

Fm2 ,n2Fm3 ,n3
,

~A53!

Ar
m2 ,n252~Cm1 ,n1!* Cm3 ,n3

s8ĉm1 ,n1ĉm3 ,n3

4r 2

~Fm2 ,n2!2

Fm1 ,n2Fm3 ,n3
,

~A54!

Ar
m3 ,n352Cm1 ,n1Cm2 ,n2

s8ĉm1 ,n1ĉm2 ,n2

4r 2

~Fm3 ,n3!2

Fm1 ,n1Fm2 ,n2
.

~A55!

Likewise,
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Au
m1 ,n15 i ~Cm2 ,n2!* Cm3 ,n3

s8

4 F ĉm2 ,n2~ ĉm3 ,n3!8

r

n1eGm3 ,n3

Hm3 ,n3Fm2 ,n2
1

ĉm3 ,n3~ ĉm2 ,n2!8

r

n1eGm2 ,n2

Hm2 ,n2Fm3 ,n3

1
n1esĉm2 ,n2ĉm3 ,n3

r S Fm2 ,n2

Hm2 ,n2Fm3 ,n3
1

Fm3 ,n3

Hm3 ,n3Fm2 ,n2D2
1

s8
S s8BuFm1 ,n1ĉm2 ,n2ĉm3 ,n3

rF m2 ,n2Fm3 ,n3
D 8G , ~A56!

Au
m2 ,n25 i ~Cm1 ,n1!* Cm3 ,n3

s8

4 F ĉm1 ,n1~ ĉm3 ,n3!8

r

n2eGm3 ,n3

Hm3 ,n3Fm1 ,n1
1

ĉm3 ,n3~ ĉm1 ,n1!8

r

n2eGm1 ,n1

Hm1 ,n1Fm3 ,n3

1
n2esĉm1 ,n1ĉm3 ,n3

r S Fm1 ,n1

Hm1 ,n1Fm3 ,n3
1

Fm3 ,n3

Hm3 ,n3Fm1 ,n1D2
1

s8
S s8BuFm2 ,n2ĉm1 ,n1ĉm3 ,n3

rF m1 ,n1Fm3 ,n3
D 8G , ~A57!

Au
m3 ,n35 iCm1 ,n1Cm2 ,n2

s8

4 F ĉm1 ,n1~ ĉm2 ,n2!8

r

n3eGm2 ,n2

Hm2 ,n2Fm1 ,n1
1

ĉm2 ,n2~ ĉm1 ,n1!8

r

n3eGm1 ,n1

Hm1 ,n1Fm2 ,n2

1
n3esĉm1 ,n1ĉm2 ,n2

r S Fm1 ,n1

Hm1 ,n1Fm2 ,n2
1

Fm2 ,n2

Hm2 ,n2Fm1 ,n1D2
1

s8
S s8BuFm3 ,n3ĉm1 ,n1ĉm2 ,n2

rF m1 ,n1Fm2 ,n2
D 8G , ~A58!

Finally,

Af
m1 ,n15 i ~Cm2 ,n2!* Cm3 ,n3

s8

4 F ĉm2 ,n2~ ĉm3 ,n3!8

r

m1Gm3 ,n3

Hm3 ,n3Fm2 ,n2
1

ĉm3 ,n3~ ĉm2 ,n2!8

r

m1Gm2 ,n2

Hm2 ,n2Fm3 ,n3

1
m1sĉm2 ,n2ĉm3 ,n3

r S Fm2 ,n2

Hm2 ,n2Fm3 ,n3
1

Fm3 ,n3

Hm3 ,n3Fm2 ,n2D2
1

rs8
S s8BfFm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm2 ,n2Fm3 ,n3
D 8G , ~A59!

Af
m2 ,n25 i ~Cm1 ,n1!* Cm3 ,n3

s8

4 F ĉm1 ,n1~ ĉm3 ,n3!8

r

m2Gm3 ,n3

Hm3 ,n3Fm1 ,n1
1

ĉm3 ,n3~ ĉm1 ,n1!8

r

m2Gm1 ,n1

Hm1 ,n1Fm3 ,n3

1
m2sĉm1 ,n1ĉm3 ,n3

r S Fm1 ,n1

Hm1 ,n1Fm3 ,n3
1

Fm3 ,n3

Hm3 ,n3Fm1 ,n1D2
1

rs8
S s8BfFm2 ,n2ĉm1 ,n1ĉm3 ,n3

Fm1 ,n1Fm3 ,n3
D 8G , ~A60!

Af
m3 ,n35 iCm1 ,n1Cm2 ,n2

s8

4 F ĉm1 ,n1~ ĉm2 ,n2!8

r

m3Gm2 ,n2

Hm2 ,n2Fm1 ,n1
1

ĉm2 ,n2~ ĉm1 ,n1!8

r

m3Gm1 ,n1

Hm1 ,n1Fm2 ,n2

1
m3sĉm1 ,n1ĉm2 ,n2

r S Fm1 ,n1

Hm1 ,n1Fm2 ,n2
1

Fm2 ,n2

Hm2 ,n2Fm1 ,n1D2
1

rs8
S s8BfFm3 ,n3ĉm1 ,n1ĉm2 ,n2

Fm1 ,n1Fm2 ,n2
D 8G . ~A61!

Incidentally, since“–A50, it follows that

d~rAr
m,n!

dr
1 imAu

m,n2 ineAf
m,n50. ~A62!

It is easily verified that the expressions~A53!–~A61! respect
this constraint.

9. Electromagnetic torques

The flux-surface-averaged poloidal and toroidal electro-
magnetic torques acting on the plasma are written as

Tu EM~r !5
p2R0

m0

d

dr S (
m,n

r 2@br
m,n~bu

m,n!* 1~br
m,n!* bu

m,n# D ,

~A63!

Tf EM~r !5
p2R0

2

m0

d

dr S (
m,n

r @br
m,n~bf

m,n!* 1~br
m,n!* bf

m,n# D ,

~A64!

respectively. These expressions reduce to

Tu EM~r !5
p2R0

m0

d

dr S (
m,n

Wu
m,nD , ~A65!

Tf EM~r !52
p2R0

m0

d

dr S (
m,n

Wf
m,nD , ~A66!

where
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Wu
m,n~r !5 i S m fm,n~cm,n!8~cm,n!* 2

ner 3Ar
m,n~cm,n!*

Hm,nFm,n D
1c.c., ~A67!

Wf
m,n~r !5 i S n fm,n~cm,n!8~cm,n!* 1

mr2R0Ar
m,n~cm,n!*

Hm,nFm,n D
1c.c. ~A68!

It follows from Eq. ~A48! that

~Wu
m,n!85 iU m,n~cm,n!* 2 i S ner 3Ar

m,n~cm,n!*

Hm,nFm,n D 8
1c.c.,

~A69!

~Wf
m,n!85 i

Vm,n~cm,n!*

e
1 i S mr2R0Ar

m,n~cm,n!*

Hm,nFm,n D 8
1c.c.

~A70!

Consider the nonlinear interaction of them1 ,n1 ; m2 ,n2 ;
andm3 ,n3 tearing modes, where the various mode numbers
are related according to Eqs.~A51!–~A52!. It can be demon-
strated, after considerable algebra, that

~Wu
m1 ,n1!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3F2m1t~r !1S rs8Bfĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm2 ,n2Fm3 ,n3
D 8G ,

~A71!

~Wu
m2 ,n2!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3F2m2t~r !1S rs8Bfĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm1 ,n1Fm3 ,n3
D 8G ,

~A72!

~Wu
m3 ,n3!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3Fm3t~r !2S rs8Bfĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm1 ,n1Fm2 ,n2
D 8G .
~A73!

Likewise,

~Wf
m1 ,n1!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3F2n1t~r !1S rs8Buĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

eFm2 ,n2Fm3 ,n3
D 8G ,
~A74!

~Wf
m2 ,n2!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3F2n2t~r !1S rs8Buĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

eFm1 ,n1Fm3 ,n3
D 8G ,
~A75!

~Wf
m3 ,n3!85 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3Fn3t~r !2S rs8Buĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

eFm1 ,n1Fm2 ,n2
D 8G .

~A76!

Here,

t~r !5s8H r ~ ĉm1 ,n1!8ĉm2 ,n2ĉm3 ,n3
Gm1 ,n1

Hm1 ,n1Fm2 ,n2Fm3 ,n3
1ĉm1 ,n1r ~ ĉm2 ,n2!8ĉm3 ,n3

Gm2 ,n2

Hm2 ,n2Fm1 ,n1Fm3 ,n3

1ĉm1 ,n1ĉm2 ,n2r ~ ĉm3 ,n3!8
Gm3 ,n3

Hm3 ,n3Fm1 ,n1Fm2 ,n2
1ĉm1 ,n1ĉm2 ,n2ĉm3 ,n3F rsS Fm1 ,n1

Hm1 ,n1Fm2 ,n2Fm3 ,n3

1
Fm2 ,n2

Hm2 ,n2Fm1 ,n1Fm3 ,n3
1

Fm3 ,n3

Hm3 ,n3Fm1 ,n1Fm2 ,n2D1
2BuBf2rs~Bu

21Bf
2 !

Fm1 ,n1Fm2 ,n2Fm3 ,n3 G J . ~A77!

Let

Wu5Wu
m1 ,n11Wu

m2 ,n21Wu
m3 ,n3, ~A78!

Wf5Wf
m1 ,n11Wf

m2 ,n21Wf
m3 ,n3. ~A79!

Recall, from Eqs.~A65!–~A66!, that

TuEM~r !5
p2R0

m0
~Wu!8, ~A80!

TfEM~r !52
p2R0

m0
~Wf!8. ~A81!

However, it follows from Eqs.~A71!–~A76! that

~Wu!850, ~A82!
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~Wf!850, ~A83!

where use has been made of Eqs.~A51!–~A52!. Hence,zero
flux-surface-averaged electromagnetic torque is exerted
throughout the bulk of the plasma as a consequence of the
nonlinear coupling of tearing modes. This is the expected
result, since it is well known that zero flux-surface-averaged
electromagnetic torque can be exerted inany region of the
plasma governed by the equations of marginally stable ideal
MHD.11

10. Localized electromagnetic torques

The above demonstration that nonlinear mode coupling
gives rise to no electromagnetic torques is valid in all regions
of the plasma governed by the equations of marginally stable
ideal MHD. However, these equations break down in the
immediate vicinity of the rational surfaces associated with
the three coupled tearing modes, so it is still possible that
localizedelectromagnetic torques can develop at these sur-
faces. This is indeed the case. The fact that (cm,n)8 is dis-
continuous across them,n rational surface, whereas thecm,n

and (cm8,n8)8 ~wherem8,n8Þm,n) are continuous, implies
that Wu

m,n and Wf
m,n are also discontinuous across this

surface—see Eqs.~A67! and ~A68!. Thus, Eqs.~A65! and
~A66! yield

TuEM~r !5(
m,n

dTu EM
m,n d~r 2r s

m,n!, ~A84!

TfEM~t!5(
m,n

dTfEM
m,n d~r 2r s

m,n!, ~A85!

where

dTuEM
m,n 5DWu

m,n , ~A86!

dTfEM
m,n 52DWf

m,n . ~A87!

Here, DWu
m,n[Wu

m,n(r s1
m,n)2Wu

m,n(r s2
m,n), etc., and it is un-

derstood that the delta functions represent the thin nonideal-
MHD regions centered on each of the rational surfaces.

It follows from Eqs.~A67! and~A68! thatWu
m,n→0 and

Wf
m,n→0 as r→0, assuming that thecm,n are regular atr

50. Likewise, the boundary condition~A15! yields Wu
m,n

5Wf
m,n50 at r 5b. Thus, Eq.~A71! can be integrated to

give

Wu
m1 ,n1~r !5 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3S 2m1E
0

r

t~r 8!dr8

1
rs8Bfĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm2 ,n2Fm2 ,n2 D , ~A88!

for 0,r ,r s
m,n , and

Wu
m1 ,n1~r !5 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#

3S m1E
r

b

t~r 8!dr8

1
rs8Bfĉm1 ,n1ĉm2 ,n2ĉm3 ,n3

Fm2 ,n2Fm3 ,n3 D , ~A89!

for r s
m,n,r ,b. Clearly,

DWu
m1 ,n15 1

2 Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#m1E
0

b

t~r !dr.

~A90!

After performing many calculations, similar to the
above, the following expressions for the poloidal and toroi-
dal electromagnetic torques acting at the three nonlinearly
coupled rational surfaces are obtained:

dTuEM
m1 ,n15

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#m1E

0

a

t~r !dr,

~A91!

dTuEM
m2 ,n25

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#m2E

0

a

t~r !dr,

~A92!

dTuEM
m3 ,n352

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#m3

3E
0

a

t~r !dr, ~A93!

and

dTfEM
m1 ,n152

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#n1

3E
0

a

t~r !dr, ~A94!

dTfEM
m2 ,n252

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#n2

3E
0

a

t~r !dr, ~A95!

dTfEM
m3 ,n35

p2R0

2m0
Im@~Cm1 ,n1Cm2 ,n2!* Cm3 ,n3#n3E

0

a

t~r !dr.

~A96!

Here, use has been made of Eqs.~A86! and~A87!. Note that
the upper limits of integration in all of the integrals involving
t(r ) can be changed fromb to a, because the functiont(r ) is
zero in the vacuum region outside the plasma~sinces850 in
this region!. Note, also, that*0

at(r )dr is finite, despite the
fact that t(r ) is singular at the three nonlinearly coupled
rational surfaces, provided that this integral is evaluated by
taking its Cauchy principal part with respect to these singu-
larities.

According to Eqs.~A91!–~A96!,

dTuEM
m1 ,n11dTuEM

m2 ,n21dTuEM
m3 ,n350, ~A97!
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dTfEM
m1 ,n11dTfEM

m2 ,n21dTfEM
m3 ,n350, ~A98!

where use has been made of Eqs.~A51!–~A52!. In other
words, the sum of all the localized nonlinear electromagnetic
torques acting inside the plasma iszero, as is required by the
conservation of angular momentum.

Equations~A91!–~A96! generalize in a fairly straightfor-
ward manner to the case where there are more than three
nonlinearly coupled tearing modes in the plasma.

11. The nonlinear tearing mode dispersion relation

Consider the nonlinear coupling of them1 ,n1 ; m2 ,n2 ;
andm3 ,n3 tearing modes, where the various mode numbers
are related according to Eqs.~A51!–~A52!. The nonlinearly
modified dispersion relations for the three modes take the
form

DCm1 ,n15Em1 ,n1Cm1 ,n11Bm1 ,n1, ~A99!

DCm2 ,n25Em2 ,n2Cm2 ,n21Bm2 ,n2, ~A100!

DCm3 ,n35Em3 ,n3Cm3 ,n31Bm3 ,n3, ~A101!

whereBm1 ,n1 , Bm2 ,n2 , etc. are the nonlinear corrections.
As is easily demonstrated,11 the localized poloidal and

toroidal electromagnetic torques acting in the vicinity of the
m,n mode rational surface can be written as

dTuEM
m,n 52

2p2R0

m0

m

Hm,n~r s
m,n!

Im@DCm,n~Cm,n!* #,

~A102!

dTfEM
m,n 5

2p2R0

m0

n

Hm,n~r s
m,n!

Im@DCm,n~Cm,n!* #,

~A103!

respectively. A comparison between Eqs.~A99!–~A103! and
Eqs.~A91!–~A96! yields

Bm1 ,n152~Cm2 ,n2!* Cm3 ,n3
Hm1 ,n1~r s

m1 ,n1!

4 E
0

a

t~r !dr,

~A104!

Bm2 ,n252~Cm1 ,n1!* Cm3 ,n3
Hm2 ,n2~r s

m2 ,n2!

4 E
0

a

t~r !dr,

~A105!

Bm3 ,n352~Cm1 ,n1!Cm2 ,n2
Hm3 ,n3~r s

m3 ,n3!

4 E
0

a

t~r !dr.

~A106!

The above expressions can be generalized in a fairly straight-
forward manner to the case where there are more than three
nonlinearly coupled tearing modes in the plasma.

APPENDIX B: ERROR FIELDS

1. The tearing mode dispersion relation

In the presence of a staticm,n error field the most gen-
eral solution to Eq.~A12! is written as

cm,n~r ,t !5Cm,n~ t !ĉm,n~r !1Cm,nc̃m,n~r !, ~B1!

whereCm,n is a complex parameter that specifies the ampli-
tude and phase of the error field at the rational surface, and
c̃m,n is a real function that specifies theideal response of the
plasma to the error field. To be more exact,c̃m,n(r ) has the
following properties:

c̃m,n50, for r<r s
m,n , ~B2!

S r

c̃m,n

dc̃m,n

dr D
r
s1
m,n

51. ~B3!

Incidentally, the above definition completely specifies
c̃m,n(r ). Note thatc̃m,n(b)Þ0, since the error field is as-
sumed to leak through narrow gaps in the flux conserving
shell.

Neglecting the nonlinear coupling of tearing modes, the
error-field modified dispersion relation for them,n tearing
mode is written as

DCm,n5Em,nCm,n1Cm,n. ~B4!

It follows from Eqs. ~A102!–~A103! that the poloidal and
toroidal components of the electromagnetic torque exerted
on the plasma in the immediate vicinity of them,n rational
surface by them,n error field are given by

dTuEM
m,n 52

2p2R0

m0

m

Hm,n~r s
m,n!

Im@Cm,n~Cm,n!* #, ~B5!

dTfEM
m,n 5

2p2R0

m0

n

Hm,n~r s
m,n!

Im@Cm,n~Cm,n!* #, ~B6!

respectively.

2. The vacuum region

In the vacuum region outside the plasma,

br
m,n~r !5

icm,n~r ,t !

r
, ~B7!

bu
m,n~r ,t !52

m~cm,n!8

m21n2e2 , ~B8!

bf
m,n~r ,t !5

ne~cm,n!8

m21n2e2 , ~B9!

where

d

dr S r

m21n2e2

dcm,n

dr D2
cm,n

r
50. ~B10!

The most general solution to the above equation is

cm,n~r !5am,nneI m8 ~ne!1bm,nneKm8 ~ne!. ~B11!

Here, theam,n andbm,n are arbitrary complex constants. For
the special casen50, the above expression reduces to

cm,0~r !5am,0r umu1bm,0r 2umu. ~B12!

3. Characterization of the error field

Suppose that, in the absence of the plasma and the flux-
conserving shell, the error field is characterized by the mag-

1191Phys. Plasmas, Vol. 6, No. 4, April 1999 Richard Fitzpatrick

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.83.61.231 On: Wed, 11 Mar 2015 20:10:44



netic streamfunctioncext(r ,u,f). In the presence of the
shell, but still in the absence of plasma, them,n error field
interior to the shell is characterized by

cm,n~r !5Cgap
m,nĉgap

m,n~r !, ~B13!

where

ĉgap
m,n5

neI m8 ~ne!

nebI m8 ~neb!
, ~B14!

and

Cgap
m,n5E E

gaps
cext~b,u,f!e2 i ~mu2nf!

du

2p

df

2p
. ~B15!

The integral in the above expression is taken over the angu-
lar extent of the vacuum gaps in the shell. Here, the shell is
naively modeled as afilter that does not modifybr in the
gaps, but requiresbr50 elsewhere. Note that in the special
casen50,

ĉgap
m,05S r

bD umu

. ~B16!

In the presence of plasma, them,n magnetic field in the
vacuum regiona,r ,b is characterized by

cm,n~r !5Cgap
m,nĉgap

m,n~r !1Cplasma
m,n ĉplasma

m,n ~r !, ~B17!

where

ĉplasma
m,n ~r !5

ne@Km8 ~neb!I m8 ~ne!2I m8 ~neb!Km8 ~ne!#

nea@Km8 ~neb!I m8 ~nea!2I m8 ~neb!Km8 ~nea!#
.

~B18!

Here, Cplasma
m,n is a complex constant that parametrizes the

amplitude and phase of them,n plasma eigenfunction atr
5a. Any leakage of the plasma eigenfunction through the
gaps is neglected: this is only likely to be a good approxi-
mation if the gaps are relatively narrow. For the special case
n50,

ĉplasma
m,n ~r !5

~r /b! umu2~r /b!2umu

~a/b! umu2~a/b!2umu . ~B19!

4. Electromagnetic torques

According to Eqs.~A65! and ~A66!, the total poloidal
and toroidal electromagnetic torques acting on the plasma
due to them,n error field are

dTuEM
m,n 52

2p2R0

m0
m Im@ f m,n~cm,n!8~cm,n!* #a,r ,b ,

~B20!

dTfEM
m,n 5

2p2R0

m0
n Im@ f m,n~cm,n!8~cm,n!* #a,r ,b ,

~B21!

respectively. Of course, these torques are exerted at them,n
rational surface.

It follows from Eq. ~B17! that

@ f m,n~cm,n!8~cm,n!* #a,r ,b

5
Im@Cgap

m,n~Cplasma
m,n !* #

~neaneb!@Km8 ~neb!I m8 ~nea!2I m8 ~neb!Km8 ~nea!#
.

~B22!

For the special casen50,

@ f m,0~cm,0!8~cm,0!* #a,r ,b

5
Im@Cgap

m,0~Cplasma
m,0 !* #

~ umu/2!@~b/a! umu2~b/a!2umu#
. ~B23!

5. Calculation of the error-field coupling constants

Equations~B1! and ~B17! can be reconciled, provided
that

Cplasma
m,n 5@Cm,n2Cgap

m,nĉgap
m,n~r s

m,n!#ĉm,n~a!. ~B24!

It follows that

Im@Cgap
m,n~Cplasma

m,n !* #5Im@Cgap
m,n~Cm,n!* #ĉm,n~a!.

~B25!

Thus, from Eqs.~B20! and ~B22!, the poloidal electromag-
netic torque acting on the plasma takes the form

dTu EM
m,n 52

2p2R0

m0
m

3
Im@Cgap

m,n~Cm,n!* #ĉm,n~a!

~neaneb!@Km8 ~neb!I m8 ~nea!2I m8 ~neb!Km8 ~nea!#
.

~B26!

Finally, a comparison of the above expression with Eq.~B5!
yields

Cm,n5cm,nCgap
m,n , ~B27!

where the real parametercm,n is written as

cm,n5
Hm,n~r s

m,n!ĉm,n~a!

~neaneb!@Km8 ~neb!I m8 ~nea!2I m8 ~neb!Km8 ~nea!#
.

~B28!

For the special casen50,

cm,05
2umuĉm,0~a!

~b/a! umu2~b/a!2umu . ~B29!

6. Example error fields

The dominant error-field source in a RFP is usually the
1,0 field arising from the mismatch between the ‘‘vertical’’
magnetic fields interior and exterior to the shell. Let

cext~r ,u,f!5Bvr i ~u2uv!, ~B30!

which describes a uniform poloidal magnetic field, of mag-
nitudeBv , directed towardu5uv . Incidentally, in this paper
u50 corresponds to theinboard midplaneof the device.

Suppose that the flux-conserving shell contains two
vacuum gaps: apoloidal gap, extending fromf5fg
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2Df/2 to f5fg1Df/2, and a toroidal gap, extending
from u5ug2Du/2 to ug1Du/2. It follows from Eqs.~B15!
and ~B30! that for a 1,0 error field,

Cgap
m,n5Bvb fsinc@~m21!Du/2#

3sinc@nDf/2#e2 i @~m21!ug1uv2nfg#. ~B31!

Here, sincx[sinx/x, and f 5DuDf/4p2 is the area fraction
of gaps.

The 0,1 error field is of particular significance in RFPs,
since it resonates with the reversal surface, which controls
the rotation of the slinky mode. Let

cext~r ,u,f!5Bcb
eI 08~e!

ebI 08~eb!
e2 i ~f2fc!, ~B32!

which describes a 0,1 field for whichbr(b,u,f) attains its
maximum amplitude,br5Bc , at f5fc . It follows that

Cgap
m,n5Bcb f sinc@mDu/2#

3sinc@~n21!Df/2#e2 i @mug2~n21!fg2fc#.

~B33!
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