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An investigation is made into the interaction of a magnetic island chain, embedded in a tokamak

plasma, with an externally generated magnetic perturbation of the same helicity whose helical

phase is rapidly oscillating. The analysis is similar in form to the classic analysis used by Kapitza

[Sov. Phys. JETP 21, 588 (1951)] to examine the angular motion of a rigid pendulum whose pivot

point undergoes rapid vertical oscillations. The phase oscillations are found to modify the existing

terms, and also to give rise to new terms, in the equations governing the secular evolution of the

island chain’s radial width and helical phase. An examination of the properties of the new secular

evolution equation reveals that it is possible to phase-lock an island chain to an external magnetic

perturbation with an oscillating helical phase in a stabilizing phase relation provided that the ampli-

tude, �, of the phase oscillations (in radians) is such that jJ0ð�Þj � 1, and the mean angular fre-

quency of the perturbation closely matches the natural angular frequency of the island chain.

Published by AIP Publishing. https://doi.org/10.1063/1.5000253

I. INTRODUCTION

A tokamak is a device that is designed to trap a thermo-

nuclear plasma on a set of axisymmetric, toroidally nested,

magnetic flux-surfaces.1 Heat and particles are able to flow

around the flux-surfaces relatively rapidly due to the free

streaming of charged particles along magnetic field-lines. On

the other hand, heat and particles can only diffuse across the

flux-surfaces relatively slowly, assuming that the magnetic

field-strength is large enough to render the particle gyroradii

much smaller than the device’s minor radius.2

Tokamak plasmas are subject to a number of macro-

scopic instabilities that limit their effectiveness.3 So-called

tearing modes are comparatively slowly growing instabil-

ities4 that saturate at relatively low amplitudes,5–9 in the pro-

cess reconnecting magnetic flux-surfaces to form helical

structures known as magnetic island chains. Magnetic island

chains are radially localized structures centered on so-called

rational magnetic flux-surfaces which satisfy the resonance

criterion k � B ¼ 0, where k is the wave-number of the insta-

bility and B the equilibrium magnetic field. Magnetic islands

degrade plasma confinement because they enable heat and

particles to flow very rapidly along field-lines from their

inner to their outer radii, implying an almost complete loss

of confinement in the region lying between these radii.10

In many previous tokamak experiments, an externally

generated, rotating, magnetic perturbation, resonant at some

rational surface that lies within the plasma, was employed in

an attempt to reduce the amplitude of a saturated magnetic

island chain that was localized at the same rational surface

(see, for instance, Refs. 11, 12 and 13). A major obstacle to

this method of tearing mode suppression is the existence of

the so-called phase instability, which causes the helical

phase of a magnetic island chain that has a stabilizing phase

relation to an external magnetic perturbation to spontane-

ously flip, such that the chain has a destabilizing phase

relation, on a comparatively short time scale.14 Rotating

magnetic perturbations can also be used to modify the flow

profile in a tokamak because they exert an electromagnetic

torque on the plasma in the immediate vicinity of a saturated

magnetic island chain of the same helicity (see, for instance,

Ref. 15). Unfortunately, the existence of the phase instability

ensures that the island chain always phase-locks to the rotat-

ing perturbation in such a manner that the chain is destabi-

lized, which has a deleterious effect on plasma energy and

particle confinement.

The electromagnetic torque exerted by a resonant exter-

nal magnetic perturbation on the plasma in the vicinity of a

magnetic island chain of the same helicity varies as the sine

of the helical phase difference between the chain and the per-

turbation.16 This torque modifies the plasma flow in the

vicinity of the island chain, which, in turn, changes the

chain’s helical phase because the chain is constrained to co-

rotate with the plasma at the rational surface.16 Now, the

gravitational torque exerted on a rigid pendulum depends on

the sine of the angle subtended between the pendulum and

the downward vertical. It follows that there is an analogy

between the phase evolution of a magnetic island chain inter-

acting with a resonant external magnetic perturbation and

the angular motion of a rigid pendulum. In the case of a rigid

pendulum, there are two equilibrium states. The first, in

which the pendulum’s center of mass is directly below the

pivot point, is dynamically stable. The second, in which the

center of mass is directly above the pivot point, is dynami-

cally unstable. Likewise, in the case of a magnetic island

chain interacting with a resonant external magnetic perturba-

tion of the same helicity (in the absence of plasma flow),

there are two equilibrium states.16 The first, in which the

helical phase difference between the island chain and the

external perturbation is zero, is dynamically stable. The sec-

ond, in which the helical phase difference between the island

chain and the external perturbation is p radians, is
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dynamically unstable. Unfortunately, the dynamically stable

equilibrium state is such that the island chain is maximally

destabilized by the external perturbation and vice versa.16

It is well known that if the pivot point of a rigid pendu-

lum is made to execute a small-amplitude, vertical oscilla-

tion of sufficiently high frequency, then the equilibrium state

in which the pendulum’s center of mass lies directly above

the pivot point can be rendered dynamically stable, whilst

the equilibrium state in which the center of mass lies directly

below the pivot point is rendered dynamically unstable.17,18

The analogy that exists between the phase evolution of a

magnetic island chain interacting with a resonant external

magnetic perturbation of the same helicity and the angular

motion of a rigid pendulum leads us to speculate that if the

helical phase of the external perturbation were subject to a

small amplitude, high frequency oscillation, then it might be

possible to induce the island chain to lock to the perturbation

in the maximally stabilizing phase relation. Such a phenome-

non, if it existed, would greatly facilitate the magnetic con-

trol of tearing modes in tokamak plasmas and would also

prevent any confinement degradation associated with the

modification of the plasma flow profile by rotating external

magnetic perturbations. The aim of this paper is to explore

the aforementioned possibilities.

II. PRELIMINARY ANALYSIS

A. Plasma equilibrium

Consider a large aspect-ratio, low-b [i.e., b � Oða=R0Þ2],

tokamak plasma whose magnetic flux surfaces map out

(almost) concentric circles in the poloidal plane. Such a

plasma is well approximated as a periodic cylinder. Suppose

that the minor radius of the plasma is a. Standard cylindrical

coordinates (r, h, z) are adopted. The system is assumed to be

periodic in the z-direction, with periodicity length 2p R0,

where R0 � a is the simulated plasma major radius. It is con-

venient to define the simulated toroidal angle / ¼ z=R0.

The equilibrium magnetic field is written as B ¼ ½0; Bh

ðrÞ; B/�, where Bh � 0 and B/ > 0. The associated equilibrium

plasma current density takes the form j ¼ ½0; 0; j/ðrÞ�, where

l0 j/ðrÞ ¼
1

r

dðr BhÞ
dr

; (1)

and j/ � 0. Finally, the safety factor

qðrÞ ¼ r Bh

R0 B/
(2)

parameterizes the helical pitch of equilibrium magnetic field-

lines. In a conventional tokamak plasma, q(r) is positive, of

order unity, and a monotonically increasing function of r.

B. Plasma response to external helical magnetic
perturbation

Consider the response of the plasma to an externally

generated, helical magnetic perturbation. Suppose that the

magnetic perturbation has m> 0 periods in the poloidal

direction and n> 0 periods in the toroidal direction. It is

convenient to express the perturbed magnetic field and the

perturbed plasma current density in terms of a magnetic flux-

function, wðr; h;/; tÞ. Thus

dB ¼ rw� ez; (3)

l0 dj ¼ 	r2w ez; (4)

where

wðr; h;/; tÞ ¼ ŵðr; tÞ exp i ðm h	 n /Þ½ �: (5)

This representation is valid, provided that16

m

n
� a

R0

: (6)

As is well known, the response of the plasma to the

external magnetic perturbation is governed by the equations

of perturbed, marginally stable (i.e., @=@t 
 0), ideal magne-

tohydrodynamics (MHD) everywhere in the plasma, apart

from a relatively narrow (in r) region in the vicinity of the

rational surface, minor radius rs, where qðrsÞ ¼ m=n.4,16

It is convenient to parameterize the external magnetic

perturbation in terms of the so-called vacuum flux,

WvðtÞ ¼ jWvj e	iuv , which is defined to be the value of ŵðr; tÞ
at radius rs in the presence of the external perturbation, but in

the absence of the plasma. Here, uv is the helical phase of the

external perturbation. Likewise, the response of the plasma in

the vicinity of the rational surface to the external perturbation

is parameterized in terms of the so-called reconnected flux,

WsðtÞ ¼ jWsj e	ius , which is the actual value of ŵðr; tÞ at

radius rs. Here, us is the helical phase of the reconnected flux.

The linear stability of the m, n tearing mode is governed

by the tearing stability index4

D0 ¼ dlnŵ
dlnr

� �rsþ

rs	
; (7)

where ŵðrÞ is a solution of the marginally stable, ideal-MHD

equations for the case of an m, n helical perturbation that sat-

isfies physical boundary conditions at r¼ 0 and r¼ a (in the

absence of the externally generated perturbation). According

to standard resistive-MHD theory,4,5 if D0 > 0, then the m, n
tearing mode spontaneously reconnects magnetic flux at the

rational surface to form a helical magnetic island chain.

C. Time evolution of island width

The time evolution of the radial width of the m, n mag-

netic island chain is governed by the Rutherford equation5

I1 sR
d

dt

W

rs

� �
¼ D0ðWÞ þ 2 m

Wv

W

� �2

cos ðus 	 uvÞ; (8)

where I1 ¼ 0:8227. Here

W ¼ 4
R0 qs jWsj

ss B/

 !1=2

(9)

is the full (radial) width of the chain that forms at the rational

surface, qs ¼ qðrsÞ, and ss ¼ ðdlnq=dlnrÞr¼rs
is the local

magnetic shear. The nonlinear dependence of D0 on the

island width is specified in Refs. 7–9. The quantity
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Wv ¼ 4
R0 qs jWvj

ss B/

 !1=2

(10)

is termed the vacuum island width. It is assumed that

W=a� 1 and Wv=a� 1. Finally

sR ¼ l0 r2
s rðrsÞ (11)

is the resistive diffusion time at the rational surface, where

rðrÞ is the equilibrium plasma electrical conductivity profile.

D. Electromagnetic torque

It is easily demonstrated that zero net electromagnetic

torque can be exerted on magnetic flux surfaces located in a

region of the plasma that is governed by the equations of

marginally stable, ideal-MHD.16 Thus, any electromagnetic

torque exerted on the plasma by the external perturbation

develops in the immediate vicinity of the rational surface,

where ideal-MHD breaks down. In fact, the net toroidal elec-

tromagnetic torque exerted in the vicinity of the rational sur-

face by the external perturbation takes the form16

T/EM ¼
4p2 n m R0

l0

jWsj jWvj sin ðus 	 uvÞ: (12)

E. Plasma toroidal equation of angular motion

The plasma’s toroidal equation of angular motion is

written as16

4p2 R3
0 qr

@DX/

@t
	 @

@r
lr
@DX/

@r

� �� �
¼T/EM dðr	rsÞ: (13)

Here, DX/ðr; tÞ; qðrÞ, and lðrÞ are the plasma toroidal angu-

lar velocity-shift (due to the electromagnetic torque), mass

density, and (perpendicular) viscosity profiles, respectively.

The physical boundary conditions are16

@DX/ð0; tÞ
@r

¼ DX/ða; tÞ ¼ 0: (14)

F. Time evolution of island phase

The time evolution of the helical phase of the m, n mag-

netic island chain is governed by the so-called no-slip
constraint16

dus

dt
¼ 	n X/ðrsÞ þ DX/ðrs; tÞ

� �
; (15)

according to which the chain is forced to co-rotate with the

plasma at the rational surface. Here, X/ðrÞ is the unperturbed

(by the external perturbation) plasma toroidal angular veloc-

ity profile. The no-slip constraint holds provided that the

island width exceeds the linear layer width.19 Note that we

are neglecting poloidal plasma rotation in this study, which

is reasonable because in tokamak plasmas such rotation is

strongly constrained by poloidal flow damping.16,20 We are

also neglecting two-fluid effects; however, such effects can

easily be incorporated into the analysis because, to lowest

order, they merely introduce a constant diamagnetic offset

between the island chain’s velocity (in the diamagnetic

direction) and that of the guiding center fluid at the rational

surface.21–23

G. Normalization

Suppose, for the sake of simplicity, that both the mass

density and (perpendicular) viscosity are spatially uniform

across the plasma, and also constant in time. It is helpful to

define the momentum confinement time

sM ¼
q a2

l
; (16)

the hydromagnetic time

sH ¼
R0

n ss

� �
l0 q
B2

/

� �1=2

; (17)

the island width evolution time

sW ¼
I1

2 m

Wv

rs
sR; (18)

the island phase evolution time

su ¼
24ffiffiffiffi
m
p qs

�a

a

Wv

� �2

sH; (19)

where �a ¼ a=R0, and the natural frequency

xs ¼ 	nX/ðrsÞ: (20)

The latter quantity is the angular frequency of the m, n tearing

mode in the absence of the externally generated perturbation.

Let r̂ ¼ r=a; r̂ s ¼ rs=a; t̂ ¼ t=sM; ŝW ¼ sW=sM; ŝu

¼ su=sM, Ŵ ¼ W=Wv; x̂s ¼ xs sM, and Xðr̂; t̂Þ
¼ 	n DX/ sM. It follows that

ŝW
dŴ

dt̂
¼ D0

2 m
þ Ŵ

	2
cos ðus 	 uvÞ; (21)

ŝ2
u
@X
@ t̂
	1

r̂

@

@r̂
r̂
@X
@r̂

� �� �
¼	Ŵ

2
sinðus	uvÞ

dðr̂	 r̂ sÞ
r̂

; (22)

@Xð0; t̂Þ
@r̂

¼ Xð1; t̂Þ ¼ 0; (23)

dus

dt̂
¼ x̂s þ Xðr̂ s; t̂Þ: (24)

H. Derivation of phase evolution equations

Let

ukðr̂Þ ¼
ffiffiffi
2
p

J0ðj0;k r̂Þ
J1ðj0;kÞ

; (25)

where k is a positive integer and j0;k denotes the kth zero of

the J0 Bessel function. It is easily demonstrated that24

ð1

0

r̂ ukðr̂Þ uk0 ðr̂Þ dr̂ ¼ dkk0 ; (26)

and25

dðr̂ 	 r̂ sÞ
r̂

¼
X

k¼1;1
ukðr̂ sÞ ukðr̂Þ: (27)
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Let us write26

Xðr̂; t̂Þ ¼
X

k¼1;1
hkðt̂Þ

ukðr̂Þ
ukðr̂ sÞ

; (28)

which automatically satisfies the spatial boundary conditions

(23). Substitution into Eq. (22) yields the m, n island phase
evolution equations26

ŝ2
u

dhk

dt̂
þ j2

0;k hk

� �
¼ 	 ukðr̂ sÞ½ �2 Ŵ

2
sin ðus 	 uvÞ; (29)

dus

dt̂
¼ x̂s þ

X
k¼1;1

hk: (30)

III. RESPONSE TO MAGNETIC PERTURBATION WITH
RAPIDLY OSCILLATING PHASE

A. Introduction

Suppose that

uvðt̂Þ ¼ x̂v t̂ þ � cos ðx̂f t̂Þ; (31)

where x̂v ¼ xvsM and x̂f ¼ xf sM. This implies that, on aver-

age, the external magnetic perturbation is rotating steadily at

the angular velocity xv, but that its helical phase is also oscil-

lating sinusoidally about its mean value with amplitude � and

frequency xf. It is easily demonstrated that27

cos ðus 	 uvÞ ¼ cos u	 � cos ðx̂f t̂Þ
� �

¼ cos u cos � cos ðx̂f t̂Þ
� �

þ sin u sin � cos ðx̂f t̂Þ
� �

¼ J0ð�Þ cos uþ 2
X

p¼1;1
Jpð�Þ cos u	 p

p
2

� �
cos ðp x̂f t̂Þ; (32)

sin ðus 	 uvÞ ¼ sin u	 � cos ðx̂f t̂Þ
� �

¼ sin u cos � cos ðx̂f t̂Þ
� �

	 cos u sin � cos ðx̂f t̂Þ
� �

¼ J0ð�Þ sin uþ 2
X

p¼1;1
Jpð�Þ sin u	 p

p
2

� �
cos ðp x̂f t̂Þ; (33)

where the JpðzÞ are Bessel functions and

u ¼ us 	 x̂v t̂: (34)

The Rutherford equation, (21), and the phase evolution equa-

tions, (29) and (30), yield

ŝW
dŴ

dt̂
¼ D0

2m
þŴ

	2
J0ð�Þ cosuþ2Ŵ

	2

�
X

p¼1;1
Jpð�Þcos u	p

p
2

� �
cosðpx̂f t̂Þ; (35)

ŝ2
u

dhk

dt̂
þ j2

0;k hk

� �
¼	 ukðr̂ sÞ½ �2 Ŵ

2
J0ð�Þ sinu	2 ukðr̂ sÞ½ �2 Ŵ

2

�
X

p¼1;1
Jpð�Þ sin u	p

p
2

� �
cosðpx̂f t̂Þ;

(36)
du
dt̂
¼ x̂o þ

X
k¼1;1

hk; (37)

where

x̂o ¼ ðxs 	 xvÞ sM: (38)

In the following, we shall refer to xo ¼ xs 	 xv, which is the

difference between the natural angular frequency of the m, n
tearing mode and the mean angular frequency of the externally

applied m, n magnetic perturbation, as the offset-frequency.

B. Two time-scale analysis

Following the work of Kapitza,18,28 we can write

Ŵ ¼ �W þ ~W ; (39)

u ¼ �u þ ~u; (40)

hk ¼ �hk þ ~hk: (41)

Here, ~W ; ~u, and ~hk are periodic functions of t with period

2p=xf , whereas �W ; �u, and �hk vary on a much longer time

scale. Let h� � �i ¼ ðx̂f =2pÞ
Ð 2p=x̂ f

0
ð� � �Þ dt̂ denote an average

over the phase-oscillation time. It follows that h ~Wi
¼ h~/i ¼ h~hki ¼ 0. It is assumed that j ~W j � j �W j; j~uj � j�uj,
and j~hkj � j�hkj.

Equations (35)–(37) yield

ŝW
d �W

dt̂
þ d ~W

dt̂

� �

’ D0

2 m
þ �W

	2
1	 2

~W
�W

� �
J0ð�Þ ðcos �u 	 sin �u ~uÞ

þ 2 �W
	2

1	 2
~W
�W

� � X
p¼1;1

Jpð�Þ � cos �u 	 p
p
2

� ��

	sin �u 	 p
p
2

� �
~u

�
cos ðp x̂f t̂Þ; (42)

ŝ2
u

d �hk

dt̂
þ d ~hk

dt̂
þ j20;k

�hk þ j2
0;k

~hk

� �
’ 	 ukðr̂ sÞ½ �2 �W

2
1þ 2

~W
�W

� �
J0ð�Þ ðsin �u þ cos �u ~uÞ 	 2 ukðr̂ sÞ½ �2 �W

2
1þ 2

~W
�W

� �

�
X

p¼1;1
Jpð�Þ � sin �u 	 p

p
2

� �
þ cos �u 	 p

p
2

� �
~u

� �
cos ðp x̂f t̂Þ; (43)
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d�u
dt̂
þ d~u

dt̂
¼ x̂o þ

X
k¼1;1

�hk þ ~hk

	 

: (44)

The oscillating components of the previous three equations

(which can be equated separately28) give

ŝW
d ~W

dt̂
’	2 �W

	3
J0ð�Þ cos �u ~W	 �W

	2
J0ð�Þ sin �u ~u

þ2 �W
	2
X

p¼1;1
Jpð�Þ cos �u	p

p
2

� �
cosðpx̂f t̂Þ; (45)

ŝ2
u

d ~hk

dt̂
þ j2

0;k
~hk

� �
’	2 ukðr̂ sÞ½ �2 �W J0ð�Þ sin �u ~W 	 ukðr̂ sÞ½ �2

� �W
2

J0ð�Þ cos �u ~u	 2 ukðr̂ sÞ½ �2 �W
2

�
X

p¼1;1
Jpð�Þ sin �u	 p

p
2

� �
cos ðp x̂f t̂Þ;

(46)
d~u
dt̂
¼
X

k¼1;1

~hk: (47)

Finally, averaging Eqs. (42)–(44) over the oscillations,28 we

obtain

ŝW
d �W

dt̂
¼ D0

2 m
þ �W

	2
J0ð�Þ cos �u þ 2 �W

	3
J0ð�Þ sin �uh ~W ~ui 	 4 �W

	3
X

p¼1;1
Jpð�Þ cos �u 	 p

p
2

� �
h ~W cos ðp x̂f t̂Þi

	2 �W
	2
X

p¼1;1
Jpð�Þ sin �u 	 p

p
2

� �
h~u cos ðp x̂f t̂Þi; (48)

ŝ2
u

d �hk

dt̂
þ j2

0;k
�hk

� �
¼ 	 ukðr̂ sÞ½ �2 �W

2
J0ð�Þ sin �u 	 2 ukðr̂ sÞ½ �2 �W J0ð�Þ cos �uh ~W ~ui 	 4 ukðr̂ sÞ½ �2 �W

�
X

p¼1;1
Jpð�Þ sin �u 	 p

p
2

� �
h ~W cos ðp x̂f t̂Þi 	 2 ukðr̂ sÞ½ �2 �W

2

�
X

p¼1;1
Jpð�Þ cos �u 	 p

p
2

� �
h~u cos ðp x̂f t̂Þi; (49)

d�u
dt̂
¼ x̂o þ

X
k¼1;1

�hk: (50)

If we assume that x̂f ŝW � 1 and x̂f ŝ2
u � 1, then we

can find the following approximate solutions of Eqs. (45)–(47):

~W ’ 2

x̂f ŝW

� �
�W
	2
X

p¼1;1
p	1 Jpð�Þ cos �u	p

p
2

� �
sinðpx̂f t̂Þ;

(51)

~u ’ 2

x̂f ŝ2
u

 !
�W

2
X

p¼1;1
p	1 Jpð�Þ Rc cos ðp x̂f t̂Þ

�

	Rs sin ðp x̂f t̂Þ
�
� sin �u 	 p

p
2

� �
; (52)

where

Rcðr̂ s; x̂f Þ ¼
X

k¼1;1

ukðr̂ sÞ½ �2 p x̂f

p2 x̂2
f þ j40;k

; (53)

Rsðr̂ s; x̂f Þ ¼
X

k¼1;1

ukðr̂ sÞ½ �2 j2
0;k

p2 x̂2
f þ j4

0;k

: (54)

It follows that

h ~W ~ui ’ 	 2

ðx̂f ŝWÞ ðx̂f ŝ2
uÞ

" # X
p¼1;1

p	2 Jpð�Þ
� �2

Rs

� cos �u 	 p
p
2

� �
sin �u 	 p

p
2

� �
; (55)

h ~W cos ðp x̂f t̂Þi ’ 0; (56)

h~u cos ðp x̂f t̂Þi ’ 1

x̂f ŝ2
u

 !
�W

2
p	1 Jpð�ÞRc sin �u 	 p

p
2

� �
:

(57)

Thus, to lowest order [in ðx̂f ŝWÞ	1
and ðx̂f ŝ2

uÞ
	1

], Eqs.

(48)–(50) reduce to

ŝW
d �W

dt̂
’ D0

2 m
þ �W

	2
J0ð�Þ cos �u

	 1

ŝ2
u

 !
Ro cos2 �u þ Re sin2 �u
	 


; (58)

ŝ2
u

d �hk

dt̂
þ j2

0;k
�hk

� �
’ 	 ukðr̂ sÞ½ �2 �W

2
J0ð�Þ sin �u þ ukðr̂ sÞ½ �2

� 1

ŝ2
u

 !
Ro 	 Reð Þ �W

4
cos �u sin �u;

(59)

d�u
dt̂
¼ x̂o þ

X
k¼1;1

�hk; (60)

where

Roð�; r̂ s; x̂f Þ ¼ 2
Xp odd

p¼1;1
Jpð�Þ
� �2 X

k¼1;1

ukðr̂ sÞ½ �2

p2 x̂2
f þ j4

0;k

; (61)
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Reð�; r̂ s; x̂f Þ ¼ 2
Xp even

p¼1;1
Jpð�Þ
� �2 X

k¼1;1

ukðr̂ sÞ½ �2

p2 x̂2
f þ j4

0;k

: (62)

In the limit x̂f � 1, the previous expressions simplify to give29

Roð�; r̂ s; 0Þ ¼
1	 J0ð2 �Þ

2

� �
gðr̂ sÞ; (63)

Reð�; r̂ s; 0Þ ¼
1þ J0ð2 �Þ

2
	 J2

0ð�Þ
� �

gðr̂ sÞ; (64)

where

gðr̂ sÞ ¼
X

k¼1;1

ukðr̂ sÞ½ �2

j4
0;k

: (65)

The function gðr̂ sÞ is plotted in Fig. 1. The typical variation

of the functions Roð�; r̂ s; x̂f Þ and Reð�; r̂ s; x̂f Þ with x̂f is

illustrated in Fig. 2.

C. Phase-locked solutions

Let us search for a solution of Eqs. (58)–(60) which is

such that �u is constant in time. This implies that, on time scales

much longer than the phase-oscillation time, 1=xf , the island

chain co-rotates with the external magnetic perturbation, i.e., its

phase is locked to that of the external perturbation. We find that

�hk ’
ukðr̂ sÞ½ �2

ŝ2
u j2

0;k

�W
2 	J0ð�Þ sin �uþðRo	ReÞ

ŝ2
u

�W
2

cos �u sin �u

" #
:

(66)

Hence, we obtain

d�u
dt̂
¼ x̂o þ

lnð1=r̂ sÞ
ŝ2

u

� �W
2 	J0ð�Þ sin �u þ ðRo 	ReÞ

ŝ2
u

�W
2

cos �u sin �u

" #
¼ 0;

(67)

where use has been made of the identity30

X
k¼1;1

ukðr̂ sÞ½ �2

j2
0;k

¼ ln
1

r̂ s

� �
: (68)

Equation (67) can be written as

f ð�uÞ 

x̂o ŝ2

u

lnð1=r̂ sÞ
þ �W

2

"
	J0ð�Þ sin �u

þðRo 	 ReÞ
ŝ2

u

�W
2

cos �u sin �u

#
¼ 0: (69)

We shall refer to Eq. (69) as the time-averaged torque balance
equation because it states that, in order for the island chain to

be phase-locked to the external perturbation (on time scales

much longer than 1=xf ), the mean electromagnetic locking

torque exerted on the plasma in the vicinity of the rational sur-

face [i.e., the components of f ð�uÞ that involve sin �u] must

balance the mean viscous restoring torque (i.e., the remaining

component).16 An examination of Eq. (67) reveals that if �u0

is a solution of Eq. (69), then this solution is dynamically

stable provided ðdf=d�uÞ�u¼�u0
< 0 and dynamically unstable

otherwise.

Finally, the time-averaged Rutherford equation, Eq.

(58), can be written as

ŝW
d �W

dt̂
’ D0

2 m
þ �W

	2
J0ð�Þ cos �u 	 Ro

ŝ2
u

�W
2

"

� cos2 �u 	 Re

ŝ2
u

�W
2

sin2 �u

#
; (70)

where �u is a dynamically stable root of Eq. (69).FIG. 1. The function gðr̂ sÞ.

FIG. 2. The solid and dashed curves show the functions Roð2:4;
0:5; x̂ f Þ=Roð2:4; 0:5; 0Þ and Reð2:4; 0:5; x̂ f Þ=Reð2:4; 0:5; 0Þ, respectively.

122506-6 Richard Fitzpatrick Phys. Plasmas 24, 122506 (2017)



IV. RESULTS

A. Zero offset-frequency solutions

Suppose that x̂o ¼ 0, which corresponds to the simple

case in which the offset-frequency is zero, i.e., the mean

angular frequency of the external magnetic perturbation

matches the island chain’s natural angular frequency. Let us

also assume that x̂f � 1, for the sake of simplicity. In this

case, the time-averaged torque balance equation, (69),

reduces to

Fð�uÞ 
 	J0ð�Þ sin �u þ J2
0ð�Þ 	 J0ð2 �Þ

� �
d cos �u sin �u ¼ 0;

(71)

where

d ¼
�W

2
gðr̂ sÞ
ŝ2

u

; (72)

and Eqs. (63) and (64) are used. A dynamically stable solu-

tion is such that dF=d�u < 0. Furthermore, the time-averaged

Rutherford equation, (70), becomes

ŝW
d �W

dt̂
’ D0

2 m
þ �W

	2
H; (73)

where

H ¼ J0ð�Þ cos �u 	 1	 J2
0ð�Þ

� � d
2

	 J2
0ð�Þ 	 J0ð2�Þ

� � d
2

cos ð2�uÞ: (74)

Note that the ordering assumptions that we have made during

the derivation of Eqs. (71) and (74) constrain the quantity
�W

2
=ŝ2

u and, hence, the parameter d, to be much smaller than

unity.

Defining s ¼ sgn½J0ð�Þ� and

x ¼ jJ0ð�Þj
d jJ2

0ð�Þ 	 J0ð2 �Þj
; (75)

the appropriate solution of Eq. (71) is

cos �u ¼ þ1; sin �u ¼ 0 x > 1; s > 0;

cos �u ¼ 	1; sin �u ¼ 0 x > 1; s < 0;

cos �u ¼ þx; sin �u ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 x2
p

x < 1; s > 0;

cos �u ¼ 	x; sin �u ¼ 	
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 x2
p

x < 1; s < 0:

(76)

Figures 3 and 4 illustrate the behavior of this solution when

d� 1. It can be seen that the island chain’s helical phase

matches the mean phase of the external perturbation (i.e.,

�u ¼ 0) when the phase-oscillation amplitude, �, is such that

J0ð�Þ > 0. On the other hand, the two phases differ by p radi-

ans (i.e., �u ¼ 	p) when the phase-oscillation amplitude is

such that J0ð�Þ < 0. Unfortunately, in both cases, the phase

relation is destabilizing (i.e., H> 0). However, if the phase-

oscillation amplitude is such that jJ0ð�Þj � 1, then the terms

involving the small parameter d that appear in Eqs. (71) and

(74) become important. It can be seen that these terms cause

the island chain to lock to the mean phase of the external per-

turbation in phase quadrature (i.e., �u ¼ 6p=2.) Moreover,

this phase relation is stabilizing (i.e., H< 0). It is evident

that the range of � values around the maximally stabilizing

value � ¼ j0;k (where j0;k is the kth zero of the J0 Bessel func-

tion) for which the phase relation between the island chain

and the external perturbation is stabilizing becomes larger as

the parameter d increases and approaches zero as d! 0.

B. Finite offset-frequency solutions

Suppose that the offset-frequency, xo, is non-zero. Let us

again assume that x̂f � 1, for the sake of simplicity. In this

case, the time-averaged torque balance equation reduces to

FIG. 3. Zero offset-frequency solutions. The dotted, dashed, and solid

curves show the mean locking phase, �u, plotted as a function of the phase-

oscillation amplitude, �, for d ¼ 0:1, 0.2, and 0.4, respectively.

FIG. 4. Zero offset-frequency solutions. The dotted, dashed, and solid

curves show the island stability parameter, H, plotted as a function of the

phase-oscillation amplitude, �, for d ¼ 0:1, 0.2, and 0.4, respectively.
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Fð�uÞ 
 f	 J0ð�Þ sin �u þ J2
0ð�Þ 	 J0ð2 �Þ

� �
d cos �u sin �u ¼ 0;

(77)

where

f ¼
x̂o ŝ2

u

lnð1=r̂ sÞ �W
2
: (78)

The time-averaged Rutherford equation again takes the form

(73). As before, a dynamically stable solution of Eq. (77) is

such that dF=d�u < 0.

Equation (77) can be solved numerically as follows: the

cosine of �u is a real root of the polynomial

J2
0ð�Þ	 J0ð2�Þ

� �2
d2 cos 4 �u	2J0ð�Þ J2

0ð�Þ	 J0ð2�Þ
� �

d cos 3 �u

þ J2
0ð�Þ	 J2

0ð�Þ	 J0ð2�Þ
� �2

d2
n o

cos 2 �uþ2J0ð�Þ

� J2
0ð�Þ	 J0ð2�Þ

� �
d cos �uþ f2	 J2

0ð�Þ ¼ 0; (79)

the sine of �u is then given by

sin �u ¼ f

J0ð�Þ 	 J2
0ð�Þ 	 J0ð2 �Þ

� �
d cos �u

: (80)

A valid solution is such that jcos �uj < 1 and dF=d�u < 0.

Figures 5 and 6 illustrate the behavior of the solution to

the previous two equations when d ¼ 0:4. It can be seen that

if the frequency-offset parameter, f, is very much less than

unity, then the finite offset-frequency solutions are similar in

form to the zero offset-frequency solutions described in Sec.

IV A. However, as f increases, ranges of � values, centered

on the values � ¼ j0;k, develop in which there are no phase-

locked solutions. Physically, this is because the mean elec-

tromagnetic locking torque is too small to balance the

viscous restoring torque in the time-averaged torque balance

equation. It is clear that in the limit f! 1, phase-locked sol-

utions only exist when then phase-oscillation amplitude, �, is

relatively small, and these solutions are such that the island

chain is destabilized by the external perturbation. Thus, we

conclude that the result, obtained in Sec. IV A, that it is pos-

sible to phase-lock an island chain in a stabilizing phase rela-

tion with an external perturbation of rapidly oscillating

phase only holds when the offset-frequency is relatively

small (i.e., f � 0:4).

V. SUMMARY AND CONCLUSIONS

The analogy that exists between the phase evolution of a

magnetic island chain interacting with an external magnetic

perturbation of the same helicity and the angular motion of a

rigid pendulum led us to speculate (in Sec. I) that if the heli-

cal phase of the external perturbation were subject to a high

frequency oscillation, then it might be possible to induce the

island chain to lock to the perturbation in a stabilizing phase

relation. In order to explore this possibility, the dynamics of

a magnetic island chain interacting with a magnetic perturba-

tion of rapidly oscillating phase is analyzed using Kapitza’s

method in Sec. III. The phase oscillations are found to mod-

ify the existing terms and also to give rise to new terms, in

the equations governing the secular evolution of the island

chain’s radial width and helical phase—see Eqs. (58)–(60).

An examination of the properties of the new secular evolu-

tion equations (see Sec. IV) reveals that it is indeed possible

to phase-lock an island chain to an external magnetic pertur-

bation with an oscillating helical phase in a stabilizing phase

relation provided that the amplitude, �, of the phase oscilla-

tions (in radians) is such that jJ0ð�Þj � 1, and the mean

angular frequency of the perturbation closely matches the

natural angular frequency of the island chain.

FIG. 5. Finite offset-frequency solutions. The mean locking phase, �u, plot-

ted as a function of the phase-oscillation amplitude, �, for d ¼ 0:4. The solid,

dashed, dashed-dotted, and dotted curves correspond to f ¼ 0:01, 0.1, 0.2,

and 0.4, respectively.

FIG. 6. Finite offset-frequency solutions. The island stability parameter, H,

plotted as a function of the phase-oscillation amplitude, �, for d ¼ 0:4. The

solid, dashed, dashed-dotted, and dotted curves correspond to f ¼ 0:01, 0.1,

0.2, and 0.4, respectively.
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