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An improved neoclassical drift-magnetohydrodynamical fluid model
of helical magnetic island equilibria in tokamak plasmas

Richard Fitzpatrick
Department of Physics, Institute for Fusion Studies, University of Texas at Austin, Austin, Texas 78712

(Received 12 January 2016; accepted 21 April 2016; published online 9 May 2016)

The effect of the perturbed ion polarization current on the stability of neoclassical tearing modes in
tokamak plasmas is calculated using an improved, neoclassical, four-field, drift-magnetohydrody-
namical model. The calculation involves the self-consistent determination of the pressure and sca-
lar electric potential profiles in the vicinity of the associated magnetic island chain, which allows
the chain’s propagation velocity to be fixed. Two regimes are considered. First, a regime in which
neoclassical ion poloidal flow damping is not strong enough to enhance the magnitude of the polar-
ization current (relative to that found in slab geometry). Second, a regime in which neoclassical ion
poloidal flow damping is strong enough to significantly enhance the magnitude of the polarization
current. In both regimes, two types of solution are considered. First, a freely rotating solution (i.e.,
an island chain that is not interacting with a static, resonant, magnetic perturbation). Second, a
locked solution (i.e., an island chain that has been brought to rest in the laboratory frame via inter-
action with a static, resonant, magnetic perturbation). In all cases, the polarization current is found
to be either always stabilizing or stabilizing provided that #; = dInT;/dlnn, does not exceed some
threshold value. In certain ranges of #;, the polarization current is found to have a stabilizing effect
on a freely rotating island, but a destabilizing effect on a corresponding locked island. Published by
AIP Publishing. [http://dx.doi.org/10.1063/1.4948559]

I. INTRODUCTION

A tokamak is a device that is designed to trap a thermo-
nuclear plasma on a set of toroidally nested magnetic flux-
surfaces." Heat and particles are able to flow around the
flux-surfaces relatively rapidly due to the free streaming of
charged particles along magnetic field-lines. On the other
hand, heat and particles are only able to diffuse across the
flux-surfaces relatively slowly, assuming that the magnetic
field-strength is large enough to render the particle gyrora-
dii much smaller than the device’s minor radius.”

Tokamak plasmas are subject to a number of macro-
scopic instabilities that limit their effectiveness.” Such
instabilities can be divided into two broad classes. So-
called ideal instabilities are non-reconnecting modes that
disrupt the plasma in a matter of micro-seconds. However,
such instabilities can easily be avoided by limiting the
plasma pressure and the net toroidal current.* Tearing
modes, on the other hand, are relatively slowly growing
instabilities that are more difficult to avoid.*> These insta-
bilities tend to saturate at relatively low levels,®™ in the
process reconnecting magnetic flux-surfaces to form helical
structures known as magnetic island chains. Magnetic
island chains are radially localized structures centered on
so-called rational flux-surfaces, which satisfy k - B=0,
where k is the wave-number of the instability, and B is the
equilibrium magnetic field. Island chains degrade plasma
confinement because they enable heat and particles to flow
very rapidly along field-lines from their inner to their outer
radii, implying an almost complete loss of confinement in
the region lying between these radii.'®

As is well known, tearing mode dynamics in high-
temperature tokamak plasmas is poorly described by the
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standard, single-fluid, resistive-magnetohydrodynamical
(MHD) model.!'" Indeed, in order to obtain realistic predic-
tions, at an absolute minimum, the resistive-MHD model
must be replaced by a two-fluid, drift-MHD model. Broadly
speaking, the drift- MHD model predicts the existence of two
separate branches of nonlinear tearing mode solutions.'*™"?
lon-branch solutions are characterized by a flattened pres-
sure profile within the island chain’s magnetic separatrix, a
relatively large radial island width (compared with the poloi-
dal ion gyroradius), a propagation velocity similar to that of
the unperturbed local perpendicular ion fluid velocity, and
no emission of drift-waves. On the other hand, electron-
branch solutions are characterized by a non-flattened pres-
sure profile within the magnetic separatrix, a relatively small
radial width, a propagation velocity close to that of the
unperturbed local perpendicular electron fluid velocity, and
the emission of drift-waves. Numerical simulations suggest
that the ion solution branch ceases to exist below a critical
island width, whereas the electron solution branch ceases to
exist above a second, somewhat larger, critical width.'>13
The disappearance of one branch of solutions is associated
with a bifurcation to the other branch.'*'?

This paper is concerned with the ion branch of nonlinear
tearing mode solutions. The flattening of the pressure profile
in the region lying within the island separatrix of such solu-
tions gives rise to the disappearance of the neoclassical boot-
strap current'® there, which has a strong destabilizing effect
on the mode.!” Indeed, this effect is so marked that, unless
countered, it would give rise to the formation of magnetic
island chains on every rational surface within the plasma,
causing the complete destruction of magnetic flux-surfaces.'®
In reality, this is not found to be the case. Instead, so-called

Published by AIP Publishing.
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neoclassical tearing modes (i.e., tearing modes driven unsta-
ble by the perturbed bootstrap current) are only observed to
form on a few low mode-number rational surfaces within the
plasma.'® This implies the existence of a stabilizing mecha-
nism that counters the destabilizing effect of the perturbed
bootstrap current. Two possible mechanisms have been iden-
tified in the literature. First, the finite parallel transport in
tokamak plasmas, combined with enhanced perpendicular
transport due to plasma turbulence, may not allow the flat-
tening of the pressure profile within the magnetic separa-
trix. 2" However, this mechanism is only effective for
relatively thin islands and is not relevant to the ion solution
branch. The second stabilization mechanism, which appears
to be the only feasible mechanism for the ion branch, is asso-
ciated with the perturbed ion polarization current.?!

Calculating the effect of the perturbed ion polarization
current on nonlinear tearing mode stability in a two-fluid
plasma turns out to be a rather difficult task, for a number of
reasons. The first difficulty is that the sign of the polarization
term in the island width evolution equation depends crucially
on the island propagation velocity. Generally speaking, the
polarization term has one sign if the propagation velocity
lies between the unperturbed local perpendicular guiding-
center fluid velocity and the unperturbed local perpendicular
ion fluid velocity, and the opposite sign otherwise.?'*? Thus,
a meaningful calculation of the polarization term must also
be coupled with a calculation of the island propagation ve-
locity. The latter calculation involves a self-consistent deter-
mination of the pressure and scalar electric potential profiles
in the vicinity of the island chain.”*** The second difficulty
is that the dominant contribution to the polarization term
originates from a boundary layer on the island chain’s mag-
netic separatrix.>> This contribution is such that the polariza-
tion term is stabilizing when the island propagation velocity
lies between the unperturbed local perpendicular guiding-
center fluid velocity and the unperturbed local perpendicular
jon fluid velocity, and destabilizing otherwise.* If the contri-
bution of the boundary layer is omitted, then the sign of the
polarization term is reversed (so that the term is destabilizing
when the island propagation velocity lies between the unper-
turbed local perpendicular guiding-center fluid velocity and
the unperturbed local perpendicular ion fluid velocity, and
stabilizing otherwise).>'** Unfortunately, the contribution of
the separatrix boundary layer to the polarization term is a
very sensitive function of the thickness of the layer.”®*” The
final difficulty is that the magnitude of the polarization term
is profoundly affected by neoclassical ion poloidal flow
damping.28 Indeed, if the damping is sufficiently large, then
it gives rise to a coupling of the perpendicular and parallel
ion flows that act to significantly enhance the magnitude of
the polarization term.?*-*

Incidentally, because ion-branch magnetic islands are
much wider than the poloidal ion gyroradius (and, hence, the
ion banana width), it is reasonable to assume that the
response of both trapped and passing ions to the perturbed
electric and magnetic fields in the vicinity of the island chain
can be adequately captured by a fluid model. Of course, such
an assumption would not be not reasonable for island chains
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whose widths are comparable to, or less than, the ion poloi-
dal gyroradius.>'

The aim of this paper is to present a two-fluid calculation of
the ion polarization term appearing in the island width evolution
equation of a neoclassical tearing mode in a high-temperature
tokamak plasma. The calculation is performed using a neoclassi-
cal, four-field, drift-MHD model. The model itself was devel-
oped, and gradually improved, in Refs. 34-36. The core of the
model is a single-helicity version of the well-known four-field
model of Hazeltine, Kotschenreuther, and Morrison.”” The core
model is augmented by phenomenological terms representing
anomalous cross-field particle and momentum transport due to
small-scale plasma turbulence. Finally, the model includes ap-
proximate (i.e., flux-surface averaged) expressions for the diver-
gence of the neoclassical ion and electron stress tensors. These
expressions allow us to incorporate the bootstrap current, as well
as neoclassical ion poloidal and perpendicular flow damping,
into the model. Note that perpendicular flow damping, which is
due to nonambipolar transport associated with the breaking of to-
roidal symmetry by the tearing perturbation (and, possibly, by
external magnetic perturbations),” is often referred to in the lit-
erature as “toroidal” flow damping. This name is somewhat mis-
leading, because the damping actually acts on the perpendicular
component of the ion fluid velocity.

This paper is organized as follows. The neoclassical,
four-field, drift-MHD model that forms the basic of our anal-
ysis is introduced in Sec. II. In Sec. III, we calculate the ion
polarization term for the case in which the neoclassical ion
poloidal flow damping is not large enough to enhance the
term’s magnitude. In Sec. IV, we calculate the polarization
term in the opposite case in which the flow damping is large
enough to significantly enhance the term’s magnitude. The
paper is summarized in Sec. V.

The general form of the calculations outlined in Secs. III
and IV is similar to those described in Ref. 35. However,
many of the details of the calculations are significantly modi-
fied by the improvements in the expressions for the divergen-
ces of the neoclassical stress tensors introduced in Ref. 36.
These improvements are as follows. First, we have taken
into account the fact that the neoclassical velocities towards
which the divergences of the neoclassical stress tensors relax
the electron and ion velocities are proportional to local elec-
tron and ion temperature gradients, respectively, and are,
therefore, affected by the modifications to these gradients
induced by the presence of the island chain. Second, we have
taken into account the fact that that the divergence of the
neoclassical ion perpendicular stress tensor generates a force
that is primarily directed perpendicular to magnetic field-
lines (within a given flux-surface), rather than in the toroidal
direction. In addition, we have incorporated magnetic
field-line curvature, the bootstrap current, and independent
equilibrium number density, electron temperature, and ion
temperature gradients into the model.

Il. PRELIMINARY ANALYSIS
A. Fundamental definitions

Consider a large aspect-ratio, low-f5, circular cross-
section, tokamak plasma equilibrium of major radius R, and
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toroidal magnetic field-strength Bj. Let us adopt a right-
handed, quasi-cylindrical, toroidal coordinate system (r, 0,
@), whose symmetry axis (r = 0) coincides with the magnetic
axis. The coordinate r also serves as a label for the unper-
turbed (by the island chain) magnetic flux-surfaces. Let the
equilibrium toroidal magnetic field and toroidal plasma cur-
rent both run in the +¢ direction.

Suppose that a helical magnetic island chain, with m,
being poloidal periods, and n, being toroidal periods, is
embedded in the aforementioned plasma. The island chain
is assumed to be radially localized in the vicinity of its
associated rational surface, minor radius r;, which is
defined as the unperturbed magnetic flux-surface at which
q(rs) = mg/n,. Here, q(r) is the safety-factor profile (which
is assumed to be a monotonically increasing function of r).
Let the full radial width of the island chain’s magnetic sep-
aratrix be 4w. In the following, it is assumed that r /Ry < 1
and w/r, < 1.

The plasma is conveniently divided into an inner region
that comprises the plasma in the immediate vicinity of the
rational surface (and includes the island chain), and an outer
region that comprises the remainder of the plasma. As is
well known, in a high-temperature tokamak plasma, linear,
ideal, MHD analysis invariably suffices to calculate the
mode structure in the outer region, whereas nonlinear, noni-
deal, drift-MHD analysis is generally required in the inner
region. Let us assume that the linear, ideal, MHD solution
has been found in the outer region. In the absence of an
external perturbation, such a solution is characterized by a
single real parameter, A" (with units of inverse length),
known as the tearing stability index.” The tearing stability
index measures the free energy available in the outer region
to cause a spontaneous change in the island chain’s radial
width. This free energy acts to increase the width if A" > 0,
and vice versa. It remains to obtain a nonlinear, nonideal,
drift-MHD solution in the inner region, and then to asymp-
totically match this solution to the aforementioned linear,
ideal, MHD solution at the boundary between the inner and
outer regions.

All fields in the inner region are assumed to depend only
on the normalized radial coordinate X = (r — r;)/w, and the
helical angle { =my0 —n, ¢ — ¢,(¢). In particular, the
electron number density, electron temperature, and ion tem-
perature profiles in the inner region take the forms n(X, ()
=no(14+n/ng), T.(X,{) =T.o(14+n,0n/ng), and T:(X,{)
=T;o (14n;0n/ny), respectively, Here, ng, Teo, Tio, He, and
1; are uniform constants. Moreover, on(X,{)/no——(w/L,)X
as |X| — oo, where L, >0 is the density scale-length at the
rational surface. Note that we are assuming, for the sake of
simplicity, that 6T, /T,o = 1, on/ng, and 0T;/T;o = n; on/ny,
where 0T, =T, — T,, etc. It follows that the flattening of
the electron density profile within the island separatrix also
implies the flattening of the electron and ion temperature
profiles. This approach is suitable for relatively wide, ion-
branch magnetic island chains, where we expect complete
flattening of the pressure profile within the island separatrix,
but would not be suitable for relatively narrow, electron-
branch island chains, where we expect that the electron
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temperature profile to be flattened, but not the electron den-
sity and ion temperature profiles.'*'>

It is convenient to define the poloidal wavenumber,
ko = mg/rs, the resonant safety-factor, g5 =myg/n,, the
inverse aspect-ratio, ¢, = ry/Ry, the ion diamagnetic speed
TiO (l + VI,)

V.=
! eByL,

&)

the electron diamagnetic speed, V., = 1V, ;, where

_ Te() 1 +’1£
= (@) ) @

the poloidal ion gyroradius

~(qs\ [Tio (1 +n;) 12 m;
Poi = (g) {T} (ﬁ)’ 3)

and the ion beta

tono Tio (14 1;)

All of these quantities are evaluated at the rational surface.
Here, e is the magnitude of the electron charge, and m; is the
ion mass. Incidentally, the ions are assumed to be singly
charged. Note that the unperturbed (by the island chain) ion
and electron diamagnetic velocities are V; = —V,; e, and
VQ =1V, ;e , respectively, where e, = ey — (&/¢;) €.

B. Fundamental fields

The fundamental dimensionless fields in our neoclassi-
cal, four-field, drift-MHD model are>>30

L, A
l//(X,C)=—%;"BO—"W7 5)
L, o
N(X,C)=;n—z, ©)
¢(X’C):_WB()V ‘+va; (7)
s vi
V(X,c>:iv—‘*‘i+vp, ®)

where

B dIng
w1/ (59, ®

1 dg,

- |
T ke Var dt (10)

Here, A is the component of the magnetic vector potential
parallel to the equilibrium magnetic field (at the rational sur-
face), L,> 0 is the safety-factor scale-length at the rational
surface, @ is the electric scalar potential, v, is the normalized
island phase-velocity (which is assumed to be constant in
time), and V)|; is the component of the ion fluid velocity par-
allel to the equilibrium magnetic field (at the rational



052506-4 Richard Fitzpatrick

surface). The four fundamental fields are the normalized hel-
ical magnetic flux, the normalized perturbed electron number
density, the normalized electric scalar potential, and the nor-
malized parallel ion velocity, respectively. The four funda-
mental fields are evaluated in a frame of reference that
moves with velocity —(q,/€;) v, V.ie, = k;l (do,/dt) e,
with respect to the laboratory frame, where e, is a unit vec-
tor pointing in the ¢-direction, and k, = —n, /Ry is the to-
roidal wavenumber.

C. Neoclassical four-field drift-MHD model

In the inner region, our neoclassical, four-field, drift-
MHD model takes the form>*3640

0=[p+TN,Y|+BnJ +a," v,
X [ ' T +V = Ox(¢ + tvgo N) — vg; — Tvg,], (1)

0= [d)vN]_p[(xnv‘i‘-]alp]_acp[d)‘i‘TN,X]—f—Da)?N’
(12)

0=1[¢,V] — o, (1 4+ 1) [N, ] + nogV
— g [V — 0x(¢ —veiN)J, (13)
0=e€dx[p —N,0x¢| + [J, ] + o (1 + 1) [N, X]
+eudyg(p—N) +y; Ox [V — Ox(¢p — vg;: N)]

+ 1,5 0x [~0x(¢ — vN)], (14)

where
J= B0 — 1), (15)
[A,B] = 0xA OB — O;A OxB. (16)

Furthermore, Ox = (0/0X), and 0; = (0/9()y. Here, Eq.
(11) is the parallel Ohm’s law, Eq. (12) is the electron conti-
nuity equation, Eq. (13) is the parallel ion equation of
motion, and Eq. (14) is the parallel ion vorticity equation.
The auxiliary field J(X, {) is the normalized perturbed paral-
lel current.

The various dimensionless parameters appearing in Egs.
(11)—(15) have the following definitions:

2
€= (€> : (17)
qs
2
p= (p—9> : (18)
w

L (19)

p
5 = 2\Ln/Le). 20)

p
ﬁ——ﬁz, Q1)

€por

and

0 dl 22)
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D= Di+ﬁi(1+r)’L—L<1_§ e T )} !

o 21+4n,1+7) | kgViiw?’
(23)
Ky
= 24
# 71()77’!,‘/(6‘/*,'W27 ( )
and
€s 2 vy
vo; = | — 25
Do () (kev*,-)’ 25)
€ 2 Vi
D i — | ) 26
L qg) <k0v*1> ( )
2
N ne € Voe
Voe=|—|[— , 27
! (”h) <Cls> (k()V*i> @7
and

" ;i Ni
vg; = 1 + Ag; =1-1.172 , 28
0i 91(1"‘77,‘) (1_'_171) ( )
s 1; 1;
v, =14+ =1-2.367 , 29
. . <1+m) <1+n,-> (29)

, N, N,
Poe = 1 — g —1-0.717 )
0e 0 <1+m) <1+”e) (30)

and, finally

UV=01;— Up. 31D

Here, m, is the electron mass, and L. is the mean radius
of curvature of magnetic field-lines at the rational sur-
face.”>*® The mean curvature is assumed to be favorable
(i.e., L. >0).*' Note that we are neglecting the geodesic cur-
vature of magnetic field-lines, because this effect cannot be
dealt with within the context of a single-helicity calculation.

The quantities 77 and 7, are the parallel and perpendic-
ular plasma resistivities, respectively, whereas D, is a phe-
nomenological perpendicular particle diffusivity (due to
small-scale plasma turbulence), and u , ; is a phenomenologi-
cal perpendicular ion viscosity (likewise, due to small-scale
turbulence). All four of these quantities are evaluated at the
rational surface and are assumed to be constant across the
inner region.

Note that, for the sake of simplicity, we are assuming
that both the unperturbed parallel current and the plasma re-
sistivity are uniform in the vicinity of the island chain. This
assumption precludes our analysis from incorporating any of
the island saturation terms calculated in Refs. 7-9. It follows
that our analysis is most relevant to islands whose widths are
much less than their final saturated widths (e.g., seed neo-
classical tearing modes).

D. Model neoclassical stress tensors

The divergence of our model neoclassical ion stress ten-
sor [which is used in the derivation of Egs. (11)—(15)] takes
the form*®4°
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V'TEI‘:m,‘no[V(-),'Vgieg—|—I/l,'VTI-eLL (32)

where e | = ey — (€;/¢y) e,. Here, ey is a unit vector pointing
in the O-direction, whereas e is a unit vector directed perpen-
dicular to the equilibrium magnetic field (at the rational sur-
face). Moreover, 1y; and v, ; are the neoclassical ion poloidal
and perpendicular damping rates, respectively. Finally,

Vii = eo - [Vi— (1 —voi) V., (33)

Vf‘i:el~ [V,'—(l—ULZ‘)V*i—Up(V*l‘—Vi?))}. (34)
Here, V; is the ion fluid velocity (in the laboratory frame),
V.. = (0xN)V.;e, is the ion diamagnetic velocity, and
Viol) = —V, e, is the unperturbed (by the island chain) ion
diamagnetic velocity.

Note that (in the absence of the island chain) the neo-
classical ion stress tensor acts to relax the ion poloidal fluid
velocity in the vicinity of the rational surface to the neoclass-
ical value

. (i Vi n; Tio
Vi = (00 — 1) Vs = 2o —_1.172 ,
0i = (0o = 1) i (1+77i> (eBoLn>
(35)

and the ion perpendicular fluid velocity to the neoclassical
value

s (Vi n; Tio
Vi = i—O)WVei=2i—— | =-2367T( —— ).
= (=) Vii= 41 (1""71‘) <€BoLn>

(36)

Inside the island separatrix (where V,; = 0, due to the flat-
tening of the pressure profile), the neoclassical ion stress ten-
sor acts to relax the ion poloidal fluid velocity to zero, so
that the island chain is convected by a purely toroidal flow.

Neglecting the effect of plasma impurities and assuming
that the ions lie in the banana collisionality regime, standard
neoclassical theory yields vy; ~ 651/ 2y, /e and Zg; = —1.172,
where v; is the ion collision frequency.*? Furthermore, assum-
ing that the ion perpendicular flow damping lies in the so-called
“1/v regime,” neoclassical theory gives v, ; ~ ef/ 2 n(% (Tio/m;)
(w/Ro)?/(eR3 v;) and /., ; = —2.367.%%%

The divergence of our model neoclassical electron stress
tensor takes the form

V- m, =mengvy, Vy, eq, (37)

where vy, is the neoclassical electron poloidal flow damping
rate, and

0o =-ep- Vo — (1 —vge) Vo] (38)

Here, V, is the electron fluid velocity, and V., =—(0xN)V..e,
is the electron diamagnetic velocity. Incidentally, V-7, is
neglected with respect to V-m; when both appear in the same
equation.

Note that (in the absence of the island chain) the neo-
classical electron stress tensor acts to relax the electron
poloidal fluid velocity in the vicinity of the rational surface
to the neoclassical value
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nev*e r]eTeO
e = (1 —=vp0) Vie = 0o =0.717 .
Ve = (=¥ ' <1 +'le> (eBoLn)

(39)

Inside the island separatrix (where V., = 0, due to the flat-
tening of the pressure profile), the neoclassical electron stress
tensor acts to relax the electron poloidal fluid velocity to
zero,

Assuming that the electrons lie in the banana collisional-
ity regime, standard neoclassical theory yields vy, ~ esl/ 2
v./e and Ay, = +0.717, where v, is the electron collision
flrequency.43

Roughly speaking, our expressions for the divergences
of the neoclassical ion and electron stress tensors are the
flux-surface averages of the true divergences. This approxi-
mate treatment of the divergences is necessary within the
context of a single-helicity calculation.

E. Boundary conditions

Equations (11)—(15) are subject to
conditions>°

the boundary

WX,0) = 3 X2+ cost, (40)
N(Xa C) - _Xa (41)
(X, () — —vX, (42)

VL) = o, @3)
JX,0) 0, @)

as |X| — oo. It follows that the fields ¥(X, (), V(X,{), and
J(X,{) are even in X, whereas the fields N(X, {) and ¢(X, ()
are odd. Of course, all fields are periodic in { with period 2.

F. Island phase-velocity parameter

The dimensionless parameter v, defined in Eq. (31), has
a simple physical interpretation. If v =—t then the island
chain co-rotates with the unperturbed electron fluid at the
rational surface; if v =0 then the island chain co-rotates with
the unperturbed guiding-center fluid; and, if v =41 then the
island chain co-rotates with the unperturbed ion fluid.

G. Island geometry

To lowest order, we expect that>4-3¢

(X, ) =Q(X,0) E%Xz +cos( (45)

in the inner region. In fact, this result, which is known as the
constant- approximation,” holds as long as # < 1. The con-
tours of Q(X, {) map out the magnetic flux-surfaces of a heli-
cal magnetic island chain whose O-points are located at
X =0 and { = &, and whose X-points are located at X =0 and
{=0. The magnetic separatrix corresponds to Q = 1, the
region enclosed by the separatrix to —1 < Q < 1, and the
region outside the separatrix to Q > 1.
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H. Flux-surface average operator

The flux-surface average operator, (---), is defined as
the annihilator of [A,Q]. In other words, ([A,Q]) =0, for
any field A(X, {). It follows that:

A(,Q0  dl

A0 = AGRD 46
(A(s,Q,0)) ii;[z(Q—COSC)] 12 21 0
for 1 < Q, and
200 A5, Q,0) + A(—s,Q,() dC
A0 — = @7
a0y =] e D

for —1<Q < 1. Here, s=sgn(X) and {, = cos (),
where 0 < {y < 7.
It is helpful to define

A=A—". (48)

It follows that (A) = 0, for any field A(X, {). It is also easily
demonstrated that ([A, F(Q)]) = 0, for any function F(Q).

I. Asymptotic matching

Standard asymptotic matching between the inner and
outer regions>**** yields the island width evolution equation

d N\’ :
ALt S (Z) = Ay 2m () cos, +J. 2,
dt \ry w ! w
(49)
and the island phase evolution equation
d*¢, wo\? . ry
e o —2my (w) sing, +J; e (50)
Here, I} = 0.823 (see the Appendix), Tz = "3/’7“, and
Jo=— J cosdX = —4 | (Jcos()dQ, (51)
— 00 Y 1

Jo= -2 ro J sin¢ dx ;’—i — 4 ro X[,Q)d0.  (52)

—00 —1

Note that, for the sake of completeness, we have taken
into account the possibility that the plasma is subject to a
static, external, magnetic perturbation possessing the same
helicity as the island chain. Here, 4w, is the full radial width
of the vacuum island chain (i.e., the island chain obtained by
naively superimposing the vacuum magnetic perturbation
onto the unperturbed plasma equilibrium), and ¢, becomes
the helical phase-shift between the true island chain and the
vacuum island chain.

The first term on the right-hand side of Eq. (49) governs
the intrinsic stability of the island chain. (The chain is
intrinsically stable if A’ <0, and vice versa.) The second
term represents the destabilizing effect of the external pertur-
bation. The final term represents the destabilizing or stabiliz-
ing (depending on whether the integral J. is positive or
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negative, respectively) effect of helical currents flowing in
the inner region.

The first term on the right-hand side of Eq. (50) repre-
sents the electromagnetic locking torque exerted on the
plasma in the inner region by the external perturbation. The
second term represents the drag torque due to the combined
effects of neoclassical ion poloidal flow damping, neoclass-
ical ion perpendicular flow damping, and perpendicular ion
viscosity.

J. Expansion procedure

Equations (11)—(15) are solved, subject to the boundary
conditions (40)—(44), via an expansion in two small parame-
ters, A and 6, where A< < 1. The expansion procedure is
as follows. First, the coordinates X and { are assumed to be
(’)(A0 50). Next, some particular ordering scheme is adopted
for the fifteen physics parameters vy;, Vge, U, T, &y, %, €, P, s
Dois UV1i, Voes N, D, and p. The fields ¥, N, ¢, V, and J are
then expanded in the form (X, () = >, .o ¥;,(X, ), ete.,
where V;; ~ O(A"$’). Finally, Eqs. (11)=(15) are solved
order by order, subject to the boundary conditions (40)—(44).

lll. WEAK NEOCLASSICAL ION POLOIDAL FLOW
DAMPING REGIME

A. Ordering scheme

The ordering scheme adopted in the so-called weak neo-
classical ion poloidal flow damping regime is>>~°

050,
A 5 .Uﬁ[, 1)965 U, T’ O(n,

A5 o€ p, B,
A6 Do, 01, D,y
A 6% Do

This ordering scheme is suitable for a constant-{y (i.e.,
p < 1) magnetic island chain whose radial width is much
larger than the ion poloidal gyroradius (i.e., p < 1), and
which is embedded in a large aspect-ratio (i.e., € < 1), high-
temperature (i.e., 7, D, u<<1) tokamak plasma equilibrium.
The defining feature of the weak neoclassical ion poloidal
flow damping regime is that the ion poloidal flow damping
rate is sufficiently small that the neoclassical ion stress tensor
is not the dominant term in the ion parallel equation of
motion.

B. Order A® 5°
To order A° 6°, Egs. (11)~(15) yield

0 = [$o + TNoo: Yool, (53)
0 = [¢g 0, Nool, (54)
0 = [$o,0-Voo] — % (1 +7) [Noo, Yol (55)
0 = o0, Yool (56)
Oo = 1. (57)
Equations (40), (45), and (57) give
Yoo = QX, (). (58)
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Equations (41), (42), (53), and (54) imply that
Poo = 5 Po(Q), (59
N()_’() = SN()(Q). (60)

Note that, by symmetry, ¢, = Ny = 0 inside the separatrix,
which means that the electron number density and tempera-
ture profiles are flattened inside the separatrix. Let

M(Q) = — %ﬂ, ©1)
L(Q) = - % 62)
Equations (41) and (42) yield
M(Q — o0) = V;_Q (63)
L(Q — o0) = \/%ﬁ (64)

Again, by symmetry, M =L =0 inside the separatrix.
Equations (55), (61), and (62) give

Voo = Vo(Q), (65)
and Eq. (43) implies that
V()(Q — OO) = Uy; — V. (66)

Finally, Eq. (56) yields
Joo =0. (67)

C. Order A% 5’
To order A°5!, Egs. (14), (59), (60), and (67) give
V10, Q] = —e0x[dy — No, x o] — o (1 +7) [No, |X]].
(68)
It follows, with the aid of Egs. (61) and (62), that:

Vo1, Q] = %a’g{(M—L)M}XZ —a. (1+17)L[X],Q],

(69)
where do = d/dQ. Hence,

Jog = g do[(M — L)M|X* — 0 (1 + 1) L|X| + 7(Q), (70)

where J(Q) is an arbitrary flux function. However, the
lowest-order flux-surface average of Eq. (11) implies that

_ M L
J(Q) = —0y GVHe'Ee(VO‘F—'_a)UG_UHi - TU@€>7
(71)
where
=yt = (72)
np e 7]H

is the electron collision time.
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Finally, it is easily demonstrated that

X o1, Q) :g X3, (M — L) M] —i—% o (1+1) [sX2, No],
(73)
which implies that
(X [Jo,1,9Q]) =0. (74)

In other words, Jo,; does not contribute to the torque integral,
J, [see Eq. (52)]. Thus, in order to calculate J,, and, hence, to
determine the phase-velocity of a freely rotating island
chain, we must expand to higher order.

D. Order A §°

To order A' 6°, Egs. (11)—(15), (58)—(60), (65), and (67)
yield

0= [¢10+ N0, Q] +5[do + N0, ¥y o], (75)
0 =5 0. No] + s [¢hg, N1o] + 5D OgNo, (76)

0 = [}y, Vo] +5[Po, Vio] — o (14 7) [N10, Q]
—sa, (14 7) [No, ¥y o] + 1195V — g

x [Vo — s Ox (o — v9i No)], (77)

0= [J1,0, Q] + 29; Ox [Vo — s Ox (g — v9i No)]
+ U1 0x [—s Ox(dg — vNo)], (78)
O =0. (79)

It follows from Eq. (79) that:
Yi0=0, (80)
from Eq. (75) that
$10=—TN1o, (81)
from Egs. (61), (62), and (76) that

2
X dgL—i—L), 82)

Nio, Y :D< M+ L

from Eq. (77) that

[{TdQVo + o, (1 + ‘L')}Nl_o —sMVyy, Q]
= uX 0a(XdaVo) — vgi[Vo + [X] (M —vg; L)],  (83)

and from Eq. (78) that

[J1.0,Q] = —1g; Ox [Vo + [X| (M — vg; L)]
— v 0k [|X] (M —vL)). (84)

Here, do = (0/0Q),.

Given that M = L = 0 within the island separatrix, the
previous four equations suggest that ¢, o = Ny o = V1o = Jip
=V = 0 in this region. In particular, the flux-surface average
of Eq. (84) implies that doVy = 0 within the separatrix. The
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flux-surface average of Eq. (83) then reveals that Vy = 0 in
this region.
The flux-surface average of Eq. (82) yields

(XY 1<Q
L(Q)_{o -1<Q<1. (8

The flux-surface average of Eq. (84) gives
Do daVo = —daq [9; (X*) (M — vg; L)
+ 1 (X?) (M —vL)], (86)

outside the magnetic separatrix. It follows from Egs. (63),
(64), (66), and (85) that:

Vo(Q) = —(%) (X F+71), (87)

outside the separatrix, where

Doi (1 —vg;) + 7, (1 —0)
Doi+ 11

U= , (88)

and
F(Q)=M(Q) — L(Q). (89)

Note that F =0 inside the magnetic separatrix. The viscous
term in Eq. (83) requires continuity of V() across the separa-
trix. Given that V = 0 inside the separatrix, and (X?) = 4/n
on the separatrix (see the Appendix), Eq. (87) yields

F(1) = _g 5. (90)

Finally, Eqgs. (63), (64), and (89) give

v—1

F(Q — c0) —\/T_Q.

The flux-surface average of Eq. (83) yields

O

0= pdq ((X*) doVo) — 10; Vo (1) — ﬁol.(F + %)

92)

outside the magnetic separatrix. It follows from Eq. (87)
that: 3¢

0= judg [(X?) da((X?)F)] = o;((X?)(1) — 1)

. <F+ ! &;’;") — i (X +1-0) (1), (93)

where

o= (W> n (94)

Vi

E. Evaluation of J,

According to Egs. (70), (71), (85), and (87)—(89),
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=g [r(e s )0 )

+ o €Vpe T, [(<X2> - %) F+ VV: (X*)F +1—0)

" +woe><1 _W)] 95)

forQ > 1, and
Jog = o €vge Te (Voi + TUge) (96)

for —1 < Q < 1. Thus, it follows from Egs. (45) and (51)
that:

Je=Jdy+Jg +p, 97)

where

I, = ef do [F(F +<)%2>)] <X2X2>dg (98)

parameterizes the effect of the perturbed ion polarization
current on island stability, whereas

o 5 52

(IX]1x7)

Jo=—0.(1471) Jl 2 o

dQ 99)

parameterizes the effect of magnetic field-line curvature on
island stability, and, finally

00 1 7 i
Jp = —ocney()ereJ 2{ (<X2> ——)F—|— lil

1

x (X2)F+1—0)+(1 +rv(;e)<1 —

— vy, w@e}(mm —(X?))dQ (100)

parameterizes the effect of the perturbed bootstrap current
on island stability. In deriving the previous expressions, we
have made use of the following easily demonstrated results:

(A cosl) = —(1/2) (AX") and [*(cos () dQ = 0.

F. Evaluation of J;

Equations (84), (85), and (87)—(89) imply that

V10, Q] = —0xG, (101)
where
6 =~ (% - ) (P4 L3
—((x?) - XI)<F+%) (102)

for Q > 1,and G =0 for —1 < Q < 1. Note that G is contin-
uous across the separatrix (Q = 1). It follows that:333¢

(X [T10,9Q]) = —da(X*G) + (G). (103)



052506-9 Richard Fitzpatrick

Hence, Eq. (52) yields

Jy=—4 JOC<G> dQ, (104)
1
because (X2 G),, .., = 0. Thus, we obtain
P 2 11—,
Js_u(),Jl 4((1)(x?) 1)<F+ o) >dQ
+1A/L,-J 4((1(x?) — 1) <F+1—_20)d§2. (105)
I (X2)
G. Transformed equations
Let
Y(k) = —2k|F(K) 4 200 / - (106)
- [ ZkC(k)] (vo: = v),

where k = [(1 + Q)/2]'/?. Note that k =0 corresponds to the
island O-point, k=1 corresponds to the island separatrix,
and k — 0o to Q — oo. Here, C(k) is defined in the
Appendix. It follows from Egs. (88), (90), and (91) that:

ﬂD:fQJl;),
2 \vgi + 10y

Y(k — o0) = 1.

(107)

(108)

Furthermore, Eq. (93) reduces to

0 :%dk Cd(CY)] —vg; (AC—1)Y —1; (CY—1) A,
(109)

where dy = d/dk, and A(k) is defined in the Appendix.
Equations (98)—(100) yield

J — Joci R £+1_U0i
r=e) a0 Y 5t ke
Y Dy C2> 3
x{(vg,v)2k2kCH8<SA k> dk, (110)

~ (D 1
]g:—otc(l—l-‘f)L 16<E—Z>k2dk,

(111)

]}, = O(,,EU()eTe[l —U—T(l —U()e)]

> vy 1 Uy 2
6[d1+ 28— L oy _Piilp g
le 6{{ +f/9i AC}C ’A/f)i:|( A= Ok de

< (D 1
—|—oc,,ev()ere(v()i—|—rvge)J 16(6—71)/&1/@ (112)
1

where D(k) and £(k) are defined in the Appendix. Finally,
Eq. (105) gives

JS = —ﬁgl‘(l)f),‘ —U)J S(AC— I)de
1

00

— U1 (vei— u)J 8(AC— 1)(Y —é)dk. (113)

1
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It remains to solve Eq. (109), subject to the boundary condi-
tions (107) and (108), and then to evaluate the integrals
(110)—(113). This task, which involves the elimination of an
unphysical solution that varies as Y ~ exp[+2 (¥, ;/ [1)1/ k]
as k — oo, can be achieved analytically in five different pa-
rameter regimes that are described in Sec. ITT1.%

H. Separatrix boundary layer

The flux-surface functions M(Q) and L(Q) are both zero
inside, and non-zero just outside, the magnetic separatrix.
Retaining selected higher-order terms (containing radial
derivatives) in Egs. (76) and (78), we find that

(M +TL)[N1, Q] —spJ10,Q] =~ D(X?*doL + L), (114)

s [J10,Q] ~ —edx[py — No, Ox ¢ o]

=et(M —L)0Z[N1p,9Q), (115)

so that Eq. (82) generalizes to give

{M+1L—1(M—L)epdi}[Nio,Q ~D(X*doL + L),
(116)

which suggests that the apparent discontinuities in the functions

M(Q) and L(Q) are resolved in a thin boundary layer, centered

on the magnetic separatrix, of (unnormalized) width

(ep)?w = p;, where p; = (e,/qs) py, is the ion gyroradius.*’
Equation (110) can be written

00 2
Iy = eJ di[F (F+L)]8(5 - C—>k3dk. (117)

- A
In accordance with Egs. (85) and (90), let us suppose that, in
the immediate vicinity of the separatrix, L(k) and F(k) =
M (k) — L(k) take the following forms:

_ flk)
L(k) = 2kC(k)’ (118)
o of(k)
F(k) = “2kCE) (119)
where
Fk) = % (1 + tanh[(k ) 2—WD (120)

In effect, we have resolved the discontinuities in the func-
tions L(k) and F(k) across the separatrix in a boundary layer
of (unnormalized) thickness p;. In the limit that p,/w < 1,
the contribution of the boundary layer to the polarization in-
tegral (117) can be written

Iy = [%”Q(%)]ev(u 1), (121)
where
o0 sechz(y)
Q(x) =2n L in(16/%) & In(1/y)
6.2 3.0 (122)

“In(16/x)  n(16/x)"
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In deriving the previous equation, we have made use of the
fact that the functions C(k) and £(k) are well behaved as
k — 1, whereas the function A(k) has a logarithmic singular-
ity.*® The separatrix boundary layer response function, Q(x),
is plotted in Fig. 1.

According to the previous analysis, the polarization inte-
gral, (110), takes the form

J, = {237[ Q(ﬁj)}eﬁ(z—)—l)ﬁ—EJiCZ{
8 H(”m_ )2Yk+]2_klé9i}

Y Dy C2> 3
x {(vgi—v)ﬁ—%c”s(s—z Kdk. (123)

Of course, the first term on the right-hand side of the previ-
ous equation emanates from the separatrix boundary layer.*>
Note that the neglect of the finite thickness of the boundary
layer leads to a significant overestimate of the contribution

of the layer to the polarization integral >*?’

l. Island solution regimes

The extents of the five analytic solution regimes, men-
tioned in Sec. III G, in the I, ; — y; plane are indicated in
Fig. 2.

Regime I corresponds to ;> vy; and u < Up;. In
this regime,

wetftd) o
It follows that:

J,,:—{Iz—Q(%ﬂev(l—v), (125)

Jo= Lo (1+71), (126)

0
—10 -8 —6 —4 -2 0

FIG. 1. The solid curve shows the separatrix boundary layer response func-
tion, Q(x). The dashed curve shows the analytic approximation Q(x) ~ 6.2/
In(16/x) — 3.0/In?(16/x). The dotted line corresponds to O = 1.38.
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(ﬁeiﬁu)m =p
Vyi

IITa

I1Ib v

Voi = V1

Vg

FIG. 2. Extends of various weak neoclassical ion poloidal flow damping
island solution regimes in the | ; — y; plane.

(127)
(128)

Jy =T 0, € g 7o (Vg; + TUge),

-]s - _14 1991' (Um - U)v

where I, = 1.38, I; = 1.58, and I, = 0.357 are defined in
the Appendix.

Regime II corresponds to ©g; > 7, ; and u < (¥; ﬁLi)'/z.
In this regime,
U A
Y(k) ~ . 129
) v AC(1+ vy ;/vg;) — 1 (129)
It follows that:
J, = [12 — ( ) evg, 179, (130)
—l3 0. (1+7), (131)
Jp =Loy,evpeTe (W)i‘i"“)ﬂe)’ (132)
Iy = —Is0)/* 03 (0g; — ), (133)

where /5 = 3.74 is defined in the Appendix.
Regime Illa corresponds to 7p; > p and p>> (f/e,-ﬁh)l/z
In this regime,

VLI A
Y(k) ~ 134
T T (E 70 (134)
for 1 < k < ky, and
ki\ ik
Y(k) =1 — (1458 ) etk (135)
ko
. 12 _ LN 1)2
for k= k. Here, ky = (g;/8u) '~ and ky = (pu/4v,;) ",

Regime IIIb corresponds to 7y; > 1, ; and u > y;. In this
regime,

Y(k) ~

(136)

>
=
aQ
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for 1 < k < k3, and

k
Y(k) ~1— (1 + —3> e klk
ko

(137)

for k = ks, where k3 = (u/40y;) 12 1n both regimes Illa and

b,
J, = —[lz—Q(%)]evgi(l — vp)), (138)

Jo = —Iy0, (1471), (139)

Jp =30, € vpe Te (Vg + TVGe), (140)

Ty = —4 (i1 )" (v9; — v). (141)

Finally, Regime IV corresponds to 7y; < v,; and
U > p;. In this regime,

1 Voi
Y(k) ~ - (1 _Doi ’</’G>. (142)
C Vi
It follows that:
J = It Pi
,=—|L—-0 - ev(l —v), (143)
Jo= Lo (1+71), (144)
Jpy=Lo,evy, 1, (U9i+‘5v9€)7 (145)
Js =4 (0 1) ' (vo; — v). (146)

J. Freely rotating magnetic islands

Consider a freely rotating magnetic island chain: that is,
a chain which is not interacting with a static, resonant, exter-
nal, magnetic perturbation. This implies that w, =0 in Eq.
(50). Hence, because we have already assumed that
d*¢,/dt* = 0 (i.e., the island is rotating steadily), we con-
clude that J;=0. In other words, there is zero local drag tor-
que acting on a freely rotating island chain.

According to the analysis in Sec. III1, a freely rotating
island chain is characterized by

; 1-0.172n;
Uvmljﬁﬁ"(l—?n.) Y o

(147)

where use has been made of Eq. (28). We conclude that the
phase-velocity of a freely rotating chain is solely determined
by the neoclassical ion poloidal velocity [which is parame-
terized by vg,—see Eq. (35)]. Moreover, the phase-velocity
lies between the unperturbed local perpendicular guiding-
center fluid velocity and the unperturbed local perpendicular
ion fluid velocity (i.e., 0 < v < 1, as is seen experimen-
tally*®) provided that 0 < 5, < 5.81. On the other hand, if
n; > 5.81, then the chain rotates in the local electron diamag-
netic direction (i.e., v < 0).
The analysis in Sec. IITT implies that
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J,=— [1.38 - Q(ﬁﬂevm (1 —vp:)

w

- —[1.38—Q<’v’v">]ev(1 —v),

where use has been made of Eq. (147). Now, it is clear from
Fig. 1 that 1.38 — Q(p;/w) > 0 unless p;,/w = 0.3. However,
p;/w=0.3 then is not consistent with an ion-branch mag-
netic island chain characterized by w > p,;. We conclude
that the perturbed ion polarization current has a stabilizing
effect on the island chain (i.e., J, < 0) provided that the
chain’s phase-velocity lies between the unperturbed local
perpendicular guiding-center fluid velocity and the unper-
turbed local perpendicular ion fluid velocity (i.e.,
0 < v < 1). As we have just seen, this is the case as long as
0 < n; < 5.81. On the other hand, if #; > 5.81 then v <0,
and the polarization term becomes destabilizing.
The analysis in Sec. IIIT yields

(148)

Jo = —1.580, (1 +1). (149)

In other words, magnetic field-line curvature has a stabilizing
effect on the island chain (i.e., J, < 0).
Finally, the analysis in Sec. IIIT implies that

(1 =0.172n;) Tio + (1 +0.2831,) T,o
(1 +1;) Tio ’
(150)

Ty =3.85¢%a,

where we have made use of Egs. (28) and (30), as well as the
standard neoclassical result evg, 1, = 1.67f,, where f,
~ 1.46 esl/ 2 is the faction of trapped particles at the rational
surface.***? Tt follows that the perturbed bootstrap current is
destabilizing (i.e., J, > 0) provided that:

T,
;< 5.81 |1+ (1+0.2837,) T—O .

i0

(151)

K. Locked magnetic islands

Consider a locked magnetic island chain: that is, an
island chain which is interacting with a static, resonant,
external magnetic perturbation whose amplitude is sufficient
to reduce the phase-velocity of the island to zero in the labo-
ratory frame. This implies that v, = 0.

It follows from Eqgs. (29) and (31) that:

n; :1—1.36711,»
1+n 1+n

U:UL,‘ZI%—)LL,'( (152)

We conclude that, in the local plasma frame, the phase-
velocity of a locked magnetic island chain is solely deter-
mined by the neoclassical ion perpendicular velocity [which
is parameterized by v, ,—see Eq. (36)]. Moreover, the
phase-velocity lies between the local perpendicular guiding-
center fluid velocity and the local perpendicular ion fluid ve-
locity (i.e., 0 < v < 1) provided that 0 < i; < 0.73. On the
other hand, if #; > 0.73 then the chain rotates in the electron
diamagnetic direction (i.e., v < 0) in the local plasma frame.
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The analysis of Sec. III1 reveals that the expressions for
J, and J, are the same for both locked and freely rotating
island chains. In other words, magnetic field-line curvature
and the perturbed bootstrap current have the same effect on
the stability of a locked island chain as they have on that of a
corresponding freely rotating chain. On the other hand, the
expression for J,, is [cf. Eq. (148)]

J,;[l.SSQ(%)}evm(lvm) (153)
iff/@,‘>> IA/L,',aIld
J,=—|138— o~ (=0,
p = . 0 W GULz(l UL[)
:—[1.38—Q<&>}u(1—u) (154)
w

if 7g; < v ;. Here, use has been made of Eq. (152). It fol-
lows that the perturbed ion polarization current has the same
effect on the stability of a locked island chain as it has on
that of a corresponding freely rotating chain when the neo-
classical ion poloidal flow damping rate greatly exceeds the
neoclassical ion perpendicular flow damping rate (i.e.,
Dg; > V1 ;). On the other hand, if the neoclassical ion per-
pendicular flow damping rate greatly exceeds the neoclassi-
cal ion poloidal flow damping rate (i.e., v, ; >> vy;), then the
polarization current is stabilizing when 0 < 1; < 0.73, and
destabilizing otherwise. In the latter case, if 0.73 <y; <
5.81 then the polarization current has a stabilizing effect on
a freely rotating island chain, but a destabilizing effect on a
corresponding locked chain.

IV. STRONG NEOCLASSICAL ION POLOIDAL FLOW
DAMPING REGIME
A. Alternative field equations

In the so-called strong neoclassical ion poloidal flow
damping regime, it is helpful to write the field equations
(11)—(15) in the alternative form

0=[p+TNY|+BnJ +o,' Do
X [0 ' T+ V — 0x(¢p 4+ t0ge N) — v9;i — T0g.], (155)

0=1[p,N]—plowV+J, ] —acplp+1N,X]+ DN,

(156)

0=203[p,V]— o, (1 +17)[N,y] +udgV
— S igi[V — dx(d — vgiN)], (157)
0=, 9] + o (1 4+ 1) [N, X] + 9xH, (158)
T =B o5y - 1), (159)

where

H(X,{)=¢€[p—N,0xp] + [¢, V] —a, (1 +7) [N, ]
+ o[V + edx(p —N)| + 01[-0x(¢ — vN)].
(160)
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B. Ordering scheme

The ordering scheme adopted in the strong neoclassical

ion poloidal flow damping regime is:*>°
A5 iy,
A%3° 1 wgi, Vge, U, T, Oy O,
A€ p, B,
A'6°: 0 D,
A5 g

This ordering scheme is suitable for a constant-yy (i.e.,
f < 1) magnetic island chain whose radial width is much
larger than the ion poloidal gyroradius (i.e., p < 1), and
which is embedded in a large aspect-ratio (i.e., € < 1),
high-temperature (i.e., n, D, u<<1) tokamak plasma equi-
librium. The defining feature of the strong neoclassical ion
poloidal flow damping regime is that the ion poloidal flow
damping rate is sufficiently large that the neoclassical ion
stress tensor is the dominant term in the ion parallel equa-
tion of motion.

C. Order A% 6°
To order A° 6°, Egs. (155)—(160) yield

0 = [¢oo + TNoo, Vool (161)
0 = [¢0.0: Nool; (162)
0= —29i[Voo — Ox (oo — veiNoo)], (163)

0 = oo, ¥o,) + o (1 +7) [Noo, X]
+ 9x {1005 Vool — % (1 +7) [Noo, Yopl},  (164)
Oo = 1. (165)

Equations (40), (45), and (165) give Eq. (58). Equations
(41), (42), (161), and (162) lead to Egs. (59) and (60).
Defining M(Q) and L(Q) in accordance with Egs. (61) and
(62), Egs. (41) and (42) yield the boundary conditions (63)
and (64). As before, M =L =0 inside the separatrix.
Equations (59)—(62) and (163) give

V070=—‘X| (M—U(),'L). (166)
According to Egs. (63) and (64), this expression automati-

cally satisfies the boundary condition (43).
Equations (59)-(62), (164), and (166) yield

Vo0,Q] = %dg{(M—UOiL)M}Xz—a(,-(l+t)L|X\,Q :
(167)

It follows that:

do[(M — vp; LYM)X* — o, (1 + 1) L [X| +J(Q),
(168)

1
Joo = 7

where J(Q) is an arbitrary flux function. However, the
lowest-order flux-surface average of Eq. (155) implies that
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EVe Te

_ L
7(Q) =, (m) (voi + wge)(l _W)’ (169)

where use has been made of Egs. (59)—(62) and (166).
Finally, it is easily demonstrated that

X [Jo0,Q] = é (X3 (M — vp; L) M|
+% o (1+7) [sX2 No), (170)
which implies that
(X [Jo0, Q) = 0. (171)

In other words, Jy o does not contribute to the torque integral,
J, [see Eq. (52)]. Thus, in order to calculate J,, and, hence, to
determine the phase-velocity of a freely rotating island
chain, we must expand to higher order.

D. Order A" 5°
To order A' 6°, Egs. (58)—(60) and (155)—(160) yield

0=1[¢;0+ TN, Q] +5[dg + TN, ¥y ] (172)
0 = 5[0, No] + 5 [¢hg, N1,0] + 5D Oy No, (173)
0= —9i[Vip — Ox(d10 — voiN10)], (174)

0 =10, Q] + [Jo0, Y1 ] + o (1 +7) [N10,X] 4 OxH 0,

(175)
O510 =0, (176)
where
Hio = [¢10: Vool +5[do, Vie] — o (14+7)s
X [No, ¥y 0] = o (14 7) [N10, Q)
+dgVoo + i[5 Ox(dg — vNo)]. (77
It follows from Eq. (176) that:
Y10=0, (178)
from Eq. (172) that
$10=—1N10, (179)
from Eq. (174) that
Vio = —(vgi + 1) OxNi 0, (180)
from Eq. (173) that
N1, :D<%>, (181)
and from Eqgs. (175) and (177) that
[1.0,Q] = =0 (1 +7) [N10,X] — OxH1 0, (182)

where
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Hyo=1[Nig, |X| (M —vg;L)] — (vg; + 1) M [|X| doN1 0, Q]
— o, (1 +7) [N10, Q) — p[|X|” d3(M — vg; L)

+3|X|do(M —vo; L) + 01 |X| (M —vL).  (183)

Here, use has been made of Egs. (58)—(62) and (166).
As before, the flux-surface average of Eq. (181) yields
Eq. (85). Equation (181) then reduces to

D dol ) ¢ (184)

V1o, QY = <M+ )

It is clear that Ny ¢ = O inside the island separatrix (because
L =0 there). Hence, we conclude that H;y = 0 inside the
separatrix (because M = L = N g there).

The flux-surface average of Eq. (182) gives

do {([X|H10) + oc (1 +7) (X[ [N10,Q))} =0, (185)
which can be integrated to give
<|X‘H170>+OCL(1—|—‘C) <|X| [NIO;QD :0 (186)

Now, it can be demonstrated that™

(X)) Hyo) = (1+j)"' [t (M — vg; L) — j (ve: + ) Mlda

(X" [N10,Q)) + 1da(M — vg; L)

(X171 [N10, Q) +.j (vo: + 1) M (x|

X [N10,Q]) — o, (1+7) (|X| [N10,Q))

—u (|X17) dG(M — vo; L) — 3 p (| X"*) doy

X (M —vg; L) + 01 (X)) (M = oL),
(187)

X
X

where

(IX|/ [N10,9) =

(DdQL (188)

)<|x1f)22>,
M+ L

and j is a non-negative integer. Hence, Eq. (186) yields
D )~
0 =do | (X*) do(M — vg; L) + T vgi(X2X2>dQL]
dolL
M+L

D

2p
D - =2, doL
— (ot — o) (1 X|X

+ ae) (L+ O{X|X) o

Vii

D

(X* X*)[(vo: +27) doM — v, Tdol]

(X% (M —oL).

(189)

E. Evaluation of J,

According to Egs. (85), (168), and (169),

oo = da o (bt ) ¥ =140 3

€VgeTe

1
(e e (1 ges)
(190)
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forQ > 1, and

EVe Te

Joo = 0 [ ——=——) (vp;
00 n (1 + EVpe Te) (UHI * TUHG)

for —1 <Q < 1. Thus,
Je =Jp, +Jg +Jp, where:

7, :chdg {M(M— <§(0’>)}<X %) dQ

parameterizes the effect of the perturbed ion polarization
current on island stability, whereas

(191)

it follows from Eq. (51) that

(192)

o S 52
o=t [ 2 5

dQ = —Iy0, (1 +1) (193)

(see the Appendix for the definition of /3 = 1.58) parameter-
izes the effect of magnetic field-line curvature on island sta-
bility, and, finally

)
. o X| X
Jb _ an( EVfe Te )(179["‘1'1793)] 2 <| | >dQ

1+ evy, e 1 (X?)
€Vpe Te
— Iy o (225 (v + 0, 194
3 (1+€l/()e'fe) (09 +TU0) ( )

parameterizes the effect of the perturbed bootstrap current on
island stability. It can be seen, by comparison with the analy-
sis of Sec. III1, that J, has the same form in both the weak
and the strong neoclassical ion flow damping regimes,
whereas J;, has very similar forms in the two regimes (in fact,
the forms are identical if e vy, 7, = 1.67f, = 2.44 esl/z < ).

F. Evaluation of Jg

Multiplying Eq. (182) by X and flux-surface averaging,
we obtain

(X [Jo1,Q]) = —da {<X2H1,0> —% (1+1)(x? [NLO,QD}

+ (H10), (195)
which can be integrated to give
J (X [Jo,1,Q) dQ = J (Hi0) dQ, (196)
-1 1

because H; o = 0 inside the separatrix. Making use of Egs.
(52), (187), and (188), we obtain

I, = —f’ifj 4(M — vL)dQ. (197)

1

G. Separatrix boundary layer

The flux-surface functions M (Q) and L(Q) are both zero
inside, and non-zero just outside, the magnetic separatrix.
Retaining selected higher-order terms (containing radial
derivatives) in Egs. (173) and (175), we find that
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(M+1L)[Nio,Q —spJ10,Q ~D(X*doL +L), (198)
s [Jl,()aQ] = _aX[(,b(), VI‘O] = (091' + T)Ma)?[Nl.OvQL (199)
so that Eq. (181) generalizes to give
(M + 1L — (vg; +T) M pdZ}[N10,Q ~ D(X>doL + L),
(200)

which suggests that the apparent discontinuities in the func-

tions M(Q) and L(Q) are resolved in a thin boundary layer of

(unnormalized) width (p) 2y = pp; on the island separatrix.
Inside the boundary layer, Eq. (189) reduces to

D
0~ dyz (M —vg; L +— l)(),‘L)
2u

D
_ﬂdy{(l)()[-’—ZT)M

vy rL} (201)

M + L’
where y=(Q—1)/(py;/w), and d, =d/dy. Note that
do ~ O(w/py;)dy > 1. Here, we have made use of the fact
that (X*) = (X2 X2) close to the separatrix. Let us assume
that M = vy; (1 — vo) L within the layer, where v is a con-
stant. It follows that:

0~ d,(Ld,L)

D (1+21
2,[1(1—120"‘

)(1 —Uo) -7
?) (v — D/2.10)

— 1] (d,L)?, (202)

where T = 1/vy;. Integrating across the layer from just inside
the separatrix (i.e., y — —oo, where L=0) to just outside
the separatrix [i.e., y — oo, where d,L ~ O(py;/w) < 1,
because doL ~ O(1)], we obtain

(d,L)*dy < 1.

2u(1—vo+1)(vo—D/2p

—00

D (1+42%)(1—v)—1 S
)1“

(203)

Now, the integral in the previous expression is positive defi-
nite, and also of order unity. Thus, the only way in which
Eq. (203) can be satisfied is if

D ) (1 —vy) — 7
U200 -wl oty oo
21 (1—vo+1)(vo—D/2p)
or
D D
ug—(1+A)<1+—>vo+(1+%)——0, (205)
u M
which implies that
1/2

(206)

Here, we have chosen the root of the quadratic equation (205)
that corresponds to the obvious physical solution vy = 0 when
D/p= 0."> Note that 0 < vy < 1.
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H. Transformed equations

Equation (189) reduces to

TR (= )(f;ll)]

<€A 1) [(vm +217)2kCdiM + vgirA/kC}
CZ

0=d;

2kCM + 1

_’/% (o0 — 2) (1 + 7) (DTA N 1) (ﬁf‘jﬂ)

Vi rem — ),
u

(207)

where k = [(14Q)/2]"% and A(k), C(k), D(k), and E(k)
are defined in the Appendix. It follows from Eq. (63), and
the analysis of Sec. IV G, that:

M(1) = w0 (1= v0) 5. (208)
v
Mk — o00) = 5. (209)

Furthermore, Equations (192) and (197) yield

Jp——{—Q(pH’ﬂUoino(l—vo)
o Vyi C
+J]+dk [M(M—zkc>] (5—Z>k dk, (210)

Jy = —f/l,»Jl 16<Mk26>dk

respectively. Here, we have evaluated the contribution to
the polarization integral emanating from the boundary layer
on the magnetic separatrix [i.e., the first term on the right-
hand side of Eq. (210)] according to the method set out in
Sec. III H, taking into account the fact that the (unnormal-
ized) thickness of the layer is py;. It remains to solve Eq.
(207), subject to the boundary conditions (208) and (209),
and then to evaluate the integrals (210) and (211). This
task, which involves the elimination of an unphysical solu-
tion that varies as M ~ exp[2 (71 ;/p)"/? k] at large k, can
be performed analytically in the strong ion perpendicular
flow damping regime, 7, ; > u, but must, otherwise, be
performed numerically.

@211)

I. Weak neoclassical ion perpendicular flow damping
regime

Suppose that 7, ; /it < 1. In the limit £ > 1, Eq. (207)
reduces to

di(2k2 dM) — &

(2kM —v) =0. (212)
The solution is
U+ (Vgivp — 0 e 2(wi/w"k
M) = L = Y) 213)

2k ’
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where use has been made of Eq. (209). Here, vy is an arbi-
trary constant.

It follows from Eq. (211) that:
"2 (vgi v — v). (214)

Jo=—4 0w

Hence, vy determines the phase-velocity of a freely rotating
magnetic island chain (see Sec. IIIJ )
In the region 1 < k < (/7 ,) "%, Eq. (207) reduces to

EA

CZ
(1+2%)2kcc1k1\2+%,4/kc
2kCM + 7

0=d, [2k25dk1\71+ (1

EA
+— rok

__A<D'A 1) lw , (215)
i C 2kCM + 7
where
i) = M®) 16)
Vg
a1+
A= voi (voi + T) @17

Recall that T = 1/vy;. Equation (215) must be solved subject
to the boundary conditions

(1) = (1-w0) 7, (218)
Mk — o0) = L (219)

2k’
where use has been made of Egs. (208) and (213). Finally,

_ 27
Jp =05 ps

oo
h d [M(M ! )}8(5 Cz)k3dk 221
+Jl+ k T3kC A . (221

It is clear that vy = vf(D/u, A, %) and J, =J,(D/u, A, %
pg:/w). Figures 3 and 4 show vy and J,, calculated numeri-
cally as functions of D/u, for © =1, py;/w = 1073, and
A =0.5,0.0, and —0.5. Note that v < 1, which implies that a
freely rotating island chain propagates in the electron dia-
magnetic direction relative to the unperturbed local ion fluid,

(220)

and J » <0, which implies that the perturbed polarization
current has a stabilizing effect on the chain. Figure 5 shows
fp, calculated as a function of D/u, for 1 =1, A=0,
and py;/w =107, 1073, and 10!, It can be seen that the
magnitude of the polarization integral, J p»» decreases signifi-
cantly as the relative width of the separatrix boundary layer
increases.”®*” However, the sign of the integral remains nega-
tive. This shows that, although the contribution of the separatrix
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FIG. 3. The island phase-velocity parameter, vy, calculated as a function of
the perpendicular diffusivity ratio, D/, in the weak neoclassical ion perpen-
dicular flow damping limit of the strong neoclassical ion poloidal flow
damping regime. The dashed, solid, and dashed-dotted curves correspond to
A = 0.5, 0.0, and —0.5, respectively. All curves are calculated with 7 = 1
and py;/w=1x 1073,

boundary layer to the polarization integral is reduced when the
finite width of the layer is taken into account, the layer contri-
bution still remains large enough to determine the sign of the
integral. (Note that if the layer contribution was entirely
neglected then the integral would be positive.)

J. Strong neoclassical ion perpendicular flow damping
regime

Suppose that | ;/u > 1, Equations (207)—(209) give

v+ [Uﬂi (1 _ Uo) _ U] e—(6zn,-/“)1/2 (k—1)
2kC

(222)

D/p

FIG. 4. The normalized ion polarization current integral, J p» calculated as a
function of the perpendicular diffusivity ratio, D/, in the weak neoclassical
ion perpendicular flow damping limit of the strong neoclassical ion poloidal
flow damping regime. The dashed, solid, and dashed-dotted curves corre-
spond to A = 0.5, 0.0, and —0.5, respectively. All curves are calculated with
% = land py;/w = 1072,
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D/p

FIG. 5. The normalized ion polarization current integral, J p» calculated as a
function of the perpendicular diffusivity ratio, D/, in the weak neoclassical
ion perpendicular flow damping limit of the strong neoclassical ion poloidal
flow damping regime. The dashed, solid, and dashed-dotted curves corre-
spond to py;/w = 107, 1073, and 107", respectively. All curves are calcu-
lated with 7 = 1 and A = 0.

It follows from Egs. (210) and (211) that:

e ool

5 4
- Q(i) - Q(&> v;ivo (1—v0),  (223)
w w
and
8 .
J, = —\/;n (011 0) v (1 = vo) — 0], (224)
respectively. Here,
2 ' 1/2
o, = (%) ( 'uil> , (225)
€ ) \3nomv;

and it is assumed that p,; < d; < w. Note that we have
again evaluated the contributions to the polarization integral
emanating from boundary layers on the magnetic separatrix
[i.e., both terms on the right-hand side of Eq. (223)] accord-
ing to the method set out in Sec. IIIH. Furthermore,
I, = 1.38 is defined in the Appendix.

K. Freely rotating magnetic islands

This subsection, and Subsection IV L, will concentrate
on the strong neoclassical perpendicular flow damping re-
gime, discussed in Sec. IV ], for which we possess an ana-
lytic solution.

Consider a freely rotating magnetic island chain. As dis-
cussed in Sec. II1J, there is zero local drag torque acting on
such a chain (i.e., J;=0). Thus, it follows from Egs. (28),
(206), and (224) that the chain’s phase-velocity parameter is
given by:
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vo;i + 7T Vgi + 7T D
= i 1 —_ = _—
0= w0 v0) ( 2 )(Uei—f K
D D 2 1/2
%—1—2—<W”T>+(—) >, (226)
HA\Vpi — T I
where

101729

227
1+ 227

Vg

In the limit D/u < 1, the previous two equations reduce to

1—-0.172n; D
P~ (7’7> <1 - —>, (228)
L+n; I
whereas in the opposite limit /D < 1, we get
1 —-0.172n;\ u
~ ) = 229
’ ( 1+, )D 229

We conclude that the phase-velocity of a freely rotating
magnetic island chain is determined by the neoclassical ion
poloidal velocity (which is parameterized by vy;), the ratio of
the perpendicular particle and momentum diffusivities
(which is parameterized by D/u), and the electron-ion tem-
perature ratio (which is parameterized by 7). The phase-
velocity lies between the unperturbed local perpendicular
guiding-center fluid velocity and the unperturbed local per-
pendicular ion fluid velocity (i.e., 0 < v <1, as seen in
experiments*®) provided that 0 < n; < 5.81. On the other
hand, if »; > 5.81 then the chain rotates in the electron dia-
magnetic direction (i.e., v <0).
According to Eq. (223),

J,=— [1.38 - Q(’i‘;'ﬂ 02,10 (1 — v0), (230)

where v, is specified in Eq. (206). Note that 0 < vg < 1. In
the limit D/u < 1, we get

poi\1/1—0.1725,\>D
J,~—1138—-0(— _— —, 231
o)) e
whereas in the opposite limit ;1/D < 1, we obtain
poi\] (1 —0.172n,\* u
, ~ — 138 — Q0 — ) =. 232
nepeo(W)| () 5 e

Assuming that 1.38 > Q(py,;/w) (which must be the case,
otherwise the width of the separatrix boundary layer would
be comparable with that of the island, thus, invalidating our
analysis—see Fig. 1), we conclude that the perturbed ion
polarization current always has a stabilizing effect on the
island chain (i.e., J, < 0). Note, incidentally, that, in the
strong neoclassical ion poloidal flow damping regime, J,, is
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a factor ¢! = (qs/»ss)2 larger in magnitude than in the
weak neoclassical ion poloidal flow damping regime (see
Sec. 111J).2%3¢

L. Locked magnetic islands

Consider a locked magnetic island chain, which is char-
acterized by v, =0. It follows from Egs. (29) and (31) that:

n; > 11367

= . 233

v:vL,-zl-&-hi(

We conclude that, in the local plasma frame, the phase-
velocity of a locked magnetic island chain is solely deter-
mined by the neoclassical ion perpendicular velocity (which
is parameterized by v, ;). Moreover, the phase-velocity lies
between the local perpendicular guiding-center fluid velocity
and the local perpendicular ion fluid velocity (i.e.,
0 < v < 1) provided that 0 < #; < 0.73. On the other hand,
if #; > 0.73 then the chain rotates in the electron diamag-
netic direction (i.e., v < 0) in the local plasma frame.
According to Egs. (28), (29), (31), and (223),

Jp = —|:138 —Q(pllvf)i):|UL,'(Ug,' — UL[)

- [Q(%) —Q(%)]vﬁivo(l =)

(1—13677; :
_—1.65”1(2”’){1—0.72Q(p"”>}
(I+m) w
1-0.1721,\ 2 ((n) Poi
—(———=") w1 - L) —o( R .
( L+ )UO( UO)lQ w ¢ w
(234)
- /._
0.3 /
y
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/
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FIG. 6. The ion polarization current integral, J,, calculated as a function of
the ion temperature gradient parameter, 1;, for a locked island in the strong
neoclassical ion perpendicular flow damping limit of the strong neoclassical
ion poloidal flow damping regime. The dashed, solid, and dashed-dotted
curves correspond to 4, /w = 1073, 1072, and 107!, respectively. All curves
are calculated with = 1, D/u = 1, and py;/w = 1073,
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Figure 6 shows J, plotted as a function of #; for various dif-
ferent values of d, /p,;. It can be seen that the perturbed ion
polarization current has a stabilizing effect on a locked mag-
netic island chain (i.e., J, < 0) when #; is less than about
0.75 and a destabilizing effect when it exceeds this value.

V. SUMMARY AND CONCLUSIONS

In this paper, we have calculated the effect of the per-
turbed ion polarization current on the stability of ion-
branch, neoclassical tearing modes in tokamak plasmas
using an improved, neoclassical, four-field, drift-MHD
model. The improvements to the model are described in
Section I. The calculation involves the self-consistent deter-
mination of the pressure and scalar electric potential pro-
files in the vicinity of the associated magnetic island chain,
which allows a determination of the chain’s propagation ve-
locity. We have considered two regimes. First, the so-called
weak neoclassical ion poloidal flow damping regime in
which neoclassical ion poloidal flow damping is not strong
enough to enhance the magnitude of the polarization current
(relative to that found in slab geometry)—see Sec. III.
Second, the so-called strong neoclassical ion poloidal flow
damping regime in which neoclassical ion poloidal flow
damping is strong enough to significantly enhance the mag-
nitude of the polarization current—see Sec. IV. In both
regimes, we have considered two types of solution. First,
freely rotating solutions (i.e., island chains that are not
interacting with static, resonant, magnetic perturbations)—
see Secs. IIIJ and IVK. Second, locked solutions (i.e.,
island chains that have been brought to rest in the labora-
tory frame via interaction with static, resonant, magnetic
perturbations)—see Secs. III K and IV L.

In the weak neoclassical ion poloidal flow damping re-
gime, the island width evolution equation of a freely rotating
island chain takes the form

d (W L r
8231 — (— | =Ary+ 154128 (Z2) (=2
0.823 1z 7 (G) ry+ 1541 ¢, ﬁp L) \w

T
X [(1 —0.172n;) + (1 +0.2831,) Tg]

—12.64 8, < Li)(%)

<aem @ 7]

L,\? Pi 2 (s
—103-5ﬂﬂ<ri) (w) (w)”

Pi
where
4.5 2.2
P() =1 s T (236)

Here, W = 4w is the full radial island width, r is the minor
radius of the rational surface, e; =r;/Ry is the inverse
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aspect-ratio, Ry is the major radius, tg = o7 /'7H is the
resistive diffusion timescale, ) is the parallel resistivity, AN
is the tearing stability index, 8, = uyn. T; /Bj is the poloi-
dal ion beta, p; = (T; /m,)l/2 (m,/eB ) is the ion gyroradius,
By is the equilibrium poloidal magnetic field-strength, B, is
the equilibrium toroidal magnetic field-strength, m; is the
ion mass, e is the magnitude of the electron charge, n, is the
equilibrium electron number density, 7; is the equilibrium
ion temperature, 7, is the equilibrium electron temperature,
L, is the equilibrium density scale-length, L, is the equilib-
rium safety-factor scale-length, L. is the mean radius of cur-
vature of magnetic field-lines, #; = dInT;/dInn,, and
, = dInT,/dlnn,. All quantities are evaluated at the
rational surface. The first term on the right-hand side of the
previous equation governs the intrinsic stability of the
island chain, the second term parameterizes the effect of the
perturbed bootstrap current on island stability, the third
term parameterizes the effect of magnetic field-line curva-
ture on island stability, and the final term parameterizes the
effect of the perturbed ion polarization current on island
stability. It can be seen that the perturbed bootstrap current
is destabilizing when #; < 5.81[1 + (1+0.283n,)7T./Ti],
magnetic field-line curvature is always stabilizing, and the
perturbed ion polarization current is stabilizing provided
that 0 < n; < 5.81.

In the weak neoclassical ion poloidal flow damping re-
gime, the island width evolution equation of a locked island
chain takes the form (235) when the neoclassical ion poloidal
flow damping rate greatly exceeds the neoclassical ion per-
pendicular flow damping rate. However, in the opposite
limit, the island width evolution equation becomes

d w 1/2 L s
0.823 7 (7) =Ar+1541€/7 B, (L—q> (W)

T
X [(1 —0.172n;) + (1 +0.2831,) Te}

—12.64 8, (LLi ) (;})

caem+ @ 7]

wsn () (2) (G

("’;)n,(l —1.367n,).

It can be seen that, in this case, the ion polarization term is
modified in such a manner that it is stabilizing when
0 < n; < 0.73. This result gives rise to the interesting possi-
bility that, when 0.73 < n; < 5.81, the polarization current
can have a stabilizing effect on a freely rotating island chain,
but a destabilizing effect on a corresponding locked chain.
This may help to explain the common experimental observa-
tion that locked magnetic island chains grow to anomalously
large widths compared with similar freely rotating chains.

In the strong neoclassical ion poloidal flow damping re-
gime, the island width evolution equation of a freely rotating
island chain takes the form

(237)
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(238)
where
2
&= <@> , (239)
€s
1 D D /1 o 2]
Uo=< +‘Eo) 142 1_2_< —ro)+ D 7
2 u\1l+r1 u
(240)
B 1+, T,
0= (1 —0.172;7,) T (241)

Here, D/ is the ratio of the perpendicular particle diffusiv-
ity to the perpendicular ion momentum diffusivity at the
rational surface, g is the safety-factor at the rational surface,
and py; = (¢s/€s) p; is the poloidal ion gyroradius. Note that
0 < wvp < 1. It can be seen, by comparison with Eq. (235),
that in the strong neoclassical ion poloidal flow damping

12« 1
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FIG. 7. The threshold neoclassical island width function, F, calculated as a
function of ;. The dashed, solid, and dashed-dotted curves correspond to
v; = 0.1, 1.0, and 10.0, respectively. The other calculation parameters are
Ne="n;, Te/Ti=1,D/u=1,L;/L. =0, ¢, = 0.1.
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regime the ion polarization term is enhanced by a factor £ =
(gs/€s)* compared with that in the weak neoclassical ion
poloidal flow damping regime.?*** Moreover, the polariza-
tion term is always stabilizing (except if #; = 5.81, when it
is zero). [Note, incidentally, that the expression for the ion
polarization term appearing in Eq. (238) only holds in the
strong neoclassical ion perpendicular flow damping regime,
discussed in Sec. IV J. In the weak neoclassical ion perpen-
dicular flow damping regime, discussed in Sec. IV, the
expression for the polarization term is similar in nature, but
much more complicated in form.]

Finally, in the strong neoclassical ion poloidal flow
damping regime, the island width evolution equation of a
locked island chain takes the form

d (W L I
8231 — (— | =Ary+ 154128 (Z2) (2
0.823 1 7 (i‘s> rs+1541¢€;'" B, AN

T,
x [(1 —0.1721;) + (1 +0.2831,) —1

T;
L2\ /r
—12.64 (=
o (14 ()

X {(1 +n)+(1+n) %}

Lq ? Pi ?
s, (2)](2)

rS
X (W) n; (1 —1.367n;), (242)
L\ o\ (s ((M) Poi
s, (B) (2 (1) [ ) ()
x (1 =0.1721;)% vy (1 — v). (243)

Here, 0, = (g5/¢) 2u, ;/3n.m; VL,-)I/Z, where p, ; is the
ion perpendicular viscosity, and v ; is the neoclassical ion
perpendicular damping rate. Roughly speaking, in this case,
the ion polarization term is modified in such a manner that it
is only stabilizing when 0 < 5;<0.75 (see Fig. 6). This
result again gives rise to the interesting possibility that, when
n; =0.75, the polarization current can have a stabilizing
effect on a freely rotating island chain, but a destabilizing
effect on a corresponding locked chain.

According to fluid theory, the enhancement factor of the
perturbed ion polarization current in the strong neoclassical
ion poloidal flow damping regime is & = (¢;/€)>. %
However, it should be noted that, according to kinetic
theory,22’49’50 there exists an intermediate neoclassical ion
poloidal flow damping regime in which the enhancement
factor is reduced to €/? (q/ &), In this intermediate re-
gime, only the contribution of the trapped ions to the polar-
ization current is enhanced. It is possible to crudely
incorporate the intermediate flow damping regime into our
analysis by writing the enhancement factor in the form®'~*

(e (o
s |U|+€s3/2 lA/,‘ €s

(244)
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Here, ; = v;/ (e ko Vi), where v; is the ion collision fre-
quency, and v is the island phase-velocity parameter defined
in Eq. (31). For the case of a freely rotating island chain,

1-0.172 7,
V= |—F""""")0p.
1+n 0

(245)
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for the threshold island width above which a neoclassical
tearing mode grows to large amplitude:

LN\/2 2 { Poi
Weie =2.39p,.(=2) pU?2 (200
' Pri <Ln> Wcrit

XF(nw’1[7T6/TiaD/,uan/LCaﬁi76A‘)7 (247)
On the other hand, for the case of a locked island chain,
where
1 —1.367n;
- Tnn (246)
l F=+GH, (248)
For the case of a freely rotating magnetic island chain in
the strong neoclassical ion poloidal flow damping regime 1 —0.172 0, vo + & (1 +1,)
(which is the regime that is most relevant to experiments), = - 0172 32 ., ) ) (249)
Egs. (238), (244), and (245) yield the following expression 1= 0172 vo + &7 2 (1 + ;)
|
1—0.1721;) % vo (1 —
(1-0.1725,) + (1 +0.283n,) (T./T;) — 0.820 ( L,/e)”L ) [(1+n) + (1 +n,) (T./T))]
|
and p,,; = €//? (qy/€;) p; is the ion banana width. Here, vy is ~ APPENDIX: USEFUL INTEGRALS
specified in Eqgs. (240) and (241), whereas P is specified in Let k = [(1+Q)/212. Th
Eq. (236). Figure 7 shows F calculated as a function of #; for © [(1+Q)/2] . Then,
various different values of ;. In all cases, it can be seen that A(k) = 2k (1) = (2/m) kK (k) 0<k<1 (A1)
F falls to zero at n; = 5.81. As is clear from Eq. (245), this is - - (2/m)K(1/k) k> 1,
the critical value of 5; above which the island rotation, rela-
tive to the local guiding center fluid, switches from the ion to and
the electron diamagnetic direction. Such a switch is likely to (2/7) sin~! (k) 0<k<l1
trigger a neoclassical tearing mode (because the threshold B(k) = (X|) = ) £ 1 (A2)
island width falls to zero as the switch occurs). A reduction > b
in collisionality (i.e., in ;) is also likely to trigger a neo- and
classical tearing mode (because the threshold island width is
a decreasing function of 7;). )= x?)
An obvious extension of the analysis presented in this 2k
paper would be to incorporate island saturation terms. This 2/n + (k2= I)K(k)]/k 0<k<1
would involve taking into account gradients in the unper- 2 l 0 1
turbed equilibrium plasma current in the vicinity of the (2/m) / -5
rational surface, as well as the temperature dependence of (A3)
the plasma 1resistivity.7’9 Another obvious extension would and
be to include localized heat sources (e.g., electron cyclo- X
tron resonance heating) and sinks (e.g., impurity radiation), D) = (IX]7)
in combination with an asymmetry of the island chain with T 4k2
. 54
respect to the rational surface. B { (2/7) Sin—l(k) [1 . 1/(2 kz)] 0<k<1
- _ 2
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Here,
/2
E(k)=| (1—k?sin’u)"? du, (A6)
0
/2
K(k) = J (1 — k2 sin®u) "/ du (A7)
0
are standard complete elliptic integrals.*®
The following integrals are useful:
4[2k% - 1) A—2k2C)°
I = J ( ) A ] dk = 0.823, (A8)
0 A
2 (¥4 (EA
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