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The attractive “hybrid” tokamak scenario combines comparatively high g¢s5 operation with
improved confinement compared with the conventional Hog ,» scaling law. Somewhat unusually,
hybrid discharges often exhibit multiple neoclassical tearing modes (NTMs) possessing different
mode numbers. The various NTMs are eventually observed to phase lock to one another, giving
rise to a significant flattening, or even an inversion, of the core toroidal plasma rotation profile.
This behavior is highly undesirable because the loss of core plasma rotation is known to have a
deleterious effect on plasma stability. This paper presents a simple, single-fluid, cylindrical model
of the phase locking of two NTMs with different poloidal and toroidal mode numbers in a tokamak
plasma. Such locking takes place via a combination of nonlinear three-wave coupling and conven-
tional toroidal coupling. In accordance with experimental observations, the model predicts that
there is a bifurcation to a phase-locked state when the frequency mismatch between the modes is
reduced to one half of its original value. In further accordance, the phase-locked state is character-
ized by the permanent alignment of one of the X-points of NTM island chains on the outboard mid-
plane of the plasma, and a modified toroidal angular velocity profile, interior to the outermost
coupled rational surface, which is such that the core rotation is flattened, or even inverted. © 2015

AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4919030]

I. INTRODUCTION

A magnetic confinement device is designed to trap a
thermonuclear plasma on a set of toroidally nested magnetic
flux-surfaces. Heat and particles flow around flux-surfaces
relatively rapidly due to the free streaming of charged par-
ticles along magnetic field-lines. On the other hand, heat and
particles are only able to diffuse across flux-surfaces rela-
tively slowly, assuming that the magnetic field-strength is
sufficiently high to render the particle gyroradii much
smaller than the minor radius of the device. This article will
concentrate on the fokamak, which is a type of toroidally axi-
symmetric magnetic confinement device in which the mag-
netic field is dominated by an approximately uniform
toroidal component whose energy density is much larger
than that of the plasma.’

Tokamak plasmas are subject to a number of macro-
scopic instabilities that limit their effectiveness. Such insta-
bilities can be divided into two broad classes. So-called ideal
instabilities are non-reconnecting modes that disrupt the
plasma in a matter of microseconds.’ However, such instabil-
ities can usually be avoided by limiting the plasma pressure
and/or by tailoring the toroidal current profile.® Tearing
modes, on the other hand, are relatively slowly growing
instabilities that are more difficult to prevent.”* These insta-
bilities tend to saturate at relatively low levels,”™® in the pro-
cess reconnecting magnetic flux-surfaces to form helical
structures known as magnetic islands. Magnetic islands are
radially localized structures centered on so-called rational
flux-surfaces that satisfy k - B = 0, where k is the wave vec-
tor of the instability, and B is the equilibrium magnetic field.
Magnetic islands degrade plasma confinement because they
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enable heat and particles to flow very rapidly along field-
lines from their inner to their outer radii, implying an almost
complete loss of confinement in the region lying between
these radii.’

Conventional tearing modes are driven unstable by in-
ductive current gradients within the plasma and are relatively
straight-forward to avoid in non-pathological tokamak dis-
charges.®> On the other hand, so-called neoclassical tearing
modes are driven unstable by the perturbed bootstrap cur-
rent'®'" and are virtually impossible to avoid in high-f dis-
charges.'” Neoclassical tearing modes are conveniently
classified in terms of the poloidal and toroidal mode num-
bers, m and n, respectively, of the associated magnetic island
chains. The mode numbers of neoclassical tearing modes
typically observed in high-f# tokamak discharges are
m,n=>5,4;4,3; 3, 2; and 2, 1.13 Note, however, that neo-
classical tearing modes with different mode numbers do not
usually occur simultaneously in such discharges.”>™'® In
other words, the presence of a 5, 4 neoclassical tearing mode
usually implies the absence of a 4, 3 mode, and vice versa.

The so-called hybrid scenario combines comparatively
high gys operation with improved confinement compared
with the conventional Hog ,» scaling law.'”"!8 If this scenario
could be reproduced on ITER then it would enable high-Q
operation at reduced plasma current, which would be highly
advantageous.'”?® Somewhat unusually, hybrid discharges
often exhibit multiple neoclassical tearing modes possessing
different mode numbers. For example, 2, 1 and 3, 2 neoclass-
ical modes have been observed simultaneously in both
DIII-D and JET hybrid discharges.?'** In addition, 4, 3 and
5, 4 modes have been observed simultaneously in JET hybrid
discharges.” In all cases, the various modes are eventually

© 2015 AIP Publishing LLC
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observed to phase lock to one another, giving rise to a signif-
icant flattening, or even an inversion, of the core toroidal
plasma rotation profile.”*** This behavior is highly undesir-
able because the loss of core plasma rotation is known to
have a deleterious effect on plasma stability (because it facil-
itates locked mode formation).

The aim of this paper is to present a simple, single-fluid,
cylindrical model of the phase locking of two neoclassical
tearing modes with different poloidal and toroidal mode
numbers in a tokamak plasma. Such locking takes place via
a combination of nonlinear three-wave coupling?*2® and
conventional toroidal coupling.?’~2° It is of particular interest
to establish the final phase relation of the phase-locked
islands, as well as the effect of the phase locking on the
plasma toroidal rotation profile.

This paper is organized as follows. In Sec. II, we intro-
duce the fundamental building blocks of our theory. In Sec.
III, we describe a simple model plasma equilibrium that is
adopted in this paper to facilitate calculations. In Sec. IV, we
analyze the nonlinear three-wave coupling of three neoclass-
ical tearing modes with different poloidal and toroidal mode
numbers. In Sec. V, we describe the conventional toroidal
coupling of two neoclassical tearing modes with a common
toroidal mode number. In Sec. VI, we combine the analysis
of Secs. IV and V to explain how two neoclassical tearing
modes with different poloidal and toroidal mode numbers
can phase lock to one another. In Sec. VII, we investigate the
phase-locking thresholds associated with the three different
phase-locking mechanisms discussed in Secs. IV-VL
Finally, we summarize the paper in Sec. VIIIL.

Il. PRELIMINARY ANALYSIS
A. Plasma equilibrium

Consider a large-aspect-ratio tokamak plasma whose
magnetic flux-surfaces map out almost concentric circles in
the poloidal plane. Such a plasma is well approximated as a
periodic cylinder. Suppose that the minor radius of the
plasma is a. Let us adopt standard cylindrical coordinates: r,
0, z. The system is assumed to be periodic in the z-direction,
with period 2m R, where Ry is the simulated plasma major
radius. It is helpful to define the simulated toroidal angle
¢ =z/Ry, as well as the normalized radial coordinate
F=r/a.

The equilibrium magnetic field is written

B =B,[0, eBy(#), 1], (1

where

a
€ R0<< , 2)

is the inverse aspect-ratio of the plasma. Here, By, > 0 is the
(approximately uniform) toroidal magnetic field-strength.
The equilibrium plasma current takes the form

B
1oJ = R—¢ [0, 0, a(7)], 3)
0

where
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a(F >1)=0. “4)

The function ¢(7) parameterizes the toroidal current profile.
The safety-factor profile is defined

f

By

q(F) = 5

Moreover, the safety-factor and current profiles are related

via
N ld [#?
0(')—’7% (z) (6)

Note that a conventional tokamak plasma is characterized by
a positive, monotonically increasing (in 7), O(1), safety-
factor profile. This implies that ¢(7) is positive, monotoni-
cally decreasing, and O(1).

B. Magnetic perturbations

We can write the total magnetic field as

B(r,1) = V{(r,1) x e, + By e, 7
where
m>0 ]
Y(r,t) = eByay**(F) + eByay Y™ (F,1)et "0,
)

and |y ™" < [ *°| for all m, n # 0,0. This representation is
valid as long as m > n e for all m,n # 0, 0.6
For the special case of the 0, 0 harmonic, we have

diy*? P 9

ar q ©)
For the other harmonics, the linearized equations of margin-
ally stable, ideal-MHD, which govern small-amplitude, heli-
cal magnetic perturbations throughout virtually all of the
plasma (and, also, in the vacuum region surrounding the
plasma), yield*

9> 190 m*\ . md ..
(Lol Dy 17y o, a0

where

Fm(7) :2 (m—ngq), (1)

and ' = d/dr. Close to the magnetic axis, the well-behaved
solutions of Eq. (10) take the form

Yo ) = AQ) P, (12)

where A(?) is arbitrary. If we assume that there is a perfectly
conducting wall at r/a = b, where b > 1, then the appropri-
ate boundary condition at 7 = b is*

Y™ (b, 1) = 0. (13)
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C. Shafranov shift

We can simulate a small Shafranov shift of the magnetic
flux-surfaces by applying a static, 1, O perturbation to the
equilibrium. Thus, if

(7, 0)

then the Shafranov shift (normalized to a) is

=y %) + ' O(7) cos, (14)

A(7,0) = A7) cos 0, (15)
where

1,0 P P 1.0 H
_dl//zp()*(’(/;f 4l )té D e

AY(F) =
It is convenient to normalize the y '°(#) eigenfunction such

that

B Aal’o le,o

qa

Y O(F) (7), (17)

where l’O(f) and A are real, ¢, = ¢(1), and

~ 1,0

Yo =1 (18)
It follows that A™*(1) = A, In other words, A is the
Shafranov shift at the edge of the plasma. Assuming that
A al'o > 0, the simulated outboard mid-plane of the plasma corre-

sponds to 0 = 0 (because the Shafranov shift is in the direction of
the outboard mid-plane in conventional tokamak plasmas>”).

D. Rational surfaces

Equation (10) becomes singular at the rational surface,
7 =7"" where

F™(7m1) = 0, (19)

indicating a local breakdown of marginally stable, ideal-
MHD.* Defining

(20)

the most general solution to Eq. (10) in the vicinity of the
rational surface takes the form?®2

Y t) = CL (O + A x (Infx] = 1) 4 -+ ]

+ M)+ ), 1)
where
A
Jmn |:mr( 0'):| 7 22)
ns jman
and
Fd
s(i) =221 (23)
q dr

According to conventional asymptotic matching theory, the
coefficient of the large solution, C Lm " must be the same on
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both sides of the rational surface, whereas the coefficient of

the small solution, C¢"", can be different on either side.®! Let

\I]Wl,n(t) — C[I:ﬂ.}’l’ (24)

AP (1) = [CI . (25)

Here, " (¢) is the (normalized) reconnected magnetic flux
at the rational surface, whereas AWY""(¢) parameterizes the
strength of the m, n current sheet at the same surface.’%3?

It is helpful to normalize resonant perturbations (i.e.,
perturbations with rational surfaces lying within the plasma)
such that

A~ mn

YR ) =YY (), (26)

where
y"0) =9 () =0, @7)
by =1, (28)

and gAbm"n (7) is real. The conventional tearing stability index
for the m, n mode (i.e., A’ normalized to the radius of the

rational surface*) then becomes>’
~ mn "
Ay
E™" = {r 4 o ] o (29)
dr | pm

Thus, if mode coupling effects are neglected then
AY™" = E™ Y™ Note that, for the sake of simplicity, we
are neglecting any dependence of the stability index, E™",
on the island width.®™®

E. Nonlinear magnetic island physics
Let

g =" el 0, (30)
where W™ (1) is real and positive, and ¢™"(¢) is real. Making
use of the well-known constant-i approximation,* which is
valid provided that [A®"™"|W"" < |¥"™"|* the reconnected
magnetic flux at the m, n rational surface gives rise to a mag-
netic island chain whose full radial width (normalized to a) is

lilm"n
W =4 [

1/2
W} | b

The island X-points are located at angular positions that
satisfy

ml—n¢+ ™" =j2n, (32)

where j is an integer (i.e., at positions where
Re{yy™"(F™" 1) exp[i(m0 —n¢)]} attains its maximum
positive value). Likewise, the island O-points are located at

mo—ng+ o™ = (2~ ), (33)

(i.e., at positions where Re{y/™"(7"™", ) exp[i(m0 — n ¢)]}
attains its maximum negative value).
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The well-known Rutherford island width evolution
equation takes the form™"!

dWmA,l'l A\Ij m,n Amn
0.8227 ¢/ i S5 — Re (—m> —925 YL
dt b s
y < m >2 Lo fp/ ’;m,n
~mn 2 myn’
ner B s W

(34)
where s™" = s(F™"), and 13" = (pya?/n);m is the resis-

tive evolution timescale at the m, n rational surface. Here,
n(r) is the plasma (parallel) resistivity profile, whereas p(7)
is the plasma pressure profile.

The final term on the right-hand side of Eq. (34) repre-
sents the destabilizing influence of the perturbed bootstrap
current.'’ Here, we are assuming that the magnetic island
width exceeds the threshold value required to flatten the
pressure profile within the island’s magnetic separatrix.''
We are also assuming that the island width exceeds the ion
banana width.** Note that the stabilizing effect of magnetic
curvature (which is generally smaller than the destabilizing
effect of the perturbed bootstrap current) is neglected in this
paper.®

Finally, adopting the standard no-s/ip assumption (that a
magnetic island chain is convected by the local plasma,
which is effectively trapped within its magnetic separa-
trix),30 we can write

dQD m,n
dt

= —mQy" +n Q" (35)

where Q"' =Qy(7™",1) and QF"" = Qu(F"™",1). Here,
Qy(7,1) and Qy(7,1) are the plasma poloidal and toroidal
angular velocity profiles, respectively.

F. Toroidal torque balance

It is easily demonstrated that zero net toroidal elec-
tromagnetic torque can be exerted in any region of the
plasma governed by the equations of marginally stable,
ideal-MHD.?*** However, the equations of marginally
stable, ideal-MHD break down in the immediate vicin-
ities of the various rational surfaces inside the plasma.
Hence, it is possible for localized torques to develop at
these surfaces. The net toroidal electromagnetic torque
that develops in the vicinity of the m, n rational surface
is written’%-*

2n28£a4 g

STM! = ST, 36
EM Lo RO EM ( )

where
0T by = nIm[AWY ™" (P, (37)

It is assumed that the poloidal velocity profile is fixed,
due to the presence of strong poloidal flow damping in the
plasma.®*3° If AQy (7, 1) is the modification to the plasma to-
roidal angular velocity profile caused by the localized
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electromagnetic torques acting at the various rational surfa-
ces then we can write™”

oAQ, 10 HAQ
2 ¢ Y N —
P o T For (“r o7 ) 0 (38)
where
%:AQMIJ):O. (39)
=

Here, p(#) and u(7) are the plasma mass density and (per-
pendicular) viscosity profiles, respectively. The localized
viscous toroidal torque that develops at the m, n rational sur-
face, as a consequence of the modification to the toroidal
angular velocity profile, is>°

OAQ,]"
oTy" = 472 Rg [,uf 5 qﬂ
7

(40)

Torque balance at the m, n rational surface requires

that*%-3
Ty + 5T\',"S’" =0, 41
which reduces to
5 A
2 (‘L'ZL'") 8AQ¢ + A LI
F = —0Tpy 42
€? Tﬁ’n 4 or fmn EM> ( )

where 1" = (Ro \/llg p/Bg);ns is the hydromagnetic time-
scale at the m, n rational surface, whereas t;;" =
(a?p/w);ms is the corresponding momentum diffusion
timescale.

G. Nonlinear coupling

Consider the nonlinear (i.e., emanating from the 4J X
OB term in the marginally stable, ideal-MHD, force-balance
equation) coupling of the m, n,, the m,, n,, and the ms, n;3
modes. Of course, such coupling is only possible when the
mode numbers satisfy the standard three-wave coupling
constraint®*?

m3 = my + my, (43)
n3 = n; + no. (44)

According to the analysis of Ref. 26 (adopting the conven-
tional, large aspect-ratio, tokamak orderings
g~ O(1), e < 1, and m > ne), the coupling is such that

A\Pml,nl — Eml,nl \Pml,nl +Ci’l1,n2ﬁn3 (\sz,nz)* \ng,n3’ (45)

my,my,ms3

ALIsz,nz — Emz,nz \sz,nz _‘r_cn.‘nz,ng (\Pml,nl)* \ng.m’ (46)

my,my,m3

AW B33 — Fm3ns s +C”17n2~,"3 Y 71\ i

my,my,m3 ’

(47)

where
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1
ny,ny,n3 ni,ny,n3 - n
lel 7I’12‘[2,;)13 - J tmll ,n12,:r13 (r> dr7 (48)
/ /
gmmas (5) = | (& mlv”l) gy g e s
1,102,113 4 Fman fmsny
l
G omyng 4 Moy 4 mz,n3 my ms
+ l’b r (‘// ) lp le,nl Fm3.113
niy mp

i
A my,np A ma Ny L A mz,n3
BT ()
(7/q) (2—0aq)
Fmun Fmon | myns :
(49)

5 mysn

+y

4 Myny 4 m3,ng

ooy

lll. MODEL PLASMA EQUILIBRIUM
A. Current and safety-factor profiles

In the following, to facilitate calculations, we adopt a
model plasma equilibrium in which

i ={g'" 5 (50)

where 0 < ¢ < 1. It follows from Eq. (6) that

~ _ ) qo r<c
q(F) = {qo (f/c)2 F>c’ 1)
from Eq. (23) that
N 0 r<c
s(r)_{2 f>C’ (52)
and from Eq. (11) that
c
F™'(¢) = — (m — nqp). 53
(c) 7 ( q0) (53)
Furthermore
1/2
¢ = (@) , (54)
Ga
and
/(A 2 ~
d(#)=—=—=06(F —¢). (55)
qo

B. Linearized, marginally stable, ideal-MHD equation

Equations (10), (26), (53), and (55) reduce to

d2 1d m2> ~ m,n
(Grria)im=0
with
~ m,nct+
N dl#m1:| 2m A m,n
' = - : 57
[’ dr le- (m—nqo) Voo 57)
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C. Shafranov shift

For the 1, 0 mode (which parameterizes the Shafranov
shift of the equilibrium magnetic flux-surfaces), Eqgs. (17),
(18), (56), and (57) give

~ 1,0, 7

Y (F) = Pl (53)
for0 <7 <c¢,and

A 1,0, 1

¥ (P =% (59)

for ¢ < 7 < 1. Thus, it follows from Egs. (16), (51), and (54)
that

AR = AL (60)

In other words, the Shafranov shift is uniform across the
plasma. It is also clear that

< 1,0 1
N — 1
(€)==, (61)
and
~ 1,0 ~ 1,0
1, dy Ldy
Z =0. 2
2<r ai | T ar H) 0 (©2)

D. Eigenfunction of tearing mode

For a resonant mode, assuming that ¢ < 7" < 1, Egs.
(11), (19), (51), and (54) yield

1/2
prn < m > . (63)
nqa

Furthermore, Egs. (27), (28), (56), and (57) give

(m —nqo) (#/c)™

b = 64
e e G e R
for0 <7 <¢,and
R (m—1—nqo) (7/c)™ 4+ (7/c)™"
= , (65
l// (I’) (m 11— n(Io) (}"Am"n/c)er + (rAm.n/C)fm ( )
forc <7 <7/™" and
~ +m ~ —m
I/Ajm,n(f) _ (I /b) — (r/b) (66)

= (f”1’n/b)+m _ (’cm,n/b)—m’

for #™" < 7 < b. It follows from Egs. (29), (65), and (66)
that

mn _ o, m—1-— ngqo+ [qo/qb]m
E 2 ([l(m/nq;,)m] [mlI’ICI()+(I’ZC]0/WI)m]>7
(67)

where ¢, = ¢, b?> = q(b). Note that E'"" = oo for the special
case of m =1 internal-kink modes. For conventional m > 1
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tearing modes, it is easily demonstrated that E™" <0
provided

nqogm—1+(@) . (68)
qb

Finally, it is also clear that

A~ m,n m —nqgo

voo(c)= ;
=T o) (n/n )"+ ol )™
(69)
and
1 cdl}mm cdl}m’n _m(m—1—nqo) 5 mn,
2<’ dar (.7+’ dar H) - (m—nqo) ©)

(70)

IV. NONLINEAR COUPLING OF THREE
NEOCLASSICAL TEARING MODES

A. Introduction

Consider the nonlinear coupling of three modes, resonant
at three different rational surfaces within the plasma, whose
mode numbers are my, ny; mo, no; and ms, ns, where msz =
m; + my and n3 = n; + ny. The fact that the modes are reso-
nant implies that ny, ny,n3 > 0. It is assumed that m; # 1 and
my # 1. In other words, none of the coupled modes are m =1
internal-kink modes. It follows that the modes in question are
all tearing modes. Without loss of generality, we can write
my/ny < my/n,, which implies that m/n; < msz/n;
< my/n,. Hence, according to Eq. (63), 7™ < 7"
< F™" Tt is assumed that all three tearing modes are intrinsi-
cally stable—i.e., E™ "™ E™"2 [": < ()—but are main-
tained in the plasma by the destabilizing influence of the
perturbed bootstrap current. Such modes are conventionally
termed neoclassical tearing modes.

B. Nonlinear coupling

Equations (48), (49), (53)—(55), and (70) yield

Cm,ng,;u _ 3 qa miy myp ms
my oy my 2 (m1 — n1qo) (M2 — n24qo) (M3 — N3 qo)
x (m—1—ng) """ )" () )" (),
(71)
where
s 2 o
3 3
_ mAnm+n 2n3
= = 3 - 73
" 3 3 (73)

Thus, it follows from Eq. (69) that

34a
Cnl,l‘lz,l‘l3 — q (ﬁ?*l*ﬁqo)Amhnl Amz.nz Am3,n37 (74)

my,ny,ny 2

where

Phys. Plasmas 22, 042514 (2015)

m
AMn — . (75
(m 1 nC[O) (m/nqo)m/2 + (nqo/m) m/2 (75)

It is easily demonstrated that A™" >0 provided that
nqgo < m, as must be the case for a resonant tearing mode.
Moreover, m — 1 — 71 gg > 0 provided that

qo < ——, (76)
n3

as is assumed to be the case.

C. Island width evolution equations

According to Egs. (30), (31), (34), (45)—(47), (52), (63),
and (74), the Rutherford island width evolution equations of
the three coupled tearing modes take the form

~myng 2 dw™m _ omn ~ nmy 2 W
T (FM0m) —a =E™™" + B, (i’t—1> o
3
+§ (m _ 1 _ ﬁqo) Arm,m Amz‘nz
2 2
wmz,ﬂz wn13,113
x A3 ( (w)mlil)z ) cos @,
(77)
dwmn o me\ 27
A~ Moo 2 — Emz,nz _2
g (77") i + ﬁ0<n ) T
3
3 (m = 1= 7igo) A" A"
mp,n 2 ms.,n 2
x A Qo) ” (wr) cos
(sz,nz)z ?
(78)
dw ™ R m 2 /,c ms,n3
Amz.nz) 2 — EM3 3
¢ (7 ) e +ﬂo<n3> s
3
+§ (n—,l _ 1 _ ﬁqo) Aml,nl Amz,ﬂz
2 2
w w22
x A3 ( (W)m’(m)z ) cos @,
(79)
where
m,n W
w - 23/2 fmon ’ (80)
and
(P — (pml,nl + (pmz,nz _ (ng,ng. (81)
Note that W"" = (wm")?/q,. Furthermore, 1 =

0.8227 (232 uya®/n) is the effective resistive evolution
timescale of the plasma. Here, for the sake of simplicity, the
plasma resistivity, #, is assumed to be uniform across the
plasma. Finally

p Po

o =3.27 TR (82)
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Ho Po
Bo = B2 (33)
¢

where, for the sake of simplicity, the pressure profile is
assumed to take the form p(#) = po (1 — 72).

D. Electromagnetic torques

Equations (30), (31), (37), (45)—(47), (52), (63), (74),
and (80) imply that the normalized toroidal electromagnetic
torques that develop at the three rational surfaces are

0T gy = —nmi 0T em, (84)
57::1\2,[7"2 = —Nny 5TEM7 (85)
OT o™ = n3 6T gy, (86)

where

2
a

A 3
O em =5 (7 — 1= o) A" A% AT
q

s (wmm)? ()2 (ymsns)? gin P. (87)

E. Modified toroidal angular velocity profile

The analysis of Sec. I F reveals that

OAQy 1 0 (. 0AQy\
™ Tor T For (’ o ) =0 (88)
where
AQ
M:AQMLQ:O, (89)

or

and AQy(7,1) is the modification to the plasma toroidal
angular velocity profile due to the aforementioned electro-
magnetic torques. Here, 1y = a®p/u is the plasma momen-
tum diffusion timescale. Note that, for the sake of simplicity,
the plasma mass density, p, and viscosity, u, are assumed to
be uniform across the plasma. Finally

Amy g

OAQ4]"
[f s } =T, (90)
a}" 7
on,]"
[f . ”ﬁ} =nT, 1)
or 72
oA,
[f . “’} =-mT, (92)
or 733
where
o 3 62 ™™ , _ 1 _ A gman g msn
—Zm (m —1—ngqo)
% (Wml.nl)z (ng,l‘lg)z (Wn13,113)2 Sil’l 0, (93)

and 1y = Ro./ly p/By is the plasma hydromagnetic time-
scale. Here, use has been made of Eqgs. (84)—(87).
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F. Slip frequency

According to Eq. (81), we can write

de
s 94
P 94
where
do™m do™m do™m
o= (95)

dt dt dt
is the so-called slip frequency.° It follows from Eq. (35) that

w = —nm Q(’)’lhm —my Q(;nzm 4 ms ang,m T Q;,n]‘n]
o QT — iy Q. (96)

Hence
w(t) = wg + n AQ(;"ln,m (l‘) Ty Agzu,nz (t) s AQZIg,IIg (t),
o7

where @ is the unperturbed slip frequency (i.e., the slip fre-
quency in the absence of electromagnetic torques),
AQ:;“""‘ (1) = AQy(F™"™ 1), etc.

G. Non-phase-locked state—I

Consider, first, the non-phase-locked state in which the
slip frequency, o, is non-zero.

Assuming that the slip frequency is sufficiently large
[see Eq. (110)], we can neglect the terms in Eq. (77)—(79)
that depend on cos ¢ (and, therefore, oscillate at the angular
frequency w), to lowest order, to give

W (1) o (98)
W () o g e, (99)
WIS () o (100)

where
g — o (n_11>2(;27\/“m—) (101)
we = o () 2(_;7*/’"—) (103)

To next order, we can write

W (1) 2 W Sw™ sing(r),  (104)
w2 (1) 2 w4 Gw™ ™ sin (1), (105)
W () o W 4 W sing(r),  (106)

where ow™™M /wMM & 1, etc.

(77)—(79) and (94) that
3 1 — — nmy,n my,ny m3,n3
:Ew—m(m_l_nqo)A AT AT
(W mz,nz) 2 (W VVI3,}’I3)

(’:ml-,m)z (wmlﬁm)z ’

It follows from Egs.

5wm1,"1

2

(107)
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31
5wm27n2 — E H (m _ 1 _ nqo) Aml SN Amz N5 Amg 3
R
omm )2 (5 msny) 2
P w2
ms.,n 3 l mp.,n my.,n ms,n
QW = 5 (= L= ge) AT AT AT
(@)
RARL! 2 1y 112,712 2
o )2 (o) (109)
(’? ) (ng.n_;)z

The constraints ow™ ™ /w1 < 1, etc., imply that

3
Otk >3 (7= 1= 7iqe) A" A AT

1 12,112 2 1y 113,113 2
) (wmm) , (110)

(’: my,ny ) 2 (VT/ my,n ) 3

etc. In other words, Egs. (104)—(106) are valid provided that
the slip frequency is sufficiently large.

To first order in small quantities, Eqs. (93) and
(104)~(106) yield
T(t) ~ Ty sin @(t) + 2 0T sin’o(t), (111)
where
TO 3 6 TM (, 1 *ﬁqo) Aml,nl Amz,nz ‘Am37n3
4 qa ‘CH
mp.,n 2 — Mo, n 2 — M3.,n 2
X(W 1<1) (W 2, 2) (W 373) , (]12)
and
3 6 TM _ _ my,n mo.,n msz,n
5T (1_1_an)A 171A2;2A3~,3
4 QH ‘CH
> (wm],n])z (wmz,nz)z (Wm37"3)2
5 my,m 5 my,nyp 5 ma,ny
X(XV + ) (113)
Wml,nl ng,nz sz,ﬂz

or, making use of Egs. (107)—(109)

32 ¢ 1y 2 2
5T — B B (1’71 _ 1 _ ﬁc]o) (Aml.n] Amz,nz Amg,ng)
27 q; TR Ty
y (W mzﬁﬂ2)4 (W m3,n3 )4 N
(’t "11,111)2 W ML
N (wml,n1)4 (sz,nz)4]

(”) m}y”}) 2 W 1313

(W my,ny )4 (W m3,n3 )4

(f my,ny ) 2 W Mz

(114)

Let us assume that the plasma toroidal rotation profile
only responds appreciably to the time-averaged component
of the electromagnetic torque

(T) = oT, (115)
which turns out to be the case provided that t,, is sufficiently
large [see Eq. (160)]. It thus follows that AQ(7,7)
= AQ, (7). Hence, from Egs. (88)—(92)
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d dAQy
e =0 116
N IR
where
dAQ¢(0)
Pt = AQ,(1) =0, (117)
dar
and
£ mn
dAQ,]
[f ¢ =n, oT, (118)
dl’ 7
dAQ,]"
r = =n, oT, (119)
dr 7 M2
'"3 n3
dAQ
[ . “’] = —n3 oT. (120)
Sy
The solution of Egs. (116)—(120) is
AQy(F) = AQ;”""I, (121)
for0 <7 <7"™"™ and
AQd)(f) _ AQ(Z’I}.H} + (Agzll,nl . AQ;I}JB)
ln(ﬁ/f m37n3)
G T (122)
fOI'fm]’n] < f fmz N3 and
. mns  IN(F/F7)
AQ¢(I‘) = AQqS; } W’ (123)
for 7™ < F < F"™"™ and
AQy(F) = (124)
for # > 7™ where
A ms3,ng
AQ$""' = AQZ‘“”} —nyln (’cml,m) oT, (125)
AQ;”*"Z =0, (126)
l/‘ mp,ny
Asz = = ny In (AWlSnS) 5T, (127)

which implies, from Eq. (97), that

”; m3,n3 f my,ny
w=awy— |n’ln P +niIn P oT.  (128)

Note that the modification to the plasma toroidal angular ve-
locity profile is localized to the region of the plasma lying
within the outermost coupled rational surface.

Combining Egs. (114) and (128), we obtain the torque
balance equation

(129)

where & = @/, and
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32 62 ™™ l: (fmg,n3> (fmz,nz)]
F=—— — Y 12— 2In|——o

2 q112 ® (onH)2 nyin fml,nl +}’l2 n ’cm3,n3

 (m— 1 — i1 qo) 2(A™™ A" A" W, (130)
with

W (W my .,y )4 (wm3,n3 )4 (W my,ny )4 (wnu,ng )4

a (,ﬁmhnl)zwml.m (fmz-ﬂ2)2wmz.nz
) M1 4 12,12 4
(wom)” (W) (131)

(f. m3,n3 ) 2 Vo M3.13

For 0 < F < 1, the torque balance equation, (129), possesses
two solutions. One, which is characterized by 1/2 < & <0,
is dynamically stable, whereas the other is dynamically
unstable.’® When F reaches the critical amplitude unity, at
which point the slip frequency has been reduced to one half
of its unperturbed value, the stable and unstable solutions an-
nihilate, and there is a bifurcation to a phase-locked
state.”?

Incidentally, it is clear, from the previous discussion,
that there is considerable overlap between the theory of the
nonlinear mode coupling of three rotating tearing modes in a
tokamak plasma and that of the locking of a single rotating
tearing mode to a resonant error-field.*>*? In the former
case, two tearing modes in the triplet beat together to form
an effective error-field that acts to phase lock the third mode.
The amplitude of the effective error-field is proportional to
the product of the amplitudes of the two beating modes,
whereas its rotation frequency is either the sum or the differ-
ence of the rotation frequencies of the beating modes.

H. Non-phase-locked state—II

In Sec. IV G, we simplified our calculation by assuming
that the plasma toroidal rotation profile only responds appre-
ciably to the time-averaged component of the electromag-
netic torques that develop at the three coupled rational
surfaces. Let us now consider the response of the rotation
profile to the much larger amplitude time-varying compo-

nents of these torques. According to Eq. (111), we have
T(r) =Ty sino(t) + o7, (132)

where we have only retained the time-averaged component
of the first-order term. Let us write

AQy (7, 1) = AQY(F) + AQS(F) cos p(1) + AQS(F) sin ().
(133)

It follows from Eqgs. (88)—(92) that AQg satisfies Egs.
(116)—(120). Furthermore, because o = d¢/dt

Ld (. a0 S
P <r ) = oty AQy,

— (134)
o (00

where
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dAQ*(0)
— 2 L AQ(1) =0 136
d’ﬁ ¢ ( ) bl ( )
and
¢ ’cjr”l-”] c ,cjfz-”z C ’2113'”3
[f dAQd)} _ [f dAQd)] _ {f dAQ(/)} B
dr 7 dr Fm2.m2 dr 7133
(137)
Finally

) dAQ(;) f:rlﬁl
I — = ny To, (138)

dr 7

) ]2”’2~”2

_dAQj]"

F— =y To, (139)

dr Fm2:m2

7313

dAQj]"

F— = —n3T). (140)

dr 7m3n3

In the limit w ), > 1, the solution of Egs. (134)—(140)
is such that

NN N n T()
AQS(F™M™M) = —AQS(F™MM) ~ —— 141
¢(r ) ¢(r ) s g (U‘L'M’ ( )
NN R ny TO
AQ( ~ N o — _AQY ~ Moo ~ , 142
(f)(’ ) ¢(’ ) 4f M2 \/m ( )
" o n3 Ty
AQC(F™M) = —AQS(F™M ) ~ — =~ (143
d)(' ) d,(” ) PY2D \/m ( )
Thus, it follows from Egs. (97) and (133) that
,ﬁ ms3,n3 f myp,ny
o(t) = wo — [nlz ln(Aml Vl1> + n22 In (—AW ”‘)} oT
Y P
2 2 2
nj n; n3
+ (f mp,mn + ”) ny,ny + ’2 ”131’13)
T
X 0 (cos ¢ — sin @), (144)

80)TM

where use has been made of Eq. (128). It can be seen that the
time-varying components of the electromagnetic torques that
develop at the three coupled rational surfaces give rise to a
modulation of the slip frequency. Given that w = do/dr, we
can integrate the previous equation to give

2 2 2
_ n n n
(/)([) = ([) + (rAmll,nl + fmzz.nz + ’cmin3>
T

X(D\/S—(;)—TM (sin(j) ‘i’COS(Z))7 (145)
where
dp _
— = 146
P (146)
and

f msz,n3 ’2 my,ny
@ =wy— |n’ln P +n3In F ST, (147)

is the steady-state slip frequency.
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The time-averaged component of the Rutherford island
width evolution equation, (77), can be rearranged to give

wml,ﬂl 3
— = 5 (n_’z 1= ﬁqo)Am"’” AN M3
wmn
) 12,12 2 o M3,113 2
() ) sy, (14s)

(_Eml,nl) (wml,nl ) 2

where w1 is specified in Eq. (101). However, according
to Eq. (145)

2 2 2
nj n; 3 )

g + 7Moo 7 m3,n3

COs ¢ =~ cosq)—sin(p(
7 P i

T

0 . _
X ——— (Sin® +cos ). 149
SRy @+ cosp) (14
Hence
2 2 2
o1 i} 3 To
~ — . (150
<COS ¢> (”;mh”l + 7 mate + l§m37"3> @\/m ( )
Equation (148) then yields
W (1) = I g (151)
where
ow M 3 _ — my.,n my,ny A m3,n
Wmlynlzi( —1—”!6]0)./4 AT AT
(W mz,m)z (\'T/ mg,ng)z
X 2
(_Eml,m) (wml.,nl)
><<"12+"22+"32> 1o
7o 72 YRR \/m‘@ :
(152)

If we now take time variation into account in the Rutherford
equation, as described in Sec. IV G, then we obtain

W (1) = M ST S sin g (r),  (153)

where ow™ "™ is specified in Eq. (107) (with o replaced by
). We can perform similar analysis for the Rutherford equa-
tions (78) and (79).

Thus, taking the time-varying, as well as the steady-
state, components of the electromagnetic torques acting
at the three coupled rational surfaces into account in our
analysis; we deduce that the normalized island widths
vary as

WL () = T G G sin (1), (154)
W () = T G 4 G sin g (1), (155)
WIS (1) = yp T G Sy sin (1), (156)

where w"™ "M w™M - and w”" are specified in Egs.
(101)—(103), whereas ow™ "™ ow™ ™ and Jow™" are
given by Egs. (107)—(109) (with w replaced by ). Here,
¢@ and @ are defined in Eqs. (146) and (147), respectively.
Finally
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S}

ow M 32 € ™™ CT)‘ER

W2 g2 e (@) (5120 ) 2

ng o oongooong
’j:ml,ﬂ] + ’/;mz,nz + ’j:mg,ﬂ3

X (17 — 1 — 1 qo)? (A" AT g )2
(w
X

X

mz,nz) 4 (W m;,n3)4

(_Emmn) ’

(157)

Swmna 32 2 Ty W TR

W2 62 @) (51251

2 2 2
n n n
1 2 3 = — 2
X <’;m1,n1 2 ’;m3,n3)( 1—1—n QO)

Wml,i11)4 (W Vng,n3)4

% (Aml,nl A}'Ilz,nz AW!}J‘I})Z (

(7Em2’”2) ’
(158)
Sy 3 B 32 (2 ™ TR
W M3:13 2 qu TR ((Z) ’EH)2 (512@ TM)I/Z
n2 n2 n2
% <fm.1.,m +fm227n2 + ,c'"-i"z (m—1—1iiq)*

b (W ml.ﬁ])4 (W mz,n2)4

(CEmm)
(159)

% (Amum Amz,ﬂz Am3Jl3)

where use has been made of Eq. (112). It can be seen, from
Eqgs. (154)—(156), that the time-varying components of the tor-
ques act to reduce the steady-state island widths of the three
coupled tearing modes (i.e., w1 — w ™M — Gy ™M) The
origin of this effect is the previously mentioned modulation in
the slip frequency, which causes the three coupled modes to
spend slightly more time in mutually stabilizing phase rela-
tions than in mutually destabilizing relations.>® We can safely
neglect this average mutual stabilization effect provided
that ow ™™ /w™™M <« 1, etc., when the bifurcation to the
phase-locked state, described in Sec. IV G, occurs. The bifur-
cation occurs when F' =1, where F is specified in Eq. (130).
Thus, a comparison of Eq. (130) and the previous three
equations reveals that the neglect of the average mutual stabi-
lization effect in the non-phase-locked state is valid provided
that

(e W)’

wo
1
T > 512 , (160)

where w is the typical value of w™ ™ w™" and w"™". In
the following, for the sake of simplicity, we shall assume
that the previous inequality is satisfied (i.e., we shall neglect
ow M L ow M2 and dw B3,

|. Phase-locked state

The phase-locked state is characterized by zero slip
frequency, i.e., o = 0.3032 Thus, it follows from Eq. (94) that
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@(1) = @0, (161)
where ¢, is a constant, and from Eq. (97) that
0= wg+n AQZ’""‘ + AQ(';’Z’”2 —n AQ(Z”"”. (162)
In the phase-locked state, we expect

AQy (7, 1) = AQy (7). Thus, the modified plasma toroidal
angular velocity profile is governed by Eqgs. (116) and (117),
where

dAQ, "
[f A"’} = To, (163)
dr 7o
dnQ, "
[f %9 =n Ty, (164)
dr e
are,] "
[f A"’} =Ty, (165)
dl‘ 733

and

2
3¢ ™

Ty (I’I_l —-1- ﬁqo) A g man

T4qlT
% Am;,n; (Wn117n1)2 (sz,nz)z (Wnu,ng)z sin (/’0- (166)
Here, use has been made of Egs. (90)—(93). The solution of

Egs. (116), (117), and (163)—(166) is specified by Egs.
(121)—(124), where

7 msz,n3
AQ(Z[]J’] = AQ:ZISJB —n In (W) T(), (167)
AQI"™ =0, (168)
”2 my,na

Thus, it follows from Egs. (130), (162), and (166) that

AQZHJH 1 ln(f mz,nz/; "73,7'3)
wo AP In(F"™/EM) o2 I )
ny In(#M"3 7y

B n12 ln(’f.‘m37”3/”;"7lanl) + n22 1n(,¢rnz,nz/fm3,n3) )

(170)
AQW!Q,HZ
¢ —o, (171)
o
AQ(;""’"3 B ny In(7 M2 [ 305
o n12 ln(f mg,ng/f,ml,nl) + I’l22 ln(lcmz,nz/fnuﬁnz) )
(172)
and
4G
i = 173
sin gy = ——, (173)
where
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31
_2w01R

(n_1 1= ﬁc]o) Amhnl Amz,’lz Am3~n3

(W my,ny ) 2 (VT/ ms,ns) 2

(,2%,"1)2 (Wm|‘n|)3 (f.mz,ﬂz)z (wmg,)‘lz)3

(174)

Now, we know that F > 1 in the phase-locked state.
Moreover, Eq. (110) implies that G < 1. Hence, Eq. (173)
yields

sin ¢ ~ 0. (175)

There are two possible solutions to this equation. The first

9o~ 0, (176)

is dynamically stable (because the electromagnetic torques
that develop at the three coupled rational surfaces have the
same signs as the corresponding torques in the non-phase-
locked state, and are, therefore, acting to maintain the phase
locking), the second, ¢, = =, is dynamically unstable.
According to Egs. (77)—(79), (161), and (176), the
Rutherford island width evolution equations of the three
coupled modes in the phase-locked state take the form

2 /rmi,
T (fm"n‘)z MNEWM,H] _|_ﬁ @ \/IT]n]
' dt B 0 np w MmN
3 o n my,ny
+§(m_ 1 —ngo) A
2 2
X AMN A M3 (sz’nz) (W"”*’”)
(wml,n])z ’
(177)
S W (e S
TR 1 T = +ﬁ0 n_z WA

3
3 (=1 =71 go) A"

wm ) wom)®

()

W M A M0

)

(178)

e ()

n3 wm3.n3

2 A Mm3,n3
2 dw M3 e . m3 \/l‘—
o~ E 3,113 + ﬁ() -

3
+5 (=1 =7 go) A™ ™
n 2 2
X AN M0 (W 11’"‘) (szynz)
(Wm3,n3)2
(179)
Thus, writing
W (1) o yp I G (180)
W (1) oy G (181)
Wm},ng (I) ~ Wm;,n; + 5Wm3’"37 (182)

we obtain
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Sw M :§ (,,’—1 1= ﬁqo) Amlsnl Amzﬁnz Am37n3

[\

(W mz,nz) 2 (w ms3,n3 ) 2

x (—Emlanl)wml.ﬂl ) (183)
3
5wn12,n2 — 5 (ﬁ’l _ 1 o ﬁf]o) Aml,nl Amzﬁnz Amhn}
(wml.,n])Z (wm%n})z
~ (—Emz,nz)wm.nz ’ (184)
3
Sw M — 5 (m 1= ﬁt]o) Aml‘m Amz,nz Am3’n3
— oy \ 2 (o monn ) 2
u L ) J (185)

(_Em3‘n3 ) VTRUERIE

where use has been made of Egs. (101)—(103).

Note that the modes phase lock in the most mutually
destabilizing possible phase relation.*® Thus, whereas, in the
non-phase-locked state, the nonlinear interaction of the three
coupled modes gives rise to a relatively small amplitude
(because gt > 1) oscillation in the island widths, as
described in Sec. IV G, the same interaction in the phase-
locked state produces a time-independent increase in the
three island widths that is O(wo g w) > 1 larger that the
amplitude of the aforementioned oscillation.

Incidentally, in the theory presented in this paper, it is
impossible for phase locking to occur without the slip fre-
quency being reduced to zero. The ultimate reason for this is
the no-slip constraint introduced in Sec. IIE. According to
this constraint, each magnetic island is convected by the
plasma at its rational surface. The no-slip constraint holds
whenever the island width significantly exceeds the linear
layer width.”” In the opposite limit, the island can slip
through the plasma at its rational surface, which would per-
mit phase locking to occur without the slip frequency being
reduced to zero. There is evidence from both experiment and
numerical modeling that, under these circumstances, phase
locking can give rise to a mutual, steady-state, stabilizing
effect.®® In this paper, it is assumed that the island widths of
all coupled modes remain sufficiently large that the no-slip
constraint is always applicable.

Let 0, ¢ be simultaneous solutions of

mi 0 —ny ¢+ ™" =0, (186)

my 0 —nyp+ ™" =0. (187)

It follows from Sec. ITE that one of the X-points of the m,
ny island chain coincides with one of the X-points of the m,,
n, island chain at the angular position characterized by the
poloidal and toroidal angles 0 and ¢, respectively. However,
making use of Egs. (81), (161), and (176), we can add the
previous two equations to give

mz 0 —n3p+ ™" =0. (188)

This implies that one of the X-points of the mj3, n3 island
chain lies at the angular position 6, ¢. In other words, the
phase-locked state is such that one of the X-points of all
three coupled island chains coincides permanently at the
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angular position specified by the simultaneous solution of
Egs. (186) and (187). It is easily demonstrated that this posi-
tion rotates poloidally and toroidally at the angular velocities

dg ~mm (Q;:h’nz - Q:/)nl'nl) + 1y my Q" —myny QM

dt nymy —mpny ’
(189)

my,ny my,ny my,ny my,ny
@_mlmz(ﬂe Q, )+n1sz¢ m1n2§2¢

dr nymy — myny ,
(190)

respectively. Likewise, it can be shown that the one of the
O-points of all three island chains coincides permanently at
the angular position specified by the simultaneous solution
of

mi0—m+om" =m, (191)

my 0 —ny 4 ™" =m, (192)

and that this position rotates poloidally and toroidally at the
angular velocities (189) and (190), respectively. Note that, at
the special angular positions at which the island chain
X- and O-points coincide, the radial plasma displacements
associated with the three tearing modes add in phase at the
edge of the plasma. This behavior is reminiscent of the so-
called “slinky mode” generated by the nonlinear phase lock-
ing of tearing modes in reversed-field pinches.***?

V. TOROIDAL COUPLING OF TWO NEOCLASSICAL
TEARING MODES

A. Introduction

Consider the coupling of two modes, resonant at two
different rational surfaces within the plasma, via the 0, 1 per-
turbation associated with the Shafranov shift of the equilib-
rium magnetic flux-surfaces. Let the associated mode
numbers be m, n and m + 1, n, where n > 0. This type of cou-
pling is generally known as foroidal coupling (because it
couples tearing modes with a common toroidal mode num-
ber).””° It follows from Eq. (63) that 7#™" < ™" As
before, it is assumed that E™" E™+1 <0, and m > 1, so
that both resonant modes are conventional neoclassical tear-
ing modes.

B. Nonlinear coupling

According to the analysis of Secs. Il G and IV B, we can
write

Cn,O,n

mlm+1 =

34a
Tq (1’71 11— ﬁQO) Amn AI,O Anﬂrl.n’ (193)
where A" takes the special value
1/2
A0 (%) 7 (194)

and
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2 1
a2t (195)
3
2n
= 196
n== (196)

Here, use has been made of Egs. (17), (54), and (61). Note
that m — 1 — 1 qp > O provided that
m—1/2

qo < n )

(197)

as is assumed to be the case.

C. Island width evolution equations

Similarly to the analysis of Sec. IV C, the Rutherford
island width evolution equations of the two coupled tearing
modes take the form

)2 aw™" Em 4 B (m>2 A

~mn
TR (V —
dt n wn

3
+5 m =1 —iigo) A™" A

A0 (mrin) 2

x AMTLn ( )2 cos ¢, (198)
wman
m+1.n 2 [amtln
T (’gmﬂ,n)z dw . :En1+l.n+B m+1 r o
R dt 0 n wm+1,n
3
+5 07— 1= 7igo) A™" A
m,n 2
x Amtin —(W ") A" cos ¢
(Wn1+l,n)2 ’
(199)
where
0= (pmn (/)WH*l,n. (200)

D. Electromagnetic torques

Similarly to the analysis of Secs. II F and IV D, the nor-
malized electromagnetic torques that develop at the two
coupled rational surfaces are

5TA§VT = —noTem, (201)
5TA§[L” =ndTem, (202)
where
~ . 3 _ _ m,n 1,0 gm+1n
OTem = 5— (m —1—7gy) A™" A" A
2q;
% (Wmm) 2 Aal,() (wm-‘r],”) : sin @. (203)

E. Modified toroidal angular velocity profile

Similarly to the analysis of Sec. IV E, the modified toroi-
dal angular velocity profile satisfies Eqgs. (88) and (89),
where
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Amn

|:f m{ﬂ T, (204)
o
aAQ ’:T+l.',
[f gﬁ] — (205)
ar ’511+1.n
and
3elty 10 qm+l
_3 51— mn , m—+1.n
4921 o AT ATA
x (wmm)* A0 (wm11)% sin . (206)

F. Slip frequency

Similarly to the analysis of Sec. IVF, we can write
do/dt = o, where

W = _mQén,n + (m + 1) Q§n+1,n + I’IQZL’" _ nQ(;)nJrl.n7
(207)
and

o(t) = wo + nAQY" (1) — n QY™ (1). (208)

G. Non-phase-locked state

In the non-phase-locked state, similarly to the analysis
of Sec. IV G, we can write

Wm,n(t) ~ WML Sw™ sin (/7(f), (209)

Wm+1,iz(t) ~ merl,n 4 5wm+1,n sin<p(t), (210)

where dw™"/w™" < 1, etc. Here, w™" and w™ " are
specified by Eq. (101), and

31
Swhh = = (I’T’l —_ 1= ﬁq()) Am,nAl,O Aerl,n
2 w1g
AI.O — m+1,n 2
x (Zv—)z Q11)
(’A, m.n) (W ’"vn)
m+1ln __ 31 = — m,n 1,0 gm+1n
ow =——m—-1—ngy) A" A" A
2 o1R
- 2 01,0
mn) = AL
(o 2> T 212)
(rAWH-lJl) (merl,n)
The constraints ow™" /w™" < 1, etc., imply that
3
TR > 5 (I’}_’l — 1= ﬁqO) A AI,O Am+1.n
ALO - m—+1,n
o Ba” o) 213)

etc.
The time-averaged component of the electromagnetic
torque can be written (T) = 6T, where



042514-14 Richard Fitzpatrick
ST — 3_2 i ™ (A —1— ﬁf]o)z (4mn A10 Am+1,n)2
23 g2 w1}
2/ _ 4 _ 4 2
(AaI,O) (Werl,n) (Wm,n) (Aal,O) o)
()2 gpma (gt gmita |

As before, assuming that the plasma toroidal rotation profile
only responds appreciably to the time-averaged torque, we
can write AQy (7, 1) = AQy(7), where AQy(7) satisfies Eqs.
(116) and (117), as well as

dAQ,]"™
[f fb] = ndT,

di | ama 215)
~m+1.n
dAQ)"
{f e } = —noT. (216)
a l:i1+]w
The solution to these equations is
AQy(F) = AQZ”", 217)
for0 <7 <7#™" and
]n(f/f”1+l’n)
AQy(F) = AQ" ——— L 218
¢ ¢ ln(fm.,n/}ngrl,n) ( )
for 7™ < 7 < F™TM and
AQy(7) =0, (219)
for 7 > F™1" where
’A,erl,n
AQ(Z’"" = —nln T oT, (220)
AQ) =0, (221)
which implies that
’gm+l,n
w=wy—n’ln (W) oT. (222)
7

Note that the modification to the plasma toroidal angular ve-
locity profile is localized to the region of the plasma lying
within the outermost coupled rational surface.
Combining Egs. (214) and (222), we obtain the torque
balance equation
4(l-w)d =F, (223)
where & = w/wy, and

32 (2 . |: (f,m+l,n>:|
F="" ™ 12— |(m—1-iiqgy)>

2 47 w (wotn)? 7))t "

% (Am,n AI’OAWH_I"")ZW, (224)

with

a

1,0\2 (= m+1n 4 — mn)4 1,0\ 2
(AL0) " Gomttn) N (wmm)* (AM0) 225,

(fm’")zﬂ}mﬂ (fm+1,n)2wm+l,n '
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As described in Sec. IV G, when F reaches the critical value
unity, at which point the slip frequency has been reduced to
one half of its unperturbed value, there is a bifurcation to a
phase-locked state.

H. Phase-locked state

Following the analysis of Sec. IVI, the phase-locked
state is characterized by w =0, and

@(1) = @y, (226)

where ¢, is a constant. Thus, Egs. (207) and (208) yield

0=—mQy" + (m+ 1) Q)" + n Q" — n Q)"
(227)

0=y +nAQ" — nAQ(Z’“’”, (228)
respectively. If the plasma rotates poloidally as a solid body
[i.e., Qy(F) = Qp], as is likely to be the case in the plasma
core, then Eq. (227) implies that

m,n m+1.n QG
Q" :Qdf' - (229)
In other words, the phase-locked state is characterized by a
toroidal velocity profile in the plasma core that is either flat-
tened (if € is negligible) or inverted (assuming that €y and
Q, have the same sign). This entails a substantial loss of
core momentum confinement.

In the phase-locked state, we expect
AQy (7, 1) = AQy (7). Thus, the modified plasma toroidal
angular velocity profile is governed by Eqgs. (116) and (117),

where

dAQ, |
[; . “b] =nT, (230)
dr - Jpmn
AQ pmtin
d o
{A . ¢>] =—nT,, (231)
dar joti
and
3elty _ mn 410 gmtln
Tozzm(m—l—nqo)ft AT AT
> (Wm’”)ZAal‘O (Werl,n)z sin ?o.- (232)

The solution of Egs. (116), (117), (230), and (231) is given
by Egs. (217)—(219), where

o
AQ¢ = —nln fT T(),

(233)
AQ " = 0. (234)
Thus, it follows from Eqgs. (224), (228), and (232) that
AQW!,H 1
=, (235)

o n
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AQm+1,n
S ——) (236)
o
and
4G
sin @, = T (237)
where
:§ 1 (I’}_’l — 1= fzq )Am,n AI,O Am+1¢1
2wy TR 0

ALO (wm+1,n)2

a
(") ()’

(W m,n) 2 Aal 0

(1) )’

(238)

Now, we know that F > 1 in the phase-locked state.
Moreover, Eq. (213) implies that G < 1. Hence, Eq. (237)
yields

sin ¢ >~ 0. (239)
As before, the dynamically stable solution of this equation is

@0 ~ 0. (240)

According to Egs. (198), (199), (226), and (240), the
Rutherford island width evolution equations of the two
coupled tearing modes in the phase-locked state take the form

2 [amn
oy 2 dw™" o (m\2 VP
~m,n ~ EN o
O L
3 = — m,n 1,0
+§(m—1—nq0)A AT
AI-O m+1,n 2
x Al D R L ((W E Lo e
wman
m+1,n 2 [amtin
o) D g (LY VT
dt - 0 n Wn1+1,n
3
+5 (m—1—7gy) A™" A
mn 2 1,0
m+1,n (W ’ ) Au'
A T (242)
Thus, writing
Wm,n(t) ~ 1/T)m.,n + (szm, (243)
Wm+l,n(t) ~ merl,n _’_(SWerlJl7 (244)

we obtain

w

1,0 (= mt1n)2
Swmht == (ﬁ’l S ﬁq0) Am,nAl.O Aerl,n Aa' (W o )

2 (_Emﬁn)wm,n 4
(245)
3
(Swm+l,n :E (ﬁl —1- ﬁqO) Amm AI,OAerl,n
— m,n 2A1’0
) A, (246)

(_Em+1,n) Werl,n ’

where use has been made of Eq. (101).
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As previously, the two tearing modes phase lock in the
most mutually destabilizing possible phase relation.
Furthermore, whereas, in the non-phase-locked state, the
nonlinear interaction of the two coupled modes gives rise to
a relatively small amplitude oscillation in the island widths,
the same interaction in the phase-locked state produces a
time-independent increase in the two island widths that is
much larger that the amplitude of the aforementioned
oscillation.

Let 0, ¢ be simultaneous solutions of

mO—no+ ™" =0,
(m+1)0—n¢+ o™ =0.

(247)
(248)

It follows that one of the X-points of the m, n island chain
coincides with one of the X-points of the m + 1,n island
chain at the angular position characterized by the poloidal
and toroidal angles 6 and ¢, respectively. However, making
use of Egs. (200), (226), and (240), we can solve the previ-
ous two equations to give

0=0, (249)
m+1,n
o=2 —. (250)

In other words, in the phase-locked state, one of the X-points
of the two coupled island chains coincides permanently on
the outboard mid-plane (i.e., §=0). Moreover, the two
X-points rotate toroidally at the angular velocity

d¢ m+ 1 m+1,n m+1,n

251)

Likewise, it can be shown that one of the O-points of the two
coupled island chains also coincides permanently on the out-
board mid-plane at the toroidal angle

m+lﬁn_n

g2 o

n

(252)

and that the two O-points rotate toroidally at the angular ve-
locity (251). The prediction that toroidally coupled tearing
modes phase lock in a configuration in which their X- and
O-points coincide permanently on the outboard mid-plane is
in accordance with experimental observations.*’

VI. NONLINEAR TOROIDAL COUPLING OF TWO
NEOCLASSICAL TEARING MODES

A. Introduction

It is possible for two tearing modes possessing different
toroidal mode numbers to phase lock via a combination of
non-linear and toroidal coupling. Let 2m — 1,2n and m, n be
the associated mode numbers, where m > 1 and n > 0. The
coupling proceeds in two stages. First, the m, n mode couples
nonlinearly to itself to produce a 2m,2n mode. Second, the
2m,2n mode couples toroidally to the 2m — 1,2n mode. It
follows from Eq. (63) that 7"~ 12" < ™" As before, it is
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assumed that E2"~ 12" E™" <0, and m>1, so that both
coupled modes are neoclassical tearing modes. It is also
assumed that £2"2" < ( (because this is inevitably the case
if E™" < 0).

B. Nonlinear coupling

According to the analysis of Sec. II G, we can write

2m—12n __ p2m—12n\gy2m—1.2n 2n,0,2n 1,0 * 2m,2n
AY =E ¥ + Comtam (P70 ¥,

(253)
AP — i pmn + Cﬁz,’;nz,;m (\I,m,n)* \PZm,Zn, (254)

AP 220 — p2mdnagg2mdn C%Z{%%ﬁﬂm \p2m—1.2n g 1.0
Oy (P, (255)

where W10 = Aa1 0 /qa- Setting AP 22" — 0, which ensures
that there is no 2m, 2n current sheet at the m, n rational sur-
face, we obtain

2n,0,2n n,n2n
1I]2m,2n — 2m—1,12m \{;2m71,2nl{;1,0 4 m,m,2m

m,n 2
(gon) Cpaman ¥

(256)

as our expression for the equilibrium 2m,2n magnetic flux
driven at the rational surface due to nonlinear coupling with the
2m — 1,2n and m, n modes. Note that |¥*™"|/|¥™"| < 1,
assuming that |[¥™"), [P W0 < 1 (e, the
2m —1,2n and m, n island widths, as well as the edge
Shafranov shift, are all relatively small compared to the plasma
minor radius), which ensures that the magnetic island at the m,
n rational surface predominately has the helicity m, n, rather
than 2m, 2n. Equations (253), (254), and (256) yield

~2m—1.2n

AY 2m—12n _ E Wy 2m—1,2n

C n,n2n C 2n,0,2n

mm2m ~ 2m—1,12m 1.0\* m,n\2
4 —fmzm Z2mZLLER (@ L0)T (@mn)T (257
(_E2mv2n) ( ) ( )

n,n2n CZn,OQn

AP ™ — Em’n\ll’"=” + m,m2m =~ 2m—1,1.2m
(_E2m,2n>

% (\Pm,n)*\{_;l‘o \P2m71,2n, (258)
where
~2m—1.2n (Cg:lr;glznl 2n Aal’o/qﬂ)
E2 1,2 :E2m—1,2n+ (_E;m’zn) 7 (259)
2
n,n, m.n)\2
N (e O
E =E + (_E 2m,2n) (260)
However
n,n2n 3C]a — — mn gmn  p2m?2n
Commam = = (M =1 = nqo) A™" A™" AT, (261)

w02 39a . 2m—12n 41,0 42m2n
C2mfl,1,2m - (m —1- ”fIO) A AT A 5

2
(262)
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where

n=— 263
m=—, (263)
4n
n=—. 264
n=-3 (264)
Note that m — 1 — 11 g9 > 0 provided that
—3/4
g <" (265)

as is assumed to be the case.

C. Island width evolution equations

Similarly to the analysis of Sec. IV C, the Rutherford
island width evolutions equations of the two coupled tearing
modes take the form

2
Om—1.2n)2 dw?m=1:2n ~om—12n o [2m—1
A . o _FE
TR (I ) ar +ﬁ0 7
\/’?mﬁ (Wm’")4
X ——+B 5 COS @,
w2m—1.2n (W2m—1,2n)
(266)
2 [xmn
2 dw™" ~ m,n m\ Vi1
g =E" =
g (™) R [30<n) o
+ B (w2 12m)? cog o, (267)
where
32 2 mon 2 2m2n\ 2
B=25 (m—1=go)* (A™")" (A*"2)
1,0
% ALO A2m—l,2n L (268)
(_E‘Zm,Zn)7
and
o= g02m71,2n -2 gDm,n' (269)

D. Electromagnetic torques

Similarly to the analysis of Secs. IIF and IV D, the nor-
malized electromagnetic torques that develop at the two
rational surfaces are

~2m—1,2n

Mgy = —2ndTgy, (270)
0T oy = 2n 0T g, (271)
where
X B
e = — (w2120 (umn)* Gno. (272)

q2

E. Modified toroidal angular velocity profile

Similarly to the analysis of Sec. IV E, the modified toroi-
dal angular velocity profile satisfies Egs. (88) and (89), where
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6A 2m—1.2n
Q +
[f s =nT, 273)
ar ’izm—lln
0AQ,]"
[f il (274)
6}" ff"”
and
2
. 2”; B (w2m=120)2 (yymn)* g o. (275)
qa Th

F. Slip frequency

Similarly to the analysis of Sec. IVF, we can write

do/dt = o, where
—2m —1) Q" 4 2m Q)"
+2n(Q" " — Q) (276)
and
o(t) = wo + 2n(AQ" 12" — AQM). 277)

G. Non-phase-locked state

In the non-phase-locked state, similarly to the analysis
of Sec. IV G, we can write

W2mfl‘2n( ) ~ gp 2m—12n + Swim=L2n g (p(t), (278)
Wmn( ) W Sy sm(p( ) (279)
where ow 2m—1, Zn/w 2m—1.2n < 1 etc.. HCI'C w2m 1.2n and

W are specified by Eq. (101) (except that Exmlan g

replaced by E , etc.), and
) 4
st = B o) (280)
TR (’2 2m—172n) 2 (W 2m71,2n) 2’
B —2m—1,2n 2
gy — B w2127 (281)

otg  (pmn)?
The constraints dw2"~121 /yp 2m=12n < 1 etc., imply that

(W m,n)4 (W 2mfl.,2n) 2

wtp > B
R (72m-12n)2 (5, 2m-1.20) 3

T 28

The time-averaged component of the electromagnetic
torque can be written (T) = 6T, where

2

€ ™ (Wmm) 8
oT = — B? (

f2m71,2n> 2 w 2m—12n

2
q oty

2 (I/T/ 2m71,2n) 4 (\'T/ m,n) 3
+ 5 .
(7m")
As before, assuming that the plasma toroidal angular velocity
profile only responds appreciably to the time-averaged tor-

que, we can write AQy (7, 1) = AQy(7), where AQy(7) satis-
fies Eqs. (116) and (117), as well as

(283)
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2m 1.2n

dAQ,
[ } — o, (284)
dr p2m-12n
dAQ,]"™
[f - ¢] = —ndT. (285)
d}‘ Amn
The solution to these equations is
AQy(7) = AQ)" 1", (286)
for0 < 7 < #2127 and
. _ In(7/7™")
A\ 2m—1,2n
AQQZ)(’) - AQ¢> ll’l(f 2m—l,2n/f m.n) ’ (287)
fOI‘ ~2m—12n < ,c S fm?n’ and
AQy(7) =0, (288)
for 7 > ™", where
2m—12 P
AQd)"“ “ = —nln <f2m 12") oT, (289)
AQ" =0, (290)
which implies that
= wy—2n21n <%> oT. (291)
2 .

Note that the modification to the plasma toroidal angular ve-
locity profile is localized to the region of the plasma lying
within the outermost coupled rational surface.

Combining Egs. (283) and (291), we obtain the torque

balance equation
4(1-w)d =F, (292)

where & = @/, and

3 62 Ty 5 P 2
=2 )2 n-In “In—iam B-W, (293)

q2 (w0 Ty

with

—mmn\8 2(*2m—l,2n)4 —mpn\3
W= 1(?)2)2 — + v (Amn)fw 1 0s)
7 m—1,zn w 2m—1,2n 7

As described in Sec. IV G, when F reaches the critical value
unity, at which point the slip frequency has been reduced to
one half of its unperturbed value, there is a bifurcation to a
phase-locked state.

H. Phase-locked state

Following the analysis of Sec. IVI, the phase-locked
state is characterized by w =0, and

@(1) = @y, (295)

where ¢, is a constant. Thus, Egs. (276) and (277) yield
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0=—(2m—1)Q)" " +2m Q™" + 2n(Q)" " — QJ'"),
(296)

0= wp + 2n(AQ;" 2" — AQ™), (297)
respectively. If the plasma rotates poloidally as a solid body
[i.e., Qo(F) = Qyl, as is likely to be the case in the plasma
core, then Eq. (296) implies that

Q

2m—12n _ mn 220
Q0 T =

- (298)

In other words, the phase-locked state is characterized by a
toroidal velocity profile in the plasma core that is either flat-
tened or inverted. This entails a substantial loss of core mo-
mentum confinement.

In the phase-locked state, we expect AQg(7,7)
= AQy(7). Thus, the modified plasma toroidal angular ve-
locity profile is governed by Eqgs. (116) and (117), where

A 2m—1.2
Fom n

dAQ, |
{f : qs} - (299)
dr m=12n
ano,"
[,a 3 ] _— (300)
dr - [pmn
and
2
Ty = 6277113 B (w 2m*l,zn)z (Wm’n)4 sin . (30D

qa T

The solution of Egs. (116), (117), (299), and (300) is given
by Egs. (286)—(288), where

19 i
AQ(ZZ, L2n _ —nln (f- 2m1,2n> To, (302)
AQ)" =0, (303)
Thus, it follows from Egs. (293), (297), and (301) that
AQ 2m—1,2n 1
— =, (304)
() 2n
AQZ”‘
-0, (305)
(0]
and
4G
i == 306
sSIm @ 7 R ( )
where
G B (Wm‘n)4 +2(W2m71,2n)2
N o TR (’¢2m—l,2n)2 (w2m7172,,)3 (’gm,n) i
(307)

Now, we know that F > 1 in the phase-locked state.
Moreover, Eq. (282) implies that G < 1. Hence, Eq. (306)
yields
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sin ¢ ~ 0. (308)

As before, the dynamically stable solution of this equation is
@y =~ 0. (309)

According to Egs. (266), (267), (295), and (309), the
Rutherford island width evolution equations of the two
coupled tearing modes in the phase-locked state take the form

2
~2m—1.2n)2 dw2m—1.2n ~2m—12n - 2m — 1
’ —~FE
TR (V ) ar + /30 5
R /f 2m—1,2n (Wm,n)4
w2mfl,2n (W 2m71,2n) 2
(310)
dw ™" U R 2 ~m,n
df n whmnn
(311)
Thus, writing
W2m71,2n(t) ~ W2m71,2n + 5W2mfl,2n, (312)
wm,n(t) ~ W2m—1,2n + 5Wm’n, (313)
we obtain
—mn)4
Swn—l2n _ g ~2m(j’2n ) 7 (314)
(_E ’ ) 1/T}2n171‘2n
—2m—1,2n 2 _ m,n
s — g ( E,zyn)w : (315)

where use has been made of Eq. (101) [with E™" replaced
by Em’", etc.].

As previously, the two tearing modes phase lock in the
most mutually destabilizing possible phase relation.
Furthermore, whereas, in the non-phase-locked state, the
nonlinear interaction of the two coupled modes gives rise to
a relatively small amplitude oscillation in the island widths,
the same interaction in the phase-locked state produces a
time-independent increase in the two island widths that is
much larger that the amplitude of the aforementioned
oscillation.

Let 0, ¢ be simultaneous solutions of

(2m—1)0—2n¢ + > 12" =0,
ml—ne¢+ ™" =0.

(316)
(317)

It follows that one of the X-points of the 2m — 1,2n island
chain coincides with one of the X-points of the m, n island
chain at the angular position characterized by the poloidal
and toroidal angles 6 and ¢, respectively. However, making
use of Egs. (269), (295), and (309), we can solve the previ-
ous two equations to give

0=0, (318)
p=2" (319)
n
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In other words, in the phase-locked state, one of the X-points
of the two coupled island chains coincides permanently on
the outboard mid-plane (i.e., 6 =0). Moreover, the two
X-points rotate toroidally at the angular velocity

d
o _ _ (%) Q4 Q. (320)

dr
Likewise, it can be shown that one of the O-points of the two

coupled island chains also coincides permanently on the
inboard mid-plane at the toroidal angle

d):qom"”—&—(m—l)n

n

(321)

and that the two O-points rotate toroidally at the angular ve-
locity (320).

l. Discussion

The type of nonlinear toroidal coupling described in this
section has been observed in both the JET and the DIII-D
tokamaks.?'?? To be more exact, in both cases, the 3, 2 and
2, 1 neoclassical tearing modes are observed to phase lock to
one another. This phase locking is inferred to take place in
two stages. First, the 2, 1 mode couples to itself to produce a
4, 2 mode. Second, the 4, 2 mode couples toroidally to the 3,
2 mode. In accordance with the previous analysis, the
observed phase-locked state is such that ¢3? = 2 ¢!, which
necessitates a toroidal angular velocity profile in the plasma
core that is either flattened or inverted (as is observed to be
the case). In further accordance, the phase-locking bifurca-
tion is observed to take place when the slip frequency has
been reduced to about one half of its original value, the mod-
ification to the toroidal velocity profile is localized to the
region interior to the 2, 1 rational surface, and the phase-
locked state is such that one of the X-points of the 3, 2 and 2,
1 island chains coincides permanently on the outboard mid-
plane.

VIl. PHASE-LOCKING THRESHOLDS
A. Definitions

It is helpful to define the conventional plasma beta
parameter

g )
qus/#o 2’

(322)

where (- --) denotes a volume average, as well as the normal
beta parameter

ﬂans —10 ,[))Oqa7

=40
Py n 1ol c

(323)

where I, = 2nBya’/(1yRo q.) is the toroidal plasma cur-
rent." Finally, the magnetic Prandtl number of the plasma is
defined

p=t_ 430 %
il

™

(324)
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B. Nonlinear coupling of three neoclassical tearing
modes

Consider the non-linear phase locking of three neoclass-
ical tearing modes whose mode numbers are my, n; mo, n;
and ms, n3, where m3 = my + myp and n3 = ny + np. As dis-
cussed in Sec. IV G, the phase-locking criterion is F > 1,
where

Bv 5
F:WFl(mlanl§m2an2§‘IquaaQb)~ (325)
Here, &g = wq ty, and
N 7.7 x 1074 5 7R ) 7
Fl = 7(](19 |:Il1 In (—’iml«,”ll) + 112 In —fms,ns
x (m — 1 — i1 qo) (A" A" A" (326)
Furthermore
R (w my,no )4 (wmg,ng )4 (W my,ny )4 (wm.?-".% )4
o (,cml,m)zwml.,m (,:mz,nz)zwm-,nz
(wm17"1)4 (wmz,nz)“
(7mams) 2 pymans (327)
and
2 /~mn
nmn ﬂ ! (328)
n (_Em.ﬂ)

Finally, 7™" is specified in Eq. (63), E™" in Eq. (67), m in
Eq. (72), 7 in Eq. (73), and A™" in Eq. (75).

According to Eq. (325), the nonlinear phase locking of
three neoclassical tearing modes with different poloidal and to-
roidal mode numbers is greatly facilitated by increasing [y, but
is impeded by increasing differential plasma rotation (parame-
terized by @¢) and plasma viscosity (parameterized by P).
Figure 1 shows F| (my,ny;ma, n2; qo, qa, qp) evaluated as a

0 T .

FIG. 1. Fl(ml,nl;mz, n2; 4o, qasqp) calculated as a function of ¢, for
my =2,n =1, m =3, nm =2, and ¢,=¢q, The various curves corre-
spond to gp = 0.8, 0.9, 0.95, and 1.0, respectively, in order from the bottom
to the top.
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function of g, and ¢, for the nonlinear phase locking of the 2,
1, the 3, 2, and the 5, 3 neoclassical tearing modes in a fixed
boundary plasma (i.e., g, = g,,). It can be seen that F| increases
very strongly with increasing ¢,. Moreover, at high go, F; also
increases strongly with increasing ¢,. This indicates that the
nonlinear phase locking of three neoclassical tearing modes in
a tokamak plasma is greatly facilitated by increasing ¢, and,
facilitated to a lesser extent by increasing ¢,,.

C. Toroidal coupling of two neoclassical tearing
modes

Consider the toroidal phase locking of two neoclassical
tearing modes whose mode numbers are m, n and m + 1, n.
As discussed in Sec. VG, the phase-locking criterion is
F > 1, where

3 1/2 (A170)2 .
€
F=2" 20 ) B m,n;q0, s Ov)- (329)
~ 2 s Thy yYas
gy P
Here
R 6.8 1072 ~m+1n
OB (e
909 P
(7 — 1 —iqe)> (A™ A™Im) 3 (330)
where
S (pmrty? (o)
W= A m,n 2 ~ m,n ~m+1.n 2. m+1,n. (331)
(™) W (Fmetm) "y

Finally, 7 ™" is specified in Eq. (63), E™" in Eq. (67), A™" in
Eq. (75), m in Eq. (195), 7 in Eq. (196), and w"™" in Eq.
(328).

According to Eq. (329), the toroidal phase locking of
two neoclassical tearing modes with the same toroidal mode
number is facilitated by increasing fy, and increasing
Shafranov shift (parameterized by Aal 0y, but is impeded by
increasing differential plasma rotation (parameterized by
@) and plasma viscosity (parameterized by P). Figure 2
shows F,(m, n;qo, qa,q») evaluated as a function of ¢, and
q. for the toroidal phase locking of the 2, 1 and the 3, 1 neo-
classical tearing modes in a fixed boundary plasma (i.e.,
q»=4q.). As before, it can be seen that F, increases very
strongly with increasing ¢o, and, at high ¢,, also increases
strongly with increasing ¢,, which indicates that the toroidal
phase locking of two neoclassical tearing modes is greatly
facilitated by increasing qq, and, facilitated to a lesser extent
by increasing ¢,. Note that F, is significantly larger than Fy,
which simply indicates that conventional toroidal coupling is
a much stronger effect in tokamak plasmas than nonlinear
three-wave coupling.

D. Nonlinear toroidal coupling of two neoclassical
tearing modes

Consider the nonlinear toroidal phase locking of
two neoclassical tearing modes whose mode numbers are
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Qa

FIG. 2. ﬁz(m, n; 4o, qa,qp) calculated as a function of g, for m=2, n=1,
and ¢, =q,. The various curves correspond to gy = 0.8, 0.9, 0.95, and 1.0,
respectively, in order from the bottom to the top.

2m — 1,2n and m, n. As discussed in Sec. VIG, the phase-
locking criterion is F > 1, where

2
B (@A) s
F—WF3(m»”,CIOa%aCIb)- (332)
Here
. 7.0x107? o n—1—iqy)”
=TI o (i V(=1
904 pRm L2 (—E2man)
2
% |:(Am,n)2 (A2m,2n)2A2m—l,2n:| VV, (333)
where
~mn) 8 ~2m—12n 4 ~mn)3
. : 2 : v
W = bb 2) L2 )2(W L
(mefl,Zn) W2m71,2n (’cm,n)

Finally, #"™" is specified in Eq. (63), E™" in Eq. (67), A™"
in Eq. (75), m in Eq. (263), 71 in Eq. (264), and w"™" in Eq.
(:52287).1 2Note that we are neglecting the distinction between
E™" " and E2"~ 121 a5 well as that between E" and E™"
[see Egs. (259) and (260)]. This is a reasonable approxima-
tion provided that the island widths, as well as the Shafranov
shift, are small compared to the plasma minor radius.
According to Eq. (332), the nonlinear toroidal phase
locking of two neoclassical tearing modes with different
poloidal and toroidal mode numbers is greatly facilitated by
increasing fy, and facilitated to a lesser extent by increasing
Shafranov shift (parameterized by Aal"o), but is impeded by
increasing differential plasma rotation (parameterized by
@) and plasma viscosity (parameterized by P). Figure 3
shows F3 (m,n;qo,qa,qp) evaluated as a function of g and
q, for the nonlinear toroidal phase locking of the 2, 1 and the
3, 2 neoclassical tearing modes in a fixed boundary plasma
(i.e., gp=4q,). As before, it can be seen that F 3 increases
very strongly with increasing ¢qo, and, at high g, also
increases strongly with increasing ¢q,, which indicates that
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FIG. 3. 153(m7n;q0,qa,q;,) calculated as a function of ¢, for m=2, n=1,
and g, =g,. The various curves correspond to gy = 0.8, 0.9, 0.95, and 1.0,
respectively, in order from the bottom to the top.

the nonlinear toroidal phase locking of two neoclassical tear-
ing modes is greatly facilitated by increasing ¢, and, facili-
tated to a lesser extent by increasing ¢,. Note that F is
significantly smaller than F,, which simply indicates that
conventional toroidal coupling is a much stronger effect in
tokamak plasmas than nonlinear toroidal coupling.

Viil. SUMMARY AND DISCUSSION

In this paper, we have investigated three distinct cou-
pling mechanisms that can lead to the eventual phase locking
of multiple neoclassical tearing modes in a tokamak plasma.

The first mechanism is the nonlinear three-wave cou-
pling of three neoclassical tearing modes whose mode num-
bers are my, ny; mo, no; and msz = my + my, n3 = ny + ny (see
Sec. IV). We find that there is a bifurcation to a phase-
locked state when the mode amplitudes exceed a threshold
value such that the frequency mismatch between the three
modes is reduced to one half of its unperturbed value. The
modes phase lock in the most mutually destabilizing possible
phase relation. Moreover, the phase-locked state is such that
one of the X-points of all three of the magnetic island chains
associated with the different modes coincides permanently at
a particular angular location that rotates both poloidally and
toroidally. Note that this type of phase locking is fairly
unlikely to occur in tokamaks, because it requires three neo-
classical tearing modes (that just happen to satisfy the three-
wave coupling constraint m3 = my + my,n3 = n; + ny) to be
present simultaneously in the plasma, which would be a very
unusual occurrence.

The second mechanism is the conventional toroidal cou-
pling of two neoclassical tearing modes whose mode num-
bers are m, n and m+ 1,n (see Sec. V). This type of
coupling can be treated as a form of nonlinear three-wave
coupling in which one of the three coupled modes is the 1, 0
component of the plasma equilibrium associated with the
Shafranov shift. We find that there is a bifurcation to a
phase-locked state when the mode amplitudes exceed a
threshold value such that the frequency mismatch between
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the m, n and the m + 1, n modes is reduced to one half of its
unperturbed value. The modes phase lock in the most mutu-
ally destabilizing possible phase relation. Moreover, the
phase-locked state is such that one of the X-points of the
magnetic island chains associated with the m, n and the
m + 1,n modes coincides permanently at an angular position
on the outboard mid-plane that rotates toroidally. Finally, the
phase-locked state is characterized by a modified toroidal
angular velocity profile, internal to the m + 1, n rational sur-
face, which is either flattened or inverted (depending on the
amount of poloidal flow present in the plasma). Toroidal
coupling of tearing modes with the same toroidal mode num-
ber, and poloidal mode numbers differing by unity, is fre-
quently observed in tokamak plasmas.*> Moreover, in
accordance with our analysis, the observed phase-locked
state is such that one of the X-points of the coupled island
chains coincides permanently on the outboard mid-plane at
an angular location that rotates toroidally.*?

The third mechanism is the nonlinear toroidal coupling
of two neoclassical tearing modes whose mode numbers are
m, n and 2m — 1,2n (see Sec. VI). This coupling takes place
in two stages. First, the m, n mode coupled nonlinearly to
itself to produce the 2m, 2n mode. Second, the 2m, 2n mode
couples toroidally to the 2m — 1,2n mode. We find that there
is a bifurcation to a phase-locked state when the mode ampli-
tudes exceed a threshold value such that the frequency mis-
match between the 2m — 1,2n and the 2m,2n modes is
reduced to one half of its unperturbed value. The modes
phase lock in the most mutually destabilizing possible phase
relation. Moreover, the phase-locked state is such that one of
the X-points of the magnetic island chains associated with
the m, n and the 2m — 1,2n modes coincides permanently at
an angular position on the outboard mid-plane that rotates
toroidally. Finally, the phase-locked state is characterized by
a modified toroidal angular velocity profile, internal to the
m, n rational surface, which is either flattened or inverted
(depending on the amount of poloidal flow present in the
plasma). The nonlinear toroidal coupling of the 2, 1 and the
3, 2 neoclassical tearing modes has been observed on both
JET and DIII-D.>"*? In accordance with our analysis, the
phase-locking bifurcation is observed to take place when the
frequency mismatch between the 3, 2 and the 4, 2 modes has
been reduced to about one half of its original value.
Moreover, the phase-locked state is characterized by a toroi-
dal angular velocity profile, internal to the 2, 1 rational sur-
face, which is either flattened or inverted. In further
accordance, the phase-locked state is such that one of the
X-points of the 3, 2 and 2, 1 island chains coincides perma-
nently on the outboard mid-plane at an angular location that
rotates toroidally.
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