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An in-depth investigation of the effect of a resonant error-field on a rotating, quasi-cylindrical,

tokamak plasma is preformed within the context of constant-w, resistive-magnetohydrodynamical

theory. General expressions for the response of the plasma at the rational surface to the error-field

are derived in both the linear and nonlinear regimes, and the extents of these regimes mapped out

in parameter space. Torque-balance equations are also obtained in both regimes. These equations

are used to determine the steady-state plasma rotation at the rational surface in the presence of the

error-field. It is found that, provided the intrinsic plasma rotation is sufficiently large, the torque-

balance equations possess dynamically stable low-rotation and high-rotation solution branches,

separated by a forbidden band of dynamically unstable solutions. Moreover, bifurcations between

the two stable solution branches are triggered as the amplitude of the error-field is varied. A low- to

high-rotation bifurcation is invariably associated with a significant reduction in the width of the

magnetic island chain driven at the rational surface, and vice versa. General expressions for the

bifurcation thresholds are derived and their domains of validity mapped out in parameter space.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4896244]

I. INTRODUCTION

A tokamak is a device whose purpose is to confine a

high-temperature plasma on a set of nested toroidal magnetic

flux-surfaces. Charged particles are free to circulate rapidly

around the flux-surfaces, but can only diffuse slowly across

them, as a consequence of their relatively small gyroradii.

The equilibrium magnetic field of a tokamak is supposed

to be toroidally symmetric. In reality, there is always a slight

deviation from pure toroidal symmetry because of the mis-

alignment of magnetic field coils, the presence of non-

axisymmetric current feeds, and so on. It is convenient to

describe the field as a superposition of the desired axisymmet-

ric field, B, and an accidentally produced non-axisymmetric

“error-field,” dB.

As a first approximation, a large aspect-ratio, low-b
tokamak plasma can be treated as a periodic cylinder of cir-

cular cross-section. In such a plasma, the error-field can be

decomposed into Fourier harmonics expressed in terms of a

(simulated) toroidal angle and a poloidal angle. The typical

magnitude of the low mode-number harmonics encountered

in present-day tokamaks is about 10�4 of the equilibrium to-

roidal field-strength.

The Fourier harmonics of the error-field fall into two

classes, i.e., resonant and non-resonant harmonics. For a res-

onant harmonic, there exists at least one so-called rational
magnetic flux-surface, lying within the plasma, on which

k�B¼ 0, where k is a helical wavevector. Conversely, for a

non-resonant harmonic, there exists no flux-surface, lying

within the plasma, on which k�B¼ 0.

The non-resonant harmonics of the error-field give rise

to a non-axisymmetric displacement of a tokamak’s nested

toroidal magnetic flux-surfaces, but do not modify the

topology of these surfaces. On the other hand, a resonant

harmonic is capable of changing the topology of the flux-

surfaces in the immediate vicinity of its associated rational

surface, to produce a helical magnetic island chain. This

process involves magnetic reconnection (i.e., the breaking

and reforming of magnetic field-lines) at the rational surface.

The radial width of the island chain, expressed as a fraction

of the plasma minor radius, is of order the square-root of the

ratio of the local strength of the resonant harmonic to that of

the equilibrium toroidal magnetic field.1 It follows that rela-

tively small-amplitude resonant harmonics are capable of

driving relatively wide island chains. This is problematic,

because a helical magnetic island chain degrades the con-

finement properties of the plasma equilibrium by allowing

heat and particles to flow rapidly, rather than diffuse slowly,

from the inner to the outer (radial) sides of its associated

magnetic separatrix.2

One would naively expect a tokamak plasma subject to

an error-field to be filled with magnetic island chains induced

by the various resonant harmonics of the field. Fortunately,

this is not necessarily the case. Tokamak plasmas generally

rotate, due to the presence of an equilibrium radial electric

field (as well as diamagnetic effects), at a rate that is far larger

than that at which magnetic reconnection typically proceeds.

Under these circumstances, driven magnetic reconnection at

the various rational surfaces within the plasma is largely sup-

pressed, and the confinement properties of the plasma remain

unimpaired.3,4 Unfortunately, even in the presence of substan-

tial plasma rotation, a residual amount of magnetic reconnec-

tion is driven at each rational surface within the plasma.

Moreover, this residual reconnection gives rise to localized

electromagnetic torques that acts to decelerate the rotation.3,4

Under these circumstances, it is not at all obvious that a
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tokamak plasma, subject to a given error-field, can maintain

sufficient rotation to suppress driven magnetic reconnection,

and thereby prevent any error-field-induced degradation of its

confinement properties.

A resistive-MHD (magnetohydrodynamical) theory of

the response of a rotating, quasi-cylindrical, tokamak plasma

to a resonant error-field was developed previously in Refs. 3

and 4. Reference 3 makes use of linear layer theory to char-

acterize the response of the plasma in the immediate vicinity

of a given rational surface to the associated resonant har-

monic of the error-field, and, hence, to determine the decel-

eration torque acting in the vicinity of the surface. This

approach is limited to situations in which the width of the

island chain induced at the rational surface is much less than

the linear layer width. In Ref. 4, the analysis of Ref. 3 is

extended to permit situations in which the width of the

driven island chain greatly exceeds the linear layer width. In

this case, the response of the plasma in the immediate vicin-

ity of the rational surface, as well as the decoration torque, is

determined by nonlinear island theory.1 The analysis of

Refs. 3 and 4 predicts that if the intrinsic (i.e., in the absence

of the error-field) plasma rotation is sufficiently rapid then,

in the presence of a resonant error-field, there is a forbidden

band of plasma rotation frequencies which separates rela-

tively high-rotation from relatively low-rotation states.

Moreover, bifurcations between high- and low-rotation states

are triggered as the amplitude of the resonant harmonic of

the error-field is varied. A high- to low-rotation bifurcation

is invariably associated with a significant increase in the

driven island width, and vice versa.

The aim of this paper is to perform an in-depth investi-

gation of the bifurcated states of a rotating, quasi-cylindrical,

tokamak plasma in the presence of a resonant error-field,

within the context of constant-w,5 resistive-MHD theory.

Incidentally, we are restricting our investigation to constant-

w response regimes because it was demonstrated in Ref. 4

that these are the most appropriate regimes in ohmically

heated tokamak plasmas. The analysis presented here is

much more general than that given in Refs. 3 and 4 (other

than the restriction to constant-w response regimes) because

we do not necessarily assume that the plasma is rapidly rotat-

ing, and also do not concentrate exclusively on high- to low-

rotation bifurcations.

II. PRELIMINARY ANALYSIS

A. Plasma equilibrium

Consider a large aspect-ratio, low-b, tokamak plasma

whose magnetic flux surfaces map out (almost) concentric

circles in the poloidal plane. Such a plasma is well approxi-

mated as a periodic cylinder. Suppose that the minor radius

of the plasma is a. Standard cylindrical coordinates (r, h, z)

are adopted. The system is assumed to be periodic in the

z-direction, with periodicity length 2pR0, where R0 � a is

the simulated plasma major radius. It is convenient to define

the simulated toroidal angle / ¼ z=R0.

The equilibrium magnetic field is written

B ¼ ½0; BhðrÞ; B/�. The associated equilibrium plasma cur-

rent density takes the form j ¼ ½0; 0; j/ðrÞ�, where

l0 j/ rð Þ ¼ 1

r

d r Bhð Þ
dr

: (1)

The safety factor,

q rð Þ ¼ r Bh

R0 B/
; (2)

parameterizes the helical pitch of equilibrium magnetic

field-lines. In a conventional tokamak plasma, q(r) is of

order unity, and is a monotonically increasing function of r.

B. Plasma response

Consider the response of the plasma to a static, helical,

magnetic perturbation, which is, henceforth, referred to as an

error-field (although it actually only represents one particular

resonant harmonic of the total error-field). Suppose that the

error-field has m periods in the poloidal direction, and n peri-

ods in the toroidal direction. It is convenient to express the

perturbed magnetic field and the perturbed plasma current

density in terms of a magnetic flux-function, wðr; h;/; tÞ.
Thus,

dB ¼ rw� ez; (3)

l0 dj ¼ �r2w ez; (4)

where

wðr; h;/; tÞ ¼ ŵðr; tÞ exp½ i ðm h� n /Þ�: (5)

This representation is valid provided that3

m

n
� a

R0

: (6)

As is well known, the response of the plasma to the

applied error-field is governed by the equations of perturbed,

marginally stable (i.e., @/@t� 0), ideal MHD everywhere in

the plasma, apart from a relatively narrow (in r) region in the

vicinity of the rational surface, minor radius rs, where

q(rs)¼m/n.3

It is convenient to parameterize the error-field in terms

of the so-called vacuum flux, WvðtÞ ¼ jWvj e�i uv , which is

defined to be the value of ŵðr; tÞ at radius rs in the presence

of the error-field, but in the absence of the plasma. Here, uv

is the helical phase of the error-field. Likewise, the response

of the plasma in the vicinity of the rational surface to the

error-field is parameterized in terms of the so-called recon-
nected flux, WsðtÞ ¼ jWsj e�i us , which is the actual value of

ŵðr; tÞ at radius rs. Here, us is the helical phase of the recon-

nected flux.

The intrinsic stability of the m, n tearing mode is gov-

erned by the tearing stability index,

D0 ¼ d ln ŵ
d ln r

� �rsþ

rs�
; (7)

where ŵðrÞ is a solution of the marginally stable, ideal-MHD

equations, for the case of an m, n helical perturbation, that
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satisfies physical boundary conditions at r¼ 0 and r¼ a (in

the absence of the error-field). According to resistive-MHD

theory,1,5 if D0 > 0 then the m, n tearing mode spontaneously

reconnects magnetic flux at the rational surface to form a

helical magnetic island chain. In the following, it is assumed

that D0 < 0, so that the m, n tearing mode is intrinsically

stable. In this situation, any magnetic reconnection that

takes place at the rational surface is due solely to the error-

field.

C. Linear regime

In this paper, we shall examine two different constant-w,

resistive-MHD response regimes at the rational surface. The

first of these is the so-called visco-resistive regime.3,4 This is

a linear regime in which the reconnected magnetic flux

induced by the error-field is governed by (see Appendix A)

dVR

rs
sR

d

dt
þ i x

� �
Ws ¼ D0Ws þ 2 m Wv: (8)

Here,

dVR ¼ 2:104
s 1=3

H

s 1=6
R s 1=6

V

 !
rs; (9)

is the linear layer width, whereas

sH ¼
R0

B/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 q rsð Þ

p
n s

; (10)

sR ¼ l0 r 2
s rðrsÞ; (11)

sV ¼
r 2

s q rsð Þ
l rsð Þ

; (12)

are the hydromagnetic, resistive diffusion, and viscous diffu-

sion timescales, respectively, at the rational surface.

Moreover, s ¼ ðd ln q=d ln rÞrs
is the local magnetic shear,

and q(r), r(r), l(r) are the equilibrium plasma mass density,

electrical conductivity, and (perpendicular) viscosity pro-

files, respectively. Finally,

x ¼ m XhðrsÞ � n X/ðrsÞ; (13)

where XhðrÞ and X/ðrÞ are the equilibrium plasma poloidal

and toroidal angular velocity profiles, respectively.

It is easily demonstrated that zero net electromagnetic

torque can be exerted on magnetic flux surfaces located in a

region of the plasma that is governed by the equations of

marginally stable, ideal MHD.3 Thus, any electromagnetic

torque exerted on the plasma by the error-field develops in

the immediate vicinity of the rational surface, where ideal

MHD breaks down. In the linear regime, the net toroidal

electromagnetic torque exerted in the vicinity of the rational

surface by the error-field takes the form3,4

T/ EM ¼
4p2 n m R0

l0

2 m

�D0

� �
jWvj2 T; (14)

where

T ¼ �D0

2 m

� �
jWsj
jWvj

sin us � uvð Þ: (15)

D. Nonlinear regime

The second response regime investigated in this paper is

the so-called Rutherford regime.4 This is a nonlinear regime

in which the reconnected magnetic flux induced by the error-

field is governed by two equations. The first of these is the

Rutherford island width evolution equation,1

0:8227 sR
d

dt

W

rs

� �
¼ D0 þ 2 m

Wv

W

� �2

cos us � uvð Þ: (16)

Here,

W ¼ 4
jWsj

s rs Bh rsð Þ

 !1=2

rs; (17)

is the full (radial) width of the magnetic island chain that

forms at the rational surface, and BhðrsÞ ¼ rs B/=R0 qðrsÞ is

the local equilibrium poloidal magnetic field. Finally,

Wv ¼ 4
jWvj

s rs Bh rsð Þ

 !1=2

rs; (18)

is termed the vacuum island width. The second governing

equation is the so-called no-slip constraint,3

dus

dt
� x ¼ 0; (19)

according to which the island chain is forced to co-rotate

with the plasma at the rational surface. The net toroidal elec-

tromagnetic torque exerted by the error-field in the vicinity

of the rational surface is again given by Eqs. (14) and (15).

The nonlinear regime holds when

W � dVR; (20)

i.e., when the magnetic island width greatly exceeds the lin-

ear layer width. The linear regime holds in the opposite case

in which the island width falls well below the linear layer

width. In addition, the particular linear regime employed in

this paper (i.e., the visco-resistive regime) is only valid when

x� ðsR=s 2
V s 2

HÞ
1=3; ðsV=s 2

R s 2
HÞ

1=3
(i.e., when the constant-w

approximation holds).4 Likewise, the particular nonlinear re-

gime employed in this paper (i.e., the Rutherford regime) is

only valid when 2m (W/rs) (Wv/W)2� 1 (i.e., when the con-

stant-w approximation holds).4

E. Normalization scheme

Without loss of generality, we can set uv ¼ 0. Let

Ŵ ¼ 0:8227

2

W

dVR

; (21)
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Ŵ v ¼
0:8227

2

Wv

dVR

2 m

�D0

� �1=2

; (22)

t̂ ¼ rs

dVR

�D0

sR

� �
t; (23)

x̂ ¼ dVR

rs

sR

�D0

� �
x: (24)

Equation (8), which governs the response of the plasma

to the error-field in the linear regime, yields (see Appendix A)

dŴ

dt̂
¼ Ŵ

2
�1þ Ŵ

2

v

Ŵ
2

cos u

 !
; (25)

du
dt̂
� x̂ ¼ � Ŵ

2

v

Ŵ
2

sin u; (26)

where u ¼ us � uv is the helical phase of the island chain

relative to the error-field. On the other hand, Eqs. (16) and

(19), which govern the plasma response in the nonlinear re-

gime, give

dŴ

dt̂
¼ 1

2
�1þ Ŵ

2

v

Ŵ
2

cos u

 !
; (27)

du
dt̂
� x̂ ¼ 0: (28)

Equations (25) and (26) hold when

Ŵ � 1; (29)

whereas Eqs. (27) and (28) hold when

Ŵ � 1: (30)

In both cases, the normalized toroidal electromagnetic torque

exerted in the vicinity of the rational surface takes the form

T ¼ Ŵ

Ŵ v

 ! 2

sin u: (31)

It is interesting to note that Eq. (25), which governs the

island width evolution in the linear regime, is fairly similar in

form to Eq. (27), which governs the island width evolution in

the nonlinear regime. On the other hand, Eq. (26), which gov-

erns the evolution of the island phase in the linear regime, is

substantially different to Eq. (28), which governs the evolu-

tion of the island phase in the nonlinear regime. According to

Eq. (28), a nonlinear magnetic island chain (i.e., a chain

whose width greatly exceeds the linear layer width) is forced

to co-rotate with the plasma at the rational surface.

(Essentially, this is because the island chain is too wide for

plasma to easily diffuse across, leading to the trapping of

plasma within the chain’s magnetic separatrix.) On the other

hand, according to Eq. (26), a linear island chain (i.e., a chain

whose width is much less than the linear layer width) can slip

through the plasma at the rational surface. In fact, the right-

hand side of Eq. (26) represents the normalized slip frequency

(i.e., the difference between the chain’s angular rotation fre-

quency and that of the plasma at the rational surface).

According to Eqs. (25) and (27), the error-field destabil-

izes the island chain when cos u > 0 (i.e., when �p=2 < u
< p=2), and stabilizes the chain otherwise. Moreover, accord-

ing to Eq. (31), the toroidal electromagnetic torque exerted by

the error-field acts to decelerate the plasma rotation at the

rational surface (i.e., T> 0) when sin u > 0 (i.e., when

0 < u < p), and acts to accelerate the rotation otherwise.

III. LINEAR RESPONSE THEORY

A. Introduction

This section investigates the linear response of a rotating

plasma to an error-field.

B. Phase-space evolution

It is helpful to define

X ¼ Ŵ
2

cos u; (32)

Y ¼ Ŵ
2

sin u: (33)

Here, X is the component of the normalized, error-field-

driven, reconnected magnetic flux that is in-phase with the

error-field, whereas Y is the corresponding component that is

in phase-quadrature. The linear response equations, (25) and

(26), can be rewritten in the form

dX

dt̂
¼ �X � x̂ Y þ Ŵ

2

v ; (34)

dY

dt̂
¼ �Y þ x̂ X: (35)

It follows that the response of the plasma to the error-field

can be visualized as a trajectory in X-Y space. Henceforth,

X-Y space is termed phase-space. In fact, Eqs. (34) and (35)

can be solved to give

X tð Þ ¼ 1

1þ x̂ 2

� �
Ŵ

2

v 1� cos x̂ t̂ð Þ � x̂ sin x̂ t̂ð Þ½ � e�t̂
� �

þ X 0ð Þcos x̂ t̂ð Þ � Y 0ð Þsin x̂ t̂ð Þ
	 


e�t̂ ; (36)

Y tð Þ ¼ 1

1þ x̂ 2

� �
Ŵ

2

v x̂ � x̂ cos x̂ t̂ð Þ þ sin x̂ t̂ð Þ½ � e�t̂
� �

þ Y 0ð Þcos x̂ t̂ð Þ þ X 0ð Þsin x̂ t̂ð Þ
	 


e�t̂ : (37)

It is, thus, clear that the phase-space trajectory takes the

form of an exponential decay to the fixed point

X 1ð Þ ¼ 1

1þ x̂ 2

� �
Ŵ

2

v ; (38)

Y 1ð Þ ¼ x̂

1þ x̂ 2

� �
Ŵ

2

v : (39)

A typical phase-space trajectory in the linear regime is

shown in Fig. 1.
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C. Time-asymptotic response

At the fixed point, which clearly corresponds to the

time-asymptotic linear response of the plasma to the error-

field,

u ¼ tan�1ðx̂Þ; (40)

Ŵ

Ŵ v

 !4

¼ 1

1þ x̂ 2
; (41)

T ¼ x̂

1þ x̂ 2
: (42)

This response is characterized by a non-rotating (i.e.,

du=dt̂ ¼ 0) island chain of fixed width (that is much less

than the linear layer width). Moreover, the plasma at the

rational surface flows through the island chain, i.e.,

du=dt̂ � x̂ 6¼ 0. Finally, this flow gives rise to a fixed helical

phase-shift, u, of the chain with respect to the vacuum island

chain (i.e., the island chain obtained by naively superimpos-

ing the vacuum error-field perturbation onto the plasma

equilibrium).

The time-asymptotic linear response of the plasma to

the error-field, which is specified by Eqs. (40)–(42), is fur-

ther illustrated in Fig. 2. It can be seen that, in the absence of

plasma rotation (i.e., x̂ ¼ 0), the island chain is locked in-

phase with the error-field (i.e., u ¼ 0), and achieves its max-

imum possible width, Ŵ ¼ Ŵ v. In the presence of finite

plasma rotation (i.e., x̂ > 0), the island chain is phase-

shifted with respect to the error-field (i.e., u > 0), and its

width is reduced (i.e., Ŵ < Ŵ v). In the limit of strong

plasma rotation (i.e., x̂ � 1), the phase-shift approaches p/

2, and the reduction in the driven island width becomes sub-

stantial (i.e., Ŵ � Ŵ v). It can also be seen that the toroidal

electromagnetic torque exerted by the error-field acts to

decelerate the plasma rotation at the rational surface (i.e.,

T> 0). Moreover, this torque is a non-monotonic function of

the normalized plasma rotation frequency, x̂, approaching

zero in the limits x̂ ! 0 and x̂ !1, and peaking at x̂ ¼ 1.

In the limit of strong plasma rotation, the time-asymptotic

linear response just described has many features in common

with the small locked island regime discussed in Refs. 7–9.

Finally, because the linear regime is only valid when

Ŵ � 1 (i.e., when the island width falls well below the lin-

ear layer width), it follows from Eq. (41) that the time-

asymptotic response of the plasma to the error-field only lies

in the linear regime when

Ŵ v � ð1þ x̂ 2Þ1=4: (43)

IV. NONLINEAR RESPONSE THEORY

A. Introduction

This section investigates the nonlinear response of a

rotating plasma to an error-field.

B. Phase-space evolution

Let

v ¼ Ŵ
3
: (44)

The nonlinear response equations, (27) and (28), can be

rewritten in the form

dv

dt̂
¼ 3

2

�
�v2=3 þ Ŵ

2

v cos u
�
; (45)

du
dt̂
¼ x̂: (46)

As before, the solution of these equations can be visualized

as a trajectory in X-Y space, where

X ¼ v2=3 cos u; (47)

Y ¼ v2=3 sin u: (48)

FIG. 1. Phase-space evolution of the reconnected flux induced in a rotating

tokamak plasma by a resonant error-field in the linear response regime. The

parameters for this plot are x̂ ¼ 5; Ŵ v ¼ 0:5; Xð0Þ ¼ 0:8, and Y (0)¼ 0.8.

FIG. 2. Time-asymptotic linear response of a rotating tokamak plasma to a

resonant error-field plotted as a function of the normalized rotation fre-

quency at the rational surface, x̂. The solid, short-dashed, and long-dashed

curves show u=p; ðŴ=Ŵ vÞ4, and T, respectively.
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In principle, Eq. (45) permits the variable v to pass through

zero and become negative, which implies that the normalized

island width, Ŵ , also becomes negative. However, a mag-

netic island chain of negative width is equivalent to a chain

of equal and opposite positive width in which the O-points

are converted into X-points, and vice versa (such conversion

implies a p radian helical phase-shift).4 In this paper, the

island width is defined to be always positive. In order to

maintain this definition, when evolving Eqs. (45) and (46),

we must make the transformation

v! �v; (49)

u! u� p; (50)

each time v passes through zero and becomes negative. This

transformation is consistent with the straight-line passage of

the corresponding phase-space trajectory through the origin

(see Fig. 4).

Figure 3 shows a typical phase-space trajectory in the

nonlinear regime. It can be seen that, unlike a typical trajec-

tory in the linear regime, which decays to a fixed point (see

Fig. 1), a typical phase-space trajectory in the nonlinear re-

gime asymptotes to a closed loop (i.e., a limit cycle) that

passes through the origin. (Assuming that x̂ > 0, the time-

asymptotic trajectory orbits the loop in a counter-clockwise

sense.) The fact that the loop passes through the origin

implies that the associated island width, Ŵðt̂Þ, periodically

falls to zero. Each time this occurs, the island phase

decreases discontinuously by p radians, in accordance with

Eq. (50). Consequently, although the helical phase of the

island chain with respect to the error-field, uðt̂Þ is constantly

increasing in time at a uniform rate, its value is nevertheless

restricted to lie in the limited range

u0 	 uðt̂Þ 	 u0 þ p; (51)

where u0 is some constant.

C. Time-asymptotic response

The time-asymptotic solution of the nonlinear equations,

(45) and (46), is clearly periodic in t̂, with period ŝ ¼ p=x̂.

In other words, vðt̂ þ ŝÞ ¼ vðt̂Þ and uðt̂ þ ŝÞ ¼ uðt̂Þ for all t̂.
Without loss of generality, we can set uð0Þ ¼ u0. It then fol-

lows from Eq. (46) that

uðt̂Þ ¼ u0 þ x̂ t̂; (52)

for 0 	 t̂ 	 ŝ. Likewise,

t̂ ¼ u� u0

p

� �
ŝ; (53)

for u0 	 u 	 u0 þ p. Clearly, a periodic function of t̂, with

t̂ in the range of 0 	 t̂ 	 ŝ, can also be thought of as a func-

tion of u, with u in the range of u0 	 u 	 u0 þ p. Thus, we

can write v ¼ vðuÞ for u0 	 u 	 u0 þ p. Equations (45)

and (46) can then be combined to give

a
du

du
¼ cos u� u2=3; (54)

where

u uð Þ ¼
v uð Þ
Ŵ

3

v

; (55)

a ¼ 2 x̂ Ŵ v

3
: (56)

Equation (54) must be solved subject to the constraints

uðu0Þ ¼ 0; (57)

uðu0 þ pÞ ¼ 0; (58)

which ensure that the island chain’s width instantaneously

passes through zero each time its helical phase decreases

FIG. 4. Time-asymptotic phase-space trajectories in the nonlinear response

regime. The solid, short-dashed-dotted, and long-dashed-dotted curves cor-

respond to a¼ 0.1, 1.0, and 10.0, respectively. The corresponding values of

u0=p are �0.49181, �0.30049, and �0.07617, respectively.

FIG. 3. Phase-space evolution of the reconnected flux induced in a rotating

tokamak plasma by a resonant error-field in the nonlinear response regime.

The parameters for this plot are x̂ ¼ 2; Ŵ v ¼ 5:0; Wð0Þ ¼ 1:0, and

uð0Þ ¼ �p=2.
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discontinuously from u0 þ p to u0, in accordance with Eqs.

(49) and (50). In general, for a given value of a, there is only

a single value of the parameter u0 that allows the previous

two constraints to be simultaneously satisfied. Once u0 and

uðuÞ have been determined numerically, we can calculate

Ŵ uð Þ
Ŵ v

" #4

¼ u4=3; (59)

TðuÞ ¼ u2=3 sin u: (60)

The solution of Eq. (54), subject to the constraints (57)

and (58), is illustrated in Figs. 4–6. The general features of

the solution are as follows. In accordance with the no-slip

constraint, the helical phase of the island chain, u, increases

linearly in time. The chain’s width grows from zero when

u ¼ u0, achieves a maximum value when u ’ u0 þ p=2,

and decays to zero again when u ¼ u0 þ p. At this point,

the chain’s phase decreases abruptly by p radians, and the

cycle repeats ad infinitum. Note that the abrupt phase

changes correspond to the passage of the associated phase-

space trajectory through the origin (see Fig. 4).

The low plasma rotation limit, a� 1, is characterized by

u0 ’ �p=2. This implies that, during the island chain’s

growth/decay cycle, its helical phase always lies in the desta-

bilizing range, �p=2 < u < p=2. On the other hand, the

phase lies in the accelerating range, �p < u < 0 during half

of the cycle, and in the decelerating range, 0 < u < p, during

the other half. Consequently, in the low plasma rotation limit,

the island chain achieves a relatively large peak width, and is

subject to alternating accelerating and decelerating electro-

magnetic torques.

The high plasma rotation limit, a � 1, is characterized

by u0 ’ 0. This implies that the phase of the island chain

lies in the destabilizing range, �p=2 < u < p=2, during half

of its growth/decay cycle, and in the stabilizing range during

the other half. On the other hand, the phase always lies in the

decelerating range, 0 < u < p. Consequently, in the high

plasma rotation limit, the island chain only achieves a rela-

tively small peak width, and is subject to a continuously

decelerating electromagnetic torque.

D. Analytic approximations

It is helpful to define a cycle average operator

h� � �i � 1

p

ðu0þp

u0

� � �ð Þ du: (61)

It immediately follows that

hui ¼ u0 þ
p
2
: (62)

In other words, the mean helical phase of the island chain,

during its growth/decay cycle, is u0 þ p=2.

Consider the low plasma rotation limit, a � 1.

Expanding in the small parameter a, the zeroth-order solu-

tion to Eq. (54) is

u ’ cos3=2u: (63)

Now, by definition, u0 is the negative root of

uðu0Þ ¼ 0: (64)

It follows that, to lowest order, u0 ¼ �p=2. The first-order

solution to Eq. (54) is

u ’ cos3=2uþ 9

4
a cos u sin u: (65)

Unfortunately, it is not possible to determine the next order

correction to u0 from Eq. (65), because the expansion upon

which this expression is based breaks down close to

u ¼ �p=2. However, an examination of the numerical solu-

tion to Eq. (54) reveals that

FIG. 5. Time-asymptotic nonlinear response of a rotating tokamak plasma to

a resonant error-field. The solid, short-dashed-dotted, and long-dashed-dot-

ted curves show ðŴ=Ŵ vÞ4 versus u=p, calculated for a¼ 0.1, a¼ 1.0, and

a¼ 10.0, respectively. The corresponding values of u0=p are �0.49181,

�0.30049, and �0.07617, respectively.

FIG. 6. Time-asymptotic nonlinear response of a rotating tokamak plasma to

a resonant error-field. The solid, short-dashed-dotted, and long-dashed-dot-

ted curves show T versus u=p, calculated for a¼ 0.1, a¼ 1.0, and a¼ 10.0,

respectively. The corresponding values of u0=p are �0.49181, �0.30049,

and �0.07617, respectively.
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u0

p
’ � 1

2
þ 0:8235 a2; (66)

in the limit a� 1. Hence, making use of Eq. (62),

hui
p
’ 0:8235 a2: (67)

It follows from Eqs. (59), (60), and (65) that, to first order in a,

Ŵ

Ŵ v

 !4

’ cos2uþ 3 a cos3=2u sin u; (68)

T ’ cos u sin uþ 3

2
a cos1=2u sin2u: (69)

Hence, to the same order,

Ŵ

Ŵ v

 !4* +
’ 0:5; (70)

hTi ’ 3

2 p

ðp=2

�p=2

cos1=2u sin2u du

 !
a ¼ 0:4577 a: (71)

Consider the high plasma rotation limit, a � 1.

Expanding in the small parameter a�1, the zeroth-order solu-

tion to Eq. (54) is

u ’ sin u
a

: (72)

Moreover, the first-order solution is

u ’ sin u
a
þ a�5=3

ðp=2

u
sin2=3x dx: (73)

It follows from Eq. (64) that

u0

p
’ � 1

p

ðp=2

0

sin2=3u du

 !
a�2=3 ¼ �0:3566 a�2=3: (74)

Hence, making use of Eq. (62),

hui
p
’ 0:5� 0:3566 a�2=3: (75)

According to Eqs. (59), (60), and (72), to lowest order in a�1,

Ŵ

Ŵ v

 !4

’ sin4=3u

a4=3
; (76)

T ’ sin5=3u

a2=3
: (77)

It follows that, to the same order:

Ŵ

Ŵ v

 !4* +
’ 1

p

ðp

0

sin4=3u du

� �
a�4=3 ¼ 0:5798 a�4=3;

(78)

hTi ’ 1

p

ðp

0

sin5=3u du

� �
a�2=3 ¼ 0:5356 a�2=3: (79)

Interpolating between the small-a results (67), (70), and

(71), and the large-a results (75), (78), and (79), we obtain

the following analytic approximations:

hui
p
’ a2

1þ 2 a2
� 0:1756 a2

1þ 0:4950 a8=3
; (80)

Ŵ

Ŵ v

 !4* +
’ 0:5

1þ 0:8624 a4=3
; (81)

hTi ’ 0:4577 a

1þ 0:8546 a5=3
: (82)

In Figs. 7–9, these approximations are compared with to cor-

responding quantities obtained via the direct numerical solu-

tion of Eq. (54). It can be seen that the approximations are

fairly accurate. Note, incidentally, that the nonlinear analysis

presented in Ref. 4 only considered the high plasma rotation

limit, a � 1. In this paper, we have considerably extended

the previous analysis so as to be able to deal with any value

of the plasma rotation parameter, a.

Expressions (80)–(82) are the nonlinear equivalents of

the linear results (40)–(42). We can see that the plasma

response to the error-field in the nonlinear regime is broadly

similar in nature to that in the linear regime. To be more

precise, in both regimes, as the plasma rotation (parameter-

ized by a in the nonlinear regime) increases, the mean heli-

cal phase of the island chain shifts from 0 to p/2, the mean

island width decreases, and the mean decelerating electro-

magnetic torque first increases, attains a maximum, and then

decreases. The main difference between the two regimes is

that, in the linear case, the island chain is locked in a con-

stant phase relation with respect to the error-field, whereas,

in the nonlinear case, the phase relation is constantly

changing.

FIG. 7. Time-asymptotic nonlinear response of a rotating tokamak plasma to

a resonant error-field. The solid curve shows the cycle-averaged value of

u=p calculated as a function of the plasma rotation parameter, a. The dashed

curve shows the analytic approximation hui=p ¼ a2=ð1þ 2 a2Þ � 0:1765 a2

=ð1þ 0:4950 a8=3Þ.
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Finally, because the nonlinear regime is only valid when

Ŵ � 1 (i.e., when the island width greatly exceeds the linear

layer width), it follows from Eq. (81) that the time-

asymptotic response of the plasma to the error-field only lies

in the nonlinear regime when

Ŵ v �
1þ 0:8624 a4=3

0:5

� �1=4

: (83)

V. BIFURCATION THEORY

A. Response regimes

Making use of Eqs. (40)–(43), (54), and (80)–(83), we

can identify four separate time-asymptotic response regimes

for a rotating tokamak plasma interacting with a resonant

error-field. The extents of these regimes in x̂ � Ŵ
2

v space

are shown in Fig. 10.

Regime I corresponds to x̂ � 1 and Ŵ
2

v � 1. This is a

linear, low-plasma-rotation response regime in which

u
p
’ x̂

p
; (84)

Ŵ

Ŵ v

 !4

’ 1; (85)

T ’ x̂: (86)

Regime II corresponds to x̂ � 1 and Ŵ
2

v � x̂. This is

a linear, high-plasma-rotation response regime in which

u
p
’ 1

2
� x̂�1

p
; (87)

Ŵ

Ŵ v

 !4

’ x̂�2; (88)

T ’ x̂�1: (89)

Regime III corresponds to 1� Ŵ
2

v � x̂�2. This is a

nonlinear, low-plasma-rotation response regime in which

hui
p
’ 0:8235 a 2; (90)

Ŵ

Ŵ v

 !4* +
’ 1

2
; (91)

hTi ’ 0:4577 a; (92)

where a ¼ 2 x̂ Ŵ v=3.

Finally, Regime IV corresponds to Ŵ
2

v � x̂�2; x̂. This

is a nonlinear, high-plasma-rotation response regime in

which

hui
p
’ 1

2
� 0:3566 a�2=3; (93)

FIG. 8. Time-asymptotic nonlinear response of a rotating tokamak plasma to

a resonant error-field. The solid curve shows the cycle-averaged value of

ðŴ=Ŵ vÞ4 calculated as a function of the plasma rotation parameter, a.

The dashed curve shows the analytic approximation hðŴ=Ŵ vÞ 4i ¼ 0:5
=ð1þ 0:8624 a4=3Þ.

FIG. 9. Time-asymptotic nonlinear response of a rotating tokamak plasma to

a resonant error-field. The solid curve shows the cycle-averaged value of T
calculated as a function of the plasma rotation parameter, a. The dashed

curve shows the analytic approximation hTi ¼ 0:4577 a=ð1þ 0:8546 a5=3Þ.

FIG. 10. Time-asymptotic response regimes for a rotating tokamak plasma

interacting with a resonant error-field.
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Ŵ

Ŵ v

 !4* +
’ 0:5798 a�4=3; (94)

hTi ’ 0:5356 a�2=3: (95)

Expressions (40)–(42) interpolate between regimes I and

II, whereas expressions (80)–(82) interpolate between

regimes III and IV.

B. Toroidal torque balance

In general (or, to be more exact, in the nonlinear

response regime), the time-asymptotic toroidal electromag-

netic torque, T/ EM, exerted by an error-field on a rotating

plasma varies in time. However, the typical variation time-

scale is of order the rotation period, which is generally

much shorter than the global viscous diffusion timescale.

Hence, it is reasonable to suppose that the plasma averages

over any oscillations in the torque, and responds primarily

to the time-averaged torque, hT/ EMi (see Appendix C).

Note, incidentally, that the error-field also exerts a poloidal

electromagnetic torque on the plasma. However, the

response to this torque is largely suppressed by the strong

poloidal flow damping typically present in tokamak plas-

mas.6 Consequently, in the following, we shall neglect the

poloidal torque.

Suppose that the change in the plasma toroidal angular

velocity profile induced by the time-averaged toroidal elec-

tromagnetic torque is DX/ðrÞ. The appropriate boundary

condition at the edge of the plasma is3

DX/ðaÞ ¼ 0: (96)

In other words, the plasma rotation is effectively clamped at

the edge, and is not substantially modified by the error-field.

Perpendicular viscosity gives rise to a localized viscous tor-

que, acting in the vicinity of the rational surface, which

opposes the error-field-induced change in the plasma rota-

tion. This torque is written4 (see Appendixes C and E)

T/ VS ¼ �
4p2 R 3

0 DX/ rsð ÞÐ a
rs

dr=r l rð Þ
: (97)

It follows from Eq. (13) that

x ¼ x0 � n DX/ðrsÞ; (98)

where

x0 ¼ m Xh 0ðrsÞ � n X/ 0ðrsÞ: (99)

Here, Xh 0ðrÞ and X/ 0ðrÞ are the poloidal and toroidal angu-

lar velocity profiles of the plasma, respectively, in the

absence of the error-field. Incidentally, x is the error-field-

modified angular frequency of an island chain that is forced

to co-rotate with the plasma, whereas x0 is the same fre-

quency in the absence of the error-field.

In a steady state, the viscous torque acting on the plasma

in the vicinity of the rational surface must balance the time-

averaged electromagnetic torque, so that

hT/ EMi þ T/ VS ¼ 0: (100)

Equations (14), (15), (97), (98), and (100) can be com-

bined to give the torque-balance criterion

x̂0 � x̂ ¼ Ŵ v

R

� �4

hTi; (101)

where

x̂0 ¼
dVR

rs

sR

�D0

� �
x0; (102)

R ¼ 25 0:8227ð Þ4

2:104ð Þ6
dVR

rs

B/

Bh rsð Þ

� �2

ða

rs

dr

r

l rsð Þ
l rð Þ

" #1=4

:

(103)

C. Bifurcation theory in linear response regime

In the two linear response regimes (i.e., regimes I and

II), Eqs. (42) and (101) can be combined to give

x̂0 � x̂ ¼ Ŵ v

R

� �4
x̂

1þ x̂ 2
: (104)

The previous expression is equivalent to

f ðxÞ ¼ 0; (105)

where

f xð Þ � c x 3 � c x 2 þ b
3

x� 1

27
; (106)

and

x ¼ x̂
x̂0

; (107)

b ¼ 1

9
1þ Ŵ v

R

� �4
" #

; (108)

c ¼ x̂ 2
0

27
: (109)

Here, x parameterizes the actual (i.e., in the presence of the

error-field) plasma rotation, b parameterizes the amplitude

of the error-field, and c parameterizes the intrinsic (i.e., in

the absence of the error-field) plasma rotation.

The numerical solution of the time-asymptotic torque-

balance equation, (105), is shown in Fig. 11. It can be seen

that, at fixed intrinsic plasma rotation (i.e., fixed c), x
decreases monotonically with increasing b when c< 1. On

the other hand, there is a range of x-values in which x
increases with increasing b when c> 1. It is demonstrated in

Appendix B that solutions of the torque-balance equation for

which the plasma rotation decreases with increasing error-

field amplitude (i.e., x deceases with increasing b) are

dynamically stable, whereas solutions for which the plasma

rotation increases with increasing error-field amplitude (i.e.,
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x increases with decreasing b) are dynamically unstable.3,4

We conclude that the general solution of the torque-balance

equation exhibits a “forbidden band” of plasma rotation

frequencies when c> 1 (i.e., when the intrinsic plasma

rotation is sufficiently high). This band separates a branch of

dynamically stable low-rotation solutions from a branch of

dynamically stable high-rotation solutions. Thus, when a

low-rotation solution crosses the lower boundary of the for-

bidden band, it becomes dynamically unstable, and there is a

bifurcation to a high-rotation solution (characterized by the

same values of b and c). Likewise, when a high-rotation so-

lution crosses the upper boundary of the forbidden band, it

becomes dynamically unstable, and there is a bifurcation to a

low-rotation solution.

The numerically determined critical values of b at which

the aforementioned bifurcations take place are shown in Fig.

12. It can be seen that, to a good approximation, the bifurca-

tion from the high-rotation to the low-rotation solution

branch occurs when b exceeds the critical value

bþ ’ 1þ 3

4
c� 1ð Þ: (110)

On the other hand, the bifurcation from the low-rotation to

the high-rotation solution branch occurs when b falls below

the critical value

b� ’ 1þ 4

3

� �1=2

c1=2 � 1
� �

: (111)

The previous two expressions are only valid when c> 1. For

c	 1, there is no forbidden band of plasma rotation frequen-

cies, and, consequently, no bifurcations.

According to the definitions (108) and (109), the bifur-

cation from the high-rotation to the low-rotation solution

branch occurs when the normalized vacuum island width

exceeds the critical value

Ŵ vþ ’ 8þ x̂ 2
0 � 27

4

� �1=4

R: (112)

On the other hand, the bifurcation from the low-rotation to

the high-rotation solution branch occurs when the normal-

ized vacuum island width falls below the critical value

Ŵ v� ’ ½8þ 2 ðx̂0 �
ffiffiffiffiffi
27
p
Þ�1=4R: (113)

In general, Ŵ vþ > Ŵ v�. Consequently, the system exhibits

hysteresis. To be more exact, once Ŵ v has exceeded the criti-

cal value required to trigger a transition from a high-rotation

solution to a low-rotation solution, its value must be signifi-

cantly reduced before the reverse transition is triggered.

Likewise, once Ŵ v has fallen below the critical value

required to trigger a transition from a low-rotation solution

to a high-rotation solution, its value must be significantly

increased before the reverse transition is triggered. The pre-

vious two expressions are only valid when x̂0 >
ffiffiffiffiffi
27
p

. For

x̂0 	
ffiffiffiffiffi
27
p

, there are no bifurcations, and the plasma rotation

varies continuously, and reversibly, with varying vacuum

island width.

D. Bifurcation theory in nonlinear response regime

In the two nonlinear response regimes (i.e., regimes III

and IV), Eqs. (82) and (101) can be combined to give

x̂0 � x̂ ¼ Ŵ v

R

� �4
0:4577 a

1þ 0:8546 a5=3
; (114)

where a ¼ 2 x̂ Ŵ v=3. The previous expression is equivalent to

gðxÞ ¼ 0; (115)

FIG. 11. Solutions of the time-asymptotic torque-balance equation in the lin-

ear response regime. The thin curves show constant-c solutions plotted in x-b
space. The curve that passes through the point x¼ 1/3, b¼ 1 corresponds to

c¼ 1. Curves that pass below (in b) this point correspond to c< 1, and vice

versa. The solutions lying inside the thick curve are dynamically unstable.

FIG. 12. Bifurcation thresholds for the solutions of the time-asymptotic tor-

que-balance equation in the linear response regime. The upper solid curve

shows the critical b value above which high-rotation solutions bifurcate to

low-rotation solutions, plotted as a function of c. Similarly, the lower solid

curve shows the critical b value below which low-rotation solutions bifur-

cate to high-rotation solutions. The long-dashed-dotted curve shows the ana-

lytic approximation b¼ 1þ 3 (c � 1)/4. The short-dashed-dotted curve

shows the analytic approximation b¼ 1þ (4/3)1=2 (c1=2 � 1).
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where

g xð Þ � c0 x 8=3 � c0 x 5=3 þ b0

2 21=3
x� 1

32 21=3
; (116)

and

b0 ¼ 1

16
1þ 0:3051

Ŵ
5

v

R 4

 !
; (117)

c0 ¼ 0:3451

32
Ŵ

5=3

v x̂ 5=3
0 : (118)

Here, x parameterizes the actual (i.e., in the presence of the

error-field) plasma rotation, b0 parameterizes the amplitude

of the error-field, and c0 parameterizes the intrinsic (i.e., in

the absence of the error-field) plasma rotation.

The numerical solution of the time-asymptotic torque-bal-

ance equation, (115), is shown in Fig. 13. As before, the solu-

tion exhibits a forbidden band of plasma rotation frequencies

when c0 > 1 (i.e., when the intrinsic plasma rotation is suffi-

ciently high). This band separates a branch of dynamically sta-

ble low-rotation solutions from a branch of dynamically stable

high-rotation solutions. When a low-rotation solution crosses

the lower boundary of the forbidden band, a bifurcation to a

high-rotation solution is triggered. Likewise, when a high-

rotation solution crosses the upper boundary of the forbidden

band, a bifurcation to a low-rotation solution is triggered.

The numerically determined critical values of b0 at

which the aforementioned bifurcations take place are shown

in Fig. 14. It can be seen that, to a good approximation, the

bifurcation from the high-rotation to the low-rotation solu-

tion branch occurs when b0 exceeds the critical value

b0þ ’ 1þ 12

55=3
c0 � 1ð Þ: (119)

On the other hand, the bifurcation from the low-rotation to

the high-rotation solution branch occurs when b0 falls below

the critical value

b0� ’ 1þ 5

2 54ð Þ1=5
c0 3=5 � 1
� �

: (120)

The previous two expressions are only valid when c0 > 1.

For c0 	 1, there is no forbidden band of plasma rotation fre-

quencies, and, consequently, no bifurcations.

According to the definitions (117) and (118), the bifur-

cation from the high-rotation to the low-rotation solution

branch occurs when the normalized vacuum island width

exceeds the critical value Ŵ vþ, which is the positive root of

Ŵ
5

vþ � 0:4642 x̂ 5=3
0 R 4 Ŵ

5=3

vþ � 6:121 R 4 ’ 0: (121)

On the other hand, the bifurcation from the low-rotation to

the high-rotation solution branch occurs when the normal-

ized vacuum island width falls below the critical value Ŵ v�,

which is the (largest) positive root of

Ŵ
5

v� � 3:898 x̂0 R 4 Ŵ v� þ 9:875 R 4 ’ 0: (122)

In general, Ŵ vþ > Ŵ v�. Consequently, the system exhibits

hysteresis. The previous two expressions are only valid when

x̂0 > 15:15=Ŵ v. For x̂0 < 15:15=Ŵ v, there are no bifurca-

tions, and the plasma rotation varies continuously, and rever-

sibly, with varying vacuum island width.

E. Bifurcation regimes

Making use of the analysis presented in the previous

two subsections, we can identify four separate bifurcation

FIG. 13. Solutions of the time-asymptotic torque-balance equation in the non-

linear response regime. The thin curves show constant-c0 solutions plotted in

x-b0 space. The curve that passes through the point x¼ 1/4, b0 ¼ 1 corre-

sponds to c0 ¼ 1. Curves that pass below (in b0) this point correspond to

c0 < 1, and vice versa. The solutions lying inside the thick curve are dynami-

cally unstable.

FIG. 14. Bifurcation thresholds for the solutions of the time-asymptotic tor-

que-balance equation in the nonlinear response regime. The upper solid

curve shows the critical b0 value above which high-rotation solutions bifur-

cate to low-rotation solutions, plotted as a function of c0. Similarly, the

lower solid curve shows the critical b0 value below which low-rotation sol-

utions bifurcate to high-rotation solutions. The long-dashed-dotted curve

shows the analytic approximation b0 ¼ 1þ 12 ðc0 � 1Þ=55=3. The short-

dashed-dotted curve shows the analytic approximation b0 ¼ 1þ ð5=2Þ
ðc0 3=5 � 1Þ=ð54Þ1=5

.
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regimes for a rotating tokamak plasma interacting with a res-

onant error-field. The extents of these regimes in x̂0–R space

are shown in Fig. 15.

Regime I corresponds to x̂0 � 1 and R� x̂�1=4
0 . In

this regime, both the high- to low-rotation and the low- to

high-rotation bifurcations take place in the linear response

regime. The critical normalized vacuum island width above

which the high- to low-rotation bifurcation is triggered is

Ŵ vþ ¼ 0:7071 x̂ 1=2
0 R: (123)

This expression is obtained from Eq. (112) by taking the

limit x̂0 � 1, and is equivalent to expression (42) of Ref. 4.

Immediately before the bifurcation,

x̂ ¼ 1

2
x0; (124)

Ŵ ¼ R: (125)

On the other hand, the critical normalized vacuum island

width below which the low- to high-rotation bifurcation is

triggered is

Ŵ v� ¼ 1:189 x̂ 1=4
0 R: (126)

This expression is obtained from Eq. (113) by taking the

limit x̂0 � 1. Immediately before the bifurcation,

x̂ ¼ 1; (127)

Ŵ ¼ x̂ 1=4
0 R: (128)

Regime II corresponds to R� 1; x̂�5=4
0 . In this regime,

both the high- to low-rotation and the low- to high-rotation

bifurcations take place in the nonlinear response regime. The

critical normalized vacuum island width above which the

high- to low-rotation bifurcation is triggered is

Ŵ vþ ¼ 0:7943 x̂ 1=2
0 R 6=5: (129)

This expression is obtained by neglecting the final term on

the left-hand side of Eq. (121), and is equivalent to expres-

sion (59) of Ref. 4. Immediately before the bifurcation,

x̂ ¼ 2

5
x̂0; (130)

Ŵ ¼ 0:8567 R 4=5: (131)

On the other hand, the critical normalized vacuum island

width below which the low- to high-rotation bifurcation is

triggered is

Ŵ v� ¼ 1:405 x̂ 1=4
0 R: (132)

This expression is obtained by neglecting the final term on

the left-hand side of Eq. (122). Immediately before the

bifurcation,

x̂ ¼ 1:496

x̂ 1=4
0 R

; (133)

hŴi ¼ 0:9540 x̂ 1=4
0 R: (134)

Regime III corresponds to x̂�1=4
0 � R� 1. In this re-

gime, the high- to low-rotation bifurcation takes place in the

linear response regime, whereas the low- to high-rotation

bifurcation takes place in the nonlinear response regime.

Thus, the critical normalized vacuum island width above

which the high- to low-rotation bifurcation is triggered is

Ŵ vþ ¼ 0:7071 x̂ 1=2
0 R: (135)

Immediately before this bifurcation,

x̂ ¼ 1

2
x̂0; (136)

Ŵ ¼ R: (137)

On the other hand, the critical normalized vacuum island

width below which the low- to high-rotation bifurcation is

triggered is

Ŵ v� ¼ 1:405 x̂ 1=4
0 R: (138)

Immediately before this bifurcation,

x̂ ¼ 1:496

x̂ 1=4
0 R

; (139)

hŴi ¼ 0:9540 x̂ 1=4
0 R: (140)

Finally, regime IV corresponds to that part of the x̂0–R
plane that is not occupied by regimes I, II, and III. There are

no bifurcations in this regime.

Note that expressions (123)–(140) are only valid when

the operating point in x̂0–R space lies well away from the

boundaries between the various bifurcation regimes. In par-

ticular, when the boundary with regime IV is approached,

expressions (123), (126), (129), and (132) must be replaced

by the more general expressions (112), (113), (121), and
FIG. 15. Bifurcation regimes for a rotating tokamak plasma interacting with

a resonant error-field.
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(122), respectively. The derivation of these general expres-

sions represents a major extension of the analysis of Ref. 4,

which only considers high- to low-rotation bifurcations, and

can only deal with situations in which the operating point

lies well away from the boundaries between the various

bifurcation regimes.

In the regimes that exhibit bifurcations between low-

and high-rotation solution branches (i.e., regimes I, II, and

III), the low-rotation solutions are all characterized by

Ŵ 
 Ŵ v, whereas the high-rotation solutions are all charac-

terized by Ŵ � Ŵ v. In other words, on the low-rotation so-

lution branch, the plasma rotation is too weak to significantly

reduce the width of the island chain driven by the error-field

at the rational surface. On the other hand, on the high-

rotation solution branch, the plasma rotation is strong enough

to significantly reduce the width of the driven island chain.

Consequently, a high- to low-rotation bifurcation is invaria-

bly accompanied by a marked increase in the width of the

driven island chain, whereas a low to high-rotation bifurca-

tion is accompanied by a marked decrease.

In Fig. 15, the boundary between regimes I and IV is

specified as x̂0 
 1. In fact, this boundary corresponds to

b¼ c¼ 1 (see Sec. V C). Hence, a more precise specification

of the boundary is x̂0 ¼ 5:196. Likewise, in Fig. 15, the

boundary between regimes II and IV is specified as

R 
 x̂�5=4
0 . In fact, this boundary corresponds to b0 ¼ c0 ¼ 1

(see Sec. V D). Hence, a more precise specification of the

boundary is R ¼ 11:29 x̂�5=4
0 .

VI. SUMMARY AND DISCUSSION

We have performed an in-depth investigation of the

response of a rotating, quasi-cylindrical, tokamak plasma to

a resonant error-field, within the context of constant-w,

resistive-MHD theory, considerably generalizing the analysis

presented previously in Refs. 3 and 4.

We find that the response of the plasma in the immediate

vicinity of the rational surface to the applied error-field can

be usefully visualized as a trajectory in a kind of phase-

space. If the response is linear (i.e., if the driven island width

is much less than the linear layer width) then the phase-space

trajectory decays to a fixed point (see Sec. III B and Fig. 1).

On the other hand, if the response is nonlinear (i.e., if the

driven island width is much larger than the linear layer

width) then the trajectory asymptotes to a limit cycle (see

Sec. IV B and Fig. 3). The fixed point corresponds to a time-

asymptotic linear response characterized by a non-rotating

island chain of fixed width, through which the plasma at the

rational surface flows (see Sec. III C). The limit cycle corre-

sponds to a time-asymptotic nonlinear response character-

ized by a rotating island chain that is convected by the

plasma at the rational surface, and whose width periodically

falls to zero (see Sec. IV C). Each time this occurs, the heli-

cal phase of the chain (measured with respect to the error-

field) decreases discontinuously by p radians. Consequently,

although the phase is constantly increasing in time, it is

nevertheless restricted to lie in a limited range of values.

We have derived general expressions for the mean heli-

cal phase and width of, as well as the time-averaged

electromagnetic locking torque acting on, the island chain

driven at the rational surface by the error-field in both the

linear [see Eqs. (40)–(42)] and nonlinear [see Eqs.

(80)–(82)] response regimes, and have mapped out the

extents of these regimes in parameter space (see Fig. 10).

We have also obtained torque-balance equations in both

regimes [see Eqs. (104) and (114)]. These equations are used

to determine the steady-state plasma rotation at the rational

surface in the presence of the error-field. It is demonstrated

that, provided the intrinsic plasma rotation is sufficiently

large, the torque-balance equations possess dynamically sta-

ble low-rotation and high-rotation solution branches, sepa-

rated by a forbidden band of dynamically unstable solutions

(see Secs. V C and V D). It is also shown that bifurcations

between the two stable solution branches are triggered as the

amplitude of the error-field is varied. A low- to high-rotation

bifurcation is invariably associated with a significant reduc-

tion in the width of the magnetic island chain driven at the

rational surface, and vice versa. Moreover, the bifurcations

exhibit considerable hysteresis. General expressions for the

bifurcation thresholds have been obtained, and their respec-

tive domains of validity mapped out in parameter space (see

Fig. 15).

In Appendix D, we apply the scaling analysis described

in Sec. IV of Ref. 10 to the theory outlined in this paper.

This analysis is appropriate to an ohmically heated tokamak

plasma with (dimensionally consistent) neo-Alcator scaling

of the energy confinement time. It is assumed that the mo-

mentum confinement time scales in a similar manner to the

energy confinement time. The purpose of the analysis is to

determine the dependance of critical parameters in the theory

on the line-averaged electron number density, ne, the mean

toroidal magnetic field-strength, BT, and the plasma major

radius, R0. We find that none of the parameters exhibit any

scaling with ne. Instead, they all scale as some power of

f ¼ B
1=5
T R

1=4
0 . [Actually, the latter result follows immedi-

ately from dimensionless scaling arguments, once it has been

established that there is no density scaling.11] In fact,

Ŵ v 

br

BT

� �1=2

f 8=3; (141)

x̂0 
 f 7=3; (142)

R 
 f�2=3; (143)

where br is the vacuum radial error-field strength at the

rational surface. These scalings, in combination with Fig. 15,

allow us conclude that large, high-field devices are more

likely to lie in the linear bifurcation regime I, whereas small,

low-field devices are more likely to lie in the nonlinear bifur-

cation regime II. The lack of density scaling exhibited by the

previous three critical parameters means that, according to

the theory outlined in this paper, none of the threshold error-

field strengths at which low- to high-rotation bifurcations, or

high to low-rotation bifurcations, are triggered have any de-

pendence on ne. Unfortunately. this prediction is in conflict

with experimental observations, which indicate an approxi-

mately linear scaling of the critical field-strength needed to
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trigger a high- to low-rotation bifurcation.12–15 (More recent

observations suggest a weaker density scaling in small devi-

ces.16) Clearly, something is missing from our theory. One

possibility is error-field-induced neoclassical toroidal flow

damping—see Appendix E.10,17,18 However, it is demon-

strated in Appendix D that the addition of this effect alone

does not solve any problems. The only other possibility is

drift effects (e.g., semi-collisional effects in the linear re-

gime, and the ion polarization current in the nonlinear re-

gime). In a future publication, we intend to extend the

analysis presented in this paper to take drift effects into

account, using the analysis of Ref. 19 as a template in the lin-

ear regime, and the analysis of Ref. 10 in the nonlinear

regime.
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APPENDIX A: LINEAR RESPONSE REGIME

All quantities appearing in this appendix are defined in

Sec. II. Standard asymptotic matching between the margin-

ally stable, ideal MHD solution in the outer region (i.e.,

everywhere apart from the immediate vicinity of the rational

surface) and the linear layer solution in the vicinity of the

rational surface yields [see Eq. (6) of Ref. 4]

D Ws ¼ D0Ws þ 2 m Wv: (A1)

For the case of the visco-resistive layer response regime [see

Eqs. (9), (21), (23), (26), (27a), (27b), and (28a) of Ref. 4],

D ¼ dVR

rs
sR

d

dt
þ i x

� �
; (A2)

where d/dt is the growth-rate in the plasma frame. In normal-

ized form (given that Ws ¼ jWsj e�i us and Wv ¼ jWvj e�i uv),

the previous two equations give

d

dt̂
þ i x̂

� �
Ŵ

2
e�i us

� �
¼ �Ŵ

2
e�i us þ Ŵ

2

v e�i uv (A3)

or

2 Ŵ
dŴ

dt̂
� i Ŵ

2 du
dt̂
þ i x̂ Ŵ

2 ¼ �Ŵ
2 þ Ŵ

2

v e i u; (A4)

where u ¼ us � uv, and we have assumed that uv does not

vary in time. Taking the real and imaginary parts of the pre-

vious equation, we obtain

dŴ

dt̂
¼ Ŵ

2
�1þ Ŵ

2

v

Ŵ
2

cos u

 !
; (A5)

du
dt̂
� x̂ ¼ � Ŵ

2

v

Ŵ
2

sin u; (A6)

respectively.

APPENDIX B: DYNAMICAL STABILITY OF SOLUTIONS
OF THE TORQUE-BALANCE EQUATION

When plasma inertia is taken into account, the torque-

balance equation, (101), generalizes to give3

dx̂
dt̂
¼ k F x̂ð Þ; (B1)

where

Fðx̂Þ ¼ x̂0 � x̂ � f hTiðx̂Þ: (B2)

Here, k> 0, f ¼ ðŴ v=RÞ4 > 0, and hTiðx̂Þ > 0 is the nor-

malized, time-averaged, electromagnetic torque. A stable

equilibrium solution of (B1) is such that

Fðx̂1Þ ¼ 0; (B3)

F0ðx̂1Þ < 0; (B4)

where F0ðx̂Þ � dF=dx̂. It follows that x̂ ¼ x̂1 is a dynami-

cally stable, steady-state solution of the generalized torque-

balance equation, (B1), provided that:

1þ f hTi0ðx̂1Þ > 0: (B5)

Here, hTi0ðx̂Þ � dhTi=dx̂. Suppose that f! fþ df, and

that the corresponding steady-state solution of (B1) changes

from x̂1 to x̂1 þ dx̂1. To first order in small quantities, we

obtain

dx̂1

df
¼ � hTi x̂1ð Þ

1þ f hTi0 x̂1ð Þ
: (B6)

It follows from (B5) that if x̂ ¼ x̂1 is a dynamically stable,

steady-state solution of the torque-balance equation then

dx̂1

df
< 0: (B7)

In other words, a dynamically stable solution is such that the

plasma rotation (which is parameterized by x̂1) decreases

with increasing error-field amplitude (which is parameterized

by f). Conversely, if the plasma rotation increases with

increasing error-field amplitude then the corresponding solu-

tion is dynamically unstable.

APPENDIX C: PLASMA TOROIDAL EQUATION OF
ANGULAR MOTION

The plasma’s toroidal equation of angular motion is

written as3

4p2 R 3
0 q r

@DX/

@t
� @

@r
l r

@DX/

@r

� �� �
¼ T/ EM d r � rsð Þ:

(C1)

Here, DX/ðr; tÞ; qðrÞ, and l(r) are the plasma toroidal angu-

lar velocity-shift (due to the error-field torque), mass density,

and (perpendicular) viscosity profiles, respectively, whereas
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T/ EMðtÞ is the (time-asymptotic) toroidal electromagnetic

torque exerted by the error-field in the vicinity of the rational

surface, r¼ rs. The physical boundary conditions are3

@DX/ 0; tð Þ
@r

¼ DX/ a; tð Þ ¼ 0; (C2)

where a is the plasma minor radius.

Suppose that

T/ EMðtÞ ¼ hT/ EMi þ ~T/ EM e i x t; (C3)

DX/ðr; tÞ ¼ DX/ðrÞ þ D~X/ðrÞ e i x t; (C4)

where the frequency x is specified in Eq. (13). It follows that

�4p2 R 3
0

d

dr
l r

dDX/

dr

� �
¼ hT/ EMi d r � rsð Þ; (C5)

and

dDX/ 0ð Þ
dr

¼ DX/ að Þ ¼ 0: (C6)

Hence,

DX/ð0Þ ¼ DX/ðrsÞ
1 r < rsÐ a

r dr=r l=
Ð a

rs
dr=r l r > rs;

(
(C7)

where

DX/ rsð Þ ¼
hT/ EMi
4p2 R 3

0

ða

rs

dr

r l rð Þ : (C8)

We also have

�4 p2 R 3
0 i xq r D~X/ �

d

dr
l r

dD~X/

dr

� �� �

¼ ~T/ EM d r � rsð Þ; (C9)

and

dD~X/ 0ð Þ
dr

¼ D~X/ að Þ ¼ 0: (C10)

Assuming that xsV � 1, where sV ¼ r 2
s qðrsÞ=lðrsÞ, we

obtain

D~X/ð0Þ ’D~X/ðrsÞ
exp½þeip=4 ffiffiffiffiffiffiffiffiffi

xsV
p ðr� rsÞ=rs� r< rs

exp ½�eip=4 ffiffiffiffiffiffiffiffiffi
xsV
p ðr� rsÞ=rs� r> rs;

(

(C11)

where

D~X/ rsð Þ ¼
e�i p=4 ~T/ EM

4p2 R 3
0 2 l rsð Þ

ffiffiffiffiffiffiffiffiffi
xsV
p : (C12)

The approach adopted in this paper, in which only the

response of the plasma to the time-averaged electromagnetic

torque is taken into consideration, is justified provided that

����D~X/ rsð Þ
DX/ rsð Þ

����� 1: (C13)

According to Eqs. (C8) and (C12), this implies that

~T/ EM

hT/ EMi
� ffiffiffiffiffiffiffiffiffi

x sV
p

: (C14)

In the linear response regime, discussed in Sec. III,
~T/ EM ¼ 0, so the above inequality is automatically satisfied.

However, in the nonlinear response regime, discussed in Sec.

IV, ~T/ EM 
 hT/ EMi. In this case, the inequality can only be

satisfied if

xsV � 1: (C15)

Let us estimate the typical value of xsV. In the interme-

diate plasma rotation limit, in which a
 1, where [see Eqs.

(22), (24), and (56)] a
xsRWv/rs, we find that

xsV 

rs

Wv

sV

sR
; (C16)

or [see Eqs. (22) and (103)]

x sV 

1

Ŵ v

rs

dVR

sV

sR

 1

Ŵ v R 4

B/

Bh rsð Þ

� �2 sV

sR
: (C17)

Now, according to the analysis of Sec. V E, we have Ŵ v 

R 
 1 at the boundary between bifurcation regimes I, II, III,

and IV (see Fig. 15), so, in this case,

x sV 

B/

Bh rsð Þ

� �2 sV

sR
: (C18)

Thus, (C15) yields

B/

Bh rsð Þ

� �2 sV

sR
� 1: (C19)

In conventional, large aspect-ratio, ohmically heated, toka-

mak plasmas, 1=6 � sV=sR � 1, whereas B/=BhðrsÞ 
 6.4

Hence, the previous inequality is easily satisfied, implying

that the neglect of the response of the plasma to the time-

varying component of the electromagnetic torque is justified.

APPENDIX D: SCALING ANALYSIS

In this appendix, we apply the scaling analysis described

in Sec. IV of Ref. 10 to the theory outlined in this paper. The

analysis is appropriate to an ohmically heated tokamak

plasma with (dimensionally consistent) neo-Alcator scaling

of the energy confinement time. It is assumed that the mo-

mentum confinement time scales in a similar manner to the

energy confinement time. According to the analysis,

Ŵ v 

br

BT

� �1=2

f 8=3; (D1)

x̂0 
 f 7=3; (D2)
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R 
 f�2=3; (D3)

sV

sD

 f�2; (D4)

where

f ¼ B
1=5
T R

1=4
0 : (D5)

Here, br is the vacuum radial error-field at the rational sur-

face, BT the mean toroidal magnetic field-strength, and R0

the plasma major radius. It is interesting to note that none of

the above quantities exhibit any dependence on the line-

averaged electron number density, ne.

The critical error-field amplitude above which the high-

to low-rotation bifurcation is triggered in bifurcation regimes

I and III of Sec. V E [which follows from Eq. (123)] scales

as10

br

BT

� �
þ

 f�13=3: (D6)

The critical error-field amplitude above which the high- to

low-rotation bifurcation is triggered in bifurcation regime II

[which follows from Eq. (129)] scales as

br

BT

� �
þ

 f�23=5: (D7)

Finally, the critical error-field amplitude below which the

low- to high-rotation bifurcation is triggered in bifurcation

regimes I, II, and III [which follows from Eq. (126)] scales

as

br

BT

� �
�

 f�11=2: (D8)

It can be seems that none of the above critical error-field

strengths exhibit any scaling with ne.

According to the analysis of Appendix E, error-field-

induced neoclassical toroidal flow damping must be taken

into account in the bifurcation analysis whenever

sV

sD

� �1=2

Ŵ
2

v � 1 (D9)

or

br

BT
� br

BT

� �
crit

; (D10)

where

br

BT

� �
crit


 f�13=3: (D11)

If the inequality (D10) is satisfied then the critical error-field

strengths (D6), (D7), and (D8) become

br

BT

� �
þ

 f�13=3; (D12)

br

BT

� �
þ

 f�15=3; (D13)

br

BT

� �
�

 f�20=3; (D14)

respectively. Note, again, that none of the above critical val-

ues exhibit any scaling with ne.

APPENDIX E: EFFECT OF NEOCLASSICAL TOROIDAL
FLOW DAMPING

Equation (C5) can be generalized to give10,17,18

4p2 R 3
0 q �/ r DX/ �

d

dr
l r

dDX/

dr

� �� �
¼ hT/ EMi d r � rsð Þ;

(E1)

and

dDX/ 0ð Þ
dr

¼ DX/ að Þ ¼ 0; (E2)

where �/ðrÞ is the error-field-induced neoclassical toroidal

flow damping rate. In the limit that sV �/ s � 1, where

�/ s ¼ �/ðrsÞ, we obtain the solution specified in Eqs. (C7)

and (C8). In the opposite limit, we get

DX/ðrÞ ’ DX/ðrsÞ
exp ½þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

�/ s sV
p ðr � rsÞ=rs� r < rs

exp ½� ffiffiffiffiffiffiffiffiffiffiffiffiffi
�/ s sV
p ðr � rsÞ=rs� r > rs;

(

(E3)

where

DX/ rsð Þ ¼
hT/ EMi

4p2 R 3
0 2 l rsð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�/ s sV
p : (E4)

The toroidal torque-balance equation takes the form

hT/ EMi þ T/ VS ¼ 0; (E5)

where

T/ VS ¼ 4p2 R 3
0 l r

dDX/

dr

� �rsþ

rs�
: (E6)

Combining the sV �/ s � 1 and sV �/ s � 1 solutions, we

obtain the following approximate expression:

T/ VS’�4p2 R 3
0 l rsð Þ 1


ða

rs

dr

r

l rsð Þ
l rð Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�/ s sV
p

" #
DX/ rsð Þ:

(E7)

Assuming that the neoclassical toroidal flow damping

lies in the so-called 1/� regime, we expect the flow damping

rate to scale as the square of the error-field amplitude.10,17,18

Thus, we can write

�/ s ¼
Ŵ

4

v

sD



2

ða

rs

dr

r

l rsð Þ
l rð Þ

" #2

; (E8)
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where the flow damping timescale sD is independent of the

error-field amplitude. It follows that [cf. Eq. (97)]:

T/ VS ¼ �
4p2 R 3

0 DX/ rsð ÞÐ a
rs

dr=r l rð Þ
1þ sV

sD

� �1=2

Ŵ
2

v

" #
: (E9)

Thus, the torque-balance equation (101) generalizes to give

x̂0 � x̂ ¼ Ŵ v=R
� �4

1þ sV=sDð Þ1=2 Ŵ
2

v

h i hTi: (E10)
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