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A simple model of axisymmetric vertical disruption events 共VDEs兲 in tokamaks is presented in
which the halo current force exerted on the vacuum vessel is calculated directly from linear,
marginally stable, ideal-magnetohydrodynamical 共MHD兲 stability analysis. The basic premise of the
model is that the halo current force modifies pressure balance at the edge of the plasma, and
therefore also modifies ideal-MHD plasma stability. In order to prevent the ideal vertical instability,
responsible for the VDE, from growing on the very short Alfvén time scale, the halo current force
must adjust itself such that the instability is rendered marginally stable. The model predicts halo
currents which are similar in magnitude to those observed experimentally. An approximate
nonaxisymmetric version of the model is developed in order to calculate the toroidal peaking factor
for the halo current force. © 2009 American Institute of Physics. 关DOI: 10.1063/1.3068467兴
I. INTRODUCTION

II. ORTHOGONAL CURVILINEAR COORDINATES

Tokamak plasma discharges are occasionally terminated
by sudden events, known as disruptions, in which the plasma
thermal energy and electric current are both rapidly
quenched.1 Elongated plasmas often become vertically unstable during disruptions, leading to so-called vertical displacement events 共VDEs兲 in which the plasma makes contact
with the vacuum vessel. When this happens, part of the
plasma current, known as the halo current, flows through the
vessel, producing a strong outward force.2 Indeed, halo currents typically give rise to the largest forces experienced by
the vacuum vessel during the lifetime of a tokamak. Consequently, halo current forces are a critical issue for the design
and operation of ITER.3–5
In this paper, we present a relatively simple model of
VDEs in tokamaks. The model employs a suitably modified
version of conventional, marginally stable, ideal-MHD 共magnetohydrodynamical兲 stability analysis to directly determine
the size of the halo current force. Since our aim is to calculate the maximum possible value of this force, we have examined a worst case scenario in which the plasma thermal
quench does not occur prior to the onset of the vertical instability 共i.e., a so-called “hot plasma” VDE兲.6 Furthermore,
for the sake of simplicity, all of the calculations described in
this paper are performed using large aspect-ratio sharp
boundary plasma equilibria.7,8
One important effect which is absent from our model is
wall eddy currents. In practice, wall eddy currents are essential for maintaining vertical position control of elongated tokamak plasmas, since, without them, vertical instabilities
would grow too rapidly to be controlled by any realistic
feedback system.9 Wall eddy currents are neglected in our
model both to elucidate the role of halo currents in moderating vertical instabilities, and for the sake of simplicity. Of
course, a realistic VDE model must incorporate both wall
eddy currents and halo currents.
1070-664X/2009/16共1兲/012506/10/$25.00

Consider a large aspect-ratio, axisymmetric, tokamak
plasma equilibrium of major radius R. Suppose that the poloidal cross section of the plasma boundary is a vertically
elongated ellipse. Let x and z be horizontal and vertical
Cartesian coordinates, respectively, in the poloidal plane,
which are defined such that the geometric center of the
plasma lies at x = z = 0. Adopting standard elliptical coordinates, we can write
x = as冑2 − 1 sinh  cos  ,

共1兲

z = as冑2 − 1 cosh  sin  ,

共2兲

where a is the initial plasma minor radius, s a dimensionless scale-factor, and  艌 1. Here, 共x , z兲 is a label for a
set of nested axisymmetric toroidal surfaces whose poloidal
cross sections are vertically elongated ellipses, and 共x , z兲
is an anglelike poloidal coordinate. The innermost 共zero
volume兲 surface corresponds to  = 0, whereas the outermost 共infinite volume兲 surface corresponds to  = ⬁.
Note that ⵜ · ⵜ = 0 everywhere in the poloidal plane. It
is easily demonstrated that 兩ⵜ兩 = 兩ⵜ兩 = 共ah兲−1, where
h共 , 兲 = s冑2 − 1关sinh2  + cos2 兴1/2. Moreover, if  is the
toroidal angle, then 兩ⵜ兩 = R−1, assuming that ⑀ ⬅ a / R Ⰶ 1. A
general vector can be written A = Ae + Ae + Ae, where
e = ⵜ / 兩ⵜ兩, etc. In the following, , ,  are employed as
a set of orthogonal curvilinear coordinates.
III. SHARP BOUNDARY PLASMA EQUILIBRIA

Let the plasma boundary coincide with the toroidal surface  = a, where a = tanh−1共−1兲. This implies that, in the
poloidal plane, the plasma is bounded by the vertically elongated ellipse x = a s cos , z =  a s sin . It follows that a s is
the minor radius of the plasma, and  its vertical elongation.
Consider a so-called sharp-boundary plasma equilibrium
which is current-free with constant pressure, P.7 The equi-
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librium toroidal magnetic field-strengths inside and outside
the plasma are written as Bi / 共1 + x / R兲 and Bo / 共1 + x / R兲, respectively, where Bi and Bo are constants. There is no poloidal magnetic field within the plasma. However, a poloidal
field is generated outside the plasma by a current sheet flowing on the plasma boundary. Let the components of this external poloidal field at the edge of the plasma be B = 0 and
B = B共兲.
Pressure balance across the plasma boundary yields7

冉

1
Bi
P+
20 1 + ⑀s cos 

冊

2

1
=
20

冋冉

Bo
1 + ⑀s cos 

limiter
ν = ν1

ν = ν2

scrape-oﬀ layer

µ = µa + δh/s κ

vacuum
high-β plasma

冊 册
2

+ B2 .

µ = µa

共3兲
It is convenient to adopt the following large aspect-ratio,
high-␤ 共i.e., ␤ ⬃ ⑀, rather than ␤ ⬃ ⑀2兲 orderings:7 ⑀ Ⰶ 1,
␤ ⬃ ⑀, 共Bo − Bi兲 / Bo ⬃ ⑀, and ␤ + B2i / B2o − 1 ⬃ ⑀2. Here,
␤ = 20 P / B2o. Making use of the above orderings, Eq. 共3兲
reduces to7
B̂共兲 = 关A + 2␤ˆ s cos 兴1/2 ,

共4兲

where A is an O共1兲 constant, B̂ = B / 共⑀Bo兲, and ␤ˆ = ␤ / ⑀.
Now, the safety-factor at the plasma boundary is defined as7
qa =

冖

h a共  兲 d 
,
B̂ 共兲 2

共5兲



FIG. 1. Schematic diagram showing the poloidal cross section of a high-␤
plasma surrounded by an axisymmetric halo consisting of a low-␤ scrapeoff layer and a rigid conducting limiter.

Î p = − ⑀−1␤ˆ ,

共12兲

冖

共13兲

Î p =

ha共兲B̂共兲d .

where
ha共兲 ⬅ h共a, 兲 = s关1 + 共2 − 1兲cos2 兴1/2 .

共6兲

Writing A = 2␤ˆ s共2 / ␣2 − 1兲, we obtain

␣Q共␣兲 = qa␤ˆ 1/2s1/2 ,

共7兲

with
Q共␣兲 =

1
2

冕



0

ha共兲d
.
关1 − ␣2 sin2共/2兲兴1/2

共8兲

Let i p be the equilibrium current sheet density 共i.e., radially integrated current density兲 flowing on the plasma
boundary. It is easily demonstrated that

0i p = − 21 ␤Bo ,

共9兲

 0i p = B  .

共10兲

Thus, the electromagnetic pressure exerted on the plasma
boundary due to the current sheet is
P p = e · i p ⫻ B ⯝ −

1
␤B2 = − P.
20 o

共11兲

Clearly, the electromagnetic pressure at the boundary acts
inward, and is exactly balanced by the outward acting
plasma pressure.
Throughout this paper, current is normalized as
Î = 0I / 共a⑀Bo兲. Hence, the normalized components of the net
equilibrium plasma current are

IV. AXISYMMETRIC HALO CURRENTS

Suppose that the edge of the above-mentioned plasma
equilibrium is in contact with an axisymmetric rigid conductor, which is termed the limiter, and which extends over the
range of poloidal angles 1 ⬍  ⬍ 2. For the sake of simplicity, let the limiter lie between the toroidal surfaces  = a and
 = a + ␦h / 共s兲. The scrape-off layer 共SOL兲 is a low-␤
plasma which is also situated between the toroidal surfaces
 = a and  = a + ␦h / 共s兲, and extends over all poloidal
angles except those in the range 1 ⬍  ⬍ 2. The maximum
radial width of the SOL is a␦h. It is assumed that ␦h Ⰶ 1. All
magnetic flux-surfaces lying within the SOL intersect the
limiter. The limiter and SOL are collectively known as the
halo. The halo is sandwiched between a high-␤ plasma 共with
closed flux-surfaces兲 on the inside 共i.e., the region  ⬍ a兲,
and a vacuum on the outside 关i.e., the region  ⬎ a
+ ␦h / 共s兲兴, see Fig. 1. In the following, any -variation
within the halo is neglected, for the sake of simplicity. Incidentally, the “limiter” in our analysis might represent a real
limiter, a divertor, or even a section of the vacuum vessel.
Any current flowing within the halo is termed a halo
current. In general, there is no halo current associated with
the unperturbed plasma equilibrium. Suppose, however, that
the plasma is forced to move toward the limiter by an ideal
vertical 共i.e., n = 0, where n is the toroidal mode number兲
instability. We would expect this movement to cause the
plasma’s outermost magnetic flux-surfaces to intersect the
limiter, and to also generate a halo current flowing around
these surfaces.10
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Now, given that the SOL plasma is low-␤ 共since it is
relatively cold, due to rapid parallel heat transport to the
limiter兲 any currents flowing in it must be approximately
“force-free” 共i.e., they must flow parallel to equilibrium magnetic field lines兲.11 Thus, the halo current sheet density, ih,
has the components
i h =

P0
,
Bo

共14兲

i h =

P0
,
B

共15兲

in the SOL, where P0 is a constant. Here, we have made the
reasonable assumption that the poloidal component of the
halo current sheet density associated with an n = 0 vertical
instability is axisymmetric. Of course, there is no constraint
that the halo current be force-free in the limiter, since any
associated electromagnetic force can be balanced there by
mechanical stresses.8 Thus, we would expect the halo current
to flow across the limiter along the shortest path 共i.e., the
path of least electrical resistance兲. For the case of a large
aspect-ratio tokamak, and an axisymmetric limiter which
only extends over a relatively small range of poloidal angles,
the shortest path is almost purely poloidal. It follows that in
the limiter the halo current flows in the poloidal direction. In
other words,
i h =

P0
,
Bo

共16兲
共17兲

in the limiter. Note that the poloidal component of the halo
current sheet density must be continuous across the SOL/
limiter boundary, in order to conserve charge, whereas the
toroidal component is allowed to be discontinuous.
The halo current induced electromagnetic pressure acting on the SOL is zero, by definition. On the other hand, the
electromagnetic pressure acting on the limiter is
Ph = e · ih ⫻ B = P0 .

共18兲

Note that this pressure is axisymmetric.
As is easily demonstrated, the components of the normalized net halo current are
Îh = 2 P̂0 ,

共19兲

Îh = 共1 − ␣h兲qaÎh ,

共20兲

where P̂0 = 0 P0 / 共⑀Bo兲2, and

␣h =

冕

1

Consider a marginally stable, ideal plasma instability.
Assuming that the perturbed current is zero inside the
plasma, it follows that the perturbed pressure is also zero.
Hence, we can write the perturbed magnetic fields both inside and outside the plasma in the form ␦B = i ⵜ V, where
ⵜ2V = 0.
According to Ref. 12, the perturbed matching conditions
at the plasma boundary,  = a, are
关e · ␦B − B · ⵜ + e · 共e · ⵜ兲B兴i = 0,

共22兲

关e · ␦B − B · ⵜ + e · 共e · ⵜ兲B兴o = 0,

共23兲

2
−1
0 关B · ␦B + e · ⵜ共B /2兲兴i
2
= −1
0 关B · ␦B + e · ⵜ共B /2兲兴o ,

had/B̂

冒冖

had/B̂ .

2
−1
0 关B · ␦B + e · ⵜ共B /2兲兴i

Assuming that ␤ˆ and P̂0 are O共1兲, it is clear, from Eqs. 共12兲
and 共19兲, that the poloidal halo current is always much less
than the poloidal plasma current.

共25兲

where f 0 = P0 / 共a␦hha / s兲 is the normal component of the
limiter force density. Here,  = 1 for 1 ⬍  ⬍ 2, and  = 0,
otherwise. The additional term on the right-hand side of the
above equation represents the virtual work done on the displaced plasma by the reaction to the limiter force.
Following the analysis of Ref. 8, the matching conditions at the plasma boundary,  = a, reduce to
i

ˆ
V̂i
= ha ,



i

 ˆ B̂ ˆ

V̂o
,
= B̂ + ha
+





共26兲

冉

冉

i B̂

冊

冊



V̂i
+ ha
V̂o − iha




= s
共21兲

共24兲

where the subscripts i and o refer to inside and outside the
boundary, respectively, and 共 , 兲 is the edge plasma displacement. The first two matching conditions ensure that the
boundary remains a magnetic flux-surface, whereas the final
matching condition enforces pressure balance. Of course, the
limiter force associated with an axisymmetric halo current
affects pressure balance at the plasma boundary. In the presence of such a force, it seems plausible to modify Eq. 共24兲 as
follows:13

2
= −1
0 关B · ␦B + e · ⵜ共B /2兲兴o + f 0 ,

ih = 0,

2

V. IDEAL PLASMA STABILITY

冉

sB̂2
h2a

冊

P̂0 ˆ
+ ␤ˆ cos  −
,
␦ hh a

共27兲

共28兲

where V̂i,o = Vi,o / 共a⑀Bo兲, and ˆ =  / a. The potentials V̂i and V̂o
both satisfy
ⵜ2V̂i,o ⯝

2V̂i,o 2V̂i,o
+ 2 = 0.
 2


共29兲
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Suppose that all perturbed quantities vary toroidally as
exp共−in兲, where n is the toroidal mode number. The most
general solution of Eq. 共29兲 which is well behaved as
 → 0 is8
V̂i共, , 兲 = 兺 兵am cosh共m兲cos关m共 − /2兲兴
m

+ bm sinh共m兲sin关m共 − /2兲兴其e−in ,

共30兲

where the am and bm are constants. Likewise, in the absence
of external conductors, the most general solution of Eq. 共29兲
which is well-behaved as  → ⬁ is
V̂o共, , 兲 = 兺 âme−兩m兩共−a兲ei共m−n兲 ,

共31兲

m

where the âm are constants.
Let 共 , 兲 = 兺mei共m−n兲, where the m are constants.
Following the analysis of Ref. 8, Eqs. 共30兲 and 共31兲, and the
three matching conditions 共26兲–共28兲, reduce to the homogenous matrix equation 兺m⬘Fmm⬘m⬘ = 0, which must be solved
subject to the incompressibility constraint 兺m⬘G0m⬘m⬘ = 0.
Here,
Fmm⬘ =

兺

Gkm兩k兩−1

k⫽0

+

冋

1 + 2兩k兩

2共− 兲兩k兩

1−

1 − 2兩k兩

G +
2兩k兩 km⬘

G−km⬘

册

兺 Ĝkm兩k兩−1Ĝkm⬘ − Hmm⬘ ,

共32兲

k⫽0

and
Gmm⬘ =

冖

关− nha共兲兴ei共m⬘−m兲

Ĝmm⬘ =

冖

关mB̂共兲 − nha共兲兴ei共m⬘−m兲

Hmm⬘ = s

冖冉

sB̂2
h2a

d
,
2

+ ␤ˆ cos  −

共33兲

冊

d
,
2

P0 i共m⬘−m兲 d
e
,
2
␦ hh a

共34兲

共35兲

with  = 共 − 1兲 / 共 + 1兲.
The stability problem essentially reduces to the solution
of the eigenmode equation

兺 Fmm⬘m⬘ = m ,

共36兲

m⬘

subject to the constraint

兺 G0m⬘m⬘ = 0.

共37兲

m⬘

共Of course, only the  = 0 solution, which corresponds to the
marginal stable case, is physical.兲 This is equivalent to solving the unconstrained eigenmode equation7

兺 F̃mm⬘zm⬘ = zm ,
m⬘

where F̃mm⬘ = 兺k,l PmkFkl Plm⬘, and

共38兲

Pmm⬘ = ␦mm⬘ −

G0mG0m⬘
2
兺kG0k

,

共39兲

with m = 兺m⬘ Pmm⬘zm⬘. Note that the F̃mm⬘ matrix is real and
symmetric, which guarantees that all of its eigenvalues are
real. According to the ideal energy principle, the plasma is
ideally unstable if any of the eigenvalues of Eq. 共38兲 are
negative, and stable otherwise.12
The n = 0 mode is a special case, since the constraint 共37兲
is automatically satisfied, due to the fact that the G0m⬘ are all
zero. In this situation, the plasma perturbation can be made
incompressible by simply setting 0 = 0. Hence, the eigenmode equation for the n = 0 mode is

兺

m⬘⫽0

Fmm⬘m⬘ = m

共40兲

for m ⫽ 0.

VI. AN IDEAL-MHD MODEL OF AXISYMMETRIC VDEs

A vertical disruption event 共VDE兲 occurs when an elongated tokamak plasma equilibrium is subject to an ideal
n = 0 instability which causes it to move vertically toward a
rigid conductor situated either above or below it. This conductor is termed the “limiter.” For the sake of argument, let
the limiter lie above the plasma. Thus, the upward movement
of the plasma causes its outermost flux-surfaces to intersect
the limiter, and also induces a halo current which flows
around the intersected surfaces. As we have seen, the halo
current is force-free in the scrape-off layer 共i.e., the plasmafilled segment of the intersected flux-surfaces兲, but flows
across equilibrium magnetic field lines in the limiter. Thus,
the halo current gives rise to a net electromagnetic force
acting on the limiter. It turns out that this force is always
outward.
In general, an ideal n = 0 plasma instability 共which is not
effectively moderated by eddy currents flowing in external
conductors兲 grows on an Alfvén time scale 共which is typically 10−7 s in a modern tokamak兲.12 However, as soon as the
plasma intersects the limiter, and a halo current flows across
it, the associated force modifies pressure balance at the
plasma boundary, and is, thereby, able to moderate the
growth of the instability.13 共This moderating effect is represented by the parameter P̂0 in the stability analysis of the
previous section.兲 In general, we would expect the instability
to be slowed down to such an extent that it grows on a
typical resistive time scale calculated using the electrical resistance of the SOL plasma and the limiter, see Sec. VIII.14
Such a time scale is inevitably very much longer than an
Alfvén time. 共In fact, a typical SOL/limiter resistive time
scale in a modern tokamak is about 10−3 s.14兲 Hence, the
moderating effect of the limiter force effectively renders the
plasma marginally stable to the ideal n = 0 mode. This crucial
insight, due to Zakharov,13 allows us to construct a linear
ideal-MHD model of a vertical disruption event.
To be more exact, the n = 0 force-matrix, Fmm⬘, of a
plasma which is ideally unstable to the n = 0 mode possesses
one negative eigenvalue. In order to prevent the n = 0 mode
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from growing on the very short Alfvén time scale, the value
of limiter force parameter, P̂0, must be adjusted such that this
eigenvalue is set to zero 共i.e., such that the mode is rendered
marginally stable兲. We always find that the required value of
P̂0 is positive, which corresponds to an outward force acting
on the limiter. Note that as long as the SOL/limiter resistive
time scale remains much longer than the Alfvén time scale,
the limiter force parameter is solely determined by linear
ideal-MHD. In particular, the force parameter is independent
of the SOL/limiter resistive time scale. The same is also true
for an n = 0 mode moderated by eddy currents flowing in
external conductors, provided that the slowed down instability grows on a time scale which is significantly shorter than
the SOL/limiter resistive time scale. In the opposite case, the
halo current is likely to be largely suppressed.
Now, we can crudely simulate the sequence of plasma
equilibria during a VDE by gradually decreasing the scale
factor s from unity, thereby causing a proportional decrease
in the poloidal dimensions of the plasma. 共Recall that the
minor radius of the plasma is a s.兲 This sequence of equilibria is generated as the high-␤ plasma moves vertically, and
consequently shrinks in size, because an increasing fraction
of its flux-surfaces are intersected by the limiter, and so become part of the low-␤ halo. Since the motion of the plasma
takes place on a much longer time scale than the Alfvén time
scale, we can safely assume that the plasma is always close
to an equilibrium state. Obviously, we must imagine that our
equilibria move upward, as they shrink in size, so that their
last closed flux-surfaces always remain in contact with the
stationary limiter.
Assuming that the plasma moves vertically at an approximately constant velocity,10 on a SOL/limiter resistive
time scale, we can write
s = 1 − t̂,

共41兲

where t̂ represents time normalized to this time scale. Thus,
t̂ = 0 corresponds to the start of the VDE 共when the plasma
first contacts the limiter兲, and t̂ = 1 to the end 共when the volume of the high-␤ plasma has shrunk to zero兲.
The halo thickness parameter, ␦h, is assumed to initially
grow in proportion to the penetration of the plasma into the
limiter 共in such a manner that the total volume of the central
high-␤ plasma and the low-␤ halo remains fixed兲. 共Recall
that the maximum radial width of the halo is a␦h.兲 However,
it is also assumed that there is a maximum possible value
that ␦h can take 共determined, for instance, by the thickness of
the limiter兲. This maximum value is denoted ␦h0. Thus, the
halo thickness parameter is given by

␦h = min共t̂, ␦h0兲.

共42兲

Finally, it is assumed that the halo initially forms at constant plasma thermal energy density, i.e., constant ␤ˆ , and
constant toroidal plasma current, Î p, but that both these
quantities are eventually quenched 共as a consequence, for
instance, of a sudden influx of impurities兲. Experimentally, it
is generally found that the thermal quench takes place much

FIG. 2. The n = 0 plasma displacement at the last closed flux-surface as a
function of poloidal angle for a plasma equilibrium characterized by
␤ˆ = 0.20, qa = 3.0,  = 2.0, s = 1.0, and ␦h = 0.1. The solid curve shows the
displacement in the absence of a limiter force, whereas the dashed curve
shows the displacement in the presence of a limiter force which is such as to
render the n = 0 mode marginally stable. The limiter lies between the two
vertical dashed lines.

more rapidly than the current quench.10 The thermal and current quenches are crudely simulated in our model by linearly
ramping the parameters ␤ˆ and Î p from their initial
values—␤ˆ 0 and Î p0, respectively—to zero. The start of the
thermal and current quenches is at t̂ = t̂0. The end of the thermal quench is at t̂ = t̂1, and the end of the current quench at
t̂ = t̂2. The model is now completely specified.

VII. EXAMPLE AXISYMMETRIC VDE SIMULATIONS

In the following, the limiter is assumed to lie above the
plasma, and to extend from 1 = 0.3 to 2 = 0.7.
As a basic illustration of our method for determining the
limiter force, consider a plasma equilibrium characterized by
␤ˆ = 0.20, qa = 3.0,  = 2.0, and s = 1.0. Suppose that ␦h = 0.1. In
the absence of a limiter force 共i.e., P̂0 = 0兲, a calculation of
the n = 0 force-matrix yields one negative eigenvalue,
 = −1.948⫻ 10−1, indicating that the plasma is ideally unstable to the n = 0 mode. However, if the limiter force parameter is adjusted such that P̂0 = 4.075⫻ 10−2, and the forcematrix is recalculated, then the negative eigenvalue is
increased to zero 共and all the other eigenvalues remain positive兲. 共In general, there is only one value of P̂0 which can
achieve this.兲 This indicates that the plasma can be rendered
marginally stable to the n = 0 mode by an axisymmetric halo
current which arranges itself in such a manner that a normalized outward force per unit area of 4.075⫻ 10−2 is exerted on
the limiter. Figure 2 shows the n = 0 plasma displacement at
the last closed flux-surface calculated in the absence, and in
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FIG. 3. Axisymmetric VDE simulation performed with  = 2.0, ␤ˆ 0 = 0.15,
Î0 = 5.04, ␦h0 = 0.3, t̂0 = 0.30, t̂1 = 0.31, and t̂2 = 0.60. The first panel shows qa
共solid curve兲 and 10␤ˆ 共dashed curve兲 as functions of t̂. The second panel
shows Î p 共solid curve兲, Îh 共dotted curve兲, and Îh 共dashed curve兲. The third
panel shows P̂0. Finally, the fourth panel shows the most negative eigenvalue of the n = 1 F-matrix.

FIG. 4. Axisymmetric VDE simulation performed with  = 2.0, ␤ˆ 0 = 0.15,
Î0 = 5.04, ␦h0 = 0.3, t̂0 = 0.20, t̂1 = 0.21, and t̂2 = 0.50. The first panel shows qa
共solid curve兲 and 10␤ˆ 共dashed curve兲 as functions of t̂. The second panel
shows Î p 共solid curve兲, Îh 共dotted curve兲, and Îh 共dashed curve兲. The third
panel shows P̂0. Finally, the fourth panel shows the most negative eigenvalue of the n = 1 F-matrix.

the presence, of the limiter force. The figure confirms that the
n = 0 mode is indeed a vertical instability. Moreover, it can be
seen that, in the marginally stable case, the displacement is
locally reduced in the limiter region, presumably as a consequence of the reaction force exerted on the plasma. Note that,
as long as the instability grows on a resistive time scale, the
displacement does not have to be zero in the limiter region.
Indeed, a nonzero displacement indicates the diffusion of
plasma magnetic flux-surfaces into the limiter.
Figure 3 shows an example axisymmetric VDE simulation performed using the following parameters:  = 2.0,
␤ˆ 0 = 0.15, Î p0 = 5.04 共corresponding to an initial edge-q of
4.0兲, ␦h0 = 0.3, t̂0 = 0.30, t̂1 = 0.31, and t̂2 = 0.60. It can be seen
that, as time progresses, and the high-␤ plasma gradually
shrinks in size due to its interaction with the limiter, the edge
safety-factor, qa 共which actually represents the safety-factor
at the last closed flux-surface兲 initially decreases. This is a
natural consequence of the shrinkage of the high-␤ plasma at
constant toroidal plasma current.10 The fall in the edge-q
continues until the start of the current quench. During the
current quench, the reduction in the plasma current is sufficiently rapid to offset the shrinkage of the high-␤ plasma,
and the edge-q gradually increases, eventually becoming
very large as the plasma current decays to zero. The toroidal
and poloidal halo currents can be seen to rise as the edge-q
decreases, and fall as it increases, and thus attain their peak
values at the start of the current quench. Note that the peak
toroidal and poloidal halo currents are about 20% of the
initial toroidal plasma current. The limiter force can be seen
to rise and fall in proportion to the poloidal halo current, and
thus attains its peak value at the start of the current quench.
This implies that the limiter force needed to make the n = 0
mode marginally stable generally increases as the edge-q decreases. Finally, it can be seen that the most negative eigenvalue of the n = 1 force-matrix is initially positive, indicating
that the plasma is initially stable to the ideal n = 1 kink mode.

However, the eigenvalue decreases as the edge-q falls, and
eventually becomes negative, indicating kink mode instability. Now, in the presence of an unstable kink mode, we expect the halo current to develop an n = 1 component 共see Sec.
IX兲, which invalidates one of the central assumptions of our
analysis 共i.e., that the halo current is axisymmetric兲. Fortunately, the period of instability is comparatively brief, and is
terminated by the onset of the thermal and current quenches.
Figure 4 shows an example axisymmetric VDE simulation performed using the following parameters:  = 2.0,
␤ˆ 0 = 0.15, Î p0 = 5.04 共corresponding to an initial edge-q of
4.0兲, ␦h0 = 0.3, t̂0 = 0.20, t̂1 = 0.21, and t̂2 = 0.50. This simulation is identical to that shown in Fig. 3, except that the thermal and current quenches commence somewhat earlier. It
can be seen that the earlier quench onset prevents the edge-q
from falling to as low a value as in the first simulation.
Consequently, the maximum 共poloidal兲 halo current and limiter force are significantly reduced. Moreover, the n = 1 mode
remains robustly stable during the simulation.
VIII. GROWTH-RATE OF THE VERTICAL INSTABILITY

In our model, it is assumed that the halo current force
considerably slows down the growth of the vertical instability. Let us now estimate the moderated growth-rate of this
mode.
We shall assume that the halo current is predominantly a
consequence of the inductive electric field generated by the
reduction in the toroidal magnetic flux linked by the halo
loop, as it shrinks in size. Applying Faraday’s law to a poloidal circuit of the halo, we obtain10
2冑aE ⬃ 2␥Boa2 ,

共43兲

where ␥ is the growth rate, and a is the mean minor radius of
the halo. Now, the halo current is 共for the most part兲 constrained to flow parallel to magnetic field lines. Hence, the
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component of the inductive electric field available to drive
the current is

␥ B o a
B
.
E ⬃
Bo
q aR
2

E储 ⬃

共44兲

Here, qa ⬃ Bo冑a / B R is the edge safety factor. It follows
that the halo current density is
j 储 =  hE 储 ,

共45兲

where h is the average electrical conductivity of the halo.
Thus, the toroidal and poloidal halo currents are
I h ⬃

2␥Boh3/2a4␦h
,
q aR

共46兲

I h ⬃

I h
,
qa

共47兲

since a␦h is the radial thickness of the halo. Note that
␦h Ⰶ 1 共i.e., the halo is relatively thin兲. After normalization,
the currents take the form
Îh ⬃ 2␥0ha2␦h

3/2
,
qa

共49兲

Now, the stability theory of Sec. V implies that the vertical
instability is rendered marginally stable when P̂0 / ␦h ⬃ 1
共since all the other parameters in the theory are order unity兲.
Hence, the halo current moderated vertical instability grows
on the time scale

␥−1 ⬃ 0ha2

3/2
.
q2a

As has already been mentioned, we expect the halo current to develop a nonaxisymmetric component as soon as the
most negative eigenvalue of the n = 1 force-matrix 共calculated in the presence of an axisymmetric halo current which
is such as to render the n = 0 mode marginally stable兲 becomes negative. Now, a nonaxisymmetric halo current is associated with toroidal peaking of the limiter force. We can
measure of the degree of toroidal peaking via a so-called
toroidal peaking factor, which is defined as the ratio of the
maximum to the mean limiter force. 共Another, more conventional, definition of the toroidal peaking factor is the ratio of
the maximum to the mean poloidal limiter halo current.兲 The
design of the ITER vacuum vessel is extremely sensitive to
the assumed magnitude of the toroidal peaking factor. Thus,
it is of paramount importance to predict the value of this
parameter. In the following, we outline how this goal can be
achieved.
The current sheet density associated with an n = 1 halo
current has the following components:
i h =

P1
b cos关⌰共兲 − 兴,
Bo

共51兲

i h =

P1
b cos关⌰共兲 − 兴
B

共52兲

共48兲

and Îh = Îh / qa. According to Eq. 共19兲, the limiter force parameter becomes

3/2
Îh
P̂0 =
⬃ ␥0ha2␦h 2 .
2
qa

IX. NONAXISYMMETRIC HALO CURRENTS

共50兲

in the SOL, and
i h =

P1
b cos关⌰*共兲 − 兴,
Bo

共53兲

i h =

P1
b共1 − b−1兲cos关⌰*共兲 − 兴
B

共54兲

in the limiter. Here, P1 is a constant, and
b=

⌰共2兲 − ⌰共1兲
,
2共qa − 1兲

⌰共兲 =

冕



0

This time scale is certainly much longer than an Alfvén time,
as was assumed earlier. Thus, a mode growing on such a
time scale is effectively marginally stable as far as idealMHD stability theory is concerned. The growth time is also
longer, by a factor ␦−1
h , than the L / R time of the halo 共see
Ref. 10兲. This suggests that any inductive time delay in setting up the halo current is negligible. Finally, the VDE
growth time is probably longer than the L / R time of the
vacuum vessel 共which is of order 0wawdw, where w, aw,
and dw are the vessel conductivity, minor radius, and radial
thickness, respectively兲 unless the vessel is both thick and
highly conducting. This last observation offers some justification for the neglect of vacuum vessel eddy currents in our
analysis—at least in the latter stages of a VDE when the
plasma has made contract with the limiter—since it implies
that halo currents are more effective at moderating the
growth of the ideal vertical instability than vessel eddy currents.

h a共  ⬘兲
B̂共⬘兲

d⬘ ,

⌰*共兲 = ⌰共兲共1 − b−1兲 + b−1⌰共2兲.

共55兲

共56兲
共57兲

The above expressions are obtained by requiring that the
n = 1 halo current flow along magnetic field-lines in the SOL,
flow along the shortest path in the limiter, and conserve
charge. It follows that, in the presence of n = 0 and n = 1 halo
currents, the 共radially integrated兲 limiter pressure takes the
form
Ph = P0 + P1 cos关⌰*共兲 − 兴.

共58兲

Of course, Ph is zero throughout the SOL. The toroidal peaking factor for the halo current force is thus
T=1+

兩P1兩
.
兩P0兩

共59兲

共The toroidal peaking factor for the poloidal limiter halo current is T = 1 + b兩P1兩 / 兩P0兩.兲
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Now, the n = 1 component of the limiter force gives rise
to coupling between modes whose toroidal mode numbers
differ by unity. In the presence of such a force, a straightforward generalization of the analysis in Sec. V yields the following eigenvalue equation which governs the stability of
the coupled n = 0 and n = 1 modes:

冉

F0

P̂1K

P̂1K†

F1

冊冉 冊 冉 冊

0
0
=
.
1
1

共60兲

Here, F0 is the n = 0 force matrix, F1 the n = 1 force matrix,
0 the n = 0 eigenfunction, 1 the n = 1 eigenfunction, and
P̂1 = 0 P1 / 共⑀Bo兲2. Moreover, the coupling matrix, K, has the
components
Kmm⬘ =

s
2␦h

冖

01 = P̂21兩c兩2 .
The eigenvalue of the other mode is then
 = 0 + 1 .

共61兲

兩1兩 兩0兩
.
=
兩0兩 P̂ 兩c兩
1

F0ˆ 0 = 0共P̂0兲ˆ 0 ,

共62兲

F1ˆ 1 = 1共P̂0兲ˆ 1 ,

共63兲

Kˆ 1 = cˆ 0 ,

共64兲

and

P̂1

⯝

c = ˆ †0Kˆ 1 .

共65兲

Here, ˆ 0 and ˆ 1 represent the normalized eigenfunctions of
the n = 0 and n = 1 force matrices, respectively. The corresponding eigenvalues 共which are assumed to be the most
negative ones兲 are 0 and 1. Of course, both these eigenvalues are functions of the axisymmetric halo current force parameter, P̂0. Here, for the sake of simplicity, we have neglected any change in shape of the n = 0 and n = 1
eigenfunctions due to the coupling produced by the nonaxisymmetric halo current.
Equation 共60兲 reduces to

冉

0 − 

P̂1c

P̂1c*

1 − 

冊冉 冊

0
= 0.
1

共66兲

This expression describes how the nonaxisymmetric halo
current couples the n = 0 and n = 1 modes to produce two
hybrid n = 0 / n = 1 modes. The condition for one of these
modes to be marginally stable is

兩  1兩
,
兩  0兩

共70兲

which leads to

冉冊

2

⯝

P̂0

兩0兩
P̂0兩c兩

共71兲

.

Finally, we expect the limiter force to be a positive definite
quantity. In other words, the plasma is able to push outward
on the limiter, but not to pull inward, since, in the latter case,
the plasma would instead lose contact with the limiter. In our
simple model, in which the limiter force only has an n = 0
and an n = 1 component, this restriction implies that
P̂1 艋 P̂0 ,

共72兲

i.e., the toroidal peaking factor for the halo current force
cannot exceed 2, see Eq. 共59兲. We can incorporate the restriction into Eq. 共71兲 by writing

冉冊
P̂1

P̂0

where

共69兲

However, it is reasonable to suppose that the n = 1 and n = 0
limiter forces are in approximately the same ratio as the corresponding displacements, i.e.,

P̂1

In the above, we have neglected the coupling of the n = 1
mode to the n = 2 mode, for the sake of simplicity.
Let 0 = 0ˆ 0 and 1 = 1ˆ 1, where ˆ †0ˆ 0 = ˆ †1ˆ 1 = 1. Here, 0
and 1 are the mean amplitudes of the n = 0 and n = 1 modes,
respectively. We can write

共68兲

Now, for the marginally stable mode

P̂0


d
exp关− i⌰*共兲 + i共m⬘ − m兲兴 .
ha
2

共67兲

2

=

兩0兩
P̂0兩c兩 + 兩0兩

.

共73兲

The solution to the problem is obtained by searching for a
solution of Eqs. 共67兲 and 共73兲 for which the eigenvalue 共68兲
is positive. This implies that the halo current renders one of
the hybrid modes marginally stable, and the other stable. Of
course, the marginally stable mode actually grows on a resistive time scale.
Note that we have made no attempt to find a rigorous
solution of the n = 0 / n = 1 eigenvalue equation 共60兲. The reason for this is that our analysis does not take into account the
fact that a slowly growing hybrid n = 0 / n = 1 mode eventually
makes the plasma equilibrium three-dimensional. Previously,
this was not a problem, because a slowly growing pure
n = 0 mode converts an axisymmetric plasma equilibrium
into another axisymmetric equilibrium. It follows that the
above analysis is somewhat heuristic, since an accurate treatment of a nonaxisymmetric halo current would require
force-matrix calculations made using kink-distorted plasma
equilibria.
Figure 5 shows an example nonaxisymmetric VDE
simulation. The simulation parameters are  = 2.0, ␤ˆ 0 = 0.15,
Î p0 = 5.04 共corresponding to an initial edge-q of 4.0兲,
␦h0 = 0.3, t̂0 = 0.30, t̂1 = 0.31, and t̂2 = 0.60. Of course, these
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FIG. 5. Nonaxisymmetric VDE simulation performed with  = 2.0,
␤ˆ 0 = 0.15, Î0 = 5.04, ␦h0 = 0.3, t̂0 = 0.30, t̂1 = 0.31, and t̂2 = 0.60. The first panel
shows qa 共solid curve兲 and 10␤ˆ 共dashed curve兲 as functions of t̂. The second
panel shows Î p 共solid curve兲, Îh 共dotted curve兲, and Îh 共dashed curve兲. The
third panel shows P̂0 共solid curve兲 and P̂1 共dashed curve兲. Finally, the fourth
panel shows the eigenvalue of the most unstable n = 1 or hybrid n = 0 / n = 1
mode, excluding the marginally stable mode.

parameters are the same as the those used in the axisymmetric VDE simulation shown in Fig. 3. It can be seen that the
nonaxisymmetric VDE simulation is very similar to the corresponding axisymmetric one, except in the time period during which the latter simulation indicates an unstable n = 1
kink mode. According to Fig. 5, the unstable kink mode triggers an intense burst of both axisymmetric and nonaxisymmetric halo current, with an associated spike in the maximum halo current force exerted on the limiter. Note that the
toroidal peaking factor for the halo current force 共i.e.,
1 + P̂0 / P̂1兲 quickly attains its maximum allowed value of 2
during the period of n = 1 instability. The simulation suggests
that the onset of kink instability during a VDE can give rise
to a dangerous increase in the halo current force.
X. SUMMARY AND DISCUSSION

We have developed a simple model of axisymmetric vertical disruption events in tokamaks in which the halo current
force exerted on the vacuum vessel 共or whatever rigid conductor limits the plasma兲 is calculated directly from linear,
marginally stable, ideal-MHD stability analysis. The basic
premise of our model is that the halo current force modifies
pressure balance at the edge of the plasma, and therefore also
modifies ideal-MHD plasma stability. In order to prevent the
ideal vertical instability, responsible for the VDE, from
growing on the very short Alfvén time scale, the halo current
force must adjust itself such that the instability is rendered
marginally stable. This allows the vertical instability to develop on a relatively long time scale determined by resistive
diffusion of magnetic flux-surfaces through the scape-off
layer and vacuum vessel, see Sec. VIII. Consequently, the
plasma remains in an approximate axisymmetric equilibrium
state throughout the duration of the VDE. This explains why
it is valid to employ linear ideal-MHD to characterize the
vertical stability of the plasma at each stage of the VDE.

We have used our model to perform a number of crude
simulations of axisymmetric VDEs in tokamaks, see Sec.
VII. These simulations predict halo currents and halo current
forces which are similar in magnitude to those observed in
experiments.10 In addition, the simulations indicate that the
halo current increases in magnitude as the edge-q decreases,
and that an n = 1 kink mode is triggered if the edge-q becomes too close to unity. These conclusions are also in broad
agreement with experimental data.10
We have generalized our model to deal with a nonaxisymmetric halo current induced by the n = 1 kink mode, see
Sec. IX. This extended theory allows us to predict the peak
halo current force exerted on the vacuum vessel. However,
our nonaxisymmetric model requires some improvement in
order to make it truly rigorous.
One important effect which is absent from our model is
the moderating influence of eddy currents flowing in external
conductors, such as, the vacuum vessel, on the vertical instability. Some justification for the omission of this effect in the
latter stages of a VDE is given in Sec. VIII. For the sake of
simplicity, we have also neglected any change in the plasma
shape associated with the growth of the vertical mode. Finally, it has been assumed that the inductive electric fields
generated by a VDE are sufficiently large to cause the breakdown of any sheaths at the plasma/limiter boundary, and,
consequently, that the halo current magnitude is not limited
by the ion polarization current.
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