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In the reversed field experiment~RFX! @F. Gnesottoet al., Fusion Eng. Des.25, 335 ~1995!#, the
m51 andm50 tearing modes present in the plasma are observed to phase-lock together to form a
highly peaked, strongly toroidally localized, pattern in the perturbed magnetic field. This pattern,
which is commonly known as the ‘‘slinky’’ pattern, gives rise to severe edge loading problems
which limit the maximum achievable toroidal current. A theory is presented which explains virtually
all salient features of the RFX slinky pattern. The central premise of this theory is that at high
ambient mode amplitude the various tearing modes occurring in the plasma phase-lock together in
a configuration which minimizes the magnitudes of the electromagnetic torques exerted at the
various mode rational surfaces. The theory successfully predicts the profiles of the edge radial and
toroidal magnetic fields generated by them50 andm51 modes, the phase relations between the
various modes, the presence of a small toroidal offset between the peaks of them50 andm51
contributions to the overall slinky pattern, and the response of the pattern to externally generated
m50 andm51 magnetic perturbations. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1481057#

I. INTRODUCTION

A reversed field pinch~RFP! is a toroidal magnetic con-
figuration for thermonuclear plasma confinement character-
ized by a short and rapidly varying helical pitch of the mag-
netic field. The cylindrical safety factor,1 q, monotonically

decreases from a typical value ofq.( 1
2) a/R0 on the toroidal

magnetic axis toq.2( 1
6) (a/R0) at the edge of the plasma,

passing through zero atr /a.0.8 ~a andR0 are the minor and
major radii, respectively, of the plasma torus!. As is well-
known, a configuration in which the edge toroidal magnetic
field ~and, hence, the edge-q! is reversed is maximally stable
to magnetohydrodynamical~MHD! modes.2 A conventional
RFP is surrounded by a close fitting, highly conducting shell
which stabilizes external-kink modes which would otherwise
rapidly destroy the plasma. The remaining instabilities are
internally resonant modes~i.e., they satisfyk•B50 some-
where inside the plasma, wherek is the wave vector andB
the equilibrium magnetic field! which tear and reconnect the
magnetic field at their associated resonant surfaces. These
instabilities, which are known astearing modes, play a
double role in RFP physics. Firstly, tearing mode activity
converts the magnetic flux generated by the poloidal field
transformer into toroidal flux; thus, maintaining the reversal
of the edge toroidal magnetic field, which would otherwise
rapidly decay away.3 Secondly, tearing modes reconnect
magnetic-field lines to generate overlapping chains of mag-
netic islands. These overlapping island chains ergodize the
magnetic field; thereby, strongly degrading the plasma en-
ergy confinement.4

A tearing mode is conveniently identified via its poloidal
mode number,m ~i.e., the number of periods the short way
around the plasma torus!, and its toroidal mode number,n
~i.e., the number of periods the long way around the plasma
torus!. The m, n mode is resonant inside the plasma where
q5m/n. The dominant tearing modes in conventional RFP
plasmas arem51 modes, resonant in the plasma core, and
m50 modes, resonant at thereversal surface~i.e., the sur-
face on which the equilibrium toroidal magnetic field passes
through zero!, which is situated close to the plasma edge.
The number of unstablem51 andm50 modes is largely
controlled by the inverse aspect-ratio,ea5a/R0 , of the
plasma torus. The smallerea , the larger the number of un-
stable modes. For a typical present-day RFP, such as RFX
~the Reversed Field eXperiment5!, for which ea50.23, the
dominantm51 modes have toroidal mode numbers lying in
the rangen57 – 15, whereas the dominantm50 modes have
have toroidal mode numbers lying in the rangen51 – 15.

In virtually all RFP experiments, them51 and m50
tearing modes present in the plasma are observed tophase-
lock together to form a highly peaked, strongly toroidally
localized, pattern in the perturbed magnetic field, which is
sometimes called theslinky pattern.6–10 The slinky pattern
gives rise to a toroidally localized distortion of the plasma
torus which causes its outermost flux-surfaces to intersect the
wall; thereby, generating a localized wall ‘‘hot spot.’’11 If the
slinky pattern locks to the wall~as is always the case in
RFX! then this hot spot can easily cause wall overheating,
leading to the influx of impurities into the plasma, and the
eventual termination of the discharge. Indeed, the maximum
achievable plasma current in RFX is strongly limited by this
effect. Fortunately, however, the overheating problems asso-
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ciated with the hot spot can be partially alleviated by forcing
the slinky pattern to rotate.12,13

Wall locking of the slinky pattern is presumably caused
by the phase-locking of its constituent tearing modes to static
error-fields. For RFPs which possesses a thin, resistive
vacuum vessel located inside the stabilizing shell~e.g.,
RFX!, the locking of tearing modes to static error-fields is
greatly facilitated by vacuum vessel eddy currents.14,15

The aim of our paper is to gain a theoretical understand-
ing of how and why phase-locking occurs in RFX plasmas.
Rather than attempting a three-dimensional, nonlinear-MHD
simulation of phase-locking,16,17 we shall build on the previ-
ously published analytical results of Fitzpatrick,18 and the
detailed observations of the phase relations between phase-
locked modes in RFX, which were recently obtained by
Zancaet al.19 Our analysis is restricted to zero-b, resistive,
viscous, MHD.

This paper is organized as follows. After some prelimi-
nary analysis in Sec. II, we outline our theory ofm50 and
m51 phase-locking in Secs. III and IV, respectively. Section
V discusses phase-locking to error-fields. In Sec. VI, we
compare our theory with experimental data from RFX. We
present some simulations of RFX discharges in Sec. VII.
Finally, in Sec. VIII, we summarize and discuss our results.

II. PRELIMINARY ANALYSIS

A. Plasma equilibrium

Consider a large aspect-ratio,20 zero-b,21 axisymmetric,
toroidal plasma equilibrium whose unperturbed magnetic
flux-surfaces map out~almost! concentric circles in the po-
loidal plane. Such an equilibrium is well approximated as a
periodic cylinder. Suppose that the minor radius of the
plasma isa. Standard right-handed, cylindrical polar coordi-
nates~r, u, z! are adopted. The system is assumed to be
periodic in thez direction, with periodicity length 2pR0 ,
whereR0 is the simulated plasma major radius. It is conve-
nient to define a simulated toroidal anglef5z/R0 . The
equilibrium magnetic field is writtenB5@0,Bu(r ),Bf(r )#,
where¹∧B5s(r )B.

B. Perturbed magnetic field

The magnetic perturbation associated with anm, n tear-
ing mode can be writtenb(r,t)5bm,n(r ,t)ei (mu2nf). In this
paper, it is assumed thatm>0 andn.0. The components of
the perturbed magnetic field are written18

br
m,n5 i

cm,n

r
, ~1!

bu
m,n52

m~dcm,n/dr !

m21n2e2 1
nescm,n

m21n2e2 , ~2!

bf
m,n5

ne~dcm,n/dr !

m21n2e2 1
mscm,n

m21n2e2 , ~3!

where e5r /R0 . The linearized magnetic flux-function
cm,n(r ,t) satisfies Newcomb’s equation.22,23 As is well-
known, Newcomb’s equation issingularat them/n resonant
~or ‘‘rational’’ ! surface, minor radiusr s

m,n , which satisfies

Fm,n(r s
m,n)50 @i.e., q(r s

m,n)5m/n#, where Fm,n(r )[mBu

2neBf . This singularity is resolved by the presence of a
magnetic island chain centerd on the rational surface.

Let ĉm,n(r ) represent the normalizedm, n tearing eigen-
function. In other words,ĉm,n(r ) is a real, continuous solu-
tion to Newcomb’s equation which is well behaved asr

→0, satisfiesĉm,n(r s
m,n)51, and satisfiesĉm,n(c)50. Here,

r 5c is the minor radius of the highly conducting shell sur-
rounding the plasma. The above prescription uniquely speci-
fies ĉm,n(r ). In general,ĉm,n(r ) possesses a gradient dis-
continuity atr 5r s

m,n . The real quantity

Em,n5F r
dĉm,n

dr
G

r
s2
m,n

r s1
m,n

, ~4!

can be identified as the standardlinear stability indexfor the
m, n tearing mode.24 In this paper, it is assumed that the
dominant tearing modes in a given RFP plasma are those for
which Em,n.0.

We can write

cm,n~r ,t !5ĉm,n~r !Cm,n~ t !eiwm,n~ t !, ~5!

whereCm,n(t) and wm,n(t) are the amplitude and phase of
them, nmode, respectively. In the following, we concentrate
on the time evolution of thewm,n(t). The mode amplitudes
are regarded as fixed quantities to be derived from observa-
tions.

C. Error-field

In this paper, we assume that any externally generated
error-field leaks through narrow gaps in the highly conduct-
ing shell. Inside the shell, the vacuum magnetic perturbation
associated with a general error-field is written

bvac5(
m,n

Cm,n¹cvac
m,n~r ,u,f,t !∧nm,n, ~6!

whereCm,n5(m21n2e2)21/2 andnm,n5Cm,n(0,ne,m). Let

cvac
m,n~c,u,f,t !5Cv

m,n~ t !eiwv
m,n

~ t !ei ~mu2nu!, ~7!

whereCv
m,n andwv

m,n are the amplitude and phase of them,
n component of the error-field, respectively, just inside the
shell.

III. PHASE-LOCKING OF MÄ0 MODES

A. Introduction

In this section, we shall investigate the mutual phase-
locking of them50 modes. For the moment, we shall ignore
the m51 modes. According to conventional MHD theory,
the phase of a tearing mode is entirely determined by plasma
motion in the immediate vicinity of its rational surface.25 Of
course, them50 modes all share the same rational surface:
i.e., the reversal surface, radiusr * , which satisfiesBf(r * )
50. Thus, it should be possible to formulate a theory ofm
50 phase-locking by concentrating on plasma dynamics at
the reversal surface.
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In the following, we present two complementary theories
of m50 phase-locking. The first theory uses a variational
approach, whereas the second employs a Fourier approach.

B. Variational analysis

The radial component of the curl of the linearized MHD
Ohm’s law yields

2
]br

]t
1

Bf

R0

]v r

]f
52

h

R0

] j u

]f
, ~8!

in the instantaneous rest frame of the plasma at the reversal
surface. Here,br(r ,f,t), v r(r ,f,t), and j u(r ,f,t) are the
radial magnetic-field perturbation, radial plasma velocity
perturbation, and poloidal current perturbation, respectively,
associated with them50 modes. Furthermore,h(r ) is the
plasma resistivity.

Throughout the bulk of the plasma, the two terms on the
left-hand side of the above equation balance one another, and
the term on the right-hand side is negligible. This ordering
enforces the familiar ideal-MHD flux-freezing constraint.
However, flux-freezing breaks down in the immediate vicin-
ity of the reversal surface, whereBf.0. In this nonideal
region, the term on the right-hand side of Eq.~8! becomes
important. In other words, a~radially! thin poloidal current
sheet flows in the vicinity of the reversal surface.

We can radially integrate Eq.~8! over the nonideal re-
gion in the vicinity of the reversal surface to give

2d
]b*
]t

'2
h*
R0

]J*
]f

. ~9!

Here, d is the radial thickness of the nonideal region,h*
5h(r * ), b* (f,t)5br(r * ,f,t), and J* (f,t)
5* r

*
2

r
*

1 j u(r ,f,t)dr. In writing the above expression, we

have assumed thatbr is approximately constant over the non-
ideal region~which corresponds to the familiar constant-c
approximation24!, and have neglected the term involvingv r .
It is convenient to write

b* ~f,t !5b̂* ~f!egt, ~10!

J* ~f,t !5 Ĵ* ~f!egt, ~11!

in which case Eq.~9! reduces to

b̂* ~f!.
h*

gdR0

dĴ*
df

. ~12!

Note that the simplifying assumption of a common time
dependence of them50 modes is fairly consistent with
experimental observations~see Sec. VI!. The radially inte-
grated toroidal electromagnetic torque acting in the vicinity
of the reversal surface can be writtenT* (f,t)
5T̂* (f)e2gt, where

T̂* ~f!52R0Ĵ* b̂* .2
h*
2gd

d~ Ĵ*
2!

df
. ~13!

The above electromagnetic torque must be balanced by
plasma inertia and viscosity. However, the amplitude of the

electromagnetic torque increases as the square of the ambient
m50 mode amplitude, whereas plasma inertia and viscosity
remain approximately the same. It follows that torque bal-
ance becomes quite problematic in the high mode amplitude
regime. Our hypothesis is that when the ambient mode am-
plitude becomes sufficiently high them50 modes phase-
lock together in such a manner as tominimizethe magnitude
of the electromagnetic torque—thereby, facilitating torque
balance. This hypothesis suggests that we minimize the mag-
nitude of the torque,rT̂*

2df, for a fixed magnitude of the
current sheet,r Ĵ*

2df. In other words, we seek aĴ* (f)
profile which minimizes the functional

W@ Ĵ* #5 R Fd~ Ĵ*
2!

df
G2

df1l R Ĵ*
2df, ~14!

wherel is a Lagrange multiplier. Standard variational analy-
sis yields

d2~ Ĵ*
2!

df2 5
l

2
, ~15!

or

Ĵ*
25

lf2

4
1af1b, ~16!

wherea andb are constants of integration.
Now, the current profileĴ* (f) must satisfy a couple of

constraints. Firstly,

R Ĵ* df50, ~17!

since them50 modes cannot self-generate a net poloidal
current at the reversal surface. Secondly,Ĵ* (f) must be pe-
riodic in f, with period 2p. The above constraints can only
be satisfied~for physicalĴ* profiles! if the right-hand side of
Eq. ~16! is a perfect square. In fact, we can write

Ĵ* ~f!5
J0

p
~f2f02p!, ~18!

for 0,f2f0,2p, whereJ0 can either be positive or nega-
tive. Note thatĴ* must be discontinuous wheneverf2f0 is
an integer multiple of 2p, in order to maintain periodicity.
Nevertheless, Ĵ*

2 is continuous, and the integral
r@d( Ĵ*

2)/df#2df possesses no singularities. It follows
from Eq. ~12! that

b̂* ~f!5
2J0h*
gdR0

F 1

2p
2d~f2f0!G , ~19!

for 0<f2f0<2p. The optimal Ĵ* and b̂* profiles are
sketched in Fig. 1 for positiveJ0 . Of course, for negativeJ0

the profiles are inverted.
Note that a variational calculation can only be made for

them50 perturbation, because only at the reversal surface is
there a broad spectrum of unstable resonant modes. Hence,
only at the reversal surface can we talk about avariable
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angular profile of the perturbation. Clearly, relations similar
to Eqs.~9!–~13! can also be written at the 1,n rational sur-
faces; however, at these surfaces the angular profiles of the
poloidal and toroidal current sheets arefixed, because there is
only a single unstable resonant mode.

C. Fourier analysis

Ampère’s law yields

m0J* 52@bf# r
*

2

r
*

1 , ~20!

wherebf(r ,f,t) is the toroidal magnetic field perturbation
due to them50 modes. It is easily demonstrated that

@bf
0,n# r

*
2

r
*

1
5

E0,nC0,n

ne* r *
cos~nf2w0,n!, ~21!

with e* 5r * /R0 . Hence,

J* ~f!52
1

m0e* r *
(
n.0

E0,nC0,n

n
cos~nf2w0,n!, ~22!

where the sum is taken over the dominantm50 modes: i.e.,
those modes for whichE0,n.0. It is also easily demonstrated
that

b* ~f!5
1

r *
(
n.0

C0,n sin~nf2w0,n!. ~23!

Finally, the radially integrated toroidal torque acting in the
vicinity of the reversal surface takes the form

T* ~f!52R0J* b* . ~24!

As before, we hypothesize that when the ambient mode
amplitude becomes sufficiently large the variousm50
modes phase-lock together in such a manner as to minimize
the magnitude of the electromagnetic torque at the reversal
surface. Now, phase-locking of them50 modes implies that
w0,n112w0,n is the same for all the locked modes. In other
words

w0,n5nf02D0 , ~25!

whereD0 is, as yet, undetermined. Equations~22!–~25! yield

T* 5
1

2m0e*
2r *

3(
j .0

$Cj cos@ j ~f2f0!#1Sj sin@ j ~f2f0!#%, ~26!

where

Cj5 (
n.0

E0,nC0,nC0,j 2n

n
sin~2D0!, ~27!

Sj5 (
n.0

E0,nC0,n

n

3@C0,j 2n cos~2D0!1C0,n1 j2C0,n2 j #. ~28!

We wish to minimizerT*
2df with respect toD0 in order to

find the phase-lockedm50 configuration which minimizes
the magnitude of the electromagnetic torque. It is easily
demonstrated that

1

2p R T*
2df5T01T2 cos~2D0!, ~29!

where

T25
1

~2m0e*
2r * !2 (

j .1
ajbj , ~30!

and

aj5 (
n.0

E0,nC0,nC0,j 2n

n
, ~31!

bj5 (
n.0

C0,nC0,n1 j S E0,n

n
2

E0,n1 j

n1 j D . ~32!

It follows that the optimum values ofD0 are 6p/2 if T2

.0 and 0,p if T2,0.
Recall that the dominantm50 modes are those which

are tearing unstable: i.e., those for whichE0,n.0. Moreover,
the m50 mode amplitudes,C0,n, and toroidal mode num-
bers,n, are positive definite. Finally, for all plausible equi-
librium current profiles,E0,n decreases asn increases—see
Table I. Hence, it follows that theaj and thebj are all posi-
tive, which implies thatT2.0. We conclude that the opti-
mum phase-locked configuration for them50 modes is
characterized byD056p/2. It follows from Eqs.~22!, ~23!,
and ~25! that

J* ~f!5
sgn~D0!

m0e* r *
(
n.0

E0,nC0,n

n
sin@n~f2f0!#, ~33!

b* ~f!5
sgn~D0!

r *
(
n.0

C0,n cos@n~f2f0!#. ~34!

Suppose, for the sake of illustration, that the dominant
m50 modes possess toroidal mode numbers in the range 1
to N. Suppose, further, that the amplitudes,C0,n, and stabil-
ity indices,E0,n, of these modes are all the same. The latter
assumptions are fairly realistic~experimentalm50 ampli-
tudes do not usually exhibit a strong variation withn, and
theoreticalE0,n values generally vary weakly withn—see

FIG. 1. Sketch of theĴ* and b̂* profiles which minimize the amplitude of
the m50 generated electromagnetic torque at the reversal surface.
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Table I!, and is also in accordance with the analysis of Sec.
III B, where it was assumed that the dominantm50 modes
possessed a common time dependence. It follows thatJ*
}sgn(D0)Sn51,N sin@n(f2f0)#/n and b* }sgn(D0)Sn51,N

3cos@n(f2f0)#. Figure 2 shows theJ* andb* profiles cal-
culated, in this manner, forN515. ~We have selectedD0

,0.! It can be seen that the profiles correspond almost per-
fectly to those sketched in Fig. 1. Indeed, the correspondence
becomes exact in the limitN→`.

D. Summary

Our main hypothesis is that when the ambient mode am-
plitude becomes sufficiently high them50 modes phase-
lock together in a configuration which minimizes the magni-
tude of the electromagnetic torque exerted at the reversal
surface. The analysis of Secs. III B and III C demonstrates
that the phase-locked configuration is characterized by

w0,n5nf02D0 , ~35!

whereD056p/2. The above distribution of phases gener-
ates anm50 radial field which has a ‘‘spike’’ atf5f0 ~the
spike is positive or negative depending on whetherD0.0 or
D0,0!—see Figs. 1 and 2. The current sheet at the reversal
surface generates anm50 toroidal field outside the reversal
surface which varieslinearly with f, and possesses a quasi-
discontinuity atf5f0 @the gradient of the field~w.r.t. f! is
positive or negative depending on whetherD0,0 or
D0.0#—in fact, the expectedbf profile outside the reversal
surface is similar to theJ* profile shown in Figs. 1 and 2
@this can be ascertained from Eq.~88!, given that theb̂f

0,k are
all negative—see Table I#. The narrowness and height of the
spike in br , and the steepness of the quasi-discontinuity in
bf , all increase as the number of phase-lockedm50 modes
increases.

IV. PHASE-LOCKING OF MÄ1 MODES

A. Introduction

Let us now consider the phase-locking of them51
modes. As discussed in Ref. 18,m51 phase-locking is me-
diated by three-wave coupling involving triplets of twom
51 modes and a singlem50 mode.26,27 Moreover, the
strength of this coupling can be calculated using linear tear-
ing eigenfunctions. Three-wave coupling leads to the devel-
opment of net electromagnetic torques at them51 rational
surfaces and the reversal surface.

B. Analysis

The flux-surface averaged, radially integrated, toroidal
electromagnetic torque exerted at the reversal surface due to
three-wave coupling between the 1,n1k mode, the 1,n
mode, and the 0,k mode is written18

Tn,k52
p2R0

2m0
~C1,n1kC1,nC0,k!S PE

0

a

tn,k~r !dr D
3k sin~w1,n1k2w1,n2w0,k!, ~36!

TABLE I. The poloidal and toroidal mode numbers, rational surface radii, stability indices, and normalized
edge radial and toroidal magnetic fields for the modes included in the phase-locking simulation of RFX shot
8071.

m n r s
m,n/a Em,n

b̂r
m,n b̂f

m,n

1 8 2.215e21 4.992e10 2.422e10 25.948e10
1 9 3.507e21 2.675e10 1.182e10 22.717e10
1 10 4.260e21 1.977e10 9.548e21 22.060e10
1 11 4.784e21 1.478e10 8.500e21 21.727e10
1 12 5.176e21 1.043e10 7.846e21 21.506e10
1 13 5.484e21 6.364e21 7.363e21 21.340e10
1 14 5.735e21 2.411e21 6.970e21 21.208e10
0 1 8.441e21 1.674e11 1.970e10 24.647e11
0 2 8.441e21 1.662e11 1.962e10 22.318e11
0 3 8.441e21 1.642e11 1.949e10 21.539e11
0 4 8.441e21 1.616e11 1.930e10 21.149e11
0 5 8.441e21 1.582e11 1.907e10 29.115e10
0 6 8.441e21 1.541e11 1.880e10 27.530e10

FIG. 2. TheJ* ~solid line! andb* ~dashed line! profiles which minimize the
amplitude of them50 generated electromagnetic torque at the reversal
surface, calculated forN515.
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where P denotes a Cauchy principal part. Here,
P*0

atn,k(r )dr is the so-called ‘‘overlap integral,’’ whose in-
tegrand takes the form

tn,k~r !5
ds

dr H r
dĉ1,n

dr
ĉ0,kĉ1,n1k

G1,n

H1,nF0,kF1,n1k

1ĉ1,nr
dĉ0,k

dr
ĉ1,n1k

G0,k

H0,kF1,nF1,n1k

1ĉ1,nĉ0,kr
dĉ1,n1k

dr

G1,n1k

H1,n1kF1,nF0,k

1ĉ1,nĉ0,kĉ1,n1kF rsS F1,n

H1,nF0,kF1,n1k

1
F0,k

H0,kF1,nF1,n1k 1
F1,n1k

H1,n1kF1,nF0,kD
1

2BuBf2rs~Bu
21Bf

2!

F1,nF0,kF1,n1k G J , ~37!

where

Fm,n~r !5mBu2neBf , ~38!

Gm,n~r !5neBu1mBf , ~39!

Hm,n~r !5m21n2e2. ~40!

Thus, the total torque at the reversal surface due to three-
wave coupling is

T5(
n,k

Tn,k, ~41!

where the sum is taken over the dominantm51 andm50
modes.

As before, we hypothesize that when the ambient mode
amplitude becomes sufficiently high them51 modes phase-
lock together in a configuration such that the absolute value
of the electromagnetic torque exerted at the reversal surface
due to three-wave coupling is minimized, since this is the
only way in which such a torque could be balanced by
plasma viscosity and inertia.~Note that minimization of the
electromagnetic torque at the reversal surface also implies
minimization of the electromagnetic torques at them51 ra-
tional surfaces, since zero net electromagnetic torque is ex-
erted on the plasma, as a whole, as a consequence of three-
wave coupling.! Now, phase-locking of them51 modes
implies

w1,n5nf12D1 , ~42!

whereD1 is undetermined. Hence, Eqs.~35!, ~36!, ~41!, and
~42! yield

T~f02f1!52sgn~D0!(
n,k

p2R0

2m0
~C1,n1kC1,nC0,k!

3S PE
0

a

tn,k~r !dr D k cos@k~f02f1!#.

~43!

It is convenient to expressT(f02f1) as the gradient of a
potential:

V~f02f1!52E
0

f02f1
T~w!dw. ~44!

It follows that:

V~f02f1!5sgn~D0!(
n,k

p2R0

2m0
~C1,n1kC1,nC0,k!

3S PE
0

a

tn,k~r !dr D sin@k~f02f1!#. ~45!

Finding the minimum absolute value of the electromagnetic
torque is equivalent to finding the minimum of the above
potential.~The maximum of the potential would also mini-
mize the absolute value of the torque, but is dynamically
unstable.!

Suppose, for the sake of illustration, that the dominant
m51 modes possess toroidal mode numbers in the rangen1

to n11N21, and the dominantm50 modes possess toroidal
mode numbers in the range 1 toN8 ~whereN8.N21!. Sup-
pose, further, that the amplitudes of all the coupled modes
are the same, and that all the overlap integrals are equal. The
latter assumptions are fairly realistic. We obtain

V~f12f0!52V~f02f1!}2sgn~D0!

3 (
k51

N21

~N2k!sin@k~f12f0!#. ~46!

Here, we have tacitly assumed that the overlap integrals are
positive. Figure 3 shows the ‘‘locking potential’’ calculated,
in this manner, forN58. ~We have selectedD0,0.! It can be
seen that the potential possesses a strong minimum forf1

slightly less thanf0 . Hence, we conclude that them51
modes phase-lock in a configuration such thatf0 slightly
exceedsf1 . ~Selection ofD0.0, or negative overlap inte-
grals, would lead to the opposite conclusion.!

The radial field perturbation associated with them51
modes can be written

FIG. 3. Them51 ‘‘locking potential’’ calculated forN58.
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br~u,f!}cos~u2D1!Fr
C~f2f1!

1sin~u2D!Fr
S~f2f1!, ~47!

where

Fr
C~f2f1!5 (

n5n1

n11N21

sin@n~f2f1!#, ~48!

Fr
S~f2f1!52 (

n5n1

n11N21

cos@n~f2f1!#. ~49!

Figure 4 shows the cosine and sine ‘‘envelope functions,’’Fr
C

andFr
S , for the m51 radial field, calculated forn158 and

N58. It can be seen that the envelope functions are highly
peaked and strongly toroidally localized aroundf5f1 .

C. Summary

Our central hypothesis—that when the ambient mode
amplitude becomes sufficiently high them50 and m51
modes phase-lock together in a configuration which mini-
mizes the magnitude of the electromagnetic torque exerted at
the reversal surface—allows us to make detailed predictions
regarding the form of the phase-locked configuration. The
m51 modes phase-lock in a configuration which is highly
peaked and strongly toroidally localized about some toroidal
anglef5f1 . There are two, equally probable, phase-locked
configurations for them50 modes—corresponding to the
choiceD056p/2. For the choice of the upper sign, them
50 radial field possesses a strongpositive‘‘spike’’ at toroi-
dal anglef5f0 , whereas the edgem50 toroidal fieldde-
creaseslinearly with f, and possesses a quasi-discontinuity
at f5f0 . For the choice of the lower sign, them50 radial
field possesses a strongnegativespike at toroidal anglef
5f0 , whereas the edgem50 toroidal field increaseslin-
early with f, and possesses a quasi-discontinuity atf
5f0 . There is a slight offset between the anglesf1 andf0 .
For the choice of the upper sign,f1 slightly exceedsf0 , and
vice versafor the choice of the lower sign.~Here, we are
assuming that the overlap integrals are positive—if the inte-

grals are negative then the offset reverses sign.! The strength
of the peaking and toroidal localization of the netm50 and
m51 magnetic perturbations increases as the number of
phase-locked modes increases. Finally, the magnitude of the
offset betweenf0 andf1 decreases as the number of phase-
locked modes increases.

V. PHASE-LOCKING TO ERROR-FIELDS

A. Introduction

RFP plasmas invariably rotate in the laboratory frame.
Thus, in general, we would expect the slinky pattern to also
rotate as its constituent tearing modes are convected by the
plasma. However, in the RFX experiment, the rotation of the
slinky pattern is arrested via the phase-locking of some of its
constituent tearing modes to static error-fields. Let us inves-
tigate this effect.

B. Phase-locking to an mÄ0 error-field

Consider the effect of a 0, 1 error-field of amplitudeCv
0,1

and phasewv
0,1. The additional flux-surface averaged, radi-

ally integrated, toroidal torque generated at the reversal sur-
face is written18

T
*
8 52

2p2R0

m0e*
2 Esc

0,1Cv
0,1C0,1sin~w0,12wv

0,1!, ~50!

where

Esc
m,n5

ĉm,n~a!~m21n2es
2!

km~nec!i m~nea!2km~nea!i m~nec!
, ~51!

with ea5a/R0 , ec5c/R0 , andes5r s
m,n/R0 . Here,km() and

i m() are vacuum solutions to Newcomb’s equation, and are
defined in Ref. 23.

Now, we do not expect the above torque to interfere with
the previously described mutual phase-locking of them50
andm51 modes within the plasma~see Sec. V D!. However,
in the large mode amplitude limit, we do expect the phase of
the 0, 1 mode to adjust itself such that the absolute magni-
tude of T

*
8 is minimized. From Eq.~50!, this implies that

w0,15wv
0,1 ~the solutionw0,15wv

0,11p is dynamically un-
stable!, which, from Eq.~35!, yields

f05wv
0,11D0 , ~52!

with D056p/2. Thus, we conclude that the peak of them
50 slinky pattern~located atf5f0! locks 90° out of phase
with a strong 0,1 error-field. Clearly, if the error-field is sta-
tionary then the rotation of them50 component of the
slinky pattern, and all its constituentm50 modes, is ar-
rested. Note, however, that although the rotation of them
51 component of the slinky pattern~which peaks atf
5f1! is also arrested~sincef1 is tied tof0 via three-wave
coupling!, in general, the pattern’s constituentm51 modes
continue to rotate. In fact, as can be seen from Eq.~42!, in
this case, the angular phase velocities of all the coupledm
51 modes become equal: i.e.,ẇ1,n52dD1 /dt. Note that
we can talk about the time derivative ofD1 because this
quantity does not have a fixed value in our theory, unlikeD0 .

FIG. 4. The cosine and sine ‘‘envelope functions,’’Fr
C ~solid line! andFr

S

~dashed line!, for them51 radial field, calculated forn158 andN58.
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A stationary slinky pattern which is phase-locked to a
static 0, 1 error-field can be forced to propagate via the ap-
plication of an externally generated, rotating, 0, 1 magnetic
perturbation. Suppose, for the sake of simplicity, that the
phase of the static error-field is 0°. In the large amplitude
limit, the phase of them50 component of the slinky pattern
becomes

f05tan21S ar sinw r

11ar cosw r
D1D0 , ~53!

wherear is the amplitude of the rotating perturbation~rela-
tive to the amplitude of the static error-field!, andw r(t) is the
phase of the perturbation. Thus, as long as the amplitude of
the rotating perturbation remains less than that of the error-
field ~i.e., ar,1!, the slinky pattern oscillates in phase, but
does not rotate. However, as soon as the amplitude of the
perturbation exceeds that of the error-field~i.e., ar.1!, the
pattern is forced to rotate. The rotation is very uneven ifar is
close to unity, with the phase velocity of the pattern slowing
down whenw r.0°, and speeding up whenw r.180°. How-
ever, if the amplitude of the applied perturbation becomes
very large~i.e., ar@1!, the m50 component of the slinky
pattern is forced to co-rotate exactly with the perturbation,
but the peak of the pattern always remains 90° out of phase
with the perturbation.

C. Phase-locking to an mÄ1 error-field

As we have seen, a staticm50 error-field is capable of
arresting the rotation of the slinky pattern, and its constituent
m50 modes, but cannot prevent the constituentm51
modes from rotating. In order to arrest the rotation of the
m51 modes, it is necessary for at least one of these modes
to phase-lock to a staticm51 error-field.

Consider the effect of a 1,n0 error-field of amplitude
Cv

1,n0 and phasewv
1,n0. The additional flux-surface averaged,

radially integrated, toroidal torque generated at the 1,n0 ra-
tional surface is written18

~Tf
1,n0!852

2p2R0

m0

n0

11n0
2es

2

3Esc
1,n0Cv

1,n0C1,n0 sin~w1,n02wv
1,n0!. ~54!

The associated additional poloidal torque satisfies (Tu
1,n0)8

52(Tf
1,n0)8/n0 .

As before, we do not expect the above torque to interfere
with the mutual phase-locking of them50 andm51 modes
within the plasma~see Sec. V D!. However, in the large
mode amplitude limit, we do expect the phase of the 1,n0

mode to adjust itself such that the absolute magnitude of
(Tf

1,n0)8 is minimized. Clearly, this implies

w1,n05wv
1,n0 ~55!

~the solutionw1,n05wv
1,n01p is dynamically unstable!. Now,

if the 1, n0 error-field is static, and the slinky pattern is
phase-locked to a static 0, 1 error-field, then bothw1,n0 and
f1 are constant in time. It follows, from Eq.~42!, that the
rotation of all the constituentm51 modes is arrested.

Suppose that the slinky pattern, and all of its constituent
modes, are rendered nonrotating via phase-locking to a com-
bination of static 0, 1 and 1,n0 error-fields. Suppose, further,
that the pattern is then forced to propagate via the imposition
of a large amplitude, rotating, 0, 1 magnetic perturbation.
How do the phases of the constituentm50 andm51 modes
vary in time? Well, the rotating perturbation generates a
torque at the reversal surface which forces the slinky pattern
to co-rotate. However, the 1,n0 mode remains phase-locked
to the static 1,n0 error-field—the rotating perturbation can-
not affect this locking, since it generates no torque at the 1,
n0 rational surface. As before, we do not expect the error-
field torques to modify the mutual phase-locking of them
50 andm51 modes~see Sec. V D!. It follows, from Eqs.
~35! and ~42!, that

ẇ0,k5kẇ0 , ~56!

ẇ1,n5~n2n0!ẇ0 , ~57!

where ẇ05ẇ1 is the externally imposed angular phase ve-
locity of the slinky pattern. Here, we have setdD1 /dt
5n0ẇ1 , in order to ensure that the 1,n0 mode remains sta-
tionary. Clearly, the constituentm50 andm51 modes are
forced to rotate with angular phase velocities which arein-
teger multiplesof the externally imposed angular phase ve-
locity of the slinky pattern. It is interesting to note, however,
that m51 modes withn,n0 are forced to rotate in theop-
posite directionto the slinky pattern.

D. Summary

We have seen that in the presence ofsingle harmonic
m50 andm51 error-fields the rotation of the slinky pattern,
and its constituent tearing modes, is modified, but the integ-
rity of the pattern remains unaffected. The reason for this is
that them50 andm51 internal phase-locking constraints,
Eqs.~35! and ~42!, retain sufficient free parameters~i.e., f0

and D1! that it is possible to specify the phase of a single
m50 and a singlem51 mode without violating these con-
straints. Conversely, we expectmulti-harmonic m50 and
m51 error-fields to affect the integrity of the slinky pattern,
since, in general, there will be a conflict between the internal
phase relations, Eqs.~35! and~42!, and those imposed exter-
nally by the error-fields.

VI. COMPARISON WITH EXPERIMENTAL DATA

A. Introduction

In this section, we shall compare the theoretical predic-
tions of Secs. III and IV with the mode locking phenomenol-
ogy observed in the RFX experiment5 ~major radius,R0

52.0 m; vacuum vessel internal and external radii,r int5a
50.457 m andr ext50.505 m; stabilizing shell internal and
external radii, cint50.538 m andcext50.6 m!. The main
characteristics of mode locking in RFX were described in
Ref. 19. Here, we present an extended and more tightly fo-
cused version of this analysis.
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B. Analysis

All RFX discharges are characterized by a large ampli-
tude, stationary, toroidally localized magnetic perturbation.28

This perturbation is made up of phase-lockedm50 andm
51 modes with a broad spectrum of toroidal mode
numbers.19 Presumably, the perturbation is stationary, rather
than rotating, because its constituent modes are locked to
static error-fields. Error-field locking is greatly facilitated by
eddy currents excited in the thin resistive vacuum vessel.14,15

The RFX magnetic perturbation is mainly analyzed us-
ing signals provided by two toroidal arrays of magnetic
pick-up coils, which measure the toroidal component of the
magnetic field. Each array consists of 72 equally spaced
coils. Hence, toroidal harmonics up ton536 can be re-
solved. The arrays are situated between the vacuum vessel
and the stabilizing shell, on the inner surface of the shell.
The ‘‘inboard’’ and ‘‘outboard’’ arrays are located at poloidal
anglesu in5220.5° anduout5159.5°, respectively~the in-
board mid-plane corresponds tou50°!. Thus, the contribu-
tion of the m50 andm51 modes can be distinguished by
taking sums and differences, respectively, of the signals ema-
nating from these two arrays.

The typical toroidal profiles of them50 andm51 con-
tributions to the perturbed toroidal field are shown in Fig. 5

~shot 8071, time 9 ms!. A systematic wave form due to eddy
currents flowing in the RFX conducting shell has been sub-
tracted out of them50 profile.29 Actually, them51 pertur-
bation is best represented as a helical displacement,D r(f)
~also shown in Fig. 5!, of the plasma surface in the radial
direction.11 As demonstrated in Ref. 19, the maximum of
D r(f) corresponds to the peak amplitude of them51 per-
turbation~i.e., to the anglef5f1!.

Them50 profile,bf
m50(f), exhibits a linear trend, with

a quasi-discontinuity. Thus, this profile is in excellent agree-
ment with the predictions of Sec. III. In all discharges exam-
ined,bf

m50(f) decreaseslinearly with f, which is consistent
with our theoreticalm50 phase-locking formula~35!, pro-
videdD05p/2. Moreover, the maximum ofD r(f) occurs at
an angle,f1 , which is close to, but slightlyless than, the
anglef0 at which thebf

m50(f) discontinuity passes through
zero. On the one hand, this confirms that the phase-locking
of the m51 modes is due to interaction with them50
modes. On the other hand, the sign of the offset betweenf0

andf1 suggests that the overlap integrals which characterize
the nonlinear coupling between the variousm50 and m
51 modes are generallynegativein RFX ~see Sec. IV!.

As discussed in Sec. III, phase-locking withD05p/2 is
expected to lead anm50 radial field with a positive spike at
toroidal anglef5f0 . Unfortunately, them50 radial field
can not be measured on a shot to shot basis in RFX, due to
the absence of similar toroidal arrays of radial field probes.
However, the averagebr

m50(f) profile can be calculated via
a statistical analysis made on many similar discharges.29 This
technique involves the reconstruction of them50 toroidal
flux perturbation,cf

m50(f), using data from four toroidal
flux loops located on the outer surface of the vacuum vessel.
The correspondingm50 radial magnetic field is given by
br

m50(f)52(1/2prR0) (]cf
m50/]f). The normalized

br
m50(f) profile shown in Fig. 6 is the result of a fit per-

formed using the first 6 toroidal harmonics~the amplitudes
of all these harmonics are comparable!. Our analysis con-
firms the presence of anm50 radial field with a positive

FIG. 5. Typicalm50 ~solid curve! andm51 ~dashed curve! contributions
to the perturbed toroidal magnetic field in RFX~shot 8071, time 9 ms!. Also
shown ~bottom panel! is the radial displacement of the plasma boundary
associated with them51 perturbation.

FIG. 6. Typicalm50 contribution to the perturbed radial field~solid curve!
in RFX ~average over many similar discharges!. Also shown~dashed curve!
is the radial displacement of the plasma boundary associated with them
51 perturbation.
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spike at an angle slightly greater thanf5f1 . This result is
fully consistent with our theoretical predictions.

Figure 7 and 8 show the typical Fourier amplitudes of
the m50 andm51 contributions to the perturbed toroidal
magnetic field in RFX~shot 8071, time 9 ms!. As can be
seen, the dominantm50 amplitudes correspond tok in the
range 1–13, whereas the dominantm51 amplitudes corre-
spond ton in the range 7–15.

Figures 9 and 10 plot the functions

d0~k!5w0,k112w0,k2w0,1, ~58!

d1~n!5w1,n112w1,n2w0,1, ~59!

for a typical, fully phase-locked, magnetic perturbation in
RFX ~shot 8071, time 9 ms!. Our theoretical phase-locking
relations, Eqs.~35! and ~42!, predictd0(k)5D0 and d1(n)
5f12f01D0 . Since we have already determined thatD0

5p/2 and 0,f02f1!p in RFX, we expect thed0(k) to
take the constant valuep/2, and thed1(n) to take a constant
value slightly less thanp/2. From Figs. 9 and 10, it can be
seen that these expectations are largely borne out for the
dominant modes.

Figure 11 shows the typical time evolution of the~odd-k!
0, k Fourier amplitudes of the perturbed toroidal magnetic
field in RFX ~shot 8071!. In this example, the equilibrium
edge toroidal magnetic field reverses sign at timet rev

54.8 ms. Them50 modes can be seen to undergo a fast
growth phase shortly after reversal. Note that every curve in
Fig. 11 is normalized with respect to its value at the end of
the growth phase. Now, the slope of each curve gives an
estimate of the growth-rate of the associatedm50 harmonic.
It can be seen that the growth-rates are all very similar.~Note
that the slope of the signals is affected by the presence of the
resistive vacuum vessel, which tends to slow down the
growth of the lowerk modes.! The similarity of the growth-
rates justifies our earlier assumption, in Sec. III, of a com-
mon time dependence of them50 modes. Incidentally, the
growth phase of them51 modes~not shown! starts a little
before the reversal time.

Figure 12 shows typical temporal traces of the functions
d0(k)5w0,k112w0,k2w0,1 in RFX. Data are plotted for the
five most importantm50 modes; i.e.,k51 – 5. It can be
seen that as them50 modes grow in amplitude they undergo
phase-locking characterized byd0(k)→p/2. The behavior

FIG. 7. Typical Fourier amplitudes of them50 contributions to the per-
turbed toroidal magnetic field in RFX~shot 8071, time 9 ms!.

FIG. 8. Typical Fourier amplitudes of them51 contributions to the per-
turbed toroidal magnetic field in RFX~shot 8071, time 9 ms!.

FIG. 9. The functionsd0(k)5w0,k112w0,k2w0,1 versusk for a typical, fully
phase-locked, magnetic perturbation in RFX~shot 8071, time 9 ms!.

FIG. 10. The functionsd1(n)5w1,n112w1,n2w0,1 versusn for a typical,
fully phase-locked, perturbation in RFX~shot 8071, time 9 ms!.
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seen in Fig. 12 is consistent with our hypothesis, developed
in Sec. III, thatm50 phase-locking involves the minimiza-
tion of the magnitude of the electromagnetic torque at the
reversal surface, triggered by high mode amplitudes.

Figure 13 shows typical temporal traces of the functions
d1(n)5w1,n112w1,n2w0,1 in RFX. Data are plotted for the
five most importantm51 modes; i.e.,n57 – 11. As can be
seen, when them50 ~andm51! mode amplitudes are high,
the nonlinear interaction of them50 andm51 modes leads
to a phase-locked configuration in which thed1(n) are ~on
average! slightly less thanp/2. This behavior is in complete
accordance with our theoretical predictions.

C. Summary

The theoretical predictions of Secs. III and IV are in
excellent agreement with the mode locking phenomenology

observed in RFX. In particular, we have successfully ex-
plained the observed forms of the edgebr

m50(f) and
bf

m50(f) profiles. Moreover, we can account for the small
offset seen between the locking angle,f0 , of the m50
modes, and the corresponding angle,f1 , of the m51
modes. Finally, our theoretical phase-locking relations, Eqs.
~35! and~42!, appear to be highly consistent with the experi-
mental data.

VII. PHASE EVOLUTION EQUATIONS

A. Introduction

The previous theoretical analysis can be improved. In
the following, we present a set of phase evolution equations
which model the phase-locking of tearing modes in an RFP
plasma with a fairly high degree of fidelity. We shall employ
these equations to make a more exact comparison between
our theory and the RFX data presented above. We shall also
use our equations to investigate the effect of error-fields on
the RFX slinky pattern.

B. Physics content

We assume that the dominantm50 and m51 modes
correspond to those which are intrinsically tearing unstable:
i.e., those for whichEm,n.0. Suppose that the intrinsically
unstablem50 modes possess toroidal mode numbers in the
range 0 tok0 , and that the intrinsically unstablem51 modes
possess toroidal mode numbers in the rangen1 to n2 . The
various mode amplitudes are specified, whereas the phases
are evolved under the influence of the electromagnetic
torques~due to three-wave coupling and error-fields! and vis-
cous torques which develop in the plasma. Them51 modes
are initialized with random phases, whereas them50 modes
are initialized in a phase-locked configuration~which is not
affected by the phase evolution!.

The toroidal equation of motion of the plasma is
written25

FIG. 11. Typical time evolution of the~odd-k! 0, k Fourier amplitudes of the
perturbed toroidal magnetic field in RFX~shot 8071!. Each curve is normal-
ized with respect to its value at the end of the growth phase. The solid curve
corresponds tok51, the dotted curve tok53, the short-dashed curve tok
55, the long-dashed curve tok57, the dot–short-dashed curve tok59, and
the dot–long-dashed curve tok511.

FIG. 12. Typical temporal traces of the functionsd0(k)5w0,k112w0,k

2w0,1, for k51 – 5, in RFX~shot 8071!. The solid curve corresponds tok
51, the dotted curve tok52, the short-dashed curve tok53, the long-
dashed curve tok54, and the dot–short-dashed curve tok55.

FIG. 13. Typical temporal traces of the functionsd1(n)5w1,n112w1,n

2w0,1, for n57 – 11, in RFX~shot 8071!. The solid curve corresponds to
n57, the dotted curve ton58, the short-dashed curve ton59, the long-
dashed curve ton510, and the dot–short-dashed curve ton511.
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5 (

n5n1 ,n2

Tf
1,n

4p2R0
3 d~r 2r s

1,n!

1
Tf*

4p2R0
3 d~r 2r * !1

rPf

R0
2 , ~60!

whereVf(r ,t) is the plasma toroidal angular velocity,r(r )
is the plasma mass density,m(r ) represents a phenomeno-
logical plasma viscosity, andPf(r ) is a steady toroidal
torque density which maintains the equilibrium plasma rota-
tion. Here,Tf

1,n is the radially integrated, flux-surface aver-
aged, toroidal electromagnetic torque which develops at the
1, n rational surface due to three-wave coupling. Likewise,
Tf* is the radially integrated, flux-surface averaged, toroidal
electromagnetic torque which develops at the reversal sur-
face due to three-wave coupling. Reference 18 explains how
the three-wave coupling torques are calculated. The bound-
ary conditions satisfied by the toroidal angular velocity are

]Vf~0,t !

]r
5Vf~a,t !50. ~61!

The poloidal equation of motion of the plasma takes the
form25

r 3rS ]Vu

]t
1

Vu

tD
D2

]

]r S r 3m
]Vu

]r D
52 (

n5n1 ,n2

Tf
1,n

n4p2R0
d~r 2r s

1,n!, ~62!

whereVu(r ,t) is the plasma poloidal angular velocity, and
tD represents a phenomenological poloidal flow damping
time. The boundary conditions satisfied by the poloidal an-
gular velocity are

]Vu~0,t !

]r
5Vu~a,t !50. ~63!

The m50 modes are assumed to be phase-locked to-
gether, which impliesw0,k5kw0,11(k21)D0 , where D0

56p/2. According to standard MHD theory, them,ntearing
mode is convected by the plasma in the immediate vicinity
of its rational surface. Such convection gives rise to the fa-
miliar ‘‘no-slip’’ condition

dwm,n

dt
5nVf~r s

m,n ,t !2mVu~r s
m,n ,t !. ~64!

Note that the convection of them50 modes by the plasma in
the vicinity of the reversal surface does not affect the mutual
phase-locking of these modes.

The model equilibrium current profile adopted in this
paper is

s~r !5S 2Q0

a D F12S r

aD aG , ~65!

whereQ0 anda are positive constants. It is conventional to
parameterize RFP equilibria in terms of thepinch parameter,

Q5Bu(a)/^Bf&, and the reversal parameter, F
5Bf(a)/^Bf&, where^¯& denotes a volume average.

C. Normalized phase evolution equations

It is convenient to define the following normalized quan-
tities: r̂ 5r /a, t̂5tVf

(0)(0), m̂5m/m(0), r̂5r/r(0), V̂f

5Vf /Vf
(0)(0), V̂u5Vu /Vf

(0)(0), r̂ n5r s
1,n/a, r̂ * 5r * /a,

F
*
8 5(dF0,1/dr) r* , Pn,k5(e*

2r *
2F

*
8 /4)P*0

atn,kdr, tH

5@m0r(0)#1/2/F
*
8 , tV5a2r(0)/m(0), n51/@tVVf

(0)(0)#,
gD5tV /tD , L5@2tH

2 Vf
(0)(0)/tVr̂ *

2#1/3, A1,n

5C1,n/(Lr *
2F

*
8 ), and A0,k5C0,k/(Lr *

2F
*
8 ). Here,

Vf
(0)(0) is the unperturbed, steady-state, plasma toroidal an-

gular velocity on the magnetic axis.
It is helpful to define a set of toroidal velocity eigenfunc-

tions,uj ( r̂ ), and eigenvalues,b j :

d

dr̂ S r̂ m̂
duj

dr̂ D1 r̂ r̂b juj50, ~66!

duj~0!

dr̂
5uj~1!50, ~67!

E
0

1

r̂ r̂ujukdr̂5d jk . ~68!

Likewise, it is helpful to define a set of poloidal velocity
eigenfunctions,v j ( r̂ ), and eigenvalues,g j :

d

dr̂ S r̂ 3m̂
dv j

d r̂ D1 r̂ 3r̂g jv j50, ~69!

dv j~0!

dr̂
5v j~1!50, ~70!

E
0

1

r̂ 3r̂v jvkdr̂5d jk . ~71!

Our phase evolution equations take the form

dw1,n

d t̂
5 (

j 51,̀
F (

n85n1 ,n2

ngn8, juj~ r̂ n!

1ng* , juj~ r̂ n!2 (
n85n1 ,n2

f n8, jv j~ r̂ n!G , ~72!

dw0,1

d t̂
5 (

j 51,̀
F (

n85n1 ,n2

gn8, juj~ r̂ * !1g* , juj~ r̂ * !G , ~73!

w0,k5kw0,11~k21!D0 , ~74!

whereD056p/2. Here,

1

n

dgn, j

d t̂
5T̂f

1,nuj~ r̂ n!1pj2b jgn, j , ~75!

1

n

dg* , j

d t̂
5T̂f* uj~ r̂ * !1pj2b jg* , j , ~76!
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1

n

d fn, j

d t̂
52

T̂f
1,nv j~ r̂ n!

nea
2

2~g j1gD! f n, j , ~77!

and pj5*0
1r̂ uj ( r̂ ) P̂f( r̂ )dr̂, where P̂f5Pf /P0 , and P0 is

adjusted such thatV̂f(0)51 in unperturbed steady-state. Fi-
nally,

T̂f
1,n52 (

k51

min~n22n,k0!

nT̂n,k1 (
k51

min~n2n1 ,k0!

nT̂n2k,k , ~78!

T̂f* 52 (
k51

k0

(
n5n1

n22k

kT̂n,k , ~79!

where

T̂n,k5Pn,kA
1,n1kA1,nA0,k

3sin~w1,n1k2w1,n2w0,k!. ~80!

Note that the toroidal electromagnetic torques exerted on the
1, n, the 1,n1k, and the 0,k rational surfaces, due to three-
wave coupling of the corresponding tearing modes, are in the
ratio 2n: n1k: 2k. Likewise, the associated poloidal
torques are in the ratio 1:21: 0 ~with the same constant of
proportionality as the toroidal torques!.

In the presence of a 0, 1 error-field, the normalized tor-
oidal torque at the reversal surface increases by

~ T̂f* !852A0,1B0,1sin~w0,12wv
0,1!, ~81!

where

Bm,n5
e*

2

m21n2es
2

Esc
m,nCv

m,n

r *
2F

*
8 L2 . ~82!

Likewise, in the presence of a 1,n0 error-field, the toroidal
torque at the 1,n0 rational surface increases by

~ T̂f
1,n0!852n0A1,n0B1,n0 sin~w1,n02wv

1,n0!. ~83!

The w1,n and w0,1 are given random initial values,
whereas the plasma velocity profile is initialized in an unper-
turbed steady-state: i.e.,gn, j5pj /b j , g* , j5pj /b j , f n, j50.
The following density, viscosity, and momentum input pro-
files are adopted:

r̂~ r̂ !5~12 r̂ 2!gr, ~84!

m̂~ r̂ !5~11 r̂ 2!gm, ~85!

P̂f~ r̂ !5 P̂f~0!~12 r̂ 2!gp, ~86!

where P̂f(0) is adjusted such that V̂f(0)
5S j 51

` pjuj (0)/b j51.

D. Edge magnetic fields

The m50 radial and toroidal magnetic-field perturba-
tions at the plasma edge take the form

br
m50~f!

b0
5sgn~D0!(

k51

k0

A0,kb̂r
0,k cos@k~f2f0!#, ~87!

bf
m50~f!

b0
52sgn~D0!(

k51

k0

A0,kb̂f
0,k sin@k~f2f0!#, ~88!

whereb05Lr
*
2 F

*
8 /a, and

b̂r
m,n5ĉm,n~1!, ~89!

b̂f
m,n5

nea~dĉm,n /dr̂ !~1!

m21n2ea
2 . ~90!

The m51 radial and toroidal magnetic field perturba-
tions at the plasma edge are written

br
m51~u,f!

b0
5cosu Fr

C~f!1sinu Fr
S~f!, ~91!

bf
m51~u,f!

b0
5cosu Ff

C~f!1sinu Ff
S~f!, ~92!

where

Fr
C~f!5 (

n5n1

n2

A1,nb̂r
1,n sin~nf2w1,n!, ~93!

Fr
S~f!52 (

n5n1

n2

A1,nb̂r
1,n cos~nf2w1,n!, ~94!

Ff
C~f!5 (

n5n1

n2

A1,nb̂f
1,n cos~nf2w1,n!, ~95!

Ff
S~f!5 (

n5n1

n2

A1,nb̂f
1,n sin~nf2w1,n!. ~96!

Finally, the m51 radial displacement of the plasma torus,
D r , is proportional to the magnitude ofbr

m51 at the plasma
edge;30 hence,

D r~f!}A~Fr
C!21~Fr

S!2. ~97!

E. Mode amplitudes

In this paper, the mode amplitudes are specified, rather
than calculated. Let

A1,n5A1/3A0
21/3Â1,n, ~98!

A0,k5A1/3A0
2/3Â0,k, ~99!

where Â1,n15Â0,151, and A05C0,1/C1,n1. The assumed
common time dependence of the mode amplitudes is param-
eterized via the function

A~ t̂ !5Amax@12exp~2 t̂ / t̂on!#, ~100!

where Amax is made sufficiently large that electromagnetic
torques dominate viscous torques and plasma inertia in the
final state. The relative mode amplitudes,Â1,n and Â0,k, are
simply determined from experimental data. It follows that:

A1,n1kA1,nA0,k5AÂ1,n1kÂ1,nÂ0,k, ~101!

A0,1B0,15A1/3B̂0,1, ~102!

A1,n0B1,n05A1/3B̂1,n0Â1,n0, ~103!

whereB̂0,15B0,1A0
2/3 and B̂1,n05B1,n0/A0

1/3.
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F. Mode-locking simulation

In this subsection, we present a mode-locking simulation
of RFX shot 8071~i.e., the discharge featured in Figs. 5–13!.
We setD05p/2 for consistency with the data presented in
Sec. VI. Now, the appropriate equilibrium parameters for
shot 8071~at time t59 ms! are ea50.23, c51.17a, F5
20.2, anda56. Unfortunately, we find no unstablem51
modes for these parameters.~Note that the tearing stability
indices,Em,n, are determined from the plasma equilibrium
via Newcomb’s equation.! The basic problem is the lack of
plasma pressure in our equilibrium model. However, we can
crudely compensate for the absence of a destabilizing pres-
sure gradient by increasing the current gradient~i.e., by de-
creasinga!. We find that decreasinga to 3 yields about the
correct number of unstablem51 modes. The unstablem
51 modes have toroidal mode numbers in the rangen
58 – 14. The unstablem50 modes~which couple to them
51 modes! have toroidal mode numbers in the rangek
51 – 6. Table I shows some of the key parameters for the
modes included in our simulation.

Table II displays the normalized overlap integrals for the
modes included in our simulation. It can be seen that all the
integrals arepositive. This sign for the integrals is in conflict
with the data presented in Sec. VI, where it was determined
that the integrals are generally negative in RFX. We conjec-
ture that the origin of the inconsistency is our inaccurate
model for the plasma equilibrium. We find that the dominant
contribution to the overlap integrals comes from the region
of the plasma lying outside the reversal surface—
unfortunately, our model equilibrium is particularly unrealis-
tic in this region. Furthermore, the overlap integrals are made
up of sums of finely balanced terms, each much larger in
magnitude that the integrals themselves. Thus, it appears
plausible that a more accurate equilibrium model, including
plasma pressure, could reverse the signs of the integrals. Un-
fortunately, the incorporation of plasma pressure would lead
to a very considerable increase in the complexity of our
model, and is not attempted in this paper.

The plasma parameters used in our simulation aren
50.01, gD510, gr50.5, gm53, andgp52. Note that the
final phase-locked configuration of them50 and m51
modes is completely insensitive to these parameters. This
insensitivity accords well with our fundamental hypothesis
that the final configuration is determined almost entirely by
electromagnetic torques, and is only very weakly affected by
plasma viscosity, inertia, and poloidal flow damping.

The relative mode amplitudes,A1,n andA0,k, are recon-

structed from the data shown in Fig. 7, Fig. 8, and Table 1.
The common amplitude factor,A(t) @see Eq.~100!#, takes
the parametersAmax50.01 and ton52t, where t52p/
Vf

(0)(0) is the unperturbed toroidal rotation period of the
plasma core. The error-field amplitudesB̂0,1 and B̂1,n0 are
both set to zero. Finally, the simulation is run fromt50 to
t510t. We find that, although the variousm51 modes are
initialized with random phases, the final phase-locked con-
figuration is always the same. This demonstrates that phase-
locking is a robust and reproducible phenomenon.

Figure 14 shows the functionsd1(n)5w1,n112w1,n

2w0,1 versus time for the dominantm51 modes in our
simulation. The behavior seen in this figure is in good agree-
ment with the analysis of Sec. IV. As time progresses, and
the ambient mode amplitude gradually increases, the domi-
nant m51 modes phase-lock together in a configuration
such that d1(n) takes an approximately constant value
slightly greater than p/2. Note, however, that the phase-
locking is not perfect. In particular,d1(13) does not quite
converge to the same locking angle as the otherd1(n)
curves, indicating that then514 mode locks in a configura-
tion which does not quite accord with ourm51 mode-
locking relation~42!. This type of behavior—which is often
seen in our simulations—may account for some of the scatter
seen in the experimental phase-locking data—see Figs. 9, 10,

TABLE II. The normalized overlap integrals,Pn,k , for the modes used in the phase-locking simulation of RFX
shot 8071.

k/n 8 9 10 11 12 13

1 2.815e10 9.809e21 6.295e21 4.650e21 3.643e-1 2.944e21
2 2.139e10 8.286e21 5.547e21 4.183e21 3.315e21 ¯

3 1.798e10 7.263e21 4.963e21 3.785e21 ¯ ¯

4 1.570e10 6.473e21 4.473e21 ¯ ¯ ¯

5 1.395e10 5.816e21 ¯ ¯ ¯ ¯

6 1.250e10 ¯ ¯ ¯ ¯ ¯

FIG. 14. The functionsd1(n)5w1,n112w1,n2w0,1 versus time for n
58 – 13. The solid curve corresponds ton58, the dotted curve ton59, the
short-dashed curve ton510, the long-dashed curve ton511, the dot–short-
dashed curve ton512, and the dot–long-dashed curve ton513. Data from
a phase-locking simulation of RFX shot 8071.
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12, and 13. The simulation data shown in Fig. 14 are fairly
consistent with the experimental data displayed in Fig. 13,
except for the fact that in the experiment thed1(n) curves
converge to a locking angleslightly lessthanp/2. This dis-
crepancy is due to the incorrect sign of the overlap integrals
in our simulation~see Sec. IV!.

Figure 15 shows the finalm50 andm51 contributions
to the perturbed edge toroidal magnetic field in our simula-
tion. @We have chosen the value ofu used to calculate the
bf

m51 curve in order to match the experimental data as
closely as possible.# The profiles shown in Fig. 15 are similar
to the experimental data displayed in Fig. 5. The only major
difference is that in the simulation them51 curve appears
slightly shifted to the right, relative to them50 curve, when
compared with the experimental data. This discrepancy is
due to the fact that our overlap integrals have the wrong sign.

Figure 16 shows the finalm50 contribution to perturbed
edge radial magnetic field in our simulation. Also shown is
the helical displacement of the plasma boundary due to the

m51 modes. The profiles shown in Fig. 16 are similar to the
experimental data displayed in Fig. 6. In particular, the ob-
served offset between the peaks of them50 and m51
slinky patterns is reproduced in the simulation. Of course,
the offset is in the wrong direction, since our overlap inte-
grals have the incorrect sign.

G. Error-field simulations

The slinky pattern, and its constituent tearing modes, are
never observed to spontaneously rotate in RFX. Presumably,
the pattern is always phase-locked by static error-fields. As
discussed in the Introduction, a nonrotating slinky pattern
causes severe edge loading problems. However, in a recent
paper, Bartiromoet al.12 reported that the RFX slinky pattern
can be forced to propagate via the application of a predomi-
nantly 0, 1, rotating, magnetic perturbation. This perturbation
is generated by modulating the currents flowing in the toroi-
dal field coils.13 As expected, the edge loading problems are
alleviated, to some extent, as soon as the slinky pattern starts
to propagate. In this subsection, we present a couple of rather
idealized simulations of this important experiment.

The parameters used in our error-field simulations are
the same as those used in the previous simulation, except that
the normalized error-field amplitudes,B̂0,1 and B̂1,n0, are
nonzero. We assume that the plasma is subject to static 0,1
and 1,9 error-fields, which are responsible for arresting the
rotation of the slinky pattern, and its constituent tearing
modes. In addition, the plasma is subject to an externally
generated, rotating, 0,1 perturbation, which is intended to
force the slinky pattern to propagate. To be more exact

B̂0,15@~Bs
0,1!212Bs

0,1Br
0,1cos~w r

0,12ws
0,1!1~Br

0,1!2#1/2,
~104!

wv
0,15tan21S Bs

0,1sinws
0,11Br

0,1sinw r
0,1

Bs
0,1cosws

0,11Br
0,1cosw r

0,1D , ~105!

where Bs
0,1 and Br

0,1 are the normalized amplitudes of the
static and rotating 0,1 error-fields, respectively, whereasws

0,1

andw r
0,1 are the corresponding phases.

In our simulations, we chooseBs
0,1520, ws

0,152p/2,
B̂1,9520, andwv

1,950, which correspond to relatively strong
static 0,1 and 1,9 error-fields: i.e., fields capable of locking
the slinky pattern in a configuration which is only weakly
affected by plasma viscosity and inertia. We also selectw r

0,1

5(2p/50) (t/t), which corresponds to a 0,1 perturbation
which rotates toroidally 50 times slower than the unper-
turbed plasma core.

In our first simulation, we setBr
0,1520, which corre-

sponds to a propagating 0,1 perturbation which is only just
strong enough to cause the slinky pattern to rotate~see Sec.
V!. Figure 17 shows the time evolution of them50 andm
51 locking angles,f0 and f1 . We can see that the slinky
pattern rotates very unevenly. Note, in particular, the sudden
‘‘jumps’’ in the pattern phase, byp radians, when the 0,1
plasma mode is in anti-phase with the static 0,1 error-field.

FIG. 15. The finalm50 ~solid curve! andm51 ~dashed curve! contribu-
tions to the perturbed edge toroidal magnetic field. Data from a phase-
locking simulation of RFX shot 8071.

FIG. 16. The finalm50 ~solid curve! contribution to the perturbed edge
radial magnetic field. Also shown in the helical displacement of the plasma
boundary due to them51 modes~dashed curve!. Data from a phase-locking
simulation of RFX shot 8071.
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Nevertheless, the pattern maintains its integrity as it is
pushed around the torus, although there is some variation in
f12f0 .

In our next simulation, we setBr
0,1580, which corre-

sponds to a propagating 0,1 perturbation which is strong
enough to cause the slinky pattern to rotate fairly uniformly
~see Sec. V!. Figure 18 shows the time evolution of them
50 andm51 locking angles,f0 and f1 . We can see that
the slinky pattern rotates essentially uniformly, but that the
m50 locking angle,f0 , is alwaysp/2 radians out of phase
with the perturbation~see Sec. V!. Again, the pattern main-
tains its integrity as it is forced to propagate.

Figure 19 shows the time evolution of them51 phases
in our second simulation. It can be seen that the phase of the
1,9 mode is stationary, since it is locked by the static 1,9
error-field. On the other hand, the 1,8 mode rotates uniformly

in the oppositedirection to the slinky pattern, whereas the
1,10 mode rotates uniformly in thesamedirection as the
pattern. Note that the magnitudes of the 1,8 and 1,10 angular
phase velocities are approximately equal. The 1,11 modes
rotates in the same direction as the slinky pattern, but twice
as fast as the 1,10 mode. The 1,12 mode rotates three times
as fast as the 1,10 mode, etc.~see Sec. V!.

The behavior shown in Figs. 17–19 is inqualitative
agreement with that seen in the RFX mode-rotation experi-
ment ~see Figs. 3 and 4 of Ref. 12!. However, there are a
number of importantquantitativedifferences, regarding the
phase relation of the slinky pattern to the rotating perturba-
tion, which indicate that our simulations are a little too sim-
plistic. There are two main problems. Firstly, the rotating
m50 perturbation used in the RFX mode-rotation experi-
ment appears to have been sufficiently multi-harmonic that it
significantly altered the structure of them50 component of
the slinky pattern—indeed there is evidence thatD050
~rather that6p/2! in the presence of the perturbation. Sec-
ondly, the braking torque acting on the slinky pattern due to
vacuum vessel eddy currents clearly played an important role
in the overall torque balance in the experiment. Neither of
these effects were included in our simulations. Nevertheless,
the time variation of them51 phases shown in Fig. 19 is
exactlythe same as that observed in the experiment~see Fig.
4 in Ref. 12!. We conjecture that neither of the two compli-
cating factors mentioned above particularly affected the
phase-locked configuration of them51 modes.

H. Summary

Our phase evolution equations are capable of accurately
modeling the phase-locking of tearing modes in an RFP
plasma. In particular, these equations can be used to predict
the properties of the slinky pattern. Our equations can also be
employed to deduce the response of this pattern to externally
generated, resonant magnetic perturbations.

FIG. 17. Them50 locking angle,f0 ~solid curve!, them51 locking angle,
f1 ~dashed curve!, and the phase of the rotating error-field,f r

0,1 ~dotted
curve! versus time. Data from a phase-locking simulation of an RFX shot
which includes the effect of staticm50 andm51 error-fields, plus a rela-
tively weak, externally generated, rotating, 0,1 magnetic perturbation.

FIG. 18. Them50 locking angle,f0 ~solid curve!, them51 locking angle,
f1 ~dashed curve!, and the phase of the rotating error-field,f r

0,1 ~dotted
curve! versus time. Data from a phase-locking simulation of an RFX shot
which includes the effect of staticm50 andm51 error-fields, plus a rela-
tively strong, externally generated, rotating, 0,1 magnetic perturbation.

FIG. 19. Time evolution of them51 phases. The solid curve corresponds to
n58, the dotted curve ton59, the short-dashed curve ton510, the long-
dashed curve ton511, the dot–short-dashed curve ton512, and the dot–
long-dashed curve ton514. Data from a phase-locking simulation of an
RFX shot which includes the effect of staticm50 andm51 error-fields,
plus a relatively strong, externally generated, rotating, 0,1 magnetic pertur-
bation.
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VIII. SUMMARY AND DISCUSSION

The central hypothesis of this paper is as follows: When
the ambient mode amplitude becomes sufficiently high the
m50 and m51 tearing modes present in an RFP plasma
phase-lock together in a configuration whichminimizesthe
magnitudes of the electromagnetic torques generated at the
various mode rational surfaces. In Sec. III, we demonstrate
how this hypothesis enables us to predict the phase-locked
configuration of them50 modes. Likewise, Sec. IV uses the
same hypothesis to determine the phase-locked configuration
of them51 modes, as well as the locking angle between the
m50 andm51 contributions to the slinky pattern. Finally,
Sec. V explains how our hypothesis leads to predictions re-
garding the response of the slinky pattern to externally gen-
erated, resonant magnetic perturbations.

In Sec. VI, we compare our theoretical predictions with
phase-locking data from the RFX experiment. Our theory
successfully explains the profiles of the perturbed radial and
toroidal magnetic fields at the edge of the plasma, the phase
relations between them50 andm51 modes, and the exis-
tence of a small toroidal offset between the peaks of them
50 andm51 contributions to the slinky pattern.

In Sec. VII, we present a set of phase evolution equa-
tions which can be used to model the phase-locking of tear-
ing modes in RFP plasmas, in accordance with our hypoth-
esis. The main benefit of these equations—which is not
emphasized in this paper—is that they can be used to make
quantitativepredictions regarding the threshold mode ampli-
tudes required for phase-locking, as well as the threshold
error-field strengths needed to arrest the rotation of the slinky
pattern.31 Our phase evolution equations allow us to success-
fully simulate the phase-locking of tearing modes in RFX.
The only significant disagreement between our simulation
and the RFX experiment involves the sign of the ‘‘overlap
integrals’’ which characterize three-wave coupling between
tearing modes. These integrals appear to be negative in RFX,
whereas our calculations yield positive integrals. This incor-
rect sign for the overlap integrals causes us to predict the
wrong sign for the toroidal offset between the peaks of the
m50 andm51 contributions to the slinky pattern. We con-
jecture that the above mentioned sign problem is associated
with the deficiencies of our equilibrium model, which does
not take plasma pressure into account.

We have also used our phase evolution equations to suc-
cessfully simulate the recent RFX mode-rotation
experiment.12 In this experiment, the slinky pattern in RFX
was forced to rotate via the imposition of an externally gen-
erated, predominantly 0,1, propagating, magnetic perturba-
tion. The enforced rotation of the slinky pattern lead to a
significant diminution of the usual edge loading problems,
and, thus, allowed the toroidal plasma current to be raised.
Our simulations~as well as the theory outlined in Sec. V!
explain some aspects of the RFX mode-rotation experiment:
In particular, the behavior of them51 phases. However, it is
clear that further simulations, which contain more physics
~such as multi-harmonic error-fields and vacuum vessel eddy
currents!, will have to be performed in order to account for
all the features of this experiment.

Although our phase evolution equations~and the theo-
retical ideas which underlie them! are capable of explaining
virtually all salient facts regarding the phase-locking of tear-
ing modes in the RFX experiment, there are a number of
improvements which we intend to make in the future. First,
and foremost, we plan to take finite equilibrium plasma pres-
sure into account in our analysis. This will enable us to em-
ploy a more realistic model plasma equilibrium, and will,
hopefully, lead to calculated overlap integrals whose sign
matches that inferred from experiment. We also hope to in-
corporate evolution of the relativem50 phases into our
equations—at the moment,m50 phase-locking is assumeda
priori . As we have already mentioned, vacuum vessel eddy
currents play an important role in the locking of the slinky
pattern to static error-fields, as well as in the torque balance
equation of a rotating slinky pattern.14,15 Thus, the incorpo-
ration of such eddy currents into our system of equations
would represent an important step forward. Finally, we in-
tend to use our equations to model the response of the slinky
pattern to multi-harmonic error-fields. In principle, such
error-fields can modify the structure of the pattern~there is
clear evidence for this in the RFX mode-rotation
experiment12!. Indeed, it is conceivable that a correctly de-
signed multi-harmonic error-field could completely disrupt
the slinky pattern.
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