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ABSTRACT

A number of improvements to the TJ toroidal tearing mode code [Fitzpatrick, Phys. Plasmas 31, 102507 (2024)] are documented. The TJ code is
also successfully benchmarked against the STRIDE toroidal tearing mode code [Glasser and Koleman, Phys. Plasmas 25, 082502 (2018)]. Finally,
the new capabilities of the TJ code are used to investigate the stability of tearing modes in tokamak plasmas as an ideal stability boundary,
associated with either an external-kink or an internal-kink mode, is approached. All elements of the tearing stability matrix are found to tend to
infinity as an ideal stability boundary is approached. Furthermore, as the stability boundary is approached, the eigenfunctions of the various tear-
ing modes in the plasma, which are decoupled by sheared plasma rotation, are all found to morph into that of the marginally stable ideal mode.
However, the growth-rates and real frequencies of the various “ideal-tearing-modes” are different from one another. Moreover, the growth-rate
of the ideal-tearing-mode that reconnects magnetic flux at the rational surface that lies closest to the edge of the plasma is the one that tends to a
very large value as the stability boundary is approached. A relatively simple test for ideal stability that is capable of detecting stability boundaries
for external-kink and internal-kink modes, even in the presence of a very close-fitting ideal wall, is described and verified.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0273568

I. INTRODUCTION

The calculation of the stability of a tokamak plasma to tearing
perturbations is most efficiently formulated as an asymptotic matching
problem in which the plasma is divided into two distinct regions.1 In
the “outer region,” which comprises most of the plasma, the tearing
perturbation is described by the equations of linearized, marginally sta-
ble, ideal magnetohydrodynamics (a.k.a. the “ideal-MHD” equations).
However, these equations become singular on “rational” magnetic
flux-surfaces at which the perturbed magnetic field resonates with the
equilibrium field. In the “inner region,” which consists of a set of nar-
row layers centered on the various rational surfaces, non-ideal-MHD
effects, such as plasma inertia, plasma resistivity, plasma viscosity, dia-
magnetic flows, the ion sound radius, and perpendicular and parallel
energy transport, become important.2–6 The resistive layer solutions in
the various segments of the inner region must be simultaneously
asymptotically matched to the ideal-MHD solution in the outer region
to produce a matrix dispersion relation that determines the growth-
rates and rotation frequencies of the various tearing modes to which
the plasma is the subject7,8 (see subsection 6 of Appendix A).

In general, the determination of the ideal-MHD contributions to
the elements of the tearing mode dispersion relation is an exceptionally
challenging computational task.9–24 One way of greatly reducing the
complexity of this task is to employ an inverse aspect-ratio expanded
plasma equilibrium.25–27 In such an equilibrium, the metric elements
of the flux-coordinate system can be expressed analytically in terms of
a relatively small number of flux-surface functions, which represents a
major simplification.7 Another significant advantage of an inverse
aspect-ratio expanded equilibrium is that the magnetic perturbation in
the plasma can be efficiently matched to an exterior vacuum
solution that is expressed as an expansion in toroidal functions11 (see
Appendix C). The aspect-ratio expansion approach to the tearing
mode stability problem was previously implemented in the T3 (Ref. 9)
and T7 (Ref. 11) codes and has recently been reimplemented in an
improved form in the TJ code, which is described in Ref. 28.

The first aim of this paper is to document three major improve-
ments to the TJ code.

As is well known, tearing modes in tokamak plasmas become
extremely unstable as an ideal stability boundary is approached.16,29,30
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When investigating this phenomenon, it is imperative to know the
exact location of the stability boundary. Appendix B explains how the
ideal-MHD solutions in the outer region, calculated by the TJ code,
can be repurposed to construct a complete set of marginally stable
ideal eigenfunction, and how these eigenfunctions can then be used to
calculate the total ideal perturbed potential energy, dW, of all possible
ideal modes. Of course, the ideal stability boundary corresponds to the
point at which the smallest possible value of dW passes through
zero.31,32

Previously, the TJ code either allowed for “fixed-boundary” calcu-
lations—that is, calculations in which the plasma displacement is con-
strained to be zero at the plasma boundary—or “free-boundary”
calculations—that is, calculations in which the plasma displacement is
unconstrained at the boundary, and the plasma is surrounded by a
vacuum region of infinite extent. Appendix C describes a new capabil-
ity that allows for the presence of a perfectly conducting wall in the
vacuum region. The radius of the wall, relative to the plasma, can be
varied. Thus, the new capability allows us to interpolate between fixed-
boundary and free-boundary calculations.

Previously, the TJ code only calculated the “tearing stability
matrix” that emanates from the ideal-MHD solution in the outer
region. However, this is only half of the tearing stability problem. In
order to determine the growth-rates and rotation frequencies of possi-
ble tearing modes, it is necessary to combine the data contained in the
tearing stability matrix with data obtained from resistive layer solu-
tions in the various segments of the inner region. Appendixes D and E
describe a new resistive layer model that has been implemented in the
TJ code. The model takes into account plasma resistivity, plasma iner-
tia, electron and ion diamagnetic flows, the decoupling of the electron
and ion fluids on lengthscales below the ion sound radius, perpendicu-
lar momentum transport, parallel and perpendicular energy transport,
and the stabilizing effect of average magnetic field-line curvature.

The second aim of the paper is to benchmark the results of the TJ
toroidal tearing mode code against results from the STRIDE23 toroidal
tearing mode code. This benchmarking exercise is described in Sec. II.

The final aim of the paper is to combine all of the new features of
the TJ code in an investigation of the stability of tearing modes in toka-
mak plasmas as an ideal stability boundary is approached. This investi-
gation is described in Sec. III.

Finally, the paper is summarized, and conclusions are drawn in
Sec. IV.

II. BENCHMARK OF TJ CODE AGAINST STRIDE CODE
A. Introduction

The STRIDE toroidal tearing mode code23 performs the same
task as the RDCON toroidal tearing mode code,24 but in a generally
more reliable fashion. Both codes are built on top of the DCON ideal
stability code.33 The three latter codes are all part of the GPEC pack-
age.34 This section compares the tearing stability matrix, Ekk0 (see sub-
section 6 of Appendix A), where k and k0 index the various rational
surfaces in the plasma (so if there are K rational surfaces then the
innermost is the k ¼ 1 surface, the next innermost is the k ¼ 2 surface,
etc.), calculated by the TJ code with the equivalent symmetrized tear-
ing stability matrix, D̂kk0 , calculated by the STRIDE code. (Appendix F
explains how D̂kk0 is related to the actual tearing stability matrix, Dkk0 ,
calculated by STRIDE.)

B. Plasma equilibrium

In the TJ code, the plasma equilibrium is determined by the shape
of the plasma boundary, which is taken to be circular in this paper, as
well as two profile functions. The lowest-order safety-factor profile is
written as28

qðrÞ ¼ q0 � ðr=aÞ2
1� 1� ðr=aÞ2

� �� ; (1)

and the normalized (see subsection 1 of Appendix A) pressure profile
takes the following form:

PðrÞ ¼ b0
2

1� r
a

� �2
" #pp

: (2)

Here, r is the flux-surface label with the dimensions of length that is
defined in subsection 2 of Appendix A. Moreover, the magnetic axis
corresponds to r ¼ 0, and the plasma boundary to r ¼ a. Note that a
is the effective inverse aspect-ratio of the plasma (given that all lengths
are normalized to the major radius of the magnetic axis, R0—see sub-
section 1 of Appendix A.) Furthermore, q0 ¼ qð0Þ is the safety-factor
on the magnetic axis and b0 is the central plasma beta. The value of �
is adjusted to obtain the desired value of the safety-factor at the plasma
boundary, qa ¼ qðaÞ.

In the STRIDE code, we make use of a slightly modified form of
the lar large-aspect-ratio, circular cross-sectional analytic equilibrium.
This equilibrium is also characterized by two profile functions. The
normalized parallel current profile, r ¼ J � B=B 2, is written as

rðrÞ ¼ 2
q0

1� r
a

� �2
" #pr

; (3)

whereas the normalized pressure profile takes the following form:

PðrÞ ¼ b0
2

1� r
a

� �2
" #pp

: (4)

In order to obtain (almost) the same equilibrium in the two codes
(each of which is based on an expansion of the Grad–Shafranov equa-
tion in terms of the inverse aspect-ratio of the plasma), we choose pr
and common values of q0, b0, and pp, and then adjust the parameter �
in the TJ code until both codes have the same value of the safety-factor
at the plasma boundary, qa. This procedure ensures that the locations
of the various rational surfaces in the plasma are almost identical in
both codes. All of the benchmark tests described in this section calcu-
late the stability of n ¼ 1 tearing modes in plasma equilibria sur-
rounded by a vacuum region that contains no ideal wall.

The TJ calculations include all poloidal harmonics in the range
m ¼ �10 to m ¼ þ20. This choice was made because it corresponds
to the range of poloidal mode numbers automatically chosen by
STRIDE. As is clear from Table I, this range of poloidal mode numbers
is more than sufficient to obtain convergence in the TJ code.

C. Single rational surface

We, first, consider the stability of n ¼ 1 tearing modes in a zero
pressure plasma equilibrium with a circular poloidal boundary that
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only contain a single rational surface, namely, the m ¼ 2=n ¼ 1
surface.

1. Benchmark test 1

The first benchmark test has plasma equilibria characterized by
q0 ¼ 1:1 and pr ¼ 1:36, with a range of different inverse aspect-ratios,
a. Figure 1 compares the E11 (i.e., the tearing stability index of the
m ¼ 2=n ¼ 1 tearing mode) values calculated by the TJ code,28 the
TEAR code (which is a cylindrical tearing mode code that is part of
the TJ package), and the STRIDE code. It can be seen that the tearing
stability indices calculated by TJ and STRIDE are in very good agree-
ment and that both asymptote to the stability index calculated by the
TEAR code in the cylindrical limit, a ! 0. Given that Ekk0 is necessar-
ily Hermitian,28 the imaginary part of E11 should be zero. This is found
to be the case, to a high degree of accuracy, in both the TJ and the
STRIDE codes.

2. Benchmark test 2

The second benchmark test has plasma equilibria characterized
by q0 ¼ 1:1 and a ¼ 0:2, with a range of different edge safety-factor
values, qa. Figure 2 compares the E11 (i.e., the tearing stability index of

the m ¼ 2=n ¼ 1 tearing mode) values calculated by the TJ code, the
TEAR code, and the STRIDE code. It can be seen that the tearing sta-
bility indices calculated by the TJ and STRIDE are in good agreement,
except when the q ¼ 3 surface very closely approaches the plasma
boundary (i.e., qa ! 3). Note that, according to TJ and STRIDE, E11
becomes very large as qa ! 3 because the plasma approaches an ideal
stability boundary. On the other hand, the E11 values calculated by
TEAR shows no such increase, because the ideal stability boundary is
associated with an m ¼ 3=n ¼ 1 kink mode, and this mode does not
couple to them ¼ 2=n ¼ 1 tearing mode in a cylindrical plasma.

D. Two rational surfaces

Next, we consider the stability of n ¼ 1 tearing modes in a
plasma equilibrium with a circular poloidal boundary that contains
two rational surfaces, namely, the m ¼ 2=n ¼ 1 surface and the
m ¼ 3=n ¼ 1 surface.

1. Benchmark test 3

The third benchmark test has zero pressure plasma equilibria
characterized by q0 ¼ 1:1 and a ¼ 0:2, with a range of different edge
safety-factor values, qa. Figure 3 compares the elements of the tearing
stability matrix, Ekk0 , calculated by the TJ and the STRIDE codes. It
can be seen that the elements calculated by the two codes are in good
agreement. In particular, both codes predict that E21 ¼ E12, as should
be the case because Ekk0 is necessarily Hermitian.28 Both codes also pre-
dict that the imaginary parts of E11 and E22 are zero to a high degree
of accuracy (again, as should be the case, because Ekk0 is Hermitian)
and that the imaginary part of E12 and E21 are also zero (as should be
the case, because the plasma equilibrium is up-down symmetric).

2. Benkmark test 4

The fourth, and final, benchmark test has plasma equilibria char-
acterized by q0 ¼ 1:1, a ¼ 0:2, pr ¼ 2:1, and pp ¼ 2:0, with a range
of different b0 values. Figure 4 compares the elements of the tearing
stability matrix calculated by the TJ and the STRIDE codes. The b0

TABLE I. Circular cross-sectional plasma with q0 ¼ 1:1, qa ¼ 3:5, a ¼ 0:2,
b0 ¼ 0:1, pp ¼ 2:0, and a ¼ 0:2. Variation of the elements of the free-boundary
n ¼ 1 tearing stability matrix with the range of poloidal mode numbers included in TJ
calculation.

mmin mmax E11 E12 E21 E22

�10 20 11.57 �10.53 �10.53 7.742
�8 18 11.57 �10.53 �10.53 7.742
�6 16 11.57 �10.53 �10.53 7.742
�4 14 11.57 �10.53 �10.53 7.740
�2 12 11.56 �10.51 �10.51 7.723
0 10 11.80 �10.81 �10.81 8.066

FIG. 1. TJ/STRIDE Benchmark test 1. Circular cross-sectional plasma with
q0 ¼ 1:1, pr ¼ 1:36, and b0 ¼ 0:0. Variation of the free-boundary m ¼ 2=n ¼ 1
tearing stability index with the inverse-aspect ratio, a.

FIG. 2. TJ/STRIDE Benchmark test 2. Circular cross-sectional plasma with
q0 ¼ 1:1, a ¼ 0:2, and b0 ¼ 0:0. Variation of the free-boundary m ¼ 2=n ¼ 1
tearing stability index with the edge safety-factor, qa.
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values from TJ have been rescaled by a factor 1.08 to compensate for
the slightly different b-limits in the slightly different TJ and STRIDE
equilibria. (The STRIDE b-limit, at which all of the elements of the
Ekk0 matrix become infinite, lies at b0 ¼ 0:025, whereas the TJ b-limit
lies at b ¼ 0:023.) Once this correction has been made, it can be seen
that the elements calculated by TJ and STRIDE are in reasonably good
agreement.

E. Conclusions

The elements of the tearing stability matrix calculated by the TJ
and STRIDE codes are in good agreement with one another. Given
that the RDCON code, which has been benchmarked against the
STRIDE code, has been previously benchmarked against the MARS-F
and PEST-III codes,20,24 we can be confident that the TJ code is operat-
ing as designed.

III. TEARING MODE STABILITY NEAR IDEAL STABILITY
BOUNDARIES
A. Tearing mode dispersion relation

Consider the stability of a tokamak plasma to a tearing perturba-
tion that is characterized by the toroidal mode number n (see sub-
section 4 of Appendix A). Suppose that there are K rational surfaces in
the plasma at which the perturbation resonates with the equilibrium
magnetic field (see subsection 5 of Appendix A). LetWk, DWk, and Dk

be the reconnected helical magnetic flux, the helical current sheet den-
sity, and the tearing-parity layer response parameter, respectively, at
the kth rational surface (see subsections 5 and 6 of Appendix A). Note
that all of these quantities are, in general, complex. The matrix tearing-
mode dispersion relation takes the following form (see subsection 6 of
Appendix A): X

k0¼1;K

ðEkk0 � Dk dkk0 ÞWk0 ¼ 0 (5)

for k ¼ 1;K . Here, Ekk0 is the Hermitian tearing stability matrix deter-
mined from the ideal-MHD solution in the outer region. Moreover,
DWk ¼ Dk Wk for k ¼ 1;K . Note that, in this paper, we are neglecting
the twisting-parity responses of the various segments of the inner
region to the ideal-MHD solution in the outer region in favor of the,
generally, much larger tearing-parity responses.21 In fact, the neglect of
the twisting-parity responses is not a good approximation in very
high-b plasmas30 but is justified in the relatively low-b plasmas consid-
ered in this paper.

The tearing-parity layer response parameter at the kth rational
surface takes the following form (see subsection 5 of Appendix E):

Dk ¼ S 1=3
k D̂kðckÞ þ Dk crit; (6)

where

Dk crit ¼ �
ffiffiffi
2

p
p3=2 DRk

rk
dd k

: (7)

Here, rk (see subsection 2 of Appendix A), Sk (see subsection 3 of
Appendix D), DRk [see Eq. (E46)], and dd k (see subsection 5 of
Appendix E) are the minor radius, Lundquist number, resistive inter-
change parameter, and critical layer width above which parallel ther-
mal transport forces the electron temperature to be a flux-surface
function, respectively, at the kth rational surface. Moreover, D̂kðckÞ is

FIG. 3. TJ/STRIDE Benchmark test 3. Circular cross-sectional plasma with
q0 ¼ 1:1, a ¼ 0:2, and b0 ¼ 0:0. Variation of the elements of the free-boundary
n ¼ 1 tearing stability matrix with qa. In the middle panel, the squares indicate E12
and the crosses indicate E21.

FIG. 4. TJ/STRIDE Benchmark test 4. Circular cross-sectional plasma with
q0 ¼ 1:1, a ¼ 0:2, pr ¼ 2:1, and pp ¼ 2:0. Variation of the elements of the free-
boundary n ¼ 1 tearing stability matrix with the central plasma beta, b0. In the mid-
dle panel, the squares indicate E12 and the crosses indicate E21. The b0 values
from TJ have been rescaled by a factor 1.08.
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the Oð1Þ complex layer response parameter obtained by solving resis-
tive layer equations in the segment of the inner region centered on the
kth rational surface (see Appendix D). This quantity is a function of
the complex growth-rate of the tearing mode, ck, as seen in the local E-
cross-B frame at the surface.

In general, the elements of the Ekk0 matrix, the D̂k values, and the
Dk crit values are all Oð1Þ, whereas the S 1=3

k values are much greater
than unity. In this case, the only way of finding a solution of the tearing
mode dispersion relation, (5), is to choose ck, for some particular value
of k, in such a manner that jD̂kj � 1. However, because of sheared
E-cross-B and diamagnetic rotation in the plasma, this choice of ck is
generally such that jD̂k0 j � Oð1Þ for k 6¼ k0.11 In this situation, the
K � K matrix tearing mode dispersion relation, (5), decouples to give
K independent dispersion relations of the following form:11

S 1=3
k D̂kðckÞ ¼ Ekk � Dk crit (8)

for k ¼ 1;K . Here, the kth decoupled dispersion relation corresponds
to a tearing mode that only reconnects helical magnetic flux at the kth
rational surface. The complex growth-rate of this mode only depends
on the resistive layer physics at the kth rational surface. The real quan-
tity Ekk is the effective tearing stability index of the mode.1 Moreover,
the real quantity Dk crit is the critical value of Ekk above which the
mode becomes unstable.

Roughly speaking, the linear decoupling of the tearing mode dis-
persion relation requires S 2=3 P 1=6 DxsH � jEkk0 j, where S is a typical
Lundquist number at a rational surface, P is a typical perpendicular
magnetic Prandtl number, Dx is the typical difference between the
sum of the E-cross-B and electron diamagnetic frequencies between
neighboring rational surfaces, sH is a typical hydromagnetic timescale,
and Ekk0 is a typical off diagonal element of the Ekk0 matrix.35 This cri-
terion is easily satisfied in tokamak plasmas with realistic aspect-ratios
[for which we expect Ekk0 � Oð1Þ], even in next-generation devices
that will not rotate as strongly as present-day devices.35

The marginal stability point of the kth tearing mode is
Ekk ¼ Dk crit, rather than Ekk ¼ 0,1,2 because of the stabilizing effect of
average equilibrium magnetic field-line curvature in tokamak plas-
mas.36,37 Note that our expression, (7), for Dk crit differs from that of
Refs. 36 and 37 because dd k is the critical layer width above which par-
allel thermal transport dominates perpendicular transport, which has
no dependence on Sk, rather that the much smaller resistive layer
width, which scales as S�1=4

k .38,39 This fact resolves a mystery in tearing
mode stability theory. According to Refs. 36 and 37, large hot tokamak
plasmas should be much more stable to tearing modes than small cold
tokamak plasmas, because the latter plasmas are characterized by
much larger Lundquist numbers, and the critical value of the tearing
stability index, Ekk, above which the tearing mode that reconnects
magnetic flux at the kth rational surface becomes unstable scales as
Dk crit / S 1=4

k . In fact, large tokamak plasmas are only moderately
more stable to tearing modes than small plasmas. The reason for this is
that when parallel transport is taken into account, Dk crit, in large toka-
mak plasmas is of order unity, rather than much greater than unity,
and does not depend on Sk. Thus, the stabilizing effect of average mag-
netic field-line curvature is a moderate effect in large tokamak plasmas,
rather than a dominant effect. Nevertheless, this moderate stabilizing
effect is important. For instance, it is virtually impossible to find a sen-
sible tokamak equilibrium in which Ekk for the m ¼ 2=n ¼ 1 tearing
mode is not positive. However, the classical m ¼ 2=n ¼ 1 tearing

mode is usually observed to be stable in large tokamak plasmas. The
reason for this is that Ekk does not generally exceed Dk crit for the
m ¼ 2=n ¼ 1 mode in such plasmas.

B. Approach to an ideal stability boundary

The matrix tearing mode dispersion relation, (5), can be written
in the alternative form:11X

k0¼1;K

Fkk0 DWk0 ¼ Wk; (9)

for k ¼ 1;K , where Fkk0 is the inverse of Ekk0 . Now, a marginally stable
ideal mode is characterized by Wk ¼ 0 for k ¼ 1;K . In other words,
the mode does not reconnect helical magnetic flux at any rational sur-
face in the plasma. (The mode is marginally stable because our ideal-
MHD solution in the outer region neglects plasma inertia.) Thus, for
such a mode, X

k0¼1;K

Fkk0 DWk0 ¼ 0; (10)

for k ¼ 1;K . The only way of finding a non-trivial solution of the pre-
vious equation is if the determinant of Fkk0 is zero. In general, the ele-
ments of the Fkk0 matrix remain finite as detðFkk0 Þ ! 0.11 Hence, we
deduce that, as an ideal stability boundary is approached [i.e., as
detðFkk0 Þ ! 0], the elements of the Ekk0 ¼ adjðFkk0 Þ=detðFkk0 Þ matrix
all become infinite. This implies, from Eq. (8), that all of the decoupled
tearing modes in the plasma simultaneously become extremely
unstable.16,29,30

C. Determination of ideal stability boundary

The TJ code implements two tests for ideal stability. The first test
is to ensure that the plasma is stable to localized ideal interchange
modes and involves checking that the ideal Mercier interchange
parameter, DI k [see Eq. (A10)], is negative at every rational surface in
the plasma.33,44 This test is usually easily passed unless one of the ratio-
nal surfaces lies very close to the magnetic axis. The second test
involves calculating the Hermitian perturbed ideal plasma potential
energy matrix, W

p
, for the whole region lying between the magnetic

axis and the plasma boundary, and adding to it the Hermitian vacuum
energy matrix, W

v
, in order to form the Hermitian total energy

matrix, W ¼ W
p
þW

v
.32 If any of the real eigenvalues of the total

energy matrix are negative, then the plasma is unstable to an ideal
mode. Note that the second test is a necessary and sufficient test for
ideal stability.31

D. Internal and external modes

In cylindrical geometry, where there is no linear coupling
between different poloidal harmonics, a rational surface acts rather like
an ideal wall as far as an ideal instability is concerned. This follows
because the resonant harmonic of an ideal perturbation interior to the
rational surface is completely decoupled from the same harmonic exte-
rior to the surface. Thus, the ideal stability of a mode that is localized
interior to the surface can be calculated without reference to a mode
that is localized exterior to the surface, and vice versa. The former type
of mode is termed an “internal” mode, because its eigenfunction is
zero exterior to the rational surface, and, in particular, at the plasma
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boundary. The latter type of mode is termed an “external” mode,
because its eigenfunction is non-zero exterior to the rational surface,
and, in particular, at the plasma boundary. (Assuming a monotonic
safety-factor profile.)

In toroidal geometry, where there is linear coupling between dif-
ferent poloidal harmonics, the situation is more complicated. It is still
true that the resonant harmonic of an ideal perturbation interior to a
rational surface is independent of that exterior to the surface.
However, the non-resonant harmonics of the perturbation are contin-
uous across the surface. Hence, in toroidal geometry, there is no such
thing as a purely internal or a purely external ideal mode.
Nevertheless, it is still helpful to talk about internal and external
modes. Let an internal mode be a mode that would be internal in the
cylindrical limit, a ! 0, likewise for an external mode. As we shall see,
in toroidal geometry, an internal mode is also a mode that cannot be
stabilized by a close-fitting ideal wall, whereas an external mode can be
stabilized by such a wall.

E. Approach to external-kink ideal stability boundary

1. Plasma equilibria

In this section, we shall investigate the behavior of n ¼ 1 tearing
modes as an ideal stability boundary associated with an external-kink
mode is approached.

For the sake of simplicity and clarity, all of the calculations
described in this section are performed for circular poloidal cross-
sectional plasma equilibria that contain two rational surfaces: namely,
the m ¼ 2=n ¼ 1 and them ¼ 3=n ¼ 1 surfaces (a.k.a. the q ¼ 2 and
the q ¼ 3 surfaces). The equilibria are characterized by q0 ¼ 1:5,
qa ¼ 3:6, pp ¼ 2:0, and a ¼ 0:2. The calculations include all poloidal
harmonics in the rangem ¼ �10 tom ¼ þ20.

Resistive layer quantities are calculated with the following plasma
parameters (see subsection 2 of Appendix D) that are broadly charac-
teristic of a high-field tokamak fusion reactor: B0 ¼ 12 T, R0 ¼ 2m,
n0 ¼ 3� 1020 m�3, Te edge ¼ 100 eV, a ¼ 0:5, Zeff ¼ 2, M ¼ 2, and
v? ¼ 0:2m2=s. Note that the electron and ion temperatures in the
plasma are assumed to be equal to one another, as is likely to be the
case in a fusion reactor. Moreover, the perpendicular momentum/
energy diffusivity, v?, is assumed to be spatially uniform, for the sake
of simplicity.

2. Ideal stability of free-boundary modes

Figure 5 shows the variation of the smallest eigenfunction of the
free-boundary (i.e., with no ideal wall in the vacuum region surround-
ing the plasma), n ¼ 1, total ideal energy matrix, dW, and the corre-
sponding eigenvalues of the plasma and vacuum energy matrices,
dWp, and dWv , with the central plasma beta, b0. It can be seen that
dW decreases monotonically with increasing b0. This decrease is due
to a corresponding decrease in the plasma energy, dWp, rather than
the positive definite vacuum energy, dWv (which actually increases).
At low b0 values, the total energy is positive, indicating that the plasma
equilibrium is ideally stable.31,32 However, the total energy passes
through zero at b0 ¼ 0:0134, which implies that the plasma equilib-
rium is ideally unstable for b0 > 0:0134 and that the marginal stability
boundary corresponds to b0 ¼ 0:0134.

3. Free-boundary tearing stability matrix

Figure 6 shows the variation of the elements of the free-
boundary, n ¼ 1, tearing stability matrix with b0. In accordance with
the discussion in Sec. III B, the elements all tend to infinity as the ideal

FIG. 5. Variation of the smallest eigenvalue of the free-boundary, n ¼ 1, total ideal
energy matrix, dW , and the corresponding eigenvalues of the plasma and vacuum
energy matrices, dWp and dWv , with the central plasma beta, b0, in a circular
cross-sectional plasma equilibrium characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0,
and a ¼ 0:2. The vertical dotted line corresponds to the ideal stability boundary (at
which dW ¼ 0), b0 ¼ 0:0134.

FIG. 6. Variation of the elements of the free-boundary, n ¼ 1, tearing stability matrix
with the central plasma beta, b0, in a circular cross-sectional plasma equilibrium
characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0, and a ¼ 0:2. The vertical dotted
line corresponds to the ideal stability boundary, b0 ¼ 0:0134.

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 062509 (2025); doi: 10.1063/5.0273568 32, 062509-6

VC Author(s) 2025

 06 July 2025 15:57:40

pubs.aip.org/aip/php


stability boundary is approached. This implies that the decoupled tear-
ing modes that only reconnected magnetic flux at the q ¼ 2 surface
(a.k.a. the 2=1 mode) and the q ¼ 3 surface (a.k.a. the 3=1 mode)
simultaneously become very unstable as the stability boundary is
approached. Furthermore, the coupling between the two modes (which
is due to the off diagonal elements of the matrix) becomes very large as
the boundary is approached.

4. Growth and rotation of free-boundary tearing modes

Figure 7 shows the variations with b0 of the real growth-rates and
real frequencies of free-boundary 2=1 and 3=1 modes. At low b0 val-
ues, both modes are unstable. However, as b0 increases, the 2=1 mode
is eventually stabilized by magnetic curvature effects. This is because
E11, despite being positive, falls below D1 crit / b0. As b0 further
increases, E11 eventually becomes large enough to overcome curvature
stabilization, and the 2=1 mode becomes unstable again. As the ideal
stability boundary is approached, the growth-rate of the 3=1 mode
becomes extremely large, whereas that of the 2=1 mode remains finite.
This is partly because E22 > E11 (i.e., the 3=1 mode is more intrinsi-
cally unstable than the 2=1 mode), but mostly because the plasma at
the q ¼ 3 surface is significantly colder than that at the q ¼ 2 surface,
so the resistive diffusion time at the former surface is much shorter
than that at the latter. The real frequencies of the two modes (which
are measured in the local E-cross-B frames at the surfaces at which

they reconnect magnetic flux) initially increase linearly with b0,
because the frequencies are diamagnetic in nature and, therefore, scale
linearly with the plasma pressure.2 However, the frequencies of both
modes exhibit sharp downturns as the ideal stability boundary is
approached. The origin of these downturns is elucidated in the bottom
panel of the figure. The parameter f1 is designed to take the valueþ1 if
the 2/1 tearing mode co-rotates with the electron fluid at the 2/1 ratio-
nal surface; the value 0 if the mode co-rotates with the E-cross-B fluid;
the value �1 if the mode co-rotates with the ion fluid; and to take
appropriate intermediate values. The parameter f2 is similar, except
that it refers to the rotation of the 3/1 tearing mode at the 3/1 rational
surface. It can be seen that, at intermediate values of b0, both f1 and f2
are close to þ1. This indicates that the modes in question are “drift-
tearing modes” that co-rotate with the electric fluids at the associated
rational surfaces.2 However, as the ideal stability boundary is
approached, and the growth-rates of both modes become very large,
there is a shift in the frequency of each mode in the ion direction. This
indicates that the mode are transitioning to “resistive-kink modes,”
which we expect to co-rotate with the ion fluids at the associated ratio-
nal surfaces.2

5. Structure of free-boundary tearing modes

Figures 8 and 9 show the poloidal harmonics and contours of the
perturbed magnetic flux, wðr; hÞ [see Eq. (A3)], associated with the
free-boundary 2=1 and 3=1 modes in a plasma equilibrium that is not
close to the ideal stability boundary. It is clear from Fig. 9 that both

FIG. 7. Variation of the real growth-rates and real frequencies of the free-boundary,
n ¼ 1, tearing modes that only reconnect magnetic flux at the q ¼ 2 (labelled 1)
and q ¼ 3 (labelled 2) surfaces with the central plasma beta, b0, in a circular
cross-sectional plasma equilibrium characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0,
and a ¼ 0:2. The vertical dotted line corresponds to the ideal stability boundary,
b0 ¼ 0:0134. The fk parameters would take the values þ1/0/�1 if the tearing
modes were to co-rotate with the electron/E-cross-B/ion fluids at the surface at
which they reconnect magnetic flux.

FIG. 8. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ, associated with
free-boundary, n ¼ 1, tearing modes that only reconnect magnetic flux at the q ¼ 2
(top panel) and the q ¼ 3 (bottom panel) surfaces in a circular cross-sectional
plasma equilibrium characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and
b0 ¼ 0:0064. The vertical dashed lines show the locations of the q ¼ 2 and q ¼ 3
surfaces.
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modes are essentially m ¼ 2 modes inside the q ¼ 2 surface, m ¼ 3
modes between the q ¼ 2 and q ¼ 3 surfaces, and m ¼ 4 modes out-
side the q ¼ 3 surface. Although both modes look fairly similar to one
another (modulo a multiplicative constant), there are subtle differ-
ences. According to Fig. 8, the 2=1 mode has wm¼2 6¼ 0 at the q ¼ 2
surface, and wm¼3 ¼ 0 at the q ¼ 3 surface. On the other hand, the
3=1 mode has wm¼2 ¼ 0 at the q ¼ 2 surface and wm¼3 6¼ 0 at the
q ¼ 3 surface. The 3=1 mode also has a much larger m ¼ 4 compo-
nent at the plasma boundary than the 2=1 mode.

Figure 10 shows the poloidal harmonics of the perturbed mag-
netic flux associated with the free-boundary 2=1 and 3=1 modes in a
plasma equilibrium that lies exactly at the ideal stability boundary.
Figures 11 and 12 show the poloidal harmonics and contours of the
perturbed magnetic flux, as well as the poloidal harmonics of the radial
plasma displacement, nrðr; hÞ [see Eq. (B3)], associated with the mar-
ginally stable, n ¼ 1, ideal mode at the stability boundary. It is clear
that, from a comparison of Fig. 10 and the top panel of Fig. 11, at the
ideal stability boundary, the eigenfunctions of the two tearing modes

are both identical to that of the marginally stable ideal mode (modulo
an arbitrary multiplicative constant). Thus, we deduce that, as an ideal
stability boundary is approached, all of the decoupled tearing modes in
the outer region of the plasma (with the same toroidal mode number
as the ideal mode) effectively morph into the ideal mode. This morph-
ing occurs because the ratios of the coefficients of the small and large
solutions at all rational surfaces in the plasma tend to zero as the stabil-
ity boundary is approached (essentially because the Fkk0 matrix
becomes singular). (Of course, the ratios are all zero, by definition, for
an ideal mode.) However, the growth-rate and real frequency of a
given “ideal-tearing-mode” is determined by the resistive layer solution
at the rational surface at which it reconnects magnetic flux. In other
words, at an ideal stability boundary, there are as many independent
marginally stable ideal modes as there are associated rational surfaces
in the plasma, each possessing a different growth-rate and real
frequency. As is clear from Fig. 7, in the present case, the ideal-tearing-
mode that reconnects flux closest to the edge of the plasma has the
largest growth-rate.

FIG. 9. Contour plots of the real (left columns) and imaginary (right columns) parts the perturbed magnetic flux, wðr ; hÞ, associated with free-boundary, n ¼ 1, tearing modes
that only reconnect magnetic flux at the q ¼ 2 (top panels) and the q ¼ 3 (bottom panels) surfaces in a circular cross-sectional plasma equilibrium characterized by q0 ¼ 1:5,
qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:0064. Here, red/blue/white denotes positive/negative/zero values. The black dot shows the location of the magnetic axis, and the
black circles show the locations of the q ¼ 2 and q ¼ 3 surfaces.
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Finally, according to the bottom panel of Figs. 11 and 12, the
marginally stable ideal mode is predominately an m ¼ 4 mode at the
edge of the plasma. In other words, the ideal mode is essentially an
m ¼ 4=n ¼ 1 external-kink mode, as we would expect from cylindri-
cal theory.31,40

6. Stabilizing effect of an ideal wall

Figure 13 shows how the critical central beta value at marginal
ideal stability, b0 crit, varies with the relative radius, bw, of an ideal wall
that is situated in the vacuum region surrounding the plasma. It is clear
that the presence of the wall has a stabilizing effect on the ideal mode.
It is plausible that, from the figure, b0 crit approaches its free-boundary
value as bw ! 1. On the other hand, as the wall approaches the
plasma boundary (i.e., as bw ! 1), the critical beta value becomes
larger, and seems to asymptote to infinity at bw ¼ 1:179. This implies
that a close-fitting ideal wall is capable of completely stabilizing the
m ¼ 4=n ¼ 1 ideal external-kink mode. Again, this is in accordance
with cylindrical theory.31,40

F. Approach to internal-kink ideal stability boundary

1. Plasma equilibria

In this section, we shall investigate the behavior of n ¼ 1 tearing
modes as an ideal stability boundary associated with an m ¼ 1=n ¼ 1
internal-kink mode is approached.

All of the calculations described in this section are performed for
circular poloidal cross-sectional plasma equilibria that contain two

rational surfaces: namely, the m ¼ 1=n ¼ 1 and the m ¼ 2=n ¼ 1
surfaces (a.k.a. the q ¼ 1 and q ¼ 2 surfaces). The equilibria are char-
acterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0, and a ¼ 0:2. The calcula-
tions include all poloidal harmonics in the range m ¼ �10 to
m ¼ þ20.

The same plasma parameters are used to calculate resistive layer
quantities as those used in Sec. III E.

2. Ideal stability of free-boundary modes

Figure 14 shows the variation of the smallest eigenfunction of the
free-boundary, n ¼ 1, total ideal energy matrix, dW, and the corre-
sponding eigenvalues of the plasma and vacuum energy matrices,
dWp, and dWv , with the central plasma beta, b0. Similarly to Fig. 5,
dW decreases monotonically with increasing b0 due to a decrease in
the plasma energy, dWp, rather than the positive definite vacuum
energy, dWv . The marginal stability boundary corresponds to
b0 ¼ 0:007 08.

3. Free-boundary tearing stability matrix

Figure 15 shows the variation of the elements of the free-
boundary, n ¼ 1, tearing stability matrix with b0. As before, in accor-
dance with the discussion in Sec. III B, the elements all tend to infinity
as the ideal stability boundary is approached. This implies that the
decoupled tearing modes that only reconnected magnetic flux at
the q ¼ 1 surface (a.k.a. the 1=1 mode) and the q ¼ 2 surface (a.k.a.
the 2=1 mode) simultaneously become very unstable as the stability

FIG. 10. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ, associated
with free-boundary, n ¼ 1, tearing modes that only reconnect magnetic flux at the
q ¼ 2 (top panel) and the q ¼ 3 (bottom panel) surfaces in a marginallyideally-
stable, circular cross section, plasma equilibrium characterized by q0 ¼ 1:5,
qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:0134. See the caption to Fig. 8.

FIG. 11. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ (top panel) and
the radial plasma displacement, nr ðr ; hÞ, associated with a free-boundary, margin-
ally stable, n ¼ 1, ideal mode in a circular cross-sectional plasma equilibrium char-
acterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:0134. See the
caption to Fig. 8.
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boundary is approached. Note that E11 (i.e., the tearing stability index
for the 1=1 internal-kink mode) is considerably larger that E22 (i.e., the
tearing stability index for the 2=1 tearing mode), in accordance with
cylindrical theory.31,40

4. Growth and rotation of free-boundary tearing modes

Figure 16 shows the variations with b0 of the real growth-rates
and real frequencies of the free-boundary 1=1 and 2=1 modes. At low
values of b0, the growth-rates of both modes decrease with increasing
b0. This is because the plasma temperature is proportional to b0, and
the decrease in the resistive diffusion times at the q ¼ 1 and q ¼ 2 sur-
faces with increasing temperature offsets the increase in E11 and E22

with increasing b0. At low to intermediate values of b0, the growth-
rate of the 1=1 mode is considerably larger than that of the 2=1 mode,
because the former mode is much more intrinsically unstable than the
latter (i.e., E11 � E22). The fact that f1 is less than unity, whereas
f2 ¼ þ1 suggests that the former mode is transitioning to a resistive-
kink mode, whereas the latter mode remains a drift-tearing mode.2

Somewhat surprisingly, as the ideal stability boundary is approached,
the growth-rate of the 2=1 mode, rather than the 1=1 mode, becomes
very large. This is because the plasma at the q ¼ 2 surface is much
colder than that at the q ¼ 1 surface, so the resistive diffusion time
at the former surface is very much shorter than that at the latter. As
the stability boundary is approached, the frequency of the 2=1

FIG. 13. Variation of the critical central beta value at marginal ideal stability, b0 crit ,
with the relative radius, bw , of the ideal wall surrounding the plasma in a circular
cross-sectional plasma equilibrium characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0,
and a ¼ 0:2. The horizontal dashed line corresponds to the no-wall marginal stabil-
ity boundary, b0 crit ¼ 0:0134. The vertical dashed line corresponds to bw ¼ 1:179.

FIG. 14. Variation of the smallest eigenvalue of the free-boundary, n ¼ 1, total ideal
energy matrix, dW , and the corresponding eigenvalues of the plasma and vacuum
energy matrices, dWp and dWv , with the central plasma beta, b0, in a circular
cross-sectional plasma equilibrium characterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0,
and a ¼ 0:2. The vertical dotted line corresponds to the ideal stability boundary,
b0 ¼ 0:007 08.

FIG. 12. Contour plots of the real (left panel) and imaginary (right panel) parts of the perturbed magnetic flux, wðr; hÞ, associated with a free-boundary, marginally stable,
n ¼ 1, ideal mode in a circular cross-sectional plasma equilibrium characterized by q0 ¼ 1:5, qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:0134. See the caption to Fig. 9.
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mode shifts in the ion direction as it transitions from a drift-tearing to
a resistive-kink mode.2

5. Structure of free-boundary tearing modes

Figures 17 and 18 show the poloidal harmonics and contours of
the perturbed magnetic flux, wðr; hÞ, associated with the free-boundary
1=1 and the 2=1 modes in a plasma equilibrium that is not close to the
ideal stability boundary. It is clear from Fig. 17 that both modes are
essentially m ¼ 1 modes inside the q ¼ 1 surface, m ¼ 2 modes
between the q ¼ 1 and q ¼ 2 surfaces, and m ¼ 3 modes outside the
q ¼ 2 surface. Although both modes look fairly similar to one another
(modulo a multiplicative constant), there is a slight difference in that the
2=1 mode has wm¼2 6¼ 0 at the q ¼ 2 rational surface, whereas the 1=1
mode has wm¼2 ¼ 0. Likewise, the 1=1 mode has wm¼1 6¼ 0 at the
q ¼ 1 rational surface, whereas the 2=1 mode has wm¼1 ¼ 0.

Figure 19 shows the poloidal harmonics of the perturbed mag-
netic flux associated with the free-boundary 1=1 and the 2=1 modes in
a plasma equilibrium that lies exactly at the ideal stability boundary.
Figures 20 and 21 show the poloidal harmonics and contours of the
perturbed magnetic flux, as well as the poloidal harmonics of the radial
plasma displacement, nrðr; hÞ, associated with the marginally-stable,
n ¼ 1, ideal mode at the stability boundary. It is clear, from a compari-
son of Fig. 19 and the top panel of Fig. 20, that at the ideal stability
boundary the eigenfunctions of the two tearing modes have both
become identical with that of the marginally stable ideal mode (mod-
ulo an arbitrary multiplicative constant). Thus, we again deduce that,

FIG. 17. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ, associated
with free-boundary, n ¼ 1, tearing modes that only reconnect magnetic flux at the
q ¼ 1 (top panel) and the q ¼ 2 (bottom panel) surfaces in a circular cross-
sectional plasma equilibrium characterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0,
a ¼ 0:2, and b0 ¼ 0:004. The vertical dashed lines show the locations of the
q ¼ 1 and q ¼ 2 surfaces.

FIG. 16. Variation of the real growth-rates and real frequencies of the free-
boundary, n ¼ 1, tearing modes that only reconnect magnetic flux at the q ¼ 1
(labelled 1) and q ¼ 2 (labelled 2) surfaces with the central plasma beta, b0, in a
circular cross-sectional plasma equilibrium characterized by q0 ¼ 0:8, qa ¼ 2:8,
pp ¼ 2:0, and a ¼ 0:2. The vertical dotted line corresponds to the ideal stability
boundary, b0 ¼ 0:007 08. See the caption to Fig. 7.

FIG. 15. Variation of the elements of the free-boundary, n ¼ 1, tearing stability
matrix with the central plasma beta, b0, in a circular cross-sectional plasma equilib-
rium characterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0, and a ¼ 0:2. The vertical dot-
ted line corresponds to the ideal stability boundary, b0 ¼ 0:007 08.
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as an ideal stability boundary is approached, all of the decoupled tear-
ing modes in the plasma effectively morph into the ideal mode, but
that the growth-rate and real frequency of a given ideal-tearing-mode
is determined by the resistive layer solution at the rational surface at
which it reconnects magnetic flux. As is clear from Fig. 16, it is again
the case that the ideal-tearing-mode that reconnects flux closest to the
edge of the plasma has the largest growth-rate.

Finally, according to the bottom panel of Figs. 20 and 21, the
marginally stable ideal mode at the stability boundary is a 1=1
internal-kink mode in which them ¼ 1 plasma displacement is almost
constant inside the q ¼ 1 surface and essentially zero outside the sur-
face.31,40 Note, in particular, that the harmonics of the plasma displace-
ment are all very small at the plasma boundary.

6. Stabilizing effect of an ideal wall

Figure 22 shows how the critical central beta value at marginal
ideal stability, b0 crit, varies with the relative radius, bw, of an ideal wall
that is situated in the vacuum region surrounding the plasma. It is clear

that the presence of the wall has a stabilizing effect on the ideal mode.
However, unlike the case discussed in Sec. III E 6, a close-fitting wall is
incapable of completely stabilizing the ideal mode. In other words, b0 crit
remains finite as bw ! 1. This is in accordance with cylindrical theory,
according to which a close-fitting ideal wall is capable of stabilizing an
ideal external-kink mode, but not an ideal internal-kink mode.31,40 Note
that the TJ code cannot calculate the ideal dW for a fixed-boundary
(i.e., bw ¼ 1) plasma because, in this case, the vacuum energy, dWv , is
infinite. However, a fixed-boundary plasma is an idealization. No real
tokamak plasma possesses an ideal wall that lies exactly at the plasma
boundary: there is always a small vacuum gap between the boundary
and the wall. We conclude that, in practice, our second test for ideal sta-
bility, which is discussed in Sec. IIIC, is capable of determining the ideal
stability of both internal-kink and external-kink modes, even when the
wall surrounding the plasma is very close to the plasma boundary.

IV. SUMMARY AND CONCLUSIONS

This paper documents three major improvements to the TJ toroi-
dal tearing stability code.28 The first improvement is a repurposing of

FIG. 18. Contour plots of the real (left columns) and imaginary (right columns) parts the perturbed magnetic flux, wðr; hÞ, associated with free-boundary, n ¼ 1, tearing modes
that only reconnect magnetic flux at the q ¼ 1 (top panels) and the q ¼ 2 (bottom panels) surfaces in a circular cross-sectional plasma equilibrium characterized by q0 ¼ 0:8,
qa ¼ 2:8, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:004. The black circles show the locations of the q ¼ 1 and q ¼ 2 surfaces. See the caption to Fig. 9.
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the ideal-MHD solutions in the outer-region in order to determine the
eigenvalues of the ideal perturbed potential energy matrix (see
Appendix B). This new capability enables TJ to accurately identify
ideal stability boundaries. The second improvement allows for the
presence of a perfectly conducting wall in the vacuum region sur-
rounding the plasma (see Appendix C). This new capability permits
the TJ code to calculate the stabilizing effect of a perfectly conducting
wall on both ideal and resistive modes. The third improvement is the
addition of a resistive layer model that enables TJ to determine the
growth-rates and rotation frequencies of the various tearing modes to
which a given plasma equilibrium is the subject (see Appendixes D
and E). The layer model incorporates plasma resistivity, plasma inertia,
electron and ion diamagnetic flows, the decoupling of the electron and
ion fluids on lengthscales below the ion sound radius, perpendicular
momentum transport, parallel and perpendicular energy transport,
and the stabilizing effect of average magnetic field-line curvature.

Section II describes a successful benchmarking exercise of the TJ
code against the STRIDE23 toroidal tearing mode code.

Finally, in Sec. III, the new capabilities of the TJ code are used to
investigate the stability of tearing modes in tokamak plasmas as an
ideal stability boundary, associated with either an external-kink or an
internal-kink mode, is approached. A number of conclusion can be
drawn from this investigation.

The first conclusion is that, when using the asymptotic matching
approach to determining tearing mode stability, it is necessary to solve
both halves of the problem and then combine them together, in order
to gain a complete picture. In other words, only calculating the tearing
stability matrix from the ideal-MHD solution in the outer region can
be misleading because, when the resistive layer solutions in the various
segments of the inner region are incorporated into the calculation, it
turns out that modes with larger tearing stability indices do not neces-
sarily have larger growth-rates.

The second conclusion is that a realistic resistive layer model
must be employed in the calculation. In particular, the conventional
single-fluid resistive-MHD layer model is completely inadequate,
because it fails to take into account the fact that the ion and electron
fluid velocities are significantly different from one another as a conse-
quence of diamagnetic flows. As is well known, diamagnetic flows
strongly influence both the growth-rates and rotation frequencies of
tearing modes and resistive-kink modes (which is what tearing modes
become when they are very unstable).2 Another problem with a single-
fluid resistive-MHD model is that, unless it takes parallel thermal
transport into account, it significantly overestimates the stabilizing
effect of average magnetic field-line curvature on tearing modes.38,39

Of course, parallel thermal transport in tokamak plasmas is non-
diffusive in nature, because the mean-free-path between collisions is
very much longer than the dimensions of the plasma.41,42 This fact
needs to be taken into account in the layer model, otherwise the calcu-
lation of the stabilizing effect of average magnetic field-line curvature
will give incorrect results (see Subsection 5 of Appendix E.).

The third conclusion is that, for a given toroidal mode number, a
tokamak plasma is subject to as many linearly independent tearing
modes as there are rational surfaces in the plasma. Suppose that there
are K surfaces. The K tearing modes are coupled together by the ideal-
MHD solution in the outer region (as a consequence of the Shafranov
shifts and shaping of equilibrium magnetic flux-surfaces). However,
under normal circumstances, when the layer solutions in the inner

FIG. 19. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ, associated
with free-boundary, n ¼ 1, tearing modes that only reconnect magnetic flux at the
q ¼ 1 (top panel) and the q ¼ 2 (bottom panel) surfaces in a marginally ideally-
stable, circular cross section, plasma equilibrium characterized by q0 ¼ 0:8,
qa ¼ 2:8, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:007 08. See the caption to Fig. 17.

FIG. 20. Poloidal harmonics of the perturbed magnetic flux, wðr ; hÞ (top panel),
and the radial plasma displacement, nr ðr; hÞ, associated with a free-boundary, mar-
ginally-stable, n ¼ 1, ideal mode in a circular cross-sectional plasma equilibrium
characterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:007 08. See
the caption to Fig. 17.
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region are taken into account, this coupling is overridden by sheared
E-cross-B and diamagnetic flows, giving rise to K decoupled tearing
modes that only reconnect magnetic flux at one particular rational sur-
face in the plasma and whose growth-rates and rotation frequencies
are determined by the layer solution at this surface.11

The fourth conclusion is that, as an ideal stability boundary asso-
ciated with either an ideal external-kink or an internal-kink mode is
approached, all of the elements of the tearing stability matrix tend to
infinity, and the eigenfunctions of the K decoupled tearing modes in
the outer region all morph into the eigenfunction of the marginally-
stable ideal mode. However, the growth-rate and rotation frequency of
each ideal-tearing-mode are determined by the layer physics at the
rational surface at which it reconnects magnetic flux. We find that the

growth-rate of the ideal-tearing-mode whose reconnection surface lies
closest to the edge of the plasma is the one that tends to a very large
value as the stability boundary is approached, even when the boundary
is that associated with an internal-kink mode.

The fifth conclusion is as follows. The off diagonal elements of the
tearing stability index parameterize the coupling of the various tearing
modes due to the ideal-MHD solution in the outer region. The fact that
these elements tend to infinity as an ideal stability boundary is approached
implies that the coupling becomes very strong in this limit. Hence, as the
boundary is approached, we would eventually expect a bifurcation in
the equilibrium plasma rotation profile to be triggered by the nonlinear
electromagnetic torques that develop at the rational surfaces.11,43 This
bifurcation would cause the various ideal-tearing-modes to lock together
to form a single ideal mode that is more unstable than any of the origi-
nal modes. Note, however, that this is a strictly nonlinear effect.

The final conclusion is that our second test for ideal stability, which
is described in Sec. IIIC, and which involves calculating the eigenvalues
of the sum of the perturbed ideal plasma potential energy and vacuum
energy matrices,33 is perfectly adequate for determining the ideal stability
boundaries associated with both external-kink and internal-kink modes,
even when an ideal wall lies very close to the plasma boundary. The only
case that the second test cannot deal with is the unrealistic case of deter-
mining the ideal stability boundary of an internal-kink mode when the
wall exactly corresponds to the plasma boundary.
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FIG. 21. Contour plots of the real (left panel) and imaginary (right panel) parts the perturbed magnetic flux, wðr; hÞ, associated with a free-boundary, marginally stable, n ¼ 1,
ideal mode in a circular cross-sectional plasma equilibrium characterized by q0 ¼ 0:8, qa ¼ 3:6, pp ¼ 2:0, a ¼ 0:2, and b0 ¼ 0:007 08. See the captions to Figs. 9 and 21.

FIG. 22. Variation of the critical central beta value at marginal ideal stability, b0 crit ,
with the relative radius, bw , of the ideal wall surrounding the plasma in a circular
cross-sectional plasma equilibrium characterized by q0 ¼ 0:8, qa ¼ 2:8, pp ¼ 2:0,
and a ¼ 0:2. The horizontal dashed line corresponds to the no-wall marginal stabil-
ity boundary, b0 crit ¼ 0:007 08. The vertical dashed line corresponds to bw ¼ 1:0.
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APPENDIX A: GENERAL DEFINITIONS

1. Normalization

Unless otherwise specified, all lengths in this paper are normal-
ized to the major radius of the plasma magnetic axis, R0. All
magnetic field-strengths are normalized to the toroidal field-strength
at the magnetic axis, B0. All currents are normalized to B0 R0=l0.
All current densities are normalized to B0=ðl0 R0Þ. All plasma
pressures are normalized to B 2

0 =l0. All toroidal electromagnetic tor-
ques are normalized to B 2

0 R
3
0 =l0. All energies are normalized to

B 2
0 R

3
0 =l0.

2. Coordinates

Let R, /, and Z be right-handed cylindrical coordinates whose
Jacobian is ðrR�r/ � rZÞ�1 ¼ R and whose symmetry axis cor-
responds to the symmetry axis of the axisymmetric toroidal plasma
equilibrium.

Let r, h, and / be right-handed flux-coordinates whose
Jacobian is

J ðr; hÞ � ðrr �rh � r/Þ�1 ¼ r R 2: (A1)

Note that r ¼ rðR;ZÞ and h ¼ hðR;ZÞ. The magnetic axis corre-
sponds to r ¼ 0 and the plasma–vacuum interface to r ¼ a. Here,
a � 1 is the effective inverse aspect-ratio of the plasma.

3. Plasma equilibrium

Consider a tokamak plasma equilibrium whose magnetic field
takes the following form:

Bðr; hÞ ¼ f ðrÞr/�rr þ gðrÞr/ ¼ f rð/� q hÞ � rr; (A2)

where qðrÞ ¼ r g=f is the safety-factor. Note that B � rr ¼ 0, which
implies that r is a magnetic flux-surface label. Furthermore, Br ¼ 0,
Bh ¼ f =J , and B/ ¼ f q=J . Here, the superscript/subscript denotes
contravariaint/covariant vector components.

Equilibrium force balance requires that rP ¼ J� B, where
PðrÞ is the equilibrium scalar plasma pressure and J ¼ r� B is the
equilibrium plasma current density.

4. Perturbed magnetic field

All perturbed quantities are assumed to vary toroidally as
expð�i n/Þ, where the positive integer n is the toroidal mode num-
ber of the perturbation. According to Eqs. (47), (78), (99), and (101)

of Ref. 28, the radial and toroidal components of the perturbed
magnetic field are written

J br ¼ iwðr; hÞ ¼
X
m

wmðrÞ expð im hÞ; (A3)

b/ ¼ xðr; hÞ ¼ n zðr; hÞ ¼ n
X
m

zmðrÞ expð im hÞ; (A4)

where

zmðrÞ ¼ ZmðrÞ þ km wmðrÞ
m� n q

: (A5)

Here, the (not necessarily positive) integers m are poloidal mode
numbers, and the sum is over all mode numbers included in the
calculation. Furthermore, kmðrÞ is real and is specified in Eq. (100)
of Ref. 28.

5. Behavior in vicinity of rational surface

Suppose that there are K rational surfaces in the plasma. Let
the kth surface be located at r ¼ rk and possess the resonant poloi-
dal mode number mk. By definition, mk � n qðrkÞ ¼ 0. According
to Sec. V B of Ref. 28, the non-resonant poloidal harmonics of the
solutions to the ideal-MHD equations in the outer region are con-
tinuous across the surface. On the other hand, the tearing-parity
components of the resonant poloidal harmonics of the solutions
behave locally as

wmkðrk þ xÞ ¼ ALk jxj�L k þ ASk jxj�S k ; (A6)

Zmkðrk þ xÞ ¼ �L k
L0

ALk jxj�L k þ �S k
L0

AS jxj �S k ; (A7)

where

�L k ¼ 1
2
� ffiffiffiffiffiffiffiffiffiffiffi�DI k
p

; (A8)

�S k ¼ 1
2
þ ffiffiffiffiffiffiffiffiffiffiffi�DI k
p

; (A9)

DI k ¼ � 2 ð1� q2Þ
s2

r
dP
dr

� �
rk
� 1
4
; (A10)

L0 ¼ � Lmk
mk

mk s

� �
rk

; (A11)

Lmk
mk

ðrÞ ¼ m2
k c

mk
mk

ðrÞ þ n2 r2; (A12)

cmk
mk

ðrÞ ¼
þ
jrrj�2 dh

2p
; (A13)

and sðrÞ ¼ d ln q=d ln r. Here, the tearing-parity component is such
that wmk

ðrk � xÞ ¼ wmk
ðrk þ xÞ and Zmkðrk � xÞ ¼ Zmkðrk þ xÞ.

Moreover, ALk is termed the coefficient of the “large” solution,
whereas ASk is the coefficient of the “small” solution. Furthermore,
DI k is the ideal Mercier interchange parameter (which needs to be
negative to ensure stability to localized interchange modes),36,37,44

and �L k and �S k are termed the Mercier indices.
It is helpful to define the following quantities:28
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Wk ¼ r �L k
k

�S k � �L k
Lmk
mk

� �1=2

rk

AL k; (A14)

DWk ¼ r �S k
k

�S k � �L k
Lmk
mk

� �1=2

rk

2ASk; (A15)

at each rational surface in the plasma. Here, the complex parameter
Wk is a measure of the reconnected helical magnetic flux at the kth
rational surface, whereas the complex parameter DWk is a measure
of the strength of a localized current sheet that flows parallel to the
equilibrium magnetic field at the surface. The net toroidal electro-
magnetic torque acting on the plasma is28

T/ ¼ 2p2 n
X
k¼1;K

ImðW	
k DWkÞ: (A16)

6. Tearing mode dispersion relation

According to Sec. VIII D of Ref. 28, the tearing mode disper-
sion relation takes the following form:X

k0¼1;K

Ekk0 � Dk dkk0ð ÞWk0 ¼ 0 (A17)

for k ¼ 1;K , where Ekk0 is an Hermitian matrix determined from
the solution of the ideal-MHD equations in the outer region and
Dk � DWk=Wk is a complex quantity that characterizes the tearing-
parity response of the resistive layer at the kth rational surface to
the outer solution. In general, Dk is a function of the growth-rate
and phase-velocity of the reconnected helical magnetic flux at the
surface.

APPENDIX B: CALCULATION OF IDEAL STABILITY

1. Plasma perturbation

The perturbed magnetic field associated with an ideal pertur-
bation is written as31,32

b ¼ r� ðn� BÞ; (B1)

where n is the plasma displacement. According to Eqs. (2), (25),
(26), and (101) of Ref. 28,

J br ¼ @

@h
� i n q

� �
y ¼ iwðr; hÞ; (B2)

where

yðr; hÞ ¼ f nr : (B3)

Furthermore, Eqs. (38), (39), (48), and (78) of Ref. 28 yield

bh ¼ � ag
i n

@

@h
� i n q

� �
y þ ap R

2 y þ i
@z
@h

; (B4)

where

apðrÞ ¼ r dP=dr
f 2

; (B5)

agðrÞ ¼ dg=dr
f

: (B6)

Thus,

B � b� nr
dP
dr

¼ Bh bh þ B/ b/ � nr
dP
dr

¼ i f
J

@

@h
� i n q

� �
ag
n

y þ z

� �
: (B7)

2. Plasma potential energy

The perturbed ideal-MHD force operator in the plasma takes
the well-known form:31,32

FðnÞ ¼ rðC Pr � nÞ � B� ðr � bÞ þ rðn � rPÞ þ J� b; (B8)

where C ¼ 5=3 is the plasma ratio of specific heats. The
perturbed plasma potential energy in the region lying between
the magnetic flux-surfaces whose labels are r1 and r2 can be
written as32

dW12 ¼ 1
2

ðr2
r1

þ þ
½C P ðr � n	Þ ðr � nÞ þ r � ðn	 � BÞ � b

þ ðr � n	Þ ðn � rPÞ þ J� n	 � b
J dr dh d/: (B9)

Now,

CP ðr � n	Þ ðr � nÞ ¼ r � ðCP n	 r � nÞ � n	 � rðCPr � nÞ; (B10)

r� ðn	 � BÞ � b ¼ r � ðn	 � BÞ � b
� �þ n	 � B � r � b; (B11)

ðr � n	Þ ðn � rPÞ ¼ r � ðn	 n � rPÞ � n	 � rðn � rPÞ; (B12)

so

dW12 ¼ 1
2

ðr2
r1

þ þ
fr � ½CP n	 r � nþ ðn	 � BÞ � bþ n	 n � rP


� n	 � ½rðC Pr � nÞ � B� ðr � bÞ þ rðn � rPÞ
þ J� b
gJ dr dh d/; (B13)

which yields

dW12 ¼ 1
2

�þ þ
J rr � ½CP n	 r � nþ ðn	 � BÞ

� bþ n	 n � rP
 dh d/
�r2

r1

� 1
2

ðr2
r1

þ þ
n	 � FðnÞ J dr dh d/; (B14)

or

dW12 ¼ 1
2

þ þ
J nr 	 C Pr � n� B � bþ nr

dP
dr

� �
dh d/

" #r2
r1

� 1
2

ðr2
r1

þ þ
n	 � FðnÞ J dr dh d/; (B15)

where use has been made of the fact that B � rr ¼ 0. However, in
the TJ code, the marginally stable ideal-MHD plasma perturbation
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in the outer region is calculated assuming that FðnÞ ¼ 0 and
r � n ¼ 0.28 Thus, making use of Eqs. (B3) and (B7), we obtain

dW12 ¼ 1
2

ðr2
r1

�i y	
@

@h
� i n q

� �
ag
n

y þ z

� �
dh d/

" #r2
r1

; (B16)

which reduces to

dW12 ¼ p2
X
m

y	m ðm� n qÞ ag
n

ym þ zm

� �" #r2
r1

; (B17)

where yðr; hÞ ¼PmymðrÞ expð im hÞ.
Now, according to Eq. (98) of Ref. 28,

ymðrÞ ¼ wm

m� n q

� �
r

: (B18)

Thus, we get

dW12 ¼ p2
X
m

w	
m vm

� �r2

r1

; (B19)

where

vmðrÞ ¼
~km wm þ Zm

m� n q

 !
r

; (B20)

~kmðrÞ ¼ km þ ag
n

� �
r

¼ ag ðmq cmm þ n r2Þ þ ap m dm
m

m2 cmm þ n2 r2

" #
r

; (B21)

and use has been made of Eq. (100) of Ref. 28. Here, ~kmðrÞ is
real, and

dm
m ðrÞ ¼

þ
jrrj�2 R 2 dh

2p
: (B22)

3. Magnetic axis

Let the wmðrÞ and the vmðrÞ be solutions of the ideal-MHD
equations in the outer region that are well behaved at r ¼ 0.
Such solutions vary as rjmj. (For the special case m ¼ 0, v0 � 1 and
w0 ¼ 0.) It follows that28 X

m

w	
m vm

� �
0

¼ 0: (B23)

Hence,

dWpðrÞ ¼ p2
X
m

w	
m vm

� �
r

(B24)

is the perturbed plasma potential energy in the region lying between
the magnetic axis and the magnetic flux-surface whose label is r.

4. Rational surfaces

At the kth rational surface, r ¼ rk, the non-resonant components
of wm and vm are continuous, the large solution is absent
(i.e., Wk ¼ 0), but the small solution is present (i.e., DWk 6¼ 0) (see
subsection 5 of Appendix A). It is easily shown that

P
mw

	
m vm remains

finite at r ¼ rk (which would not be the case ifWk 6¼ 0), and28

X
m

w	
m vm

� �rkþ

rk�

¼ 0: (B25)

In other words, there is no contribution to the perturbed
potential energy from the surface. Thus, Eq. (B24) holds even when
the region between the magnetic axis and the flux-surface whose
label is r contains rational surfaces. Thus, the total plasma potential
energy is

dWp ¼ p2
X
m

w	
m vm

� �
a�

; (B26)

where r ¼ a� corresponds to an equilibrium magnetic flux that lies
just inside the plasma–vacuum interface.

5. Toroidal electromagnetic torque

The flux-surface averaged toroidal electromagnetic torque act-
ing on the plasma is28,32

T/ ¼ inp2
X
m

Z	
mwm�w	

mZm

m�nq

 !
a�

¼ inp2
X
m

v	
mwm�w	

m vm
� �

a�

¼ 2n ImðdWpÞ;
(B27)

where use has been made of Eqs. (B20) and (B24). However,
according to Eq. (A16), this torque must be zero for ideal solu-
tions, which are characterized by Wk ¼ 0 (i.e., zero reconnected
magnetic flux at the various rational surfaces in the plasma).28 It
follows that the total plasma potential energy, dWp, is necessarily a
real quantity.

6. Marginally stable ideal eigenfunctions

We can construct a complete set of marginally stable ideal
eigenfuctions in the outer region from the ideal-MHD solutions in
the outer region calculated by the TJ code as follows:

wi
mm0 ðrÞ ¼ wa

mm0 ðrÞ �
X
k¼1;K

wu
mkðrÞ Pa

km0 ; (B28)

Zi
mm0 ðrÞ ¼ Za

mm0 ðrÞ �
X
k¼1;K

Zu
mkðrÞPa

km0 : (B29)

Here, m labels the poloidal harmonic of the solution, m0 labels the
solution itself, and k labels the various rational surfaces in the
plasma. There are as many solutions as there are poloidal harmonics
included in the calculation. All other quantities are defined in Secs.
VIII B–VIII D of Ref. 28. It follows from the definitions of the vari-
ous quantities in the previous two equations that the reconnected
magnetic fluxes at the rational surfaces in the plasma associated
with the ideal eigenfunctions are all zero (i.e., Wk ¼ 0 for all k). We
can also write as

vimm0 ðrÞ ¼
~km wi

mm0 þ Zi
mm0

m� n q

 !
r

; (B30)

where use has been made of Eq. (B20).
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7. Plasma energy matrix

We can write a general ideal solution just inside the plasma–
vacuum interface as

wmðaÞ ¼
X
m0

wi
mm0 ðaÞ am0 ; (B31)

vmða�Þ ¼
X
m0

vimm0 ða�Þ am0 ; (B32)

where am are the arbitrary complex coefficients. Note that the
wmðrÞ are continuous across the plasma–vacuum interface, whereas
vmðrÞ are generally discontinuous. The previous two equations can
be written more succinctly as

w ¼ w
i
a; (B33)

v ¼ v
i
a; (B34)

where w is the column vector of the wmðaÞ values, v is the column

vector of the vmða�Þ values, w
i
is the matrix of the wi

mm0 ðaÞ values,
v
i
is the matrix of the vimm0 ða�Þ values, and a is the column vector

of the am values. Equation (B26) then becomes

dWp ¼ p2 w† v; (B35)

or

dWp ¼ p2 a† w†

i
v
i
a: (B36)

The fact that dWp is real implies that

w†

i
v
i
¼ v†

i
w

i
: (B37)

Let us define the “perturbed plasma potential energy matrix,”
W

p
, such that

v
i
¼ W

p
w

i
: (B38)

It is easily seen that

w†

i
v
i
¼ w†

i
W

p
w

i
; (B39)

v†
i
w

i
¼ w†

i
W†

p
w

i
: (B40)

Making use of Eq. (B37), we obtain

w†

i
W

p
w

i
¼ w†

i
W†

p
w

i
; (B41)

which implies that W
p
is an Hermitian matrix.

8. Total potential energy

The total perturbed potential energy of the plasma–vacuum
system can be written as31,32

dW ¼ dWp þ dWv; (B42)

where

dWv ¼ 1
2

ð1
aþ

þ þ
b	 � bJ dr dh d/ (B43)

is the perturbed potential energy of the surrounding vacuum.31,32

Here, r ¼ aþ corresponds to an equilibrium magnetic flux-surface
that lies just outside the plasma–vacuum interface.

9. Vacuum potential energy

In the vacuum region, we can write the curl- and divergence-
free perturbed magnetic field in the form b ¼ irV , where
r2V ¼ 0. Hence, the vacuum potential energy is

dWv ¼ 1
2

ð1
aþ

þ þ
rV � rV	 J dr dh d/

¼ 1
2

ð1
aþ

þ þ
r � ðV rV	Þ J dr dh d/

¼ � 1
2

þ þ
J rr � rV	 V dh d/

� �
aþ

; (B44)

assuming that Vðr; hÞ ! 0 as r ! 1 if there is no wall surrounding
the plasma, or rV � dS ¼ 0 if a perfectly conducting wall surrounds
the plasma. But, Eq. (210) of Ref. 28 implies that

J rV � rr ¼ w; (B45)

so we deduce that

dWv ¼ � 1
2

þ þ
w	 V dh d/

� �
aþ

¼ �p2
X
m

w	
m Vm

� �
aþ

; (B46)

where Vðr; hÞ ¼PmVmðrÞ expð im hÞ. However, making use of
Eq. (214) of Ref. 28, we get

dWv ¼ �p2
X
m

w	
m vm

� �
aþ

; (B47)

where

vm ¼ Zm

m� n q
: (B48)

Note that the previous equation is consistent with Eq. (B20)
because, according to Eq. (B21), ~km ¼ 0 in the vacuum region, given
that ag ¼ ap ¼ 0 in the vacuum.

Combining Eqs. (B26), (B42), and (B47), we deduce that

dW ¼ p2
X
m

w	
m J m

� �
�

; (B49)

where

J m ¼ �½vm
aþa� : (B50)

10. Boundary current sheet

Now, ap ¼ ag ¼ 0 at the plasma–vacuum interface, assuming
that the equilibrium current is zero there, which implies that km
¼ ~km ¼ 0 at the interface, where use has been made of Eq. (B21), as
well as Eq. (100) of Ref. 28. It follows from Eqs. (78) and (99) of
Ref. 28, combined with Eq. (B48), that

xm ¼ n vm; (B51)
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at the plasma–vacuum interface, where xðr; hÞ ¼PmxmðrÞ
� expð im hÞ. Suppose that there is a perturbed current sheet on the
interface. Thus, if K is the current sheet density then Eqs. (66) and
(67) of Ref. 28 suggest that

J K h
m ¼ nJ m; (B52)

J K /
m ¼ mJ m; (B53)

where use has been made of Eqs. (B50) and (B51). Let us write as

K ¼ irJ �rr; (B54)

where Jðh;/Þ ¼ JðhÞ expð�i n/Þ, which ensures that r � K ¼ 0. It
follows from (A8) and (A9) of Ref. 28 that

J Kh ¼ i
@J
@/

; (B55)

J K/ ¼ �i
@J
@h

: (B56)

Hence, if we expand the previous two equations as Fourier series in
h then we reproduce Eqs. (B52) and (B53), which implies that the
Jm defined in Eq. (B50) are the Fourier components of the JðhÞ
function introduced in Eq. (B54).

As described in Ref. 32, the marginally stable ideal eigenfunc-
tions feature a perturbed current sheet on the vacuum–plasma
interface because they do not satisfy the perturbed pressure-
balance boundary condition. However, these current sheets are
entirely fictitious. The true ideal eigenfunctions (which, unlike the
marginally stable ideal eigenfunctions, take plasma inertia into
account) satisfy the pressure-balance boundary condition (and,
therefore, have no associated current sheets). Current sheets are
permitted because the marginally stable ideal eigenfunctions are
“trial solutions” used to determine ideal stability, rather than actual
physical solutions.

11. Determination of ideal stability

According to Eq. (215) of Ref. 28, combined with Eq. (B48),

vmðaþÞ ¼
X
m0

Hmm0 wm0 ðaÞ; (B57)

where the “vacuum matrix,” Hmm0 , is Hermitian (see Sec. VI G of
Ref. 28). Hence, it follows from Eq. (B50) that

J m ¼ vmða�Þ �
X
m0

Hmm0 wmðaÞ: (B58)

Making use of Eq. (B49), we can write

dW ¼ p2 w† J; (B59)

where

J ¼ vþW
v
w: (B60)

Here, J is the column vector of the Jm values, and the “perturbed
vacuum energy matrix,” W

v
, is the Hermitian matrix of the �Hmm0

values. Making use of Eqs. (B33), (B34), and (B38), we get

J ¼ W w; (B61)

and

dW ¼ a† w†

i
ðv

i
þW

v
w

i
Þ a ¼ a† w†

i
W w

i
a; (B62)

where

W ¼ W
p
þW

v
: (B63)

Note that W
p
and W

v
are both Hermitian, so W is also

Hermitian. Thus, the “perturbed total energy matrix,” W , possesses
real eigenvalues and orthonormal eigenvectors, bm. Let
ðbm0 Þm ¼ bmm0 , and let b be the matrix of the bmm0 values. It follows

that b† b ¼ 1. We conclude that there are as many linearly inde-

pendent ideal eigenmodes of the plasma as there are poloidal
harmonics included in the calculation. The mth eigenmode has
the associated energy

dWm ¼ dWpm þ dWvm; (B64)

where

dWm ¼ b†
m W bm; (B65)

dWpm ¼ b†
m W

p
bm; (B66)

dWvm ¼ b†
m W

v
bm: (B67)

Note that dWm, dWpm, and dWvm are all real quantities.
Moreover, dWpm and dWvm can be interpreted as the plasma and
vacuum contributions to dWm, respectively. Finally,

dW ¼
X
m

jâmj2 dWm; (B68)

where â ¼ b† w
i
a. As is well known, the plasma is ideally unstable

if dW < 0 for any possible ideal peturbation.31,32 Thus, given that
the âm are arbitrary, we deduce that if any of the dWm are negative
then the plasma is ideally unstable.

APPENDIX C: VACUUM SOLUTION

1. Toroidal coordinates

Let l, g, and / be right-handed toroidal coordinates defined
such that (see subsection 2 of Appendix A)

R ¼ sinhl
coshl� cos g

; (C1)

Z ¼ sin g
coshl� cos g

: (C2)

The scale-factors of the toroidal coordinate system are

hl ¼ hg ¼ 1
coshl� cos g

� h; (C3)

h/ ¼ sinhl
coshl� cos g

¼ h sinhl: (C4)

Moreover,
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J 0 � ðrl�rg � r/Þ ¼ h3 sinhl: (C5)

2. Perturbed magnetic field

The curl-free perturbed magnetic field in the vacuum region is
written b ¼ irV , where r2V ¼ 0. The most general solution to
Laplace’s equation is

Vðz; gÞ ¼
X
m

ðz � cos gÞ1=2 UmðzÞ e�img; (C6)

UmðzÞ ¼ pm P̂
n
jmj�1=2ðzÞ þ qm Q̂

n
m�1=2ðzÞ; (C7)

where z ¼ coshl, pm and qm are the arbitrary complex
coefficients, and

P̂
n
jmj�1=2ðzÞ¼ cosðjmjpÞ

ffiffiffi
p

p
Cðjmjþ1=2�nÞa jmj

2 jmj�1=2 jmj! Pn
jmj�1=2ðzÞ; (C8)

Q̂
n
jmj�1=2ðzÞ¼cosðnpÞcosðjmjpÞ 2jmj�1=2 jmj!ffiffiffi

p
p

Cðjmjþ1=2þnÞajmjQ
n
jmj�1=2ðzÞ:

(C9)

Here, Pn
m�1=2ðzÞ and Qn

jmj�1=2ðzÞ are the toroidal functions,45 and

CðzÞ is a gamma function.46

3. Toroidal electromagnetic angular momentum flux

The outward flux of toroidal angular momentum across a con-
stant-z surface is

T/ðzÞ ¼ �
þ þ

J 0 b/ b l dg d/ (C10)

¼ i np2
X
m

ðpm q	m � qm p	mÞ ðz2 � 1ÞWðP̂ n
jmj�1=2; Q̂

n
jmj�1=2Þ;

(C11)

where Wðf ; gÞ � f dg=dz � g df =dz. But,47

WðP̂ n
jmj�1=2; Q̂

n
jmj�1=2Þ

¼ cosðn pÞ Cðjmj þ 1=2� nÞ
Cðjmj þ 1=2þ nÞ WðPn

jmj�1=2;Q
n
jmj�1=2Þ

¼ 1
1� z2

; (C12)

where use has been made of Eqs. (C8) and (C9), so

T/ðzÞ ¼ 2p2 n
X
m

Imðq	m pmÞ: (C13)

Note that T/ is independent of z, as must be the case because
there are no angular momentum sources in the vacuum region.

4. Solution in vacuum region

In the large-aspect ratio limit, r � 1, it can be demonstrated that47

z ’ 1
r
; (C14)

z 1=2 P̂
n
�1=2ðzÞ ’

1
2
ln

8 z
fn

� �
; (C15)

z1=2 P̂
n
jmj�1=2ðzÞ ’

cosðjmj pÞ ða zÞjmj

jmj ; (C16)

z1=2 Q̂
n
jmj�1=2ðzÞ ’

cosðjmj pÞ ða zÞ�jmj

2
; (C17)

fn ¼ exp
X
j¼1;n

2
2 j� 1

 !
: (C18)

Note that Eq. (C16) only applies to jmj > 0.
The plasma–vacuum interface lies at r ¼ a. Suppose that the

plasma is surrounded by a perfectly conducting wall at r ¼ bw a,
where bw � 1. In the vacuum region, a � r � bw a, lying between
the plasma and the wall, we can write

VðrÞ ¼ PðrÞ pþQðrÞ q; (C19)

wðrÞ ¼ RðrÞ pþ SðrÞ q; (C20)

where VðrÞ is the vector of the VmðrÞ values (see subsection 9 of
Appendix B), wðrÞ is the vector of the wmðrÞ values [see Eq. (A3)],
PðrÞ is the matrix of the

Pmm0 ðrÞ ¼
þ
r
ðz � cos gÞ1=2 P̂ n

jm0 j�1=2ðzÞ exp �i ðm hþm0 gÞ� � dh
2p

;

(C21)

values, QðrÞ is the matrix of the

Qmm0 ðrÞ ¼
þ
r
ðz � cos gÞ1=2 Q̂ n

jm0 j�1=2ðzÞ exp �i ðm hþm0 gÞ� � dh
2p

;

(C22)

values, RðrÞ is the matrix of the

Rmm0 ðrÞ ¼
þ
r

("
1
2
ðz � cos gÞ�1=2 P̂

n
jm0 j�1=2ðzÞ

þ ðz � cos gÞ1=2 dP̂
n
jm0 j�1=2

dz

#
J rr � rz

þ 1
2
ðz � cos gÞ�1=2 sin g� im0 ðz � cos gÞ1=2

� �

� P̂
n
jm0 j�1=2ðzÞ J rr � rg

)
exp �i ðm hþm0 gÞ� � dh

2p
;

(C23)

values, SðrÞ is the matrix of the

Smm0 ðrÞ ¼
þ
r

("
1
2
ðz � cos gÞ�1=2 Q̂

n
jm0 j�1=2ðzÞ

þ ðz � cos gÞ1=2 dQ̂
n
jm0 j�1=2

dz

J rr � rz

þ
"
1
2
ðz � cos gÞ�1=2 sin g� im0 ðz � cos gÞ1=2

#

� Q̂
n
jm0 j�1=2ðzÞ J rr � rggexp �i ðm hþm0 gÞ� � dh

2p
;

(C24)
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values, p is the vector of the pm coefficients, and q is the vector of
the qm coefficients. Here, the subscript r on the integrals indicates
that they are taken at constant r.

5. Toroidal electromagnetic torque

According to Eqs. (B.27), (B48), and (214) of Ref. 28, the net
toroidal electromagnetic torque acting on the plasma is

T/ ¼ �2p2 n ImðV† wÞ ¼ �p2 n ðV† w� w† VÞ: (C25)

However, this torque must equal the flux of toroidal angular
momentum into the vacuum region, so Eq. (C13) implies
that

T/ ¼ 2p2 n Imðq† pÞ ¼ p2 n ðq† p� p† qÞ: (C26)

Now, Eqs. (C19), (C20), and (C25) give

T/ ¼ �p2 n p† ðP† R�R† PÞ pþ p† ðP† S �R† QÞq
h

�q† ðS† P �Q† RÞ pþ q† ðQ† S � S† RÞ q
i
: (C27)

The previous equation is consistent with Eq. (C26) provided
that

P† R ¼ R† P; (C28)

Q† S ¼ S† Q; (C29)

P† S �R† Q ¼ 1: (C30)

The previous three equations can be combined with Eqs. (C19)
and (C20) to give

p ¼ S † V �Q † w; (C31)

q ¼ �R † V þ P † w: (C32)

However, the previous two equations are only consistent with
Eqs. (C19) and (C20) provided

QP† ¼ PQ†; (C33)

RS† ¼ SR†; (C34)

P S† �QR† ¼ 1: (C35)

Note that Eqs. (C28)–(C30) and (C33)–(C35) hold throughout
the vacuum region.

6. Ideal-wall matching condition

If the wall is perfectly conducting then wðbw aÞ ¼ 0. It follows
from Eq. (C20) that

q ¼ I
b
p; (C36)

where

I
b
¼ �S�1

b
R

b
(C37)

is termed the “wall matrix.” Here, S
b
¼ Sðbw aÞ, etc. Equation (C34)

ensures that I
b
is Hermitian. It immediately follows from Eq. (C26)

that T/ ¼ 0. In other words, zero net toroidal electromagnetic tor-
que is exerted on a plasma surrounded by a perfectly conducting
wall. As described in Ref. 28, the fact that T/ ¼ 0 ensures that
the tearing stability matrix, Ekk0 , introduced in subsection 6 of
Appendix A, is Hermitian.

Making use of Eqs. (C19) and (C20), the matching condition
at the plasma–vacuum interface for a perfectly conducting wall
becomes

VðaþÞ ¼ H wðaÞ; (C38)

where

H ¼ ðP
a
þQ

a
I
b
Þ ðR

a
þ S

a
I
b
Þ�1 (C39)

is the vacuum matrix introduced in subsection 11 of Appendix B.
Here, P

a
¼ PðaþÞ, etc. Making use of Eqs. (C28)–(C30), it is easily

demonstrated that

H � H† ¼ � ðR
a
þ S

a
I
b
Þ�1
† ðI

b
� I†

b
Þ ðR

a
þ S

a
I
b
Þ�1:

h
(C40)

Thus, the vacuum matrix, H, is Hermitian because the wall
matrix, I

b
, is Hermitian.

7. Model wall matrix

Equations (C14)–(C18), (C23), and (C24) suggest that

R
b
¼ R

a
q�1; (C41)

S
b
¼ S

a
q; (C42)

where

qmm0 ¼ dmm0 qm; (C43)

q0 ¼ 1þ ln bw; (C44)

qm 6¼0 ¼ b jmj
w : (C45)

Hence,

I
b
¼ �q�1 † S�1

a
R

a
q�1: (C46)

Note that our model wall matrix, I
b
, is Hermitian given that

S�1
a
R

a
is Hermitian [see Eq. (C34)]. Our model wall matrix allows

us to smoothly interpolate between a plasma with no wall (which
corresponds to bw ! 1 and H ¼ P

a
R�1

a
)28 and a fixed boundary

plasma (which corresponds to bw ¼ 1 and H�1 ¼ 0).

APPENDIX D: RESISTIVE LAYER MODEL

1. Introduction

The resistive layer model implemented in the TJ code is the
three-field model described in Ref. 6. This model is a further devel-
opment of the models derived in Refs. 4 and 5 and is ultimately
based on the four-field model of Ref. 3. The model includes plasma
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resistivity, plasma inertia, electron and ion diamagnetic flows, the
decoupling of ion and electron flows on lengthscales below the ion
sound radius, and perpendicular momentum and energy transport.
The three fields in the model are the (normalized) perturbed helical
magnetic flux, w, the (normalized) perturbed electrostatic potential,
/, and the (normalized) perturbed electron number density, N. The
model makes use of a low-b approximation that decouples the (nor-
malized) parallel ion velocity, V, from the system of equations
(thereby converting a four-field model into a three-field model).
Reference 48 explains how the fourth field can be incorporated into
the model. We choose not to do this because the fourth field is only
important at high-b, and an aspect-ratio expanded equilibrium is,
by definition, a relatively low-b equilibrium.

2. Plasma parameters

The values of the following plasma parameters must be speci-
fied in order to calculate layer quantities:

• B0—the toroidal magnetic field-strength at the magnetic axis (T).
• R0—the major radius of the magnetic axis (m).
• n0—the electron number density at the magnetic axis (m�3).
• ne ped—the electron number density at the plasma-vacuum inter-
face (m�3).

• a—the electron density profile is assumed to be neðrÞ ¼ n0
�ð1� r2=a2Þa þ ne ped.

• Te ped—the electron temperature at the plasma–vacuum interface
(eV).

• Zeff—the (assumed spatially uniform) effective ion charge number.
• M—the ion mass number.
• v?—the (assumed spatially uniform) perpendicular momentum/
energy diffusivity (m2=s).

3. Rational surface parameters

Let the kth rational surface lie at r ¼ rk and possess the reso-
nant poloidal mode number mk. We can define qk ¼ qðrkÞ,
sk ¼ sðrkÞ, gk ¼ gðrkÞ,

ne k ¼ n0 ð1� r 2k =a
2Þa þ ne ped; (D1)

pk ¼ B 2
0 PðrkÞ;
l0

(D2)

Te k ¼ pk
2 ðne k � ne pedÞ eþ Te ped; (D3)

lnKk ¼ 24þ 3 ln 10� 1
2
ln ne k þ lnTe k; (D4)

seek ¼ 6
ffiffiffi
2

p
p3=2 � 20 m

1=2
e T 3=2

e k

lnKk e5=2 ne k
; (D5)

rk k ¼
ffiffiffi
2

p þ 13Zeff=4

Zeff

ffiffiffi
2

p þ Zeff

	 
 ne k e2 seek
me

; (D6)

Ls k ¼ R0 qk
sk

; (D7)

VAk ¼ B0 gk

ðl0 ne k MmpÞ1=2
; (D8)

di k ¼ Mmp

ne k e2 l0

� �1=2

; (D9)

bk ¼
5 PðrkÞ
3 g 2

k

; (D10)

d̂b k ¼ bk
1þ bk

� �1=2 di k
R0 rk

; (D11)

x	 k ¼ mk B0

l0 e ne k R
2
0 gk rk

dPðrkÞ
dr

; (D12)

sH k ¼ Ls k
mk VAk

; (D13)

sR k ¼ l0 R
2
0 r

2
k rkðrkÞ; (D14)

s? k ¼ R 2
0 r

2
k

v?
; (D15)

where e is the magnitude of the electron charge, me is the electron
mass, and mp is the proton mass. Note that we are assuming that
the electrons and ions have the same temperature, as we would
expect to be the case in a fusion reactor. Here, di k is the collision-
less skin-depth, d̂b k is the normalized ion sound radius, x	 k is
the diamagnetic frequency, sH k is the hydromagnetic timescale,
sR k is the resistive diffusion timescale, and s? k is the perpendicu-
lar momentum/energy diffusion timescale, at the kth rational
surface.

Layer physics at the kth rational surface is governed by the
following normalized parameters: ĉk ¼ sk ck, Qek ¼ �sk x	 k=2, Qik

¼ sk x	 k=2, Dk ¼ S 1=3
k d̂b k=

ffiffiffi
2

p
, and Pk ¼ sR k=s? k, where Sk ¼ sR k

=sH k and sk ¼ S 1=3
k sH k. Here, Sk is the Lundquist number at the

kth rational surface and ck is the complex growth-rate of the tearing
mode seen in the E-cross-B frame (i.e., a frame that co-rotates with
the particle guiding centers) at the kth rational surface.

4. Resistive layer equations

The following resistive layer equations, which govern the
response of the plasma at the kth rational surface to the ideal-MHD
solution in the outer region, are obtained by linearizing the three-
field model of Ref. 6:

ðĉk þ iQekÞw ¼ �iX /� Nð Þ þ d 2w
dX2

; (D16)

ðĉk þ iQikÞ d
2/

dX2
¼ �iX

d 2w
dX2

þ Pk
d 4

dX4
/þ Nð Þ; (D17)

ĉk N ¼ �iQek /� iD 2
k X

d 2w
dX2

þ Pk
d 2N
dX2

; (D18)

where X ¼ S 1=3
k ðr � rkÞ=rk. Here, it is assumed that Sk � 1. The

asymptotic behavior of the tearing-parity [i.e., wð�XÞ ¼ wðXÞ,
/ð�XÞ ¼ �/ðXÞ, and Nð�XÞ ¼ �NðXÞ] solution of the layer
equations is such that

wðXÞ ! w0
D̂k

2
jXj þ 1þO 1

X

� �" #
; (D19)

/ðXÞ ! i ĉk w0
D̂k

2
sgnðXÞ þ 1

X
þO 1

X2

� �" #
; (D20)
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as jXj ! 1, where w0 is an arbitrary constant, and D̂k ¼ S�1=3
k Dk.

Here, Dk is the layer response parameter introduced in subsection 6
of Appendix A.

5. Fourier transformation

Equations (D16)–(D18) are most conveniently solved in
Fourier transform space.5 Let

/̂ðpÞ ¼
ð1
�1

/ðXÞ e�ipX dX; (D21)

etc. The Fourier transformed linear layer equations become

ðĉk þ iQekÞ ŵ ¼ d
dp

/̂ � N̂
	 


� p2 ŵ; (D22)

ðĉk þ iQikÞ p2 /̂ ¼ dðp2 ŵÞ
dp

� Pk p
4 ð/̂ þ N̂ Þ; (D23)

ĉk N̂ ¼ �iQek /̂ � D 2
k
dðp2 ŵÞ

dp
� Pk p

2N̂ ; (D24)

where, for a tearing-parity solution, Eq. (D20) yields49

/̂ðpÞ ¼ p ĉk w0
D̂k

p p
þ 1þOðpÞ

" #
; (D25)

as p ! 0.
Let

YeðpÞ � /̂ðpÞ � N̂ ðpÞ ¼ p ðĉk þ iQekÞw0 Ŷ eðpÞ: (D26)

Equations (D22)–(D24) can be combined to give5,6

d
dp

AðpÞ dŶ e

dp

" #
� BðpÞ
CðpÞ p

2 Ŷ e ¼ 0; (D27)

where

AðpÞ ¼ p2

ĉk þ iQek þ p2
; (D28)

BðpÞ ¼ ĉk ðĉk þ iQi kÞ þ 2 ðĉk þ iQikÞPk p2 þ P 2
k p

4; (D29)

CðpÞ ¼ ĉk þ iQek þ Pk þ ðĉk þ iQi kÞD 2
k

� �
p2 þ 2 Pk D

2
k p

4: (D30)

Because

YeðpÞ ¼ ðĉk þ iQekÞ
ĉk

/̂; (D31)

as p ! 0, Eqs. (D25) and (D26) yield the following small-p bound-
ary condition that Eq. (D27) must satisfy:

Ŷ eðpÞ ! D̂k

p p
þ 1þOðpÞ; (D32)

Equation (D27) must also satisfy the physical boundary
condition

Ŷ eðpÞ ! 0 (D33)

as p ! 1. In fact, in the large-p/large-Dk limit, p � 1 and Dk

� P 1=6
k , the well-behaved solution of Eq. (D27) takes the following

form:

Ŷ eðpÞ ¼ Y0 p
xk exp

� ffiffiffiffiffi
bk

p
p2

2

� �
; (D34)

where Y0 is independent of p, and

xk ¼ ck �
ffiffiffiffiffi
bk

p
1� ffiffiffiffiffi

bk
p

ak
	 

2
ffiffiffiffiffi
bk

p ; (D35)

ak ¼ �ðĉk þ iQekÞ; (D36)

bk ¼ Pk
2D 2

k

; (D37)

ck ¼ Pk
2D 2

k

1þ 2 ðĉk þ iQikÞ
Pk

� ðPk þ ĉk þ iQi k½ 
D 2
k Þ

2 Pk D 2
k

" #
: (D38)

On the other hand, in the large-p/small-Dk limit, p � 1 and
Dk � P 1=6

k , the well-behaved solution of Eq. (D27) is

Ŷ eðpÞ ¼ Y0 p
�1 exp xk p�

ffiffiffiffiffi
bk

p
p3

3

� �
; (D39)

where

xk ¼ ak bk � ck
2
ffiffiffiffiffi
bk

p ; (D40)

ak ¼ �ðĉk þ iQekÞ; (D41)

bk ¼ Pk; (D42)

ck ¼ �i ðQek � QikÞ þ ðĉk þ iQi kÞ: (D43)

6. Ricatti transformation

Equation (D27) is most conveniently solved by means of a
Ricatti transformation.50,51 Let

WðpÞ ¼ p

Ŷ e

dŶ e

dp
: (D44)

Equation (D27) transforms to give

dW
dp

¼ �A0

p
W �W 2

p
þ B
AC

p3; (D45)

where

A0 ¼ ĉk þ iQek � p2

ĉk þ iQek þ p2
: (D46)

According to Eqs. (D32) (D34), and (D39), this equation must
be solved subject to the boundary condition that

WðpÞ ¼ xk �
ffiffiffiffiffi
bk

p
p2 (D47)

at large p and large Dk or

WðpÞ ¼ �1þ xk p�
ffiffiffiffiffi
bk

p
p3 (D48)
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at large p and small Dk, and

WðpÞ ¼ �1þ p p

D̂k

(D49)

at small p. The method of solution is to launch a solution of Eq.
(D45) from large p, subject to the boundary condition (D47) or
(D48), as appropriate, and integrate it to small p. We can then
deduce the value of D̂k from Eq. (D49).

APPENDIX E: ASYMPTOTIC MATCHING BETWEEN
OUTER AND INNER REGIONS

1. Introduction

Consider the segment of the inner region that is centered on
the kth rational surface. Let the surface lie at r ¼ rk and possess the
resonant poloidal mode number mk. According to subsection 5 of
Appendix A, in the limit r ! rk, the asymptotic behavior of the res-
onant, tearing-parity, component of the perturbed helical magnetic
flux, w [see Eq. (A3)] in the outer region is

wmk
ðxÞ ¼ ALk jxj��k þ ASk jxj 1þ�k ; (E1)

where x ¼ r � rk, �k ¼ �1=2þ ffiffiffiffiffiffiffiffiffiffiffi�DI k
p

, and

Dk ¼ 2 r1þ2 �k
k AS k

ALk
: (E2)

Here, DI k is the ideal interchange parameter defined in Eq.
(A10), and Dk is the layer response parameter that appears in the
tearing mode dispersion relation, (A17). On the other hand, accord-
ing to subsection 4 of Appendix D, the asymptotic behavior of the
resistive layer solution in the segment of the inner region, as it
approaches the outer region, is

wmk
ðxÞ ¼ BL k þ BSk jxj; (E3)

where

Dk ¼ 2 rk BS k

BL k
: (E4)

It can be seen that the solutions (E1) and (E3) only match if
�k ¼ 0. The reason for the mismatch is because the outer solution
takes average magnetic field-line curvature into account,36,37

whereas the layer solution does not. The aim of this appendix is to
describe a method for resolving the mismatch.

2. Pressure flattening

In the immediate vicinity of the rational surface, the equation
that governs the resonant component of w in the outer region
reduces to28

d 2wmk

dx2
¼ �k ð1þ �kÞ

x2
wmk

; (E5)

where

�k ð1þ �kÞ ¼ �DI k � 1
4
¼ 2 ð1� q2Þ

s2
r
dP
dr

� �
rk
: (E6)

Following Ref. 52, let us suppose that the pressure gradient is
locally flattened in the vicinity of the rational surface in such a
manner that

dP
dx

¼ dP
dr

� �
rk

x2

x2 þ d 2
k

: (E7)

Here, it is assumed that dk � rk. Equation (E185) transforms
to give

ð1þ X2Þ d
2wmk

dX2
¼ �k ð1þ �kÞwmk

; (E8)

where X ¼ x=dk.
The most general tearing-parity solution of Eq. (E8) in the

limit jXj ! 0 takes the following form:

wmk
ðXÞ ’ B̂L k þ B̂S k jX
: (E9)

We can define

Dk in ¼ rk
dk

� �
2 B̂S k

B̂L k
: (E10)

On the other hand, the most general tearing-parity solution of
Eq. (E8) in the limit jXj ! 1 is written as

wmk
ðXÞ ¼ ÂL k jXj��k þ ÂS k jXj1þ�k : (E11)

We can define

Dk out ¼ rk
dk

� �1þ2 �k 2 ÂS k

ÂL k
: (E12)

A comparison between Eqs. (E1)–(E4) and (E9)–(E12) reveals
that the solution to Eq. (E8) successfully interpolates between the
resistive layer solution and the outer solution. It now remains to
determine the relationship between Dk in and Dk out.

3. Connection formula

Suppose that we launch a “large” solution of Eq. (E8),
wLðXÞ ¼ X��k , from large X, and integrate to X ¼ 0. Let

wLð0Þ ¼ aLL; (E13)

dwLð0Þ
dx

¼ aSL: (E14)

Next, suppose that we launch a “small” solution,
wSðXÞ ¼ X1þ�k , from large X, and integrate to X ¼ 0. Let

wSð0Þ ¼ aLS; (E15)

dwSð0Þ
dx

¼ aSS: (E16)

The most general solution is

wmk
ðXÞ ¼ ÂL k wLðXÞ þ ÂS k wSðXÞ: (E17)

It follows that

B̂L k ¼ aLL ÂL k þ aLS ÂS k; (E18)
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B̂S k ¼ aSL ÂL k þ aSS ÂS k: (E19)

Thus, Eqs. (E10) and (E12) yield the connection formula

dk
rk

� �
Dk in

2
¼ aSL þ aSS ðdk=rkÞ1þ2 �k ðDk out=2Þ

aLL þ aLS ðdk=rkÞ1þ2 �k ðDk out=2Þ
: (E20)

It remains to calculate the coefficients aLL, aLS, aSL, and aSS.

4. Analytic solution

Let wmk ¼ ð1þ X2Þ/ and z ¼ iX. Equation (E8) transforms
to give

ð1� z2Þ d
2/
dz2

� 4 z
d/
dz

� 2� �k ð1þ �kÞ½ 
/ ¼ 0: (E21)

Now, the Legendre functions Q�kðzÞ and Q�1�� kðzÞ satisfy53

ð1� z2Þ d
2w
dz2

� 2 z
dw
dz

þ �k ð1þ �kÞw ¼ 0: (E22)

Let w0 ¼ dw=dz. Differentiation of the previous equation yields

ð1� z2Þ d
2w0

dz2
� 4 z

dw0

dz
� 2� �k ð1þ �kÞ½ 
w0 ¼ 0: (E23)

It is clear from a comparison of Eqs. (E21) and (E23) that the two
independent solutions of Eq. (E8) can be written ð1þ X2ÞQ0

�k
ðiXÞ

and ð1þ X2ÞQ0
�1��k

ðiXÞ, where 0 denotes differentiation with
respect to argument.

Now,54

Q�kðzÞ ¼
p1=2 Cð1=2þ �k=2Þ e�i ðp=2Þ ð1þ�kÞ

2Cð1þ �k=2Þ F � �k
2
;
1
2
þ �k

2
;
1
2
; z2

� �

þ p1=2 Cð1þ �k=2Þ e�i ðp=2Þ �k

Cð1=2þ �k=2Þ z F
1
2
� �k

2
; 1þ �k

2
;
3
2
; z2

� �
;

(E24)

where Fða; b; c; zÞ is a hypergeometric function and CðzÞ is a
gamma function,46,55 which yields

Q0
�k
ðzÞ ’ p1=2 Cð1þ �k=2Þ e�i ðp=2Þ �k

Cð1=2þ �k=2Þ

� p1=2 �k ð1þ �kÞCð1=2þ �k=2Þ e�i ðp=2Þ ð1þ�kÞ

2Cð1þ �k=2Þ z þOðz2Þ:
(E25)

So, at small X,

ð1þ X2ÞQ0
�k
ðiXÞ ’ e�i �k p=2 p1=2 Cð1þ �k=2Þ

Cð1=2þ �k=2Þ

"

� p1=2 �k ð1þ �kÞCð1=2þ �k=2Þ
2Cð1þ �k=2Þ X

#
: (E26)

Furthermore,54

Q�kðzÞ ¼
p1=2 Cð1þ �kÞ

21þ�k Cð3=2þ �kÞ z
�1��k F 1þ �k

2
;
1
2
þ �k

2
;
3
2
þ �k;

1
z2

� �
;

(E27)

which yields

Q0
�k
ðzÞ ’ � p1=2 ð1þ �kÞCð1þ �kÞ

21þ�k Cð3=2þ �kÞ z�2��k þOðz�4��kÞ: (E28)

So, at large X,

ð1þ X2ÞQ0
�k
ðiXÞ ’ e�i �k p=2 p1=2 ð1þ �kÞCð1þ �kÞ

21þ�k Cð3=2þ �kÞ X��k : (E29)

It is clear from a comparison of Eqs. (E9), (E11), (E18), (E19),
(E26), and (E29) that B̂L k ¼ aLL ÂL k and B̂S k ¼ aSL ÂL k, where

aLL ¼ 21þ�k Cð1þ �k=2ÞCð3=2þ �kÞ
ð1þ �kÞCð1=2þ �k=2ÞCð1þ �kÞ ; (E30)

aSL ¼ � 2�k �k Cð1=2þ �k=2ÞCð3=2þ �kÞ
Cð1þ �k=2ÞCð1þ �kÞ : (E31)

In the limit �k ! 0,

aLL ! 1; (E32)

aSL ! � �k p
2

: (E33)

Now, according to Eq. (E26),

ð1þ X2ÞQ0
�1��k

ðiXÞ ’ e i ð1þ�kÞ p=2 p1=2 Cð1=2� �k=2Þ
Cð��k=2Þ

"

� p1=2 �k ð1þ �kÞCð��k=2Þ
2Cð1=2� �k=2Þ X

#
(E34)

at small X. Furthermore, according to Eq. (E29),

ð1þX2ÞQ0
�1��k

ðiXÞ ’ �e i ð1þ�kÞp=2 p1=2 �kCð��kÞ
2��k Cð1=2� �kÞ X

1þ�k (E35)

at large X. A comparison of Eqs. (E9), (E11), (E18), (E19), (E34),
and (E35) yields B̂L k ¼ aLS ÂS k and B̂S k ¼ aSS ÂS k, where

aLS ¼ � �k Cð1=2� �k=2ÞCð1=2� �kÞ
21þ�k Cð1� �kÞCð1� �k=2Þ ; (E36)

aSS ¼ ð1þ �kÞCð1� �k=2ÞCð1=2� �kÞ
2�k Cð1=2� �k=2ÞCð1� �kÞ : (E37)

In the limit �k ! 0,

aLS ! � �k p
2

; (E38)

aSS ! 1: (E39)

5. Matching formula

A large aspect-ratio tokamak equilibrium is characterized by
j�kj � 1. In this limit, Eqs. (E20), (E32), (E33), (E38), and (E39)
yield

Dk out ¼ Dk in þ p �k rk
dk

: (E40)
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It remains to specify the pressure-flattening width, dk.
Following Refs. 38 and 39, we identify this width with the critical
layer width above which parallel thermal transport forces the elec-
tron temperature to be a flux-surface function. This critical layer
width is given by41,42

dd k ¼
ffiffiffi
8

p v?
vk

� �1=4 rk

ðrk sk nÞ1=2
; (E41)

vk ¼
vsmfp
k vlmfp

k
vsmfp
k þ vlmfp

k
; (E42)

vsmfp
k ¼ 1:581 seek v 2

tek

1þ 0:2535Zeff
; (E43)

vlmfp
k ¼ 2R0 vtek rk

p1=2 n sk dd k
; (E44)

vtek ¼ 2Te k

me

� �1=2

: (E45)

The previous five equations can be solved via iteration. In fact, if we
choose dk ¼ dd k= 2

ffiffiffi
p

p	 

, identify Dk out with the Dk appearing in

the tearing mode dispersion relation (A17), identify Dk in with the
S1=3k D̂k obtained from the solution of the layer equations (see
Appendix D), and identify �k with minus the resistive interchange
stability parameter,36,37

DRk ¼ 2q2

s2
r
dP
dr

� �
rk

1� 1
q2k

þ q2k sk
r 4k

ðrk
0

r3

q2
� 2R2

0 r
2 dP
dr

 !
dr

" #
(E46)

[rather than �DI k � 1=4—see Eq. (E6)],56 then we obtain

Dk ¼ S1=3k D̂k �
ffiffiffi
2

p
p3=2 DRk

rk
dd k

: (E47)

This formula reproduces one given (but, unfortunately, not
derived) in Ref. 38 that has been successfully benchmarked against
the XTOR code. The final term on the right-hand side of the previ-
ous equation represents the stabilizing effect of average magnetic
field-line curvature on tearing modes in tokamak plasmas.

It should be understood that the local flattening of the pressure
profile considered in this section is not real, but rather a proxy for
modeling the influence of large parallel thermal conductivity on the
so-called Glasser curvature stabilization term.36,37,39 Furthermore,
the neglect of parallel transport in the resistive layer model
described in Appendix D is justified on the assumption that the
layer width is much less than the flattening width, dk.

APPENDIX F: COMPARISON BETWEEN TJ AND STRIDE
CODES

Suppose that there are K rational surfaces in the plasma. The
TJ toroidal tearing stability code calculates a K-dimensional square
tearing stability matrix whose elements are denoted Ekk0 , for
k; k0 ¼ 1;K , from the ideal-MHD solution in the outer region.28

Similarly, the STRIDE toroidal tearing mode stability code calcu-
lates a K-dimensional square tearing stability matrix whose

elements are denoted Dkk0 , for k; k0 ¼ 1;K .23 As described in Ref.
28, the Ekk0 matrix is necessarily Hermitian, otherwise toroidal elec-
tromagnetic angular momentum would not be conserved. On the
other hand, the Dkk0 matrix is not generally Hermitian. Fortunately,
it is possible to transform the Dkk0 into an Hermitian matrix, whose
elements are denoted D̂kk0 , that is equivalent to the Ekk0 matrix cal-
culated by the TJ code.

The normalized equilibrium poloidal magnetic flux is defined
as WðrÞ ¼ Ð r0 f ðr0Þ dr0. Let Wa ¼ WðaÞ be the total flux enclosed in
the plasma. If

qðrÞ ¼ r f
Wa

; (F1)

fL k ¼ q �L k�1 �S k � �L k
Lmk
mk

� �1=2

smk Wa

" #
rk

; (F2)

fS k ¼ q �S k�1 �S k � �L k
Lmk
mk

� �1=2

smk Wa

" #
rk

; (F3)

where all quantities are defined in subsections 2, 3, and 5 of
Appendix A, then

D̂kk0 ¼ cos ðkþ k0Þ p� �
fS k Dkk0=fL k0 : (F4)

Note that the STRIDE calculation must be performed with
PEST coordinates (because these are the coordinates used by TJ).
Finally, the STRIDE code needs to be run using the following non-
default parameters: tol_r¼ tol_nr ¼ 10�12 and sas_flag¼ False.
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