
7 The multip ole expansion

7.1 Multip ole expansion of the scalar wave equation

Consider the emissionand scattering of electromagnetic radiation. This type of
problem involvessolving the vector wave equation. The solutions of this equation
in free spaceare conveniently written as an expansion in orthogonal spherical
waves. This expansionis known as the multipole expansion. Let us examine this
expansionin more detail.

Before considering the vector wave equation, let us consider the somewhat
simpler scalar wave equation. A scalar �eld  (r ; t) satisfying the homogeneous
wave equation

r 2 �
1
c2

@2 
@t2 = 0 (7.1)

can be Fourier analyzed in time

 (r ; t) =
Z 1

�1
 (r ; ! ) e� i ! t d! (7.2)

with each Fourier harmonic satisfying the Helmholtz wave equation

(r 2 + k2)  (r ; ! ) = 0; (7.3)

where k2 = ! 2=c2. We can write the Helmholtz equation in terms of spherical
polar coordinates (r , � , ' ):
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As is well known, it is possibleto solve this equation via the separation of vari-
ables:

 (r ; ! ) =
X

l ;m

f l m (r ) Yl m (� ; ' ): (7.5)

Here, we restrict our attention to physical solutions which are well behaved in the
angular variables� and ' . The sphericalharmonicsYl m (� ; ' ) satisfy the following
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equations:
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@' 2 = m2 Yl m ; (7.6a)
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�
Yl m = l(l + 1) Yl m ; (7.6b)

wherel is a non-negative integer, and m is an integerwhich satis�es the inequality
jmj � l . The radial functions f l m (r ) satisfy

�
d2

dr2 +
2
r

d
dr

+ k2 �
l (l + 1)

r 2

�
f l (r ) = 0; (7.7)

where there is no dependenceon m. With the substitution

f l (r ) =
ul (r )
r 1=2

; (7.8)

Eq. (7.7) is transformed into
�

d2

dr2 +
1
r

d
dr

+ k2 �
(l + 1=2)2

r 2

�
ul (r ) = 0: (7.9)

It can be seen, by comparison with Eq. (5.39), that this is a type of Bessel's
equation of half-integer order l + 1=2. Thus, we can write the solution for f l m (r )
as

f l m (r ) =
A l m

r 1=2
J l +1 =2(kr ) +

B l m

r 1=2
Yl +1 =2(kr ); (7.10)

where A l m and B l m are arbitrary constants. The half-integer order Besselfunc-
tions J l +1 =2(z) and Yl +1 =2(z) haveanalogousproperties to the integerorder Bessel
functions Jm (z) and Ym (z). In particular, the J l +1 =2(z) are well behaved in the
limit jzj ! 0, whereasthe Yl +1 =2(z) are badly behaved. The asymptotic expan-
sions(5.43) remain valid when m ! l + 1=2.

It is convenient to de�ne the spherical Besselfunctions j l (r ) and yl (r ), where

j l (z) =
� �

2z

� 1=2
J l +1 =2(z); (7.11a)

yl (z) =
� �

2z

� 1=2
Yl +1 =2(z): (7.11b)
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It is also convenient to de�ne the spherical Hankel functions

h(1 ;2)
l (z) = j l (z) � i yl (z): (7.12)

For real z, h(2)
l (z) is the complex conjugate of h(1)

l (z). It turns out that the
spherical Besselfunctions can be expressedin the closedform

j l (z) = (� z) l
�

1
z

d
dz

� l �
sinz

z

�
; (7.13a)

yl (z) = � (� z) l
�

1
z

d
dz

� l � cosz
z

�
: (7.13b)

In the limit of small argument

j l (z) !
zl

(2l + 1)!!

�
1 + O(z2)

�
; (7.14a)

yl (z) ! �
(2l � 1)!!

zl +1

�
1 + O(z2)

�
; (7.14b)

where(2l + 1)!! = (2l + 1)(2l � 1)(2l � 3) � � � 5�3�1. In the limit of large argument

j l (z) !
sin(z � l � =2)

z
; (7.15a)

yl (z) ! �
cos(z � l � =2)

z
; (7.15b)

and

h(1)
l ! (� i) l +1 ei z

z
: (7.16)

The inhomogeneousHelmholtz equation is conveniently solvedusingthe Green's
function G! (r ; r 0), which satis�es (seeEq. (2.109))

(r 2 + k2) G! (r ; r 0) = � � (r � r 0): (7.17)

The solution of this equation, subject to the Sommerfeld radiation condition,
which ensuresthat sourcesradiate waves instead of absorbing them, is written
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(seeSection 2.13)

G! (r ; r 0) =
ei k j r � r 0j

4� jr � r 0j
: (7.18)

The spherical harmonics satisfy the completenessrelation

1X

l =0

lX

m = � l

Y �
l m (� 0; ' 0) Yl m (� ; ' ) = � (' � ' 0) � (cos� � cos� 0): (7.19)

Now the three dimensional delta function can be written

� (r � r 0) =
� (r � r 0)

r 2 � (' � ' 0) � (cos� � cos� 0): (7.20)

It follows that

� (r � r 0) =
� (r � r 0)

r 2

1X

l =0

lX

m = � l

Y �
l m (� 0; ' 0) Yl m (� ; ' ): (7.21)

Let us expand the Green's function in the form

G! (r ; r 0) =
X

l ;m

gl (r; r 0) Y �
l m (� 0; ' 0) Yl m (� ; ' ): (7.22)

Substitution of this expressioninto Eq. (7.17) yields
�

d2

dr2 +
2
r

d
dr

+ k2 �
l (l + 1)

r 2

�
gl = �

� (r � r 0)
r 2 : (7.23)

The appropriate boundary conditions are that gl is �nite at the origin and corre-
sponds to an outgoing wave at in�nit y (i.e., g / e i k r in the limit r ! 1 ). The
solution of the above equation which satis�es theseboundary conditions is

gl (r; r 0) = A j l (kr < ) h(1)
l (kr > ); (7.24)

where r < and r > are the greater and the lesserof r and r 0, respectively. The
correct discontinuit y in slope at r = r 0 is assuredif A = i k, since

dh(1)
l (z)
dz

j l (z) � h(1)
l (z)

dj l (z)
dz

=
i

z2 : (7.25)
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Thus, the expansionof the Green's function is

ei k j r � r 0j

4� jr � r 0j
= i k

1X

l =0

j l (kr < ) h(1)
l (kr > )

lX

m = � l

Y �
l m (� 0; ' 0) Yl m (� ; ' ): (7.26)

This is a particularly useful result, aswe shall discover, sinceit easilyallows us to
expressthe generalsolution of the inhomogeneouswave equation as a multip ole
expansion.

It is well known in quantum mechanics that Eq. (7.6b) can be written in the
form

L 2 Yl m = l(l + 1) Yl m : (7.27)

The di�eren tial operator L 2 is given by

L 2 = L 2
x + L 2

y + L 2
z ; (7.28)

where
L = � i r ^ r (7.29)

is 1=�h times the orbital angular momentum operator of wave mechanics.

The components of L can be conveniently written in the combinations

L + = L x + i L y = ei '
�

@
@�

+ i cot �
@

@'

�
; (7.30a)

L � = L x � i L y = e� i '
�

�
@
@�

+ i cot �
@

@'

�
; (7.30b)

L z = � i
@

@'
: (7.30c)

We note that L operatesonly on angular variablesand is independent of r . From
the de�nition (7.29) it is evident that

r �L = 0 (7.31)

holds as an operator equation. It is easily demonstrated from Eqs. (7.30) that

L 2 = �
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@
@�
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@
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�
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sin2 �
@2

@' 2 : (7.32)
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The following results are well known in quantum mechanics:

L + Yl m =
p

(l � m)( l + m + 1) Yl ;m +1 ; (7.33a)

L � Yl m =
p

(l + m)( l � m + 1) Yl ;m � 1; (7.33b)

L z Yl m = m Yl m : (7.33c)

In addition,

L 2 L = L L 2; (7.34a)

L ^ L = i L ; (7.34b)

L j r 2 = r 2L j ; (7.34c)

where

r 2 =
1
r 2

@
@r

r 2 @
@r

�
L 2

r 2 : (7.35)

7.2 Multip ole expansion of the vector wave equation

Maxwell's equations in free spacereduceto

r �E = 0; (7.36a)

r �cB = 0; (7.36b)

r ^ E = i k cB ; (7.36c)

r ^ cB = � i k E ; (7.36d)

assumingan e� i ! t time dependenceof all �eld quantities. Here, k = ! =c. Elimi-
nating E betweenEqs. (7.36c) and (7.36d), we obtain the following equationsfor
B :

(r 2 + k2)B = 0; (7.37a)

r �B = 0; (7.37b)

with E given by

E =
i
k

r ^ cB : (7.38)
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Alternativ ely, B can be eliminated to give

(r 2 + k2)E = 0; (7.39a)

r �E = 0; (7.39b)

with B given by

cB = �
i
k

r ^ E : (7.40)

It is clear that each Cartesian component of B and E satis�es the Helmholtz
wave equation (7.3). Hence,thesecomponents can be written in a generalexpan-
sion of the form

 (r ) =
X

l ;m

h
A (1)

l m h(1)
l (kr ) + A (2)

l m h(2)
l (kr )

i
Yl m (� ; ' ); (7.41)

where  stands for any Cartesian component of E or cB . Note, however, that
the three Cartesian components of E or B are not entirely independent, since
they must also satisfy the constraints r �E = 0 and r �B = 0. Let us examine
how theseconstraints can be satis�ed with the minimum labour.

Consider the scalar r �A , where A is a well behaved vector �eld. It is easily
veri�ed that

r 2(r �A ) = r �(r 2A ) + 2r �A : (7.42)

It follows from Eqs. (7.37) and (7.39) that the scalarsr � E and r � B both satisfy
the Helmholtz wave equation:

(r 2 + k2)( r �E ) = 0; (7.43a)

(r 2 + k2)( r �B ) = 0: (7.43b)

Thus, the generalsolutions for r �E and r � cB can be written in the form (7.41).

Let us de�ne a magnetic multipole �eld of order (l ; m) by the conditions

r �cB (M )
l m =

l(l + 1)
k

gl (kr ) Yl m (� ; ' ); (7.44a)

r �E (M )
l m = 0; (7.44b)
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where
gl (kr ) = A (1)

l h(1)
l (kr ) + A (2)

l h(2)
l (kr ): (7.45)

The presenceof the factor l(l + 1)=k is for later convenience. Equation (7.40)
yields

k r �cB = � i r �(r ^ E ) = � i (r ^ r ) �E = L �E ; (7.46)

where L is given by Eq. (7.29). With r �B given by Eq. (7.44a), the electric �eld
associated with a magnetic multip ole must satisfy

L �E (M )
l m (r; � ; ' ) = l(l + 1) gl (kr ) Yl m (� ; ' ) (7.47)

and r �E (M )
l m = 0. Note that the operator L acts only on the angular variables

(� ; ' ). This meansthat the radial dependenceof E (M )
l m must be given by gl (kr ).

Note also, from Eqs. (7.33), that the operator L acting on Yl m transforms the
m value but does not change the l value. It is easily seenfrom Eqs. (7.27) and
(7.31) that the solution to Eqs. (7.44b) and (7.47) can be written in the form

E (M )
l m = gl (kr ) L Yl m (� ; ' ): (7.48)

Thus, the angular dependenceof E (M )
l m consists of some linear combination of

Yl ;m � 1, Yl m , and Yl ;m +1 . Equation (7.48), together with

cB (M )
l m = �

i
k

r ^ E (M )
l m ; (7.49)

speci�es the electromagnetic �elds of a magnetic multip ole of order (l ; m). Note
from Eq. (7.31) that the electric �eld given by Eq. (7.48) is transverse to the
radius vector. Thus, magnetic multip ole �elds are sometimestermed transverse
electric (TE) multip ole �elds.

The �elds of an electric or transversemagnetic (TM) multip ole of order (l ; m)
are speci�ed by the conditions

r �E (E )
l m = �

l(l + 1)
k

f l (kr ) Yl m (� ; ' ); (7.50a)

r �B (E )
l m = 0: (7.50b)
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It follows that the �elds of an electric multip ole are given by

cB (E )
l m = f l (kr ) L Yl m (� ; ' ); (7.51a)

E (E )
l m =

i
k

r ^ cB (E )
l m : (7.51b)

The radial function f l (kr ) is given by an expressionlike (7.45).

The two setsof multip ole �elds (7.48), (7.49), and (7.51), form a completeset
of vector solutions to Maxwell's equationsin freespace.Sincethe vector spherical
harmonic L Yl m plays an important role in multip ole �elds, it is convenient to
introduce the normalized form

X l m (� ; ' ) =
1

p
l(l + 1)

L Yl m (� ; ' ): (7.52)

It can be demonstrated that the vector spherical harmonics possessthe orthogo-
nalit y properties

Z
X �

l 0m 0 �X l m d
 = � l l 0 � mm 0; (7.53a)

Z
X �

l 0m 0 �(r ^ X l m ) d
 = 0; (7.53b)

for all l , l0, m, and m0.

By combining the two types of �elds we can write the general solution to
Maxwell's equations in free spacein the form

cB =
X

l ;m

�
aE (l ; m) f l (kr ) X l m �

i
k

aM (l ; m) r ^ gl (kr )X l m

�
;

(7.54a)

E =
X

l ;m

�
i
k

aE (l ; m) r ^ f l (kr )X l m + aM (l ; m) gl (kr ) X l m

�
;

(7.54b)
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wherethe coe�cien ts aE (l ; m) and aM (l ; m) specify the amounts of electric (l ; m)
and magnetic (l ; m) multip ole �elds. The radial functions f l (kr ) and gl (kr ) are
of the form (7.45). The coe�cien ts aE (l ; m) and aM (l ; m), as well as the relative
proportions in (7.45), are determined by the sourcesand the boundary condi-
tions.

Equations (7.54) yield

r �cB =
1
k

X

l ;m

aM (l ; m) gl (kr ) L X l m

=
1
k

X

l ;m

aM (l ; m) gl (kr )
p

l(l + 1) Yl m ; (7.55)

and

r �E = �
1
k

X

l ;m

aE (l ; m) f l (kr ) L X l m

= �
1
k

X

l ;m

aE (l ; m) f l (kr )
p

l(l + 1) Yl m ; (7.56)

where use has been made of Eqs. (7.27), (7.29), and (7.31). It follows from the
well known orthogonality property of the spherical harmonics that

aM (l ; m) gl (kr ) =
k

p
l(l + 1)

Z
Y �

l m r �cB d
 ; (7.57a)

aE (l ; m) f l (kr ) = �
k

p
l(l + 1)

Z
Y �

l m r �E d
 : (7.57b)

Thus, knowledge of r �B and r �E at two di�eren t radii in a source free region
permits a complete speci�cation of the �elds, including the relative proportions
of h(1)

l and h(2)
l in f l and gl .
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7.3 Prop erties of multip ole �elds

Let us examine someof the properties of the multip ole �elds (7.48), (7.49), and
(7.51). Consider, �rst of all, the so-callednear zone, for which kr � 1. In this
region f l (kr ) is proportional to yl (kr ), givenby the asymptotic expansion(7.14b),
unlessits coe�cien t vanishesidentically . Excluding this possibility, the limiting
behaviour of the magnetic �eld for an electric (l ; m) multip ole is

cB (E )
l m ! �

k
l

L
Yl m

r l +1 ; (7.58)

where the proportionalit y coe�cien t is chosenfor later convenience.To �nd the
electric �eld we must take the curl of the right-hand side. The following operator
identit y is useful

i r ^ L = r r 2 � r
�

1 + r
@
@r

�
: (7.59)

The electric �eld (7.51b) is

E (E )
l m !

� i
l

r ^ L
�

Yl m

r l +1

�
: (7.60)

SinceYl m =r l +1 is a solution of Laplace'sequation, the �rst term in (7.59) vanishes.
Consequently , the electric �eld at closedistancesfor an electric (l ; m) multip ole
is

E (E )
l m ! �r

�
Yl m

r l +1

�
: (7.61)

This, of course, is an electrostatic multip ole �eld. Such a �eld is obtained in a
more straightforward manner by observing that E ! �r � , where r 2� = 0, in
the near zone. Solving Laplace's equation by separation of variables in spherical
polar coordinates, and demanding that � be well behaved as jr j ! 1 , yields

� (r; � ; ' ) =
X

l ;m

Yl m (� ; ' )
r l +1 : (7.62)

Note that the magnetic �eld (7.58) (normalized with respect to c� 1) is smaller
than the electric �eld (7.61) by a factor of order kr . Thus, in the near zone
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the magnetic �eld associated with an electric multip ole is always much smaller
than the corresponding electric �eld. For magnetic multip ole �elds it is evident
from Eqs. (7.48), (7.49), and (7.51) that the roles of E and B are interchanged
according to the transformation

E (E ) ! � cB (M ) ; (7.63a)

cB (E ) ! E (M ) : (7.63b)

In the so-calledfar zone or radiation zone, for which kr � 1, the multip ole
�elds depend on the boundary conditions imposedat in�nit y. For de�niteness, let
usconsiderthe caseof outgoing wavesat in�nit y, which is appropriate to radiation
by a localized source. For this case,the radial function f l (kr ) is proportional to
the spherical Hankel function h(1)

l (kr ). From the asymptotic form (7.16), it is
clear that in the radiation zonethe magnetic �eld of an electric (l ; m) multip ole
goesas

cB (E )
l m ! (� i) l +1 ei k r

kr
L Yl m : (7.64)

Using Eq. (7.51b), the electric �eld can be written

E (E )
l m =

(� i) l

k2

�
r

�
ei k r

r

�
^ L Yl m +

ei k r

r
r ^ L Yl m

�
: (7.65)

Neglecting terms which fall o� faster than 1=r, the above expressionreducesto

E (E )
l m = � (� i) l +1 ei k r

kr

�
n ^ L Yl m �

1
k

(r r 2 � r )Yl m

�
; (7.66)

where use has been made of the identit y (7.59), and n = r =r is a unit vector
pointing in the radial direction. The secondterm in square brackets is smaller
than the �rst term by a factor of order 1=kr , and can therefore be neglectedin
the limit kr � 1. Thus, we �nd that the electric �eld in the radiation zone is
given by

E (E )
l m = cB (E )

l m ^ n ; (7.67)
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where B (E )
l m is given by Eq. (7.64). These �elds are typical radiation �elds; i.e.,

they are transverse to the radius vector, mutually orthogonal, and fall o� like
1=r. For magnetic multip oleswe merely make the transformation (7.63).

Consider a linear superposition of electric (l ; m) multip oles with di�eren t m
values,but all possessinga common l value. It follows from Eqs. (7.54) that

cB l =
X

l

aE (l ; m) X l m h(1)
l (kr ) e� i ! t ; (7.68a)

E l =
i
k

r ^ cB l : (7.68b)

For harmonically varying �elds the time averagedenergydensity is given by

u =
� 0

4
(E �E � + cB �cB � ): (7.69)

In the radiation zonethe two terms are equal. It follows that the energydensity
contained in a spherical shell betweenradii r and r + dr is

dU =
� 0 dr
2k2

X

m;m 0

a�
E (l ; m0) aE (l ; m)

Z
X �

l m 0 � X l m d
 ; (7.70)

where the asymptotic form (7.16) of the sphericalHankel function hasbeenused.
Making useof the orthogonality relation (7.53a), we obtain

dU
dr

=
� 0

2k2

X

m

jaE (l ; m)j2; (7.71)

which is clearly independent of the radius. For a generalsuperposition of electric
and magnetic multip olesthe sum over m becomesa sum over l and m, and jaE j2

becomesjaE j2 + jaM j2. Thus, the total energyin a sphericalshell in the radiation
zoneis an incoherent sum over all multip oles.

The time averagedangular momentum density of harmonically varying elec-
tromagnetic �elds is given by

m =
� 0

2
Re[r ^ (E ^ B � )]: (7.72)
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For a superposition of electric multip olesthe triple product can be expandedand
the electric �eld (7.68b) substituted, to give

m =
� 0c
2k

Re[B � (L �B )]: (7.73)

Thus, the angular momentum in a sphericalshell lying betweenradii r and r + dr
in the radiation zoneis

dM =
� 0cdr
2k3 Re

X

m;m 0

a�
E (l ; m0) aE (l ; m)

Z
(L �X l m 0) � X l m d
 : (7.74)

It follows from Eqs. (7.27) and (7.52) that

dM
dr

=
� 0c
2k3 Re

X

m;m 0

a�
E (l ; m0) aE (l ; m)

Z
Y �

l m 0 L Yl m d
 : (7.75)

According to Eqs. (7.33), the Cartesian components of dM =dr can be written:

dMx

dr
=

� 0c
4k3 Re

X

m

hp
(l � m)( l + m + 1) a�

E (l ; m + 1)

+
p

(l + m)( l � m + 1) a�
E (l ; m � 1)

i
aE (l ; m); (7.76a)

dMy

dr
=

� 0c
4k3 Im

X

m

hp
(l � m)( l + m + 1) a�

E (l ; m + 1)

�
p

(l + m)( l � m + 1) a�
E (l ; m � 1)

i
aE (l ; m); (7.76b)

dMz

dr
=

� 0c
2k3

X

m

m jaE (l ; m)j2: (7.76c)

Thus, for a general l th order electric multip ole that consistsof a superposition
of di�eren t m values, only the z component of the angular momentum takes a
relatively simple form.
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7.4 Sources of multip ole radiation

Let us now examine the connection between multip ole �elds and their sources.
Suppose that there exist localized distributions of electric change � (r ; t), true
current j (r ; t), and magnetization M (r ; t). We assumethat the time dependence
can be analyzed into its Fourier components, and we therefore only consider
harmonically varying sources,� (r ) e� i ! t , j (r ) e� i ! t , and M (r ) e� i ! t , where it is
understood that we take the real parts of complex quantities.

Maxwell's equationscan be written

r �E =
�
� 0

; (7.77a)

r �B = 0; (7.77b)

r ^ E � i k cB = 0; (7.77c)

r ^ cB + i k E = � 0c(j + r ^ M ); (7.77d)

with the continuit y equation
i ! � = r � j : (7.78)

It is convenient to deal with divergenceless�elds. Thus, we use as the �eld
variables, B and

E 0 = E +
i

� 0!
j : (7.79)

In the region outside the sourcesE 0 reducesto E . When expressedin terms of
these�elds, Maxwell's equationsbecome

r �E 0 = 0; (7.80a)

r �B = 0; (7.80b)

r ^ E 0 � i k cB =
i

� 0!
r ^ j ; (7.80c)

r ^ cB + i k E 0 = � 0cr ^ M : (7.80d)

The curl equationscan be combined to give two inhomogeneousHelmholtz wave
equations:

(r 2 + k2)cB = � � 0cr ^ (j + r ^ M ); (7.81)
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and

(r 2 + k2)E 0 = � i k � 0cr ^
�

M +
r ^ j

k2

�
: (7.82)

Theseequations, together with r �B = 0, and r �E 0 = 0, and the curl equations
giving E 0 in terms of B and vice versa, are the analoguesto Eqs. (7.37){(7.40)
when sourcesare present.

Since the multip ole coe�cien ts in Eqs. (7.54) are determined according to
Eqs. (7.57) from the scalars r � B and r � E 0, it is su�cien t to consider wave
equations for these quantities, rather than the vector �elds B and E 0. From
Eqs. (7.42), (7.81), (7.82), and the identit y

r �(r ^ A ) = (r ^ r ) �A = i L �A (7.83)

for any vector �eld A , we obtain the inhomogeneouswave equations

(r 2 + k2) r �cB = � i � 0cL �(j + r ^ M ); (7.84a)

(r 2 + k2) r �E 0 = k � 0cL �
�

M +
r ^ j

k2

�
: (7.84b)

Now the Green'sfunction for the inhomogeneousHelmholtz equation (de�ned
by Eq. (7.17)), subject to the boundary condition of outgoing wavesat in�nit y,
is given by Eq. (7.18). It follows that Eqs. (7.84) can be inverted to give

r �cB (r ) =
i � 0c
4�

Z
ei k j r � r 0j

jr � r 0j
L 0� [j (r 0) + r 0^ M (r 0)] d3r 0; (7.85a)

r �E 0(r ) = �
k � 0c
4�

Z
ei k j r � r 0j

jr � r 0j
L 0�

�
M (r 0) +

r 0^ j (r 0)
k2

�
d3r 0:

(7.85b)

In order to evaluate the multip ole coe�cien ts by meansof Eqs. (7.57), we �rst
observe that the requirement of outgoing waves at in�nit y makes A (2)

l = 0 in

Eq. (7.45). Thus, we choose f l (kr ) = gl (kr ) = h(1)
l (kr ) in Eqs. (7.54) as the

radial eigenfunctionsof E and B in the sourcefree region. Next, let us consider
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the expansion(7.26) of the Green's function for the Helmholtz equation in terms
of spherical harmonics. We assumethat the point r lies outside somespherical
shell which completely enclosesthe sources.It follows that r < = r 0 and r > = r in
all of the integrations. Making useof the orthogonality property of the spherical
harmonics, it follows from Eq. (7.26) that

Z
Y �

l m (� ; ' )
ei k j r � r 0j

4� jr � r 0j
d
 = i k h(1)

l (kr ) j l (kr 0) Y �
l m (� 0; ' 0): (7.86)

Finally, Eqs. (7.57), (7.85), and (7.86) yield

aE (l ; m) =
� 0c i k3

p
l(l + 1)

Z
j l (kr ) Y �

l m L �
�

M +
r ^ j

k2

�
d3r ; (7.87a)

aM (l ; m) = �
� 0ck2

p
l(l + 1)

Z
j l (kr ) Y �

l m L �(j + r ^ M ) d3r : (7.87b)

The expressions(7.87) give the strengthsof the variousmultip ole �elds outside
the sourcein terms of integrals over the sourcedensities j and M . They can be
transformed into more useful forms by meansof the following arguments. The
results

L �A = i r �(r ^ A ); (7.88a)

L �(r ^ A ) = i r 2(r �A ) � i
1
r

@(r 2 r �A )
@r

(7.88b)

follow from the de�nition (7.29) of L , and simple vector identities. Substituting
into Eq. (7.87a), we obtain

aE (l ; m) = �
� 0c k3

p
l(l + 1)

Z
j l (kr ) Y �

l m [r �(r ^ M )

+
r 2(r � j )

k2 � i
c

k r
@(r 2� )

@r

�
d3r ; (7.89)

where use has been made of Eq. (7.78). Use of Green's theorem on the second
term replacesr 2 by � k2 (since we can neglect the surfaceterms, and j l (kr ) Y �

l m
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is a solution of the Helmholtz equation). A radial integration by part on the
third term (again neglecting surfaceterms) casts the radial derivative over onto
the spherical Besselfunction. The result for the electric multipole coe�cient is

aE (l ; m) =
� 0ck2

i
p

l(l + 1)

Z
Y �

l m

�
c�

d[r j l (kr )]
dr

+ i k (r � j ) j l (kr )

� i k r �(r ^ M ) j l (kr )] d3r : (7.90)

The analogousset of manipulations using Eq. (7.87b) leads to an expressionfor
the magnetic multipole coe�cient :

aM (l ; m) =
� 0ck2

i
p

l(l + 1)

Z
Y �

l m

�
r �(r ^ j ) j l (kr ) + r �M

d[r j l (kr )]
dr

� k2 (r �M ) j l (kr )
�

d3r : (7.91)

Both the above results are exact, and are valid for arbitrary wavelength and
sourcesize.

In the limit in which the source dimensions are very small compared to a
wavelength (i.e., kr � 1) the expressionsfor the multip ole coe�cien ts can be
considerably simpli�ed. Using the asymptotic form (7.14a), and keeping only
lowest powers in kr for terms involving � , j , and M , we obtain the approximate
electric multip ole coe�cien t

aE (l ; m) '
� 0ck l +2

i (2l + 1)!!

�
l + 1

l

� 1=2

(Ql m + Q0
l m ); (7.92)

where the multip ole moments are

Ql m =
Z

r l Y �
l m c� d3r ; (7.93a)

Q0
l m =

� i k
l + 1

Z
r l Y �

l m r �(r ^ M ) d3r : (7.93b)

The moment Ql m has the same form as a conventional electrostatic multip ole
moment. The moment Q0

l m is an induced electric multip ole moment due to the
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magnetization. It is generally a factor kr smaller than the normal moment Q l m .
For the magnetic multip ole coe�cien t aM (l ; m) the corresponding long wave-
length approximation is

aM (l ; m) '
� 0c i k l +2

(2l + 1)!!

�
l + 1

l

� 1=2

(M l m + M 0
l m ); (7.94)

where the magnetic multip ole moments are

M l m = �
1

l + 1

Z
r l Y �

l m r �(r ^ j ) d3r ; (7.95a)

M 0
l m = �

Z
r l Y �

l m r �M d3r (7.95b)

Note that for a systemwith intrinsic magnetization the magnetic moments M l m

and M 0
l m are generally of the sameorder of magnitude.

Thus, in the long wavelength limit the electric multip ole �elds are determined
by the chargedensity � , whereasthe magnetic multip ole �elds are determined by
the magnetic moment densitiesr ^ j =2 and M .

7.5 Radiation from a linear centre-fed antenna

As an illustration of the use of a multip ole expansion for a source whose di-
mensionsare comparable to a wavelength, consider the radiation from a linear
centre-fed antenna. We assumethat the antenna lies along the z-axis, and ex-
tends from z = � d=2 to z = d=2. The current 
o wing along the antenna vanishes
at the end points, and is an even function of z. Thus, we can write

I (z; t) = I (jzj) e� i ! t ; (7.96)

where I (d=2) = 0. Sincethe current 
o ws radially, r ^ j = 0. Furthermore, there
is no intrinsic magnetization. Thus, according to Eq. (7.91), all of the magnetic
multip ole coe�cien ts aM (l ; m) vanish. In order to calculate the electric multip ole
coe�cien ts aE (l ; m), we needexpressionsfor the chargeand current densities. In
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spherical polar coordinates the current density j can be written in the form

j (r ) = r̂
I (r )
2� r 2 [� (cos� � 1) � � (cos� + 1)] ; (7.97)

for r < d=2, where the delta functions causethe current to 
o w only upwards
and downwards along the z-axis. From the continuit y equation (7.78), the charge
density is given by

� (r ) =
1

i !
dI (r )

dr

�
� (cos� � 1) � � (cos� + 1)

2� r 2

�
; (7.98)

for r < d=2.

Theseexpressionsfor j and � can be substituted into Eq. (7.90) to give

aE (l ; m) =
� 0ck2

2�
p

l(l + 1)

Z d=2

0
dr

�
kr j l (kr ) I (r ) �

1
k

dI (r )
dr

d[r j l (kr )]
dr

�

Z
d
 Y �

l m [� (cos� � 1) � � (cos� + 1)] : (7.99)

The angular integral has the value
Z

d
 Y �
l m [� (cos� � 1) � � (cos� + 1)] = 2� � m; 0 [Yl 0(0) � Yl 0(� )] ; (7.100)

showing that only m = 0 multip oles occur. This is hardly surprising given the
cylindrical symmetry of the antenna. The m = 0 spherical harmonics are even
(odd) about � = � =2 for l even (odd). Hence, the only nonvanishing multip oles
have l odd. So, the angular integral takesthe value

Z
d
 Y �

l m [� (cos� � 1) � � (cos� + 1)] =
p

4� (2l + 1); (7.101)

for l odd and m = 0. After someslight rearrangement, Eq. (7.99) can be written

aE (l ; 0) =
� 0ck
2�

�
4� (2l + 1)

l(l + 1)

� 1=2 Z d=2

0

�
�

d
dr

�
r j l (kr )

dI
dr

�

+ r j l (kr )
�

d2I
dr2 + k2 I

��
dr: (7.102)
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kd aE (1; 0) aE (3; 0)=aE (1; 0) aE (5; 0)=aE (1; 0)

� 4
p

6� (� 0cI =4� d) 4:95� 10� 2 1:02� 10� 3

2� 4�
p

6� (� 0cI =4� d) 0:325 3:09� 10� 2

Table3: The �rst few electric multip olecoe�cien ts for a half-waveand a full-wave
antenna

In order to evaluate the integral (7.102) we need to specify the current I (z)
along the antenna. In the absenceof radiation, the sinusoidal time variation
at frequency ! implies a sinusoidal spacevariation with wavenumber k = ! =c.
However, the emission of radiation generally modi�es the current distribution.
The correct current I (z) can only be found be solving a complicated boundary
valueproblem. For the sakeof simplicit y, weassumethat I (z) is a known function;
speci�cally ,

I (z) = I sin(kd=2 � k jzj); (7.103)

for z < d=2, where I is the peak current. With a sinusoidal current the sec-
ond term in curly brackets in Eq. (7.102) vanishes. The �rst term is a perfect
di�eren tial. Consequently , Eqs. (7.102) and (7.103) yield

aE (l ; 0) =
� 0cI
� d

�
4� (2l + 1)

l(l + 1)

� 1=2 �
kd
2

� 2

j l (kd=2); (7.104)

for l odd.

Let us consider the special casesof a half-wave antenna (kd = � ; i.e., the
length of the antenna is half a wavelength) and a full-wave antenna (kd = 2� ).
For thesetwo valuesof kd the l = 1 coe�cien t is tabulated in Table 3, along with
the relative values for l = 3, 5. It is clear from the table that the coe�cien ts
decreaserapidly in magnitude as l increases,and that higher l coe�cien ts are
more important the larger the sourcedimensions. However, even for a full-wave
antenna it is generally adequate to retain only the l = 1 and l = 3 coe�cien ts
in order to calculate the angular distribution of the radiation. It is certainly
adequateto keeponly thesetwo harmonics in order to calculate the total power
radiated (which dependson the sum of the squaresof the coe�cien ts).
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In the radiation zonethe multip ole �elds (7.54) reduceto

cB '
ei (k r � ! t )

kr

X

l ;m

(� i) l +1 [aE (l ; m) X l m

+ aM (l ; m) n ^ X l m ] ; (7.105a)

E ' cB ^ n ; (7.105b)

whereusehasbeenmadeof the asymptotic form (7.16). The time-averagedpower
radiated per unit solid angle is given by

dP
d


=
Re(n �E ^ B � ) r 2

2� 0
; (7.106)

or

dP
d


=
1

2� 0ck2

�
�
�
�
�
�

X

l ;m

(� i) l +1 [aE (l ; m) X l m + aM (l ; m) n ^ X l m ]

�
�
�
�
�
�

2

: (7.107)

Retaining only the l = 1 and l = 3 electric multip ole coe�cien ts, the angular
distribution of the radiation from the antenna is given by

dP
d


=
jaE (l ; 0)j2

4� 0ck2

�
�
�
�L Y1;0 �

aE (3; 0)
p

6aE (1; 0)
L Y3;0

�
�
�
�

2

; (7.108)

whereusehasbeenmadeof Eq. (7.52). The various factors in the absolutesquare
are

jL Y1;0j2 =
3

4�
sin2 � ; (7.109a)

jL Y3;0j2 =
63

16�
sin2 � (5 cos2 � � 1)2; (7.109b)

(L Y1;0) � �(L Y3;0) =
3
p

21
8�

sin2 � (5 cos2 � � 1): (7.109c)

With theseangular factors, Eq. (7.108) becomes

dP
d


= �
3 � 0cI 2

� 3

3 sin2 �
8�

�
�
�
�
�
1 �

r
7
8

aE (3; 0)
aE (1; 0)

(5 cos2 � � 1)

�
�
�
�
�

2

; (7.110)
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where � equals1 for a half-wave antenna and � 2=4 for a full-wave antenna. The
coe�cien t in front of (5 cos2 � � 1) is 0:0463 and 0:304 for the half-wave and
full-wave antenna, respectively. It turns out that the radiation pattern from the
two-term multip ole expansion given above is almost indistinguishable from the
exact result for the case of a half-wave antenna. For the case of a full-wave
antenna the two-term expansionyields a radiation pattern which di�ers from the
exact result by lessthan 5%.

The total power radiated by the antenna is

P =
1

2� 0ck2

X

l odd

jaE (l ; 0)j2; (7.111)

whereusehasbeenmadeof Eq. (7.71). It is evident from Table 3 that a two-term
multip ole expansiongivesan accurateexpressionfor the radiated power for both
a half-wave and a full-wave antenna. In fact, a one-term multip ole expansion
givesa fairly accurate result for the caseof a half-wave antenna.

It is clear from the above analysis that the multip ole expansion converges
rapidly when the sourcedimensionsare of order the wavelength of the radiation.
It is also clear that if the sourcedimensionsare much lessthan the wavelength
then the multip ole expansion is likely to be completely dominated by the term
corresponding to the lowest value of l .

7.6 Spherical wave expansion of a vector plane wave

In discussingthe scattering or absorption of electromagneticradiation by localized
systems, it is useful to be able to expressa plane electromagnetic wave as a
superposition of spherical waves.

Consider, �rst of all, the expansionof a scalar plane wave as a set of scalar
spherical waves. This expansion is conveniently obtained from the expansion
(7.26) for the Green's function of the scalar Helmholtz equation. Let us take the
limit r 0 ! 1 of this equation. We can make the substitution jr � r 0j ' r 0 � n �r
on the left-hand-side, wheren is a unit vector pointing in the direction of r 0. On
the right-hand side, r < = r and r > = r 0. Furthermore, we can usethe asymptotic
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form (7.16) for h(1)
l (kr ). Thus, we obtain

ei k r 0

4� r 0 e� i kn �r = i k
ei k r 0

kr 0

X

l ;m

(� i) l +1 j l (kr ) Y �
l m (� 0; ' 0) Yl m (� ; ' ): (7.112)

Canceling the factor ei k r 0
=r0 on either side, and taking the complex conjugate,

we get the following expansionfor a scalar plane wave,

ei k �r = 4�
1X

l =0

i l j l (kr )
+ lX

m = � l

Y �
l m (� ; ' ) Yl m (� 0; ' 0); (7.113)

where k is the wave vector with the spherical coordinates k, � 0, ' 0. The well
known addition theorem for the spherical harmonics states that

Pl (cos
 ) =
4�

2l + 1

+ lX

m = � 1

Y �
l m (� ; ' ) Yl m (� 0; ' 0); (7.114)

where 
 is the angle subtendedbetweenthe vectors r and r 0. Consequently ,

cos
 = cos� cos� 0+ sin � sin � 0 cos(' � ' 0): (7.115)

It follows from Eqs. (7.113) and (7.114) that

ei k �r =
1X

l =0

i l (2l + 1) j l (kr ) Pl (cos
 ); (7.116)

or

ei k �r =
1X

l =0

i l
p

4� (2l + 1) j l (kr ) Yl ;0(
 ); (7.117)

since

Yl ;0(� ) =

r
2l + 1

4�
Pl (cos� ): (7.118)

Let us now make an equivalent expansionfor a circularly polarized plane wave
incident along the z-axis:

E (r ) = (x̂ � i ŷ ) ei k z ; (7.119a)

cB (r ) = ẑ ^ E = � i E : (7.119b)
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Since the plane wave is �nite everywhere (including the origin), its multip ole
expansion(7.54) can only involve the well behaved radial eigenfunctions j l (kr ).
Thus,

E =
X

l ;m

�
a� (l ; m) j l (kr ) X l m +

i
k

b� (l ; m) r ^ j l (kr )X l m

�
;

(7.120a)

cB =
X

l ;m

�
� i
k

a� (l ; m) r ^ j l (kr )X l m + b� (l ; m) j l (kr ) X l m

�
:

(7.120b)

To determine the coe�cien ts a� (l ; m) and b� (l ; m) we make useof a slight gen-
eralization of the standard orthogonality properties (7.53) of the vector spherical
harmonics:

Z
[f l (r )X l 0m 0]� � [gl (r )X l m ] d
 = f �

l gl � l l 0 � mm 0; (7.121a)

Z
[f l (r )X l 0m 0]� � [r ^ gl (r )X l m ] d
 = 0: (7.121b)

The �rst of these follows directly from Eq. (7.53a). The secondfollows from
Eqs. (7.31), (7.53b), (7.59), and the identit y

r =
r
r

@
@r

�
i

r 2 r ^ L : (7.122)

The coe�cien ts a� (l ; m) and b� (l ; m) are obtained by taking the scalarprod-
uct of Eqs. (7.120) with X �

l m and integrating over all solid angle, making useof
the orthogonality relations (7.121). This yields

a� (l ; m) j l (kr ) =
Z

X �
l m �E d
 ; (7.123a)

b� (l ; m) j l (kr ) =
Z

X �
l m �cB d
 : (7.123b)
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Substitution of Eqs. (7.52) and (7.120a) into Eq. (7.123a) gives

a� (l ; m) j l (kr ) =
Z

(L � Yl m ) �
p

l(l + 1)
ei k z d
 ; (7.124)

where the operators L � are de�ned in Eqs. (7.30). Making useof Eqs. (7.33), the
above expressionreducesto

a� (l ; m) j l (kr ) =

p
(l � m)( l � m + 1)

p
l(l + 1)

Z
Y �

l ;m � 1 ei k z d
 : (7.125)

If the expansion(7.117) is substituted for e i k z , and use is made of the orthogo-
nalit y properties of the spherical harmonics, then we obtain the result

a� (l ; m) = i l
p

4� (2l + 1) � m; � 1: (7.126)

It is clear from Eqs. (7.119b) and (7.123b) that

b� (l ; m) = � i a� (l ; m): (7.127)

Thus, the generalexpansionof a circularly polarized plane wave takesthe form

E (r ) =
1X

l =1

i l
p

4� (2l + 1)
�
j l (kr )X l ;� 1 �

1
k

r ^ j l (kr )X l ;� 1

�
;

(7.128a)

B (r ) =
1X

l =1

i l
p

4� (2l + 1)
�

� i
k

r ^ j l (kr )X l ;� 1 � i j l (kr )X l ;� 1

�
:

(7.128b)

The expansionfor a linearly polarized plane wave is easily obtained by taking the
appropriate linear combination of the above two expansions.

7.7 Mie scattering

Consider a plane electromagneticwave incident on a spherical obstacle. In gen-
eral, the wave is scattered, to someextent, by the obstacle. Thus, far away from
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the spherethe electromagnetic�elds can be expressedas the sum of a plane wave
and a set of outgoing spherical waves. There may be absorption by the obstacle,
as well as scattering. In this case, the energy 
o w away from the obstacle is
lessthan the total energy 
o w towards it: the di�erence represents the absorbed
energy.

The �elds outside the spherecan be written as the sum of incident and scat-
tered waves:

E (r ) = E inc + E sc ; (7.129a)

B (r ) = B inc + B sc ; (7.129b)

where E inc and B inc are given by (7.128). Sincethe scattered �elds are outgoing
wavesat in�nit y, their expansionsmust be of the form

E sc =
1
2

1X

l =1

i l
p

4� (2l + 1) (7.130a)

�
� � (l ) h(1)

l (kr ) X l ;� 1 �
� � (l )

k
r ^ h(1)

l (kr ) X l ;� 1

�
;

cB sc =
1
2

1X

l =1

i l
p

4� (2l + 1) (7.130b)

�
� i � � (l )

k
r ^ h(1)

l (kr )X l ;� 1 � i � � (l ) h(1)
l (kr ) X l ;� 1

�
:

The coe�cien ts � � (l ) and � � (l ) are determined by the boundary conditions on
the surface of the sphere. In general, it is necessaryto sum over all m har-
monics in the above expressions.However, for the restricted classof spherically
symmetric scatterersonly m = � 1 harmonics needbe retained (since only these
harmonics occur in the spherical wave expansionof the incident plane wave (see
Eqs. (7.128)), and a spherically symmetric scatterer doesnot couple di�eren t m
harmonics).

The angular distribution of the scatteredpower can be written in terms of the
coe�cien ts � (l ) and � (l ) using the scattered electromagnetic �elds evaluated on
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the surfaceof a sphereof radius a surrounding the scatterer. In fact, it is easily
demonstrated that

dPsc

d

=

a2

2� 0
Re[n �E sc ^ B �

sc]r = a

= �
a2

2� 0
Re[E sc �(n ^ B �

sc)]r = a ; (7.131)

where n is a radially directed outward normal. The di�eren tial scattering cross
section is de�ned as the ratio of dPsc=d
 to the incident 
ux 1=� 0c. Hence,

d� sc

d

= �

a2

2
Re[E sc �(n ^ cB �

sc)]r = a : (7.132)

We need to evaluate this expressionusing the electromagnetic �elds speci�ed in
Eqs. (7.128), (7.129), and (7.130). The following identit y, which can be estab-
lished with the aid of Eqs. (7.29), (7.52), and (7.59), is helpful in this regard:

r ^ f (r )X l m = n
i
p

l(l + 1)
r

f (r ) Yl m +
1
r

d[r f (r )]
dr

n ^ X l m : (7.133)

For instance, using this result we can write n ^ cB sc in the form

n ^ cB sc =
1
2

1X

l =1

i l
p

4� (2l + 1) (7.134)

"
i � � (l )

k
1
r

d[r h(1)
l (kr )]
dr

X l ;� 1 � i � � (l ) h(1)
l (kr ) n ^ X l ;� 1

#

:

It can be demonstrated, after considerablealgebra, that

d� sc

d

=

�
2k2

�
�
�
�
�

X

l

p
2l + 1[� � (l ) X l ;� 1 � i � � (l ) n ^ X l ;� 1]

�
�
�
�
�

2

: (7.135)

In obtaining this formula, usehas beenmade of the standard result

df l (z)
dz

f �
l 0(z) �

df �
l 0(z)
dz

f l (z) =
2i
z2 ; (7.136)
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where f l (z) = i l h(1)
l (z). The total scattering crosssection is obtained by inte-

grating Eq. (7.135) over all solid angle,making useof the following orthogonality
relations for the vector spherical harmonics (seeEqs. (7.53)):

Z
X �

l 0m 0 �X l m d
 = � l l 0 � mm 0; (7.137a)

Z
X �

l 0m 0 �(n ^ X l m ) d
 = 0; (7.137b)

Z
(n ^ X �

l 0m 0) �(n ^ X l m ) d
 = � l l 0 � mm 0: (7.137c)

Thus,
� sc =

�
2k2

X

l

(2l + 1)
�
j� � (l )j2 + j� � (l )j2

�
: (7.138)

According to Eqs. (7.135) and (7.138), the total scattering crosssection is inde-
pendent of the polarization of the incident radiation (i.e., it is the samefor both
the � signs). However, the di�eren tial scattering crosssection in any particular
direction is, in general,di�eren t for di�eren t circular polarizations of the incident
radiation. This implies that if the incident radiation is linearly polarized then the
scatteredradiation is elliptically polarized. Furthermore, if the incident radiation
is unpolarized then the scattered radiation exhibits partial polarization, with the
degreeof polarization depending on the angle of observation.

The total power absorbed by the sphereis given by

Pabs = �
a2

2� 0
Re

Z
[n �E ^ B � ]r = a d


=
a2

2� 0
Re

Z
[E �(n ^ B � )]r = a d
 : (7.139)

A similar calculation to that outlined above yields the following expressionfor
the absorption crosssection,

� abs =
�

2k2

X

l

(2l + 1)
�
2 � j� � (l ) + 1j2 � j� � (l ) + 1j2

�
: (7.140)
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The total or extinction crosssection is the sum of � sc and � abs:

� t = �
�
k2

X

l

(2l + 1) Re[� � (l ) + � � (l )]: (7.141)

Not surprisingly, the above expressionsfor the cross sections closely resemble
those obtained in quantum mechanics from partial wave expansions.

Let us now consider the boundary conditions at the surface of the sphere
(whoseradius is a, say). For the sake of simplicit y, let us supposethat the sphere
is a perfect conductor. In this case,the appropriate boundary condition is that
the tangential electric �eld is zero at r = a. According to Eqs. (7.128), (7.129),
and (7.133), the tangential electric �eld is given by

E tan =
X

l

i l
p

4� (2l + 1)
��

j l +
� � (l )

2
h(1)

l

�
X l ;� 1

�
1
x

d
dx

�
x

�
j l +

� � (l )
2

h(1)
l

� �
n ^ X l ;� 1

�
; (7.142)

where x = ka, and all of the spherical Besselfunctions have the argument x.
Thus, the boundary condition yields

� � (l ) + 1 = �
h(2)

l (ka)

h(1)
l (ka)

; (7.143a)

� � (l ) + 1 = �

"
(x h(2)

l (x) )0

(x h(1)
l (x) )0

#

x = ka

; (7.143b)

where 0 denotesd=dx. Note that � � (l ) + 1 and � � (l ) + 1 are both numbers of
modulus unit y. This implies, from Eq. (7.140), that there is no absorption for the
caseof a perfectly conducting sphere(in general, there is someabsorption if the
spherehas a �nite conductivit y). We can write � � (l ) and � � (l ) in the form

� � (l ) = e2 i � l � 1; (7.144a)

� � (l ) = e2 i � 0
l � 1; (7.144b)
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where the phaseangles� l and � 0
l are called scattering phaseshifts. It follows from

Eqs. (7.143) that

tan � l =
j l (ka)
yl (ka)

; (7.145a)

tan � 0
l =

�
(x j l (x) )0

(x yl (x) )0

�

x = ka
: (7.145b)

Let us specializeto the limit ka � 1, in which the wavelength of the radiation
is much greater than the radius of the sphere. The asymptotic expansions(7.14)
yield

� � (l ) ' �
2 i (ka)2l +1

(2l + 1)[(2l � 1)!!]2
;

� � (l ) ' �
(l + 1)

l
� � (l ); (7.146a)

for l � 1. It is clear that the scattering coe�cien ts � � (l ) and � � (l ) becomesmall
very rapidly as l increases. In the very long wavelength limit only the l = 1
coe�cien ts needbe retained. It is easily seenthat

� � (1) = �
� � (1)

2
' �

2 i
3

(ka)3: (7.147)

In this limit, the di�eren tial scattering crosssection (7.135) reducesto

d� sc

d

'

2�
3

a2(ka)4 jX 1;� 1 � 2 i n ^ X 1;� 1j2 : (7.148)

It can be demonstrated that

jn ^ X 1;� 1j2 = jX 1;� 1j2 =
3

16�
(1 + cos2 � ); (7.149)

and
[� i (n ^ X �

1;� 1) �X 1;� 1] = �
3�
8

cos� : (7.150)
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Thus, in long wavelength limit the di�eren tial scattering crosssection limits to

d� sc

d

' a2(ka)4

�
5
8

(1 + cos2 � ) � cos�
�

: (7.151)

The scattering is predominately backwards, and is independent of the state of
polarization of the incident radiation. The total scattering crosssection is given
by

� sc =
10�
3

a2 (ka)4: (7.152)

This well known result was �rst obtained by Mie and Debye. Note that the
crosssection scalesas the inversefourth power of the wavelength of the incident
radiation. This scaling is generic to all scatterers whose dimensions are much
smaller than the wavelength. In fact, it was �rst derived by Rayleigh using
dimensional analysis.
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