
6 Resonant cavities and wave guides

6.1 In tro duction

Let us investigate the solution of the homogeneouswave equation in regionscon-
taining various geometricboundaries,particularly in regionsboundedby conduc-
tors. The boundary value problem is of great theoretical signi¯cance and also
has many practical electromagnetic applications, particularly in the microwave
region of the spectrum.

6.2 Boundary conditions

Let us review the general boundary conditions on the ¯eld vectors at a surface
betweenmedium 1 and medium 2:

n ¢(D 1 ¡ D 2) = ¿; (6.1a)

n ^ (E 1 ¡ E 2) = 0; (6.1b)

n ¢(B 1 ¡ B 2) = 0; (6.1c)

n ^ (H 1 ¡ H 2) = K ; (6.1d)

where ¿ is used for the surfacechangedensity (to avoid confusion with the con-
ductivit y), and K is the surfacecurrent density. Here, n is a unit vector normal
to the surface,directed from medium 2 to medium 1. We have seenin Section4.4
that for normal incidencean electromagneticwave falls o®very rapidly inside the
surfaceof a good conductor. Equation (4.35) implies that in the limit of perfect
conductivit y (¾! 1 ) the tangential component of E vanishes,whereasthat of
H may remain ¯nite. Let us examinethe behaviour of the normal components.

Let medium 1 be a good conductor for which ¾=²²0! À 1, whilst medium 2 is
a perfect insulator. The surfacechangedensity is related to the currents °owing
inside the conductor. In fact, the conservation of charge requires that

n ¢j =
@¿
@t

= ¡ i ! ¿: (6.2)
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However, n ¢j = n ¢¾E 1, so it follows from Eq. (6.1)(a) that
µ

1 +
i ! ²0²1

¾

¶
n ¢E 1 =

i ! ²0²2

¾
n ¢E 2: (6.3)

It is clear that the normal component of E within the conductor also becomes
vanishingly small as the conductivit y approaches in¯nit y.

If E vanishesinside a perfect conductor then the curl of E also vanishes,and
the time rate of change of B is correspondingly zero. This implies that there
are no oscillatory ¯elds whatever inside such a conductor, and that the boundary
valuesof the ¯elds outside are given by

n ¢D = ¡ ¿; (6.4a)

n ^ E = 0; (6.4b)

n ¢B = 0; (6.4c)

n ^ H = ¡ K : (6.4d)

Here, n is a unit normal at the surfaceof the conductor pointing into the con-
ductor. Thus, the electric ¯eld is normal and the magnetic ¯eld tangential at the
surfaceof a perfect conductor. For good conductors these boundary conditions
yield excellent representations of the geometricalcon¯gurations of external ¯elds,
but they lead to the neglect of some important features of real ¯elds, such as
lossesin cavities and signal attenuation in wave guides.

In order to estimate such lossesit is useful to seehow the tangential and
normal ¯elds comparewhen ¾is large but ¯nite. Equations (4.5) and (4.34) yield

H =
1 + i
p

2

r
¾

¹ 0!
n ^ E (6.5)

at the surfaceof a conductor (provided that the wave propagatesinto the conduc-
tor). Let us assume,without obtaining a complete solution, that a wave with H
very nearly tangential and E very nearly normal is propagated along the surface
of the metal. According to the Faraday-Maxwell equation

jH k j '
k

¹ 0!
jE? j (6.6)
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just outside the surface, where k is the component of the propagation vector
along the surface. However, Eq. (6.5) implies that a tangential component of H
is accompaniedby a small tangential component of E . By comparing these two
expressions,we obtain

jEk j
jE? j

' k

r
2

¹ 0! ¾
=

d
¹̧

; (6.7)

where d is the skin depth (seeEq. (4.36)) and ¹̧ ´ 1=k. It is clear that the ratio
of the tangential component of E to its normal component is of order the skin
depth divided by the wavelength. It is readily demonstrated that the ratio of the
normal component of H to its tangential component is of this samemagnitude.
Thus, we can seethat in the limit of high conductivit y, which meansvanishing
skin depth, no ¯elds penetrate the conductor, and the boundary conditions are
those given by Eqs. (6.4). Let us investigate the solution of the homogeneous
wave equation subject to such boundary conditions.

6.3 Cavities with rectangular boundaries

Consider a vacuum region totally enclosedby rectangular conducting walls. In
this case,all of the ¯eld components satisfy the wave equation

r 2Ã ¡
1
c2

@2Ã
@t2 = 0; (6.8)

where Ã represents any component of E or H . The boundary conditions (6.4)
require that the electric ¯eld is normal to the walls at the boundary whereasthe
magnetic ¯eld is tangential. If a, b, and c are the dimensionsof the cavit y, then
it is readily veri¯ed that the electric ¯eld components are

Ex = E1 cos(k1x) sin(k2y) sin(k3z) e¡ i ! t ; (6.9a)

Ey = E2 sin(k1x) cos(k2y) sin(k3z) e¡ i ! t ; (6.9b)

Ez = E3 sin(k1x) sin(k2y) cos(k3z) e¡ i ! t ; (6.9c)

where

k1 =
l ¼
a

; (6.10a)
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k2 =
m ¼

b
; (6.10b)

k3 =
n ¼
c

; (6.10c)

with l , m, n integers. The allowed frequenciesare given by

! 2

c2 = ¼2
µ

l2

a2 +
m2

b2 +
n2

c2

¶
: (6.11)

It is clear from Eq. (6.9) that at least two of the integersl , m, n must be di®erent
from zero in order to have non-vanishing ¯elds. The magnetic ¯elds obtained
by the use of r ^ E = i ! B automatically satisfy the appropriate boundary
conditions, and are in phasequadrature with the electric ¯elds. Thus, the sum
of the total electric and magnetic energieswithin the cavit y is constant, although
the two terms oscillate separately.

The amplitudes of the electric ¯eld components are not independent, but are
related by the divergencecondition r ¢E = 0, which yields

k1 E1 + k2 E2 + k3 E3 = 0: (6.12)

There are, in general, two linearly independent vectors E that satisfy this condi-
tion, corresponding to two polarizations. (The exception is the casethat one of
the integers l , m, n is zero, in which caseE is ¯xed in direction.) Each vector is
accompaniedby a magnetic ¯eld at right angles. The ¯elds corresponding to a
given set of integers l , m, and n constitute a particular mode of vibration of the
cavit y. It is evident from standard Fourier theory that the di®erent modes are
orthogonal (i.e., they are normal modes) and that they form a complete set. In
other words, any generalelectric and magnetic ¯elds which satisfy the boundary
conditions (6.4) can be unambiguously decomposedinto somelinear combination
of all of the various possiblenormal modesof the cavit y. Sinceeach normal mode
oscillates at a speci¯c frequency it is clear that if we are given the electric and
magnetic ¯elds inside the cavit y at time t = 0 then the subsequent behaviour of
the ¯elds is uniquely determined for all time.

The conducting walls gradually absorb energy from the cavit y, due to their
¯nite resistivity, at a rate which can easily be calculated. For ¯nite ¾the small
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tangential component of E at the walls can be estimated using Eq. (6.5):

E k =
1 ¡ i
p

2

r
¹ 0!
¾

H k ^ n : (6.13)

Now, the tangential component of H at the walls is slightly di®erent from that
given by the ideal solution. However, this is a small e®ectand can be neglected
to leading order in ¾¡ 1. The time averagedenergy°ux into the walls is given by

N =
1
2

Re(E k ^ H k ) =
1
2

r
¹ 0!
2¾

H 2
k0 n =

H 2
k0

2¾d
n ; (6.14)

whereH k0 is the peakvalue of the tangential magnetic ¯eld at the walls predicted
by the ideal solution. According to the boundary condition (6.4)(d), H k0 is equal
to the peak value of the surface current density K 0. It is helpful to de¯ne a
surfaceresistance,

N = K 2Rs n ; (6.15)

where
Rs =

1
¾d

: (6.16)

This approach makesit clear that the dissipation of energyis dueto ohmic heating
in a thin layer, whosethicknessis of order the skin depth, on the surfaceof the
conducting walls.

6.4 The qualit y factor of a resonan t cavit y

The quality factor Q of a resonant cavit y is de¯ned

Q = 2¼
energystored in cavit y

energy lost per cycle to walls
: (6.17)

For a speci¯c normal mode of the cavit y this quantit y is independent of the mode
amplitude. By conservation of energy the power dissipated in ohmic lossesis
minus the rate of change of the stored energy U. We can write a di®erential
equation for the behaviour of U as a function of time:

dU
dt

= ¡
! 0

Q
U; (6.18)
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where! 0 is the oscillation frequencyof the normal mode in question. The solution
to the above equation is

U(t) = U(0) e¡ ! 0 t=Q : (6.19)

This time dependenceof the stored energy suggeststhat the oscillations of the
¯elds in the cavit y are damped as follows:

E(t) = E0 e¡ ! 0 t= 2Q e¡ i ( ! 0 +¢ ! ) t ; (6.20)

where we have allowed for a shift ¢ ! of the resonant frequency as well as the
damping. A damped oscillation such as this doesnot consist of a pure frequency.
Instead, it is made up of a superposition of frequenciesaround ! = ! 0 + ¢ ! .
Standard Fourier analysis yields

E(t) =
1

p
2¼

Z 1

¡1
E(! ) e¡ i ! t d! ; (6.21)

where

E(! ) =
1

p
2¼

Z 1

0
E0 e¡ ! 0 t= 2Q ei ( ! ¡ ! 0 ¡ ¢ ! ) t dt: (6.22)

It follows that
jE (! )j2 /

1
(! ¡ ! 0 ¡ ¢ ! )2 + (! 0=2Q)2 : (6.23)

The resonanceshape has a full width ¡ at half-maximum equal to ! 0=Q. For
a constant input voltage, the energy of oscillation in the cavit y as a function
of frequency follows the resonancecurve in the neighbourhood of a particular
resonant frequency. It can be seenthat the ohmic losses,which determine Q for a
particular mode, also determine the maximum amplitude of the oscillation when
the resonancecondition is exactly satis¯ed, as well as the width of the resonance
(i.e., how far o® the resonant frequency the system can be driven and still yield
a signi¯cant oscillation amplitude).

6.5 Axially symmetric cavities

The rectangular cavit y which we have just consideredhas many features in com-
mon with axially symmetric cavities of arbitrary crosssection. In every cavit y
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the allowed values of the wave vector k , and thus the allowed frequencies,are
determined by the geometry of the cavit y. We have seenthat for each set of
k1, k2, k3 in a rectangular cavit y there are, in general, two linearly independent
modes; i.e., the polarization remains arbitrary . We can take advantage of this
fact to classify modesinto two kinds according to the orientation of the ¯eld vec-
tors. Let us chooseone type of mode such that the electric ¯eld vector lies in the
cross-sectionalplane, and the other so that the magnetic ¯eld vector lies in this
plane. This classi¯cation into transverseelectric (TE) and transversemagnetic
(TM) modesturns out to be possiblefor all axially symmetric cavities, although
the rectangular cavit y is unique in having one mode of each kind corresponding
to each allowed frequency.

Suppose that the direction of symmetry is along the z-axis, and that the
length of the cavit y in this direction is L . The boundary conditions at z = 0
and z = L demand that the z dependenceof wave quantities be either sink3z or
cosk3z, where k3 = n¼=L. In other words, every ¯eld component satis¯es

µ
@2

@z2 + k 2
3

¶
Ã = 0; (6.24)

as well as
(r 2 + k2)Ã = 0; (6.25)

where Ã stands for any component of E or H . The ¯eld equations

r ^ E = i ! ¹ 0 H ; (6.26a)

r ^ H = ¡ i ! ²0 E (6.26b)

must also be satis¯ed.

Let us write each vector and each operator in the above equationsas the sum
of a transversepart, designatedby the subscript s, and a component along z. We
¯nd that for the transverse¯elds

i ! ¹ 0 H s = r s ^ E z + r z ^ E s; (6.27a)

¡ i ! ²0 E s = r s ^ H z + r z ^ H s: (6.27b)
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When one side of Eqs. (6.27) is substituted for the transverse¯eld on the right-
hand side of the other, and useis made of Eq. (6.24), we obtain

E s =
r s(@Ez=@z)

k2 ¡ k 2
3

+
i ! ¹ 0

k2 ¡ k 2
3

r s ^ H z ; (6.28a)

H s =
r s(@H z=@z)

k2 ¡ k 2
3

¡
i ! ²0

k2 ¡ k 2
3

r s ^ E z : (6.28b)

Thus, all transverse¯elds can be expressedin terms of the z components of the
¯elds, each of which satis¯es the di®erential equation

£
r 2

s + (k2 ¡ k 2
3 )

¤
Az = 0; (6.29)

where Az stands for either Ez or H z , and r 2
s is the two-dimensional Laplacian

operator.

The conditions on Ez and H z at the boundary (in the transverseplane) are
quite di®erent: Ez must vanish on the boundary, whereasthe normal derivative
of H z must vanish so that H s in Eq. (6.28)(b) satis¯es the appropriate boundary
condition. When the crosssection is a rectangle, thesetwo conditions lead to the
sameeigenvalues of (k2 ¡ k 2

3 ) = k 2
s = k 2

1 + k 2
2 , as we have seen. Otherwise,

they correspond to two di®erent frequencies,one for which Ez is permitted but
H z = 0, and the other where the opposite is true. In every case,it is possibleto
classify the modes as transversemagnetic or transverseelectric. Thus, the ¯eld
components Ez and H z play the role of independent potentials, from which the
other ¯eld components of the TE and TM modes, respectively, can be derived
using Eqs. (6.28).

The mode frequenciesare determined by the eigenvalues of Eqs. (6.24) and
(6.29). If we denote the functional dependenceof Ez or H z on the plane cross
section coordinates by f (x; y), then we can write Eq. (6.29) as

r 2
s f = ¡ k 2

s f : (6.30)

Let us ¯rst show that k 2
s > 0, and hencethat k > k3. Now,

f r 2
s f = r s ¢(f r sf ) ¡ (r sf )2: (6.31)
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It follows that

¡ k 2
s

Z
f 2 dV +

Z
(r sf )2 dV =

Z
f r f ¢dS; (6.32)

wherethe integration is over the transversecrosssection. If either f or its normal
derivative is to vanish on S, the conducting surface,then

k 2
s =

R
(r sf )2 dV
R

f 2 dV
> 0: (6.33)

We have already seenthat k3 = n¼=L. The allowed valuesof ks depend both on
the geometry of the crosssection and the nature of the mode.

For TM modesH z = 0, and the z dependenceof Ez is given by cos(n¼z=L).
Equation (6.30) must be solved subject to the condition that f vanish on the
boundaries of the plane crosssection, thus completing the determination of E z

and k. The transverse¯elds are special casesof Eqs. (6.28):

E s =
1

k 2
s

r s
@Ez

@z
; (6.34a)

H =
i ! ²0

k 2
s

ẑ ^ r sEz : (6.34b)

For TE modes, in which Ez = 0, the condition that H z vanish at the endsof
the cylinder demandsthe useof sin(n¼z=L), and ks must be such that the normal
derivative of H z is zeroat the walls. Equations (6.28), giving the transverse¯elds,
then become

H s =
1

k 2
s

r s
@H z

@z
; (6.35a)

E = ¡
i ! ¹ 0

k 2
s

ẑ ^ r sH z ; (6.35b)

and the mode determination is completed.
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6.6 Cylindrical cavities

Let us apply the methods of the previous section to the TM modes of a right
circular cylinder of radius a. We can write

Ez = Af (r; ' ) cos(k3z) e¡ i ! t ; (6.36)

where f (r; ' ) satis¯es the equation

1
r

@
@r

µ
r

@f
@r

¶
+

1
r 2

@2f
@' 2 + k 2

s f = 0; (6.37)

and (r; '; z) are cylindrical polar coordinates. Let

f (r; ' ) = g(r ) ei m' : (6.38)

It follows that
1
r

d
dr

µ
r

dg
dr

¶
+

µ
k 2

s ¡
m2

r 2

¶
g = 0; (6.39)

or

z2 d2g
dz2 + z

dg
dz

+ (z2 ¡ m2) g = 0; (6.40)

where z = ksr . The above equation is known as Bessel's equation. The two
linearly independent solutions of Bessel'sequation are denotedJm (z) and Ym (z).
In the limit jzj ¿ 1 thesesolutions behave aszm and z¡ m , respectively, to lowest
order . More exactly16

Jm (z) =
³ z

2

´ m 1X

k=0

(¡ z2=4)k

k!(m + k)!
; (6.41a)

Ym (z) = ¡
(z=2)¡ m

¼

m ¡ 1X

k=0

(m ¡ k ¡ 1)! (z2=4)k

k!
+

2
¼

ln(z=2) Jm (z)

¡
(z=2)m

¼

1X

k=0

[Ã(k + 1) + Ã(m + k + 1)]
(¡ z2=4)k

k!(m + k)!

(6.41b)
16 M. Abramo witz, and I.A. Stegun, Handbook of mathematic al functions , (Dover, New York,

1965), Cha. 9
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for jzj ¿ 1, where

Ã(1) = ¡ ° ; (6.42a)

Ã(n) = ¡ ° +
n ¡ 1X

k=1

k¡ 1; (6.42b)

and ° =
P 1

k=1 k¡ 1 = 0:57722 is Euler's constant. Clearly, the Jm are well
behaved in the limit jzj ! 0, whereasthe Ym are badly behaved.

The asymptotic behaviour of both solutions at large jzj is

Jm (z) =

r
2

¼z
cos(z ¡ m ¼=2 ¡ ¼=4) + O(1=z); (6.43a)

Ym (z) =

r
2

¼z
sin(z ¡ m ¼=2 ¡ ¼=4) + O(1=z): (6.43b)

Thus, for jzj À 1 the solutions take the form of gradually decaying oscillations
which are in phasequadrature. The behaviour of J0(z) and Y0(z) is shown in
Fig. 21.

Sincethe axis r = 0 is included in the cavit y the radial eigenfunction must be
regular at the origin. This immediately rules out the Ym (ksr ) solutions. Thus,
the most generalsolution for a TM mode is

Ez = A Jm (kl r ) ei m' cos(k3z) e¡ i ! t : (6.44)

The kl are the eigenvaluesof ks, and are determined by the solutions of

Jm (kl a) = 0: (6.45)

The above constraint ensuresthat the tangential electric ¯eld is zero on the
conducting walls surrounding the cavit y (r = a).

The most generalsolution for a TE mode is

H z = A Jm (kl r ) ei m' sin(k3z) e¡ i ! t : (6.46)
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Figure 21: The Besselfunctions J0(z) (solid line) and Y0(z) (dotted line)

In this case,the kl are determined by the solution of

J 0
m (kl a) = 0; (6.47)

where 0 denotes di®erentiation with respect to the argument. The above con-
straint ensuresthat the normal magnetic ¯eld is zero on the conducting walls
surrounding the cavit y. The oscillation frequencyof both the TM and TE modes
is given by

! 2

c2 = k2 = k 2
l +

n2¼2

L 2 : (6.48)

If l is the ordinal number of a zero of a particular Besselfunction of order m (l
increaseswith increasingvaluesof the argument), then each mode is characterized
by three integers, l , m, n, as in the rectangular case. The lth zero of Jm is
conventionally denoted j m;l [so, Jm (j m;l ) = 0]. Likewise, the lth zero of J 0

m is
denoted j 0

m;l . Table 2 shows the ¯rst few zerosof J0, J 0
0, J1, and J 0

1. It is clear
that for ¯xed n and m the lowest frequencymode (i.e., the mode with the lowest
value of kl ) is a TE mode. The mode with the next highest frequency is also a
TE mode. The next highest frequencymode is a TM mode, and so on.
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l j 0;l j 1;l j 0
0;l j 0

1;l

1 2.4048 3.8317 0.0000 1.8412
2 5.5201 7.0156 3.8317 5.3314
3 8.6537 10.173 7.0156 8.5363
4 11.792 13.324 10.173 11.706

Table 2: The ¯rst few valuesof j 0;l ; j 1;l , j 0
0;l , and j 0

1;l

6.7 Wave guides

Let us consider the transmission of electromagnetic waves along the axis of a
wave guide, which is simply a long, axially symmetric, hollow conductor with
open ends. In order to represent a wave propagating along the z-direction, we
can write the dependenceof the ¯elds on the coordinate variables and the time
as

f (x; y) ei (kg z¡ ! t ) : (6.49)

The guide propagation constant, kg, is just the k3 of previous sections, except
that it is no longer restricted by the boundary conditions to take discrete values.
The general considerations of Section 6.5 still apply, so that we can treat TM
and TE modes separately. The solutions for f are identical to those for axially
symmetric cavities already discussed.Although kg is not restricted in magnitude,
we note that for every eigenvalue of the two-dimensionalequation, ks, there is a
lowest value of k, namely k = ks (often designatedkc for wave guides), for which
kg is real. This corresponds to the cuto® frequencybelow which waves are not
transmitted by that mode, and the ¯elds fall o®exponentially with increasingz.
In fact, the wave guide dispersion relation for a particular mode can easily be
shown to take the form

kg =

p
! 2 ¡ ! 2

c

c
; (6.50)

where
! c = kc c ´ ks c (6.51)

is the cuto® frequency. There is an absolute cuto® frequencyassociated with the
mode of lowest frequency; i.e., the mode with the lowest value of kc.
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For real kg (i.e., ! > ! c) it is clear from Eq. (6.50) that the wave is propagated
along the guide with a phasevelocity

up =
!
kg

=
c

p
1 ¡ ! 2

c =! 2
: (6.52)

It is evident that the phasevelocity is greater than that of electromagneticwaves
in free space. This velocity is not constant, however, but depends on the fre-
quency. The wave guide thus behavesasa dispersive medium. The group velocity
of a wave pulse propagated along the guide is given by

ug =
d!
dkg

= c
p

1 ¡ ! 2
c =! 2: (6.53)

It can be seenthat ug is always smaller than c, and also that

up ug = c2: (6.54)

For a TM mode (H z = 0) Eqs. (6.34) yield

E s =
i kg

k 2
s

r sEz ; (6.55a)

H s =
! ²0

kg
ẑ ^ E s; (6.55b)

where use has been made of @=@z = i kg. For TE modes (Ez = 0) Eqs. (6.35)
give

H s =
i kg

k 2
s

r sH z ; (6.56a)

E s = ¡
! ¹ 0

kg
ẑ ^ H s: (6.56b)

The time-averagez component of the Poynting vector N is given by

Nz =
jE s ^ H ¤

s j
2

: (6.57)
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It follows that

Nz =
r

¹ 0

²0

1
p

1 ¡ ! 2
c =! 2

H 2
s0

2
(6.58)

for TE modes,and

Nz =
r

¹ 0

²0

p
1 ¡ ! 2

c =! 2 H 2
s0

2
(6.59)

for TM modes. The subscript 0 denotesthe peak value of a wave quantit y.

Wave guide lossescan be estimated by integrating Eq. (6.14) over the wall of
the guide for any given mode. The energy°ow of a propagating wave attenuates
as e¡ K z , where

K =
power lossper unit length of guide
power transmitted through guide

: (6.60)

Thus,

K =
1

2¾d

Z ¡
H 2

s + H 2
z

¢
dS

Á Z
Nz dS ; (6.61)

where the numerator is integrated over unit length of the wall and the denomi-
nator is integrated over the transversecrosssection of the guide. It is customary
to de¯ne a guide impedance Zg by writing

Z
Nz dS =

Zg

2

Z
H 2

s0 dS: (6.62)

It follows from Eqs. (6.58) and (6.59) that

Zg =
r

¹ 0

²0

1
p

1 ¡ ! 2
c =! 2

(6.63)

for TE modes,and

Zg =
r

¹ 0

²0

p
1 ¡ ! 2

c =! 2 (6.64)

for TM modes. For both typesof mode H s = (1=Zg) ẑ ^ E s.

243



6.8 Dielectric wave guides

We have seen that it is possible to propagate electromagnetic waves down a
hollow conductor. However, other types of guiding structures are also possible.
The general requirement for a guide of electromagneticwaves is that there be a
°ow of energyalong the axis of the guiding structure but not perpendicular to it.
This implies that the electromagnetic¯elds are appreciableonly in the immediate
neighbourhood of the guiding structure.

Consider an axisymmetric tube of arbitrary cross section made of some di-
electric material and surrounded by a vacuum. This structure can serve as a
wave guide provided that the dielectric constant of the material is su±ciently
large. Note, however, that the boundary conditions satis¯ed by the electromag-
netic ¯elds are signi¯cantly di®erent to those of a conventional wave guide. The
transverse ¯elds are governed by two equations; one for the region inside the
dielectric, and the other for the vacuum region. Inside the dielectric we have

·
r 2

s +
µ

²1
! 2

c2 ¡ k 2
g

¶ ¸
Ã = 0: (6.65)

In the vacuum region we have
·
r 2

s +
µ

! 2

c2 ¡ k 2
g

¶ ¸
Ã = 0: (6.66)

Here, Ã(x; y) ei kg z stands for either Ez or H z , ²1 is the relative permittivit y of
the dielectric material, and kg is the guide propagation constant. The guide
propagation constant must be the same both inside and outside the dielectric
in order to satisfy the electromagneticboundary conditions at all points on the
surfaceof the tube.

Inside the dielectric the transverseLaplacian must be negative, so that the
constant

k 2
s = ²1

! 2

c2 ¡ k 2
g (6.67)

is positive. Outside the cylinder the requirement of no transverse°ow of energy
can only be satis¯ed if the ¯elds fall o® exponentially (instead of oscillating).
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Thus,

k 2
t = k 2

g ¡
! 2

c2 (6.68)

must be positive.

The oscillatory solutions (inside) must be matched to the exponentiating so-
lutions (outside). The boundary conditions are the continuit y of normal B and
D and tangential E and H on the surfaceof the tube. These boundary condi-
tions are far more complicated than those in a conventional wave guide. For this
reason,the normal modescannot usually be classi¯ed as either pure TE or pure
TM modes. In general,the normal modespossessboth electric and magnetic ¯eld
components in the transverseplane. However, for the special caseof a cylindrical
tube of dielectric material the normal modes can have either pure TE or pure
TM characteristics. Let us examine this casein detail.

Consider a dielectric cylinder of radius a and dielectric constant ²1. For the
sake of simplicit y, let us only search for normal modes whose electromagnetic
¯elds have no azimuthal variation. Equations (6.65) and (6.67) yield

µ
r 2 d2

dr2 + r
d
dr

+ r 2k 2
s

¶
Ã = 0 (6.69)

for r < a. The generalsolution to this equation is somelinear combination of the
Besselfunctions J0(ksr ) and Y0(ksr ). However, since Y0(ksr ) is badly behaved
at the origin (r = 0) the physical solution is Ã / J0(ksr ).

Equations (6.66) and (6.68) yield
µ

r 2 d2

dr2 + r
d
dr

¡ r 2k 2
t

¶
Ã = 0: (6.70)

This can be rewritten
µ

z2 d2

dz2 + z
d
dz

¡ z2
¶

Ã = 0; (6.71)

where z = kt r . This is type of modi¯ed Bessel's equation, whosemost general
form is ·

z2 d2

dz2 + z
d
dz

¡ (z2 + m2)
¸
Ã = 0: (6.72)
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The two linearly independent solutions of the above equation are denoted I m (z)
and K m (z). The asymptotic behaviour of these solutions at small jzj is as fol-
lows:

I m (z) =
³ z

2

´ m 1X

k=0

(z2=4)k

k!(k + m)!
; (6.73a)

K m (z) =
1
2

³ z
2

´ ¡ m m ¡ 1X

k=0

(m ¡ k ¡ 1)!
k!

(¡ z2=4)k + (¡ 1)m +1 ln(z=2)I m (z)

+( ¡ 1)m 1
2

³ z
2

´ m 1X

k=0

[Ã(k + 1) + Ã(m + k + 1)]
(z2=4)m

k!(m + k)!
:

(6.73b)

Hence, I m is well behaved in the limit jzj ! 0, whereasK m is badly behaved.
The asymptotic behaviour at large jzj is

I m (z) '
ez

p
2¼z

·
1 + O

µ
1
z

¶ ¸
; (6.74a)

K m (z) '

r
¼
2z

e¡ z
·
1 + O

µ
1
z

¶ ¸
: (6.74b)

Hence, I m is badly behaved in the limit jzj ! 1 , whereasK m is well behaved.
The behaviour of I 0(z) and K 0(z) is shown in Fig. 22. It is clear that the physical
solution to Eq. (6.70) (i.e., the one which decays as jr j ! 1 ) is Ã / K 0(kt r ).

The physical solution is
Ã = J0(ksr ) (6.75)

for r · a, and
Ã = A K 0(kt r ) (6.76)

for r > a. Here, A is an arbitrary constant, and Ã(r ) e i kg z stands for either Ez

or H z . It follows from Eqs. (6.28) (using @=@µ = 0) that

H r = i
kg

k 2
s

@H z

@r
; (6.77a)
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Figure 22: The Besselfunctions I 0(z) (solid line) and K 0(z) (dotted line)

Eµ = ¡
! ¹ 0

kg
H r ; (6.77b)

Hµ = i
! ²0²1

k 2
s

@Ez

@r
; (6.77c)

E r =
kg

! ²0²1
Hµ (6.77d)

for r · a. There are an analogousset of relationships for r > a. The fact that
the ¯eld components form two groups; (H r , Eµ), which depend on H z , and (Hµ,
E r ), which depend on Ez ; meansthat the normal modestake the form of either
pure TE modesor pure TM modes.

For a TE mode (Ez = 0) we ¯nd that

H z = J0(ksr ); (6.78a)

H r = ¡ i
kg

ks
J1(ksr ); (6.78b)

Eµ = i
! ¹ 0

ks
J1(ksr ) (6.78c)
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for r · a, and

H z = A K 0(kt r ); (6.79a)

H r = i A
kg

kt
K 1(kt r ); (6.79b)

Eµ = ¡ i A
! ¹ 0

kt
K 1(kt r ) (6.79c)

for r > a. Here we have used

J 0
0(z) = ¡ J1(z); (6.80a)

K 0
0(z) = ¡ K 1(z); (6.80b)

where0 denotesdi®erentiation with respect to z. The boundary conditions require
H z , H r , and Eµ to be continuous acrossr = a. Thus, it follows that

A K 0(kt a) = J0(ksa); (6.81a)

¡ A
K 1(kt r )

kt
=

J1(ksa)
ks

: (6.81b)

Eliminating the arbitrary constant A betweenthe above two equationsyields the
dispersion relation

J1(ksa)
ks J0(ksa)

+
K 1(kt a)

kt K 0(kt a)
= 0; (6.82)

where

k 2
t + k 2

s = (²1 ¡ 1)
! 2

c2 : (6.82)

Figure 23 shows a graphical solution of the above dispersion relation. The
roots correspond to the crossing points of the two curves; ¡ J1(ksa)=ksJ0(ksa)
and K 1(kt a)=kt K 0(kt a). The vertical asymptotes of the ¯rst curve are given by
the roots of J0(ksa) = 0. The vertical asymptote of the secondcurve occurswhen
kt = 0; i.e., when k 2

s a2 = (²1 ¡ 1) ! 2a2=c2. Note from Eq. (6.82) that kt decreases
as ks increases. In Fig. 23 there are two crossingpoints, corresponding to two
distinct propagating modes of the system. It is evident that if the point k t = 0
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Figure 23: Graphical solution of the dispersion relation (6.82). The curve A
represents ¡ J1(ks=a)=ksJ0(ksa). The curve B represents K 1(kt a)=kt K 0(kt a).
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corresponds to a value of ksa which is less than the ¯rst root of J0(ksa) = 0,
then there is no crossingof the two curves,and, hence,there are no propagating
modes. Since the ¯rst root of J0(z) = 0 occurs at z = 2:4048 (seeTable 2) the
condition for the existenceof propagating modescan be written

! > ! 01 =
2:4048c

p
²1 ¡ 1a

: (6.83)

In other words, the mode frequency must lie above the cuto® frequency ! 01 for
the TE 01 mode (here, the 0 corresponds to the number of nodesin the azimuthal
direction, and the 1 refers to the 1st root of J0(z) = 0). It is also evident that
as the mode frequency is gradually increasedthe point kt = 0 eventually crosses
the secondvertical asymptote of ¡ J1(ks=a)=ksJ0(ksa), at which point the TE 02

mode can propagate. As ! is further increasedmore and more TE modes can
propagate. The cuto® frequency for the TE 0l mode is given by

! 0l =
j 0l c

p
²1 ¡ 1a

; (6.84)

where j 0l is l th root of J0(z) = 0 (in order of increasingz).

At the cuto® frequency for a particular mode kt = 0, which implies from
Eq. (6.68) that kg = ! =c. In other words, the mode propagatesalong the guide
at the velocity of light in vacuum. Immediately below this cuto® frequency the
system no longer acts as a guide but as an antenna, with energy being radiated
radially. For frequencieswell above the cuto®, kt and kg are of the sameorder
of magnitude, and are large compared to ks. This implies that the ¯elds do not
extend appreciably outside the dielectric cylinder.

For a TM mode (H z = 0) we ¯nd that

Ez = J0(ksr ); (6.85a)

Hµ = ¡ i
! ²0²1

ks
J1(ksr ); (6.85b)

E r = ¡ i
kg

ks
J1(ksr ) (6.85c)

for r · a, and

Ez = A K 0(kt r ); (6.86a)
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Hµ = i A
! ²0

kt
K 1(kt r ); (6.86b)

E r = i A
kg

kt
K 1(kt r ) (6.86c)

for r > a. The boundary conditions require Ez , Hµ, and D r to be continuous
acrossr = a. Thus, it follows that

A K 0(kt a) = J0(ksa); (6.87a)

¡ A
K 1(kt r )

kt
= ²1

J1(ksa)
ks

: (6.87b)

Eliminating the arbitrary constant A betweenthe above two equationsyields the
dispersion relation

²1
J1(ksa)

ks J0(ksa)
+

K 1(kt a)
kt K 0(kt a)

= 0: (6.88)

It is clear from this dispersion relation that the cuto® frequency for the TM 0l

mode is exactly the sameas that for the TE 0l mode. It is also clear that in the
limit ²1 À 1 the propagation constants are determined by the roots of J1(ksa) '
0. However, this is exactly the sameas the determining equation for TE modes
in a metallic wave guide of circular crosssection (¯lled with dielectric of relative
permittivit y ²1).

Modeswith azimuthal dependence(i.e., m > 0) have longitudinal components
of both E and H . This makes the mathematics somewhat more complicated.
However, the basic results are the sameas for m = 0 modes: for frequencieswell
above the cuto® frequency the modes are localized in the immediate vicinit y of
the cylinder.
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