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Classification of Error-Field Harmonics

e What is response of tokamak plasma to static, non-axisymmetric,
magnetic perturbation—a.k.a. “error-field”?

e Typical error-field consists of superposition of resonant and
non-resonant helical harmonics:

— Resonant harmonic has k- B = 0 at some rational magnetic
flux-surface within plasma.

— Non-resonant harmonic has k - B # 0 throughout plasma.
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Response to Resonant Harmonic
e Plasma response to resonant harmonic strongly peaked at rational
surface.

e Nature of response depends on amount of equilibrium plasma flow
at surface.®

e High Flow :- Narrow (radially) helical current sheet forms at

surface. Shields interior of plasma from resonant harmonic.

e Low Flow :- Wide helical magnetic island chain forms at surface.

Chain locked to resonant harmonic. Overlapping chains generate

magnetic ergodicity.

?R. Fitzpatrick, Phys. Plasmas 5, 3325 (1998).
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Resonant Electromagnetic Torque

e Resonant harmonic also produces highly localized electromagnetic
torque at rational surface, which acts to arrest local plasma flow.?

e |f amplitude of resonant harmonic exceeds critical threshold then
EM torque overcomes plasma flow, leading to sudden transition
from helical current sheet to locked island chain:- process known

as mode penetration.

e If amplitude of resonant harmonic falls below (lower) critical
threshold then plasma flow overcomes EM torque, leading to
sudden transition from locked island chain to helical current

sheet:- process known as mode expulsion.

?R. Fitzpatrick, Nucl. Fusion 33, 1049 (1993).
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Response to Non-Resonant Harmonics

Plasma response to non-resonant harmonics of error-field is

non-localized.

Non-resonant harmonics perturb axial symmetry of plasma
equilibrium. Resulting non-ambipolar particle fluxes produce
distributed toroidal flow-damping torque.?

Damping torque acts to relax toroidal ion flow to fixed neoclassical
profile (function of collisionality, density and temperature profiles,

fraction of trapped particles, etc., but independent of F,.).P

Poloidal ion flow already relaxed to fixed neoclassical profile, due

to naturally occurring poloidal flow damping.
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2K.C. Shaing, S.P. Hirshman, and J.D. Callen, Phys. Fluids, 29, 521 (1986).
PA.M. Garofalo, K.H. Burrell, et al., Phys. Rev. Lett. 101, 195005 (2008).
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Toroidal Flow Damping
e In conventional tokamak plasma, poloidal ion velocity profile fixed,
but toroidal profile free to vary (i.e., E, free to vary).

e But, suppose toroidal flow damping large enough to relax toroidal
flow to neoclassical profile.

e Poloidal and toroidal velocity profiles both fixed functions of
collisionality, density and temperature profiles, etc. Implies that
radial electric field profile also fixed. In essence,

tokamak -+ error-field = stellarator.
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Mode Penetration with Toroidal Flow Damping

e According to Cole, et al.,® threshold for mode penetration
significantly modified when toroidal velocity profile not free to

vary.

e \What effect does toroidal flow damping have on locked island
chain? |s mode expulsion threshold also significantly modified?

2A.J. Cole, C.C. Hegna, and J.D. Callen, Phys. Plasmas 15, 056102 (2008).
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Locked Island Chain and Neoclassical Flow
If radial width of locked island chain much larger than p; then
neoclassical ion flow cannot cross magnetic separatrix.

So, island chain presents obstacle to neoclassical flow unless
V3 = Ve — (e/q) Vi =0.

Vi - neoclassical ion poloidal velocity; V '/ - neoclassical ion
toroidal velocity; € - inverse aspect-ratio; ¢ - safety-factor. All

quantities evaluated at rational surface.

Quantity Vpnc called neoclassical phase velocity, and is phase

velocity of island chain which is convected by neoclassical ion flow.
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/ Mode Expulsion w/o Toroidal Flow Damping \

e |n absence of toroidal flow damping, ion poloidal velocity at
rational surface fixed, whilst toroidal velocity free to vary.

e Local ion toroidal velocity, V., ; adjusts itself such that
Voi —(€/q) Vi = 0.
e lon toroidal velocity profile subsequently relaxes across whole
plasma under influence of perpendicular viscosity.

e Small residual velocity gradients at rational surface generate weak

viscous torque and ion polarization current.?

e \iscous torque and polarization current can lead to mode
expulsion, but with very low threshold.

\ 2F.L. Waelbroeck, and R. Fitzpatrick, Phys. Rev. Lett. 78, 1703 (1997). /
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Mode Expulsion with Toroidal Flow Damping
In presence of toroidal flow damping, ion poloidal and toroidal
velocities at rational surface both fixed.

Local ion toroidal velocity cannot adjust itself such that island
chain presents no obstacle to neoclassical flow.

Intense velocity gradients develop around magnetic separatrix,

generating large drag torque and ion polarization current.

Much stronger island /flow interaction in toroidally flow-damped
plasma than in non-flow-damped plasma. Mode expulsion
threshold likely to be significantly different. Can we quantify this?
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Width Evolution Equation
e Radial width of locked island chain governed by:

d v 2 S 3
—wocA rs+2m9(w> COS¢—|—JC<T—) .
dt w w

e A’ - linear stability index; r, - rational surface radius; my -
poloidal mode number; w - island width; w, - vacuum island
width; ¢ - helical phase of island chain w.r.t. vacuum island chain;

L,w
iOBOﬂ/ 7{% cos ¢ d¢ dr

By - toroidal field-strength; L, - magnetic shear-length; 07 -

perturbed parallel current density; C - helical angle.

e .J. parameterizes ion polarization current.
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Phase Evolution Equation

e Helical phase of locked island chain governed by:

d2 ., 2 2
—qbo<2m9 Ho e sin ¢ + J 2.
dt? T T T

e First term on r.h.s. is EM locking torque, and

Lsw
7/?0307“2/ 7{5]| sin ¢ d( dr,

parameterizes neoclassical drag torque.
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Steady-State Island Equilibria
e Assuming that J. = J,./(—=A’r,) and J, = J,/(=A’r,) both
constants, search for steady-state solutions of island width and
phase evolution equations.

e [hree different regimes found.

) . A ||
‘JS‘ = —Je ‘
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Regime 1: J. > 0, J;] < J,

e Island chain maintained in plasma by destabilizing polarization

current.

e Chain unlocks from resonant harmonic of error-field, spins-up, and
is expelled, when b = (2mg/ — A’ r,) (w, /r5)? falls below

2 21 31/3
ber = | 5|/ T3,
Here, b parameterizes amplitude of resonant harmonic.

e Island chain strongly amplified by plasma.
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Regime 2: |J,| > | ]|

e Island chain maintained in plasma by resonant harmonic of

error-field.

e Chain unlocks from resonant harmonic, spins-up, and is expelled,

when b falls below

ber = (27/4)16 |J,|%/3.

e Island chain weakly suppressed by plasma.
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Regime 3: J, <0, |J,| < |.J.]

e Island chain maintained in plasma by resonant harmonic of

error-field.

e Stabilizing polarization current causes island chain width to
monotonically decay when b falls below

ber = (3/2%/3) |J,|2/3.

e Island chain moderately suppressed by plasma.
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Calculation of J. and J,

e .J. and J. calculated from neoclassical drift-MHD fluid model.?
e Adopt so-called intermediate poloidal flow damping ordering:
Wy i > vp > (€/q)* Vo, Vi, V.

wy; - lon diamagnetic frequency; vy - poloidal flow damping rate;
v, - toroidal flow damping rate; v, - perpendicular viscous

diffusion rate across island chain.

?R. Fitzpatrick, and F.L. Waelbroeck, Phys. Plasmas 16, 072507 (2009).
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Flow Damping Regimes

e [hree different regimes found, depending on relative sizes of
Vg = Vo /Wi, Vp = Vip/[(€/@)? Wia], Dy = v /[4(e/@)* Wi

Regime III

Vir
Regime I Regime II
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/ Regime I: 0, > 0)/% (0y + 0,)'/? \

e Cosine integral:
Je =1.38 30U (U° + 1),

where 3= 3, p2 L2/[r2 L2 (= A'ry)], Une = [0/ (0o + D) VI,
Vpnc = V;)”C/V*Z-. [3; - ion beta; p; - ion gyroradius; L,, - density
gradient length; V., - ion diamagnetic velocity.

e Sine integral:
Js =5.510809U".
e Note that jc — 0, js — 0 as v, — 0: i.e., polarization current

and drag torque negligible in absence of toroidal flow damping.

e Polarization current stabilizing when 0 > V' > —(1 41y /0,) Vi ;.

\ (Vp”C < 0 - neoclassical flow in jon diamagnetic direction.) /
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Regime ll: 0, > 1y, 1,

e Cosine integral:

A

Jo =138 BV (Ve 4 1).

e Sine integral:
Js =5.5130 VI

e Polarization current stabilizing when 0 > V' > — V..
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Regime lll: 0y > v, 07/,

Cosine integral:
Je = 0.617 B (0, /09)3/* V' (V" /4 4 1).

Sine integral:
Jy = 0.617 3, 934 Ve

Polarization current stabilizing when 0 > V'“ > —4 V.

Polarization effect zero (i.e., J, = 0) for freely rotating (i.e.,

J, = 0) island chain. (Same is true in other two regimes.) So, in
toroidally flow-damped plasma, locked island chain experiences
polarization effect that freely rotating island chain does not.
Possible explanation for anomalous growth of locked chains.
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Summary
Locked island chain subject to significant ion polarization current
and neoclassical drag to which freely rotating island is not.

Polarization current and neoclassical drag can cause expulsion of
island chain from plasma.

Polarization current can also greatly amplify island chain,
depending on direction of neoclassical flow at rational surface.

Have calculated expulsion threshold for locked island chain as
function of neoclassical flows, flow damping rates, viscosity,
plasma beta, etc., in so-called intermediate poloidal flow damping

/

regime.
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Future Work

e Extend calculation to other flow damping regimes (i.e., strong,
weak, and negligible poloidal flow damping regimes).

e Use neoclassical drift-MHD fluid model to calculate mode

penetration threshold as function of plasma parameters.

e Use neoclassical drift-MHD fluid model to determine effect of
poloidal and toroidal velocity shear on island stability.
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