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Two-dimensional, incompressible, zero guide-field, nonlinear Hall-Mhi2gnetohydrodynamical
simulations are used to investigate the scaling of the rate of forced magnetic reconnection in the
so-called Taylor problem. In this problem, a small-amplitude boundary perturbation is suddenly
applied to a tearing stable, slab plasma equilibrium; the perturbation being such as to drive magnetic
reconnection within the plasma. This type of reconnection, which is not due to an intrinsic plasma
instability, is generally known as “forced reconnection.” The inclusion of the Hall term in the
plasma Ohm’s law is found to greatly accelerate the rate of magnetic reconnection. In the linear
Hall-MHD regime, the peak instantaneous reconnection rate is found to scaledVielt
~d;7*®*2,, where¥ is the reconnected magnetic flu, the collisionless ion skin depthy the
resistivity, and= , the amplitude of the boundary perturbation. In the nonlinear Hall-MHD regime,
the peak reconnection rate is found to scale bke/dt~d¥?Z2. © 2004 American Institute of
Physics. [DOI: 10.1063/1.1640378

I. INTRODUCTION are constrained to move together as a single fluid. For a

. L . sufficiently collisional plasma this is indeed a correct de-
Magnetic reconnection is a phenomenon that occursina_. . .
. . . Scription of the plasma dynamics. However, the plasmas en-
wide variety of laboratory and space plasmas: e.g., magnetic

. X - countered in astrophysical, space, and magnetic fusion con-
fusion experiment$, the solar coron3, and the Earth's .. :
. : i . texts are generally not collisional enough for conventional
magnetotaif. The reconnection process gives rise to change : . . o
. L . . . HD to remain a valid model. Now, in less collisional plas-
in magnetic field-line topology with an accompanying trans- . :
4 : . : mas, the ion and electron fluids decouple on length scales
formation of magnetic energy into particle energy. Conven- . : . 9y
) . : - ; below thecollisionless ion skin depth;=c/w,;.” This de-
tional single-fluid resistive magnetohydrodynami¢&iHD) . . R
. . , ._coupling of the ion and electron fluids is effected by the
theory is capable of accounting for magnetic reconnection

) , $o-called Hall term in the plasma Ohm's law. Furthermore,
but generally predicts reconnection rates that are many of:

ders of magnitude smaller than those obsefvatbre so- the electron fluid decouples from the magnetic field on

. . length scales below theollisionless electron skin deptd,
phisticated plasma models that treat electrons and ions as : ; .
' . . =c/wpe<d;. This decoupling of the electron fluid and the
separate fluids yield much faster reconnection rates that are ~ P& ~7!" °. L :
. . : magnetic field is affected by the electron inertia term in the
more consistent with observation8.

This paper investigates a particular two-dimensionaglasma Ohm’s law. In this paper, we shall investigate the

(2-D) magnetic reconnection problem that was first propose aylor prob!em using a so-called_ HaII-I_\/IH[_) model_m
by J. B. Taylor. In this problem, a highi stable, slab plasma which the width,s, of the reconnecting region is determined

o . o
equilibrium with a central magnetic field null is subject to a by resistivity and is such tha=<6=d, . It follows that we

) ) .~ shall include the Hall term in our plasma Ohm’s law but
suddenly imposed, small-amplitude boundary perturbation L . :

. . : . neglect electron inertia. Obviously, the Hall-MHD model is
that is such as to drive magnetic reconnection at the null.

. ) o .~ only valid for plasmas that are sufficiently collisional that
This type of reconnection, which is not due to an intrinsic o .
) o ; 6>d.. Fortunately, this is a far less onerous constraint than
plasma instability, is generally termed “forced reconnec-

tion.” The so-called “Taylor problem” has already been thor- that V\{h.'Ch must be satisfied by the conventional MHD
: . T . ._model: i.e.,6>d;.
oughly investigated within the context of conventional resis-
tive MHD.”® The aim of this paper is to extend this
investigation so as to take two-fluid effects into account. Un-
fortunately, the_ inclusion _of_ two-fluid effects complicates the”_ PRELIMINARY ANALYSIS
problem sufficiently that it is no longer amenable to an ana-
lytic treatment. Hence, in this paper our investigation is lim-A. Basic equations
ited to scaling studies performed by means of numerical
simulations.
In conventional MHD theory, the electron and ion fluids

Standard right-handed Cartesian coordinaieg,g) are
adopted. It is assumed that there is no variation alongzthe
axis: i.e.,d/9z=0. Consider an incompressible, magnetized,
two-speciegelectron and iojy quasineutral plasma with sin-
dElectronic mail: rfitzp@farside.ph.utexas.edu gly charged ions that is governed by fluid equations. Let the
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ion/electron number density, the resistivity,s, and the ion/ AV, _ )
electron viscosityu; ¢, be uniform. We can writ€@ Zr TVirVOVi= = V(pitpe) +]UB+ i VEVi, (19
A% : )
nm, 5te+(Ve'V)Ve — —Vp,—ne(E+V,B) and ageneralized Ohm’s law
E+VOB=7j+d;jOB—d;Vp.— vV?. (16)
2 .
T neVVetney), (1) Equation(15) is fairly standard. However, E¢16) contains
AV, a pair of terms that do not occur in conventional MHD.
nm| ——=+(Vi-V)Vi|=—Vp;+ne(E+V;UB) Namely, the second and third terms on the right-hand side,
which are usually called thédall and electron pressure
+ uiV3V,—nenj, (2)  terms, respectively. The final term on the right-hand side of

Eq. (16) (which is added for numerical reasort®rresponds

to a phenomenologicahyper-resistivity This term might
arise from an anomalously large electron viscosity, or alter-
natively via the braiding of magnetic field lines. The hyper-
resistivity parametery, is assumed to be uniform.

whereE is the electric field-strengtB the magnetic field-
strength,j the current densitym;  the ion/electron mass,
V; . the ion/electron velocity, ang; . the ion/electron pres-
sure. We can also write

V-V;=0, ()
ne(Vi—Ve)=J. 4 e
C.N i i
Finally, Maxwell's equations yield ormaized equations
Without loss of generality, we can write
V-B=0, (5 .
. B=VyUz+B,z, 17
VIOB= uqf, ®) o
V=V ¢0z+V,z, (18
VOE=— e (7) andE,= — gyl gt. After some manipulation, our normalized
equations reduce to
B. Normalization Iy
Heaton . . . —o=[ 601+ A B+ 7V 2y vV 4y, (19
Let V=aV, t=t/(a/V,), B=B/By, E=E/(BoVa), ]
=i/[Bo/(ko@)], Vie=Vie/Va, Pie=Pie/(Bi/mo), 7 JB, _
=7l (uoVad), [Li,e: wie/(Vaanm), wherea is a typical ot =[¢,B, ]+ [V, ¢]+di[,],]+ UVZBZ_ VVABD
length scale B, a typical magnetic field-strength, and, (20)
=By/Juonmy is a typical Alfven speed. The normalized P
. ® .
versions of Eqs(1)—(7) take the form WZ:[(ﬁ'wZ]JF[JZ,w]JFMVsz, (21)
oV
ed; (9—t‘*+(ve-V)ve =—d,Vpe—(E+V,OB) .
ot LVl F B ]+ VAV, (22)
+ ediucV Zve+ 7, t)
where
F7Vi H 2
dij — +(Vi-V)Vi|=—diVp;+(E+Vi[B) j=-VY (23
- _v2
+diwiV2Vi— 7, ) 0=~V A 29
Vv, =0, 10 [A,B]=VAOVB-Z (25)
V—V.=dij, (11 D. Plasma equilibrium
V-B=0, (12) Suppose that the plasma is bounded by perfectly con-
ducting walls located ak==*1, and is periodic in they
viB=j, (13)  direction with periodicity lengttL. The initial plasma equi-
librium satisfies
VOE= - @ (14 2
= , «
at $O(x)=— > (26)

where all over carets have been neglected for ease of nota-

tion. Here,e=m,/m; is the electron—ion mass ratio, whereasandB{®)(x) = ¢(?(x) = V{?(x) = 0. Note thaj{®(x)=1 and

d;=(c/wp;)/a is the normalizectollisionless ion skin depth  »{%(x)=0. In unnormalized unitsB, is the equilibrium

with wp;=Vne’/ eom;. magnetic field strength dk|=a, anda is half the distance
Neglecting electron inertidi.e., letting e—0), Egs.(8) between the conducting walls. Note that the above plasma

and(9) can be combined to give @on equation of motion  equilibrium iscompletely stabléo tearing modes.
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E. Boundary conditions However, Birnet al. (200! have demonstrated that a fluid
approach to 2-D Hall-MHD magnetic reconnection in the
absence of a guide field generates virtually identical recon-
nection rates to more sophisticated particle approaches that
include kinetic and finite Larmor radius effects.

We have assumed that both the electron and ion fluids
are incompressible According to Biskampet al. (199,12

Suppose that the conducting walbat 1 is subject to a
small(compared with unitydisplacemenE (t)sin(y) in the
x direction, wher&k=27/L. An equal and opposite displace-
ment is applied to the wall at= — 1. The appropriate bound-
ary conditions at the walls are

P(F1ly,t)=— 3+ E(t)sin(ky), (27)  this assumption is justified for Hall reconnection in tie-
senceof a strong guide field. Note, incidentally, that the elec-
B(=1y,H)=0, (28 tron pressure term in the generalized Ohm'’s (&%) makes
1 dE(t) no contributionto Egs. (19)—(24) in the incompressible
d(+x1ly,t)= IE T cogky), (29 limit.
We have neglected electron inertia effects. This neglect
w,(+1y,t)=0, (30) Is justified provided that the length scales of interest in our
problem remain significantly larger than the collisionless
Vo(£1y,1)=0. (31 electron skin depthe/w,. This condition is easily satisfied
Let in our simulations.

e —un Ctn We have added a phenomenological hyper-resistivity
E()=E[1-e " =(t/n)e 7], 32 term to our generalized Ohm'’s la{46). In order to appreci-
for t=0, with Z(t)=0 for t<0. Note that bothZ(t) and  ate the need for such a term, consider the following whistler

d=(t)/dt are continuous at=0, andZ (t)— =, ast— . wave dispersion relation, which is obtained from E{$9)—
All fields are assumed to be unperturbed a0. (24), in the limit d;>1, assuming ar'*Y~“" dependence

of perturbed quantities:
F. Reconnection diagnostics

__ 2_ 2_ 4
The magnetic O and X points are located ay{ w=dixky—17kj—ivky. (36)
=(0,L/4) and (0,R/4), respectively. Theeconnected mag-
netic fluxis written as Note that the whistler wave propagates with a phase velocity
. ) i thatincreaseswith decreasing wavelength, but is damped by
W(t)= z[¢(X point)— (O poiny]. (33 poth resistivity and hyper-resistivity. Note also that resistiv-
It is helpful to define thenormalized magnetic reconnection ity alone is incapable of effectively damping short wave-
rate, length whistler waves, since the first two terms on the right-
hand side of the above equation both scale ke On the
Jt)y=7"1 dw(t) _ (34) other hand, the hyper-r_esistivity term, which scales k'gqeis
dt quite capable of damping short wavelength modes. Not sur-
It follows from Egs.(19)—(24) and via symmetry that prisingly, therefore, in the absence of hyper-resistivity there

is a collapse to short wavelength modes, in the nonlinear
Hall-MHD regime, which poses severe numerical difficul-
ties. Hyper-resistivity halts this collapse before it becomes
problematic'*** Note that the magnetic reconnection rate in
+ r E [V2j,(X point)—V2j,(O poiny]. (35 the nonlinear HqII-MHD reg_ime is_a_lmost independent of the
72 value of v (provided thatv is sufficiently large to prevent
scale collapse

1
J(1)=5 [i(O poinh—j,(X poiny ]

G. Discussion

Equations(19)—(24) represent the simplest system of
equations that permit an investigation of the effect of thej)|. NUMERICAL RESULTS
Hall term on the rate of 2-D magnetic reconnection in '[heA Introduction
absence of a strong guide figlice., a strong equilibriuns,). '
Note that in the limitd;—0 (i.e., the limit in which the Equations (19)—(24), plus the initial equilibrium de-
collisionless ion skin depth;/w,;, becomes much smaller scribed in Sec. IID and the boundary conditid23)—(32),
than a typical variation length scaleur system of equations have been implemented numerically in a finite-difference
reverts to conventional MHD. In the following, we review code that is second-order in both space and time. The code
the many assumptions made during the derivation of Eqanakes use of a semi-implicit algorithm modeled after that of
(19)—(24). Harned and Mikit*in order to circumvent the highly restric-
We have adopted a fluid description of the electron andive Courant—Freidrichs—Lewy condition on the whistler
ion motion: i.e., Egs(1) and(2). Also, for the sake of sim- wave. The computational grid is uniform in tlyedirection.
plicity, we have used isotropic pressure, resistivity, and visHowever, in order to help resolve the reconnecting region,
cosity operators. These choices exclude potentially importarthe grid points in thex direction are more closely packed in
kinetic and finite Larmor radius effects from our model. the vicinity of the magnetic resonance. All of the simulations
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rrTrrrr T e T tion from the inertial regime to the constastregime. The
i H ] peak magnetic reconnection rate takes the form

I ] Ima= 1 "*Eo. (37)
0.01 - i max_~ 77 0

The minimum width of the current laygwhich also occurs
aroundt~7;) is

0.005 5min~ 771/3' (38)

It can be seen from Fig. 1 that the Hall term, which is
parametrized byd;, greatly accelerateshe rate of forced
magnetic reconnection. Indeed, ds becomes larger, the
peak reconnection rate both increases in magnitude and oc-
curs at earlier and earlier times. A similar significant accel-
eration in the rate of magnetic reconnection due to the inclu-
FIG. 1. The magnetic reconnection raleversus time for various values of Slon. of the. H%"Uterm in Ohm'’s law has been reported in
the collisionless ion skin deptfd; . Calculations performed with =8.0, earlier studies®
7=1.0, »=10"%, ;=108 »=0.0, andE,=10"* The dotted—dashed Figure 2 compares and contrasts the current derjsity,
curve corresponds th=0.0. The dashed curve correspondsite 0.1. The out-of-plane magnetic fiechZ, and ion streamfunctiong,
Sxoiig—scur;ez 8‘;’<ff1%§g°”gidtdlizé£-l OTJ;e :zaxgzg\:'g V?r'azsr:znifi;‘d patterns calculated at the time of the peak reconnection rate
fluxes, i, att=100 are 1.87%10°5, 2.0'44><81%*5, and 4,544 105 re.  for @ typicallinear MHD simulation (d;=10"7) and a typi-
spectively. cal linear Hall-MHD simulation (d;=1.0). It can be seen
that the reconnecting layer, within which the current density
is strongly peaked, is significantly thinner in the Hall-MHD
simulation. Moreover, there is far less structure outside the
layer in the Hall-MHD simulation. However, the main dif-
ference between the two simulations lies in the fact that in
the Hall-MHD simulation the ion motion is clearlgom-
pletely decoupledrom the reconnecting layer. On the other
hand, the ion motion is strongly coupled to the reconnecting
layer in the conventional MHD simulation. This effect takes

Figure 1 shows the time variation of the magnetic reconplace because in Hall-MHD the ion and electron motions
nection rate,J, calculated for three different values of the decouple on length scales below the collisionless ion skin
collisionless ion skin depthd;, with all other parameters depth,d;.%® It follows that in the Hall-MHD regime(in
held constant. Note that in all three cases the amplitude oihich the width of the reconnecting layer is much less than
the applied perturbation is sufficiently low that the reconnec-d;) the current in the reconnecting layer is carried almost
tion takes place in thénear regime. entirely by electrons.

The cased;=0 corresponds to conventional MHD. In Figure 3 compares and contrasts the current derjsity,
this limit, the rate of forced reconnection is well described byout-of-plane magnetic field3,, and ion streamfunctiony,
the analysis of Hahm and Kulsrddyhich was recently veri- patterns calculated at the time of the peak reconnection rate
fied via numerical simulatiofi.According to this analysis, for a typical nonlinear MHD simulation d,=10"3) and a
the reconnection takes place in two main phases. In the firdypical nonlinearHall-MHD simulation d;=1.0). The con-
phase, the plasma response is dominatetbbynertia, with  ventional MHD simulation exhibits the extended narrow cur-
resistivity and viscosity playing negligible roles. Now, the rent sheet that is characteristic of Sweet—Parker magnetic
plasma response to the wall perturbation is governed by theeconnectiort:'®1° Note, in particular, that the reconnected
well-known equations of marginally stable, ideal MHD ev- magnetic island does not extend over all valueg.bOn the
erywhere apart from a thin layer, centered on the resonardther hand, the Hall-MHD simulation is quite different. First,
surface §=0), in which a strong current is driven. In the the current sheet is strongly concentrated around the X point,
inertial regime, this layer is of thickness-t . The recon- and is not particularly extended in thedirection'42° In-
nection rate in the inertial regime varies liBet=,. Finally,  deed, the current pattern is more reminiscent of Petschek
the inertial regime ends when-r;, wherer;= 7 3. For  reconnectioft than Sweet—Parker reconnection. Note that
t>7,, the plasma response is governed by standarthe reconnected magnetic island now spans virtually all val-
constanty layer physics? In the constaniy regime, the re-  ues ofy. Second, the out-of-plane magnetic field is strongly
connection rate decays on a typical tearing time s@alech  localized in the vicinity of the island, and forms a character-
is much longer tharr;), and the width of the current layer istic quadrupole pattern around the X poiftEinally, as in
gradually increases. The reconnection rate peaks around tlige linear case, the ion motion is completely decoupled from
time, t~ 71, at which the plasma response makes the transithe reconnecting region.

discussed in this paper employ a uniform time stepsof
=103 normalized time units, as well as a 28628 com-
putational grid.

B. Overview
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FIG. 2. Typical current density, etc., patterns associated with forced reconnection in the linear MHD and linear Hall-MHD regimes. Calcufatioresi per
with L=8.0,7=1.0, 7=10 %, u;=108, »=0.0, and=,=10*. All panels show data taken at the peak reconnection rate. The left panels show density plots
of the current densityj, . The middle panels show density plots of the out-of-plane magnetic field-strégti;he right panels show density plots of the

ion streamfunction,¢. The upper panels show calculations made usipg10 3, corresponding to the linear MHD regime. The lower panels show
calculations made using; = 1.0, corresponding to the linear Hall-MHD regime. Note tXat sgn)/|x|/(2—|x|) is a stretched coordinate.

C. Scaling in the linear regime Jmax Scales asy~ 2 in the linear MHD regime ¢;=0.0).

Figure 4 shows the scaling of the peak magnetic recon] his scaling breaks down at largevalues because the width
nection rate,J,. With plasma resistivity,, in the linear  of the reconnecting layewhich scales as™?) becomes too
MHD and Hall-MHD regimes. As expectddee Eq.(37)], large for the asymptotic matching analysis of Hahm and

X X

FIG. 3. Typical current density, etc., patterns associated with forced reconnection in the nonlinear MHD and nonlinear Hall-MHD regimesor@alculati
performed withL=8.0, 7=1.0, »=10"°, andu;=10"°. All panels show data taken at the peak reconnection rate. The left panels show density plots of the
current densityj,. The middle panels show density plots of the out-of-plane magnetic field-streé®igthThe right panels show density plots of the ion
streamfunctiong. The upper panels show calculations made usingl10 3, »=0.0, and=,=0.1, corresponding to the nonlinear MHD regime. The lower
panels show calculations made usimg=1.0, »=2.5x10"° and E,=102, corresponding to the nonlinear Hall-MHD regime. Note that

=sgn§)/|x|/(2—[x]) is a stretched coordinate.
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FIG. 4. Scaling of the peak magnetic reconnection rafg,, with resistiv-  FIG. 5. Scaling of the peak magnetic reconnection raig,, with resistiv-

ity, 7, in the linear regime. Zero hyper-resistivity calculations. Calculationsity, 7. in the linear regime. Finite hyper-resistivity calculations. Calculations

performed withL =8.0, 7=1.0, ;= 0.0, »=0.0, and=,=10"*. The trian-  Performed withL=8.0, 7=1.0, u;=0.0, »=2.5X10"*%, and Z,=10"*.

gular data points correspond th=0.0. The square data points correspond The triangular data points corresponddp=0.0. The square data points

to d;=1.0. The dashed line is a fit th,,e 5 23 The dotted line is a fitto ~ correspond tad;=1.0. T_he solid data poi_nt_s show t_he Fotal reconnection

Iy Y8, rate. The open data points show the resistive contribution to the reconnec-
tion rate. The dashed line is a fit ty,,<7 2°. The dotted line is a fit to
D]

Kulsrud’ to remain valid. On the other hand,,,, quite
—2/3 ; H H . .. . .
clearly scales asy “* in the linear Hall-MHD regime ¢ \oreover, in the limit @;)i<d; <1, there is good evidence

:1-0_)- ) from Fig. 7 for the following Hall-MHD scaling of,,,:
Figure 5 illustrates the effect of a small amount of hyper-

resistivity on the resistive scaling of the peak magnetic re- d; = 40

connection rate in the linear MHD and Hall-MHD regimes. max” 77_2/3“0' (40

Now, in the presence of hyper-resistivity, there are two con-

tributions to the reconnection rate—a resistive contributionNote, from Eq.(37), that the MHD scaling,

and a hyper-resistive contribution, corresponding to the first I~ 1~ P, (41)
and second term, respectively, on the right-hand side of Ecii i o ]
(35). The resistive contribution to the reconnection rate is°lds fordi<(di)cri. Finally, it is apparent from Fig. 6 that
also equal to the amplitude of the current density perturbatl® increase ifma, with increasingd; that is evident in Eq.
tion in the reconnecting layer. It can be seen from Fig. 5 thaf49) starts to level off asl —1 (i.e., as the collisionless ion

at smally values the presence of finite hyper-resistivity leadsSKin depth becomes of the order the system)size

to anincrease(relative to thev=0 case in the net reconnec- Now, a comparison of Eq$38) and(39) reveals that the
tion rate, coupled with a correspondidgcreasén the am-  Plasma response enters the Hall-MHD regime when the col-
plitude of the current density perturbation in the reconnectliSionless ion skin deptid; , starts toexceedhe width of the

ing layer (i.e., a decrease in the resistive contribution to the€connecting layer. Of course, as soordabecomes greater

reconnection rate than the layer width, then the ion motion is able to decouple
Figure 6 shows the scaling of the peak magnetic recontrom the layer, which is the hallmark of Hall reconnection.
nection rate,J,,.,, with the collisionless ion skin deptid; , Note that in the Hall-MHD regime the reconnecting layer

in the linear regime. It can be seen that, is independent  Width is alwaysmuch lesshand; .

of d; for d; less than some critical valuel,(.;.. Of course,

this limit corresponds to the conventional MHD regime.

Note that @;).: Clearly increasesas 7 increases. Whed; D. Scaling in the nonlinear MHD regime
exceeds )i, and the Hall term in Ohm’s law is thus able

. - In the nonlinear MHD regime we expect the reconnec-
to affect reconnection, the peak reconnection rate starts to .
) o : tion to proceed according to the well-known Sweet—Parker
increasewith increasingd; .

:~1,18,19 R ; 123
Figure 7 is a rescaled version of Fig. 6. It is clear fromscenarld The appropriate scaling Gy is
Fig. 7 that g2

Jooe ——. (42)
(d) it~ 72 (39) g2
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FIG. 6. Scaling of the peak magnetic reconnection rdg,, with the FIG. 7. Scaling of the normalized peak magnetic reconnection rate,
collisionless ion skin depttd; , in the linear regime. Calculations performed Jmax/7*, with the normalized collisionless ion skin depth/7** in the

with L=8.0, 7=1.0, 4;=0.0, »=0.0, andE,=10"4. The solid triangular linear regime. Calculations performed with=8.0, 7=1.0, 4;=0.0, »=0.0,
data points correspond tp=10". The solid square data points correspond and=o=10"*. The solid triangular data points correspondjte 10" °. The

to »=10"5. The solid circular data points correspond 4e=10"%. The solid square data points correspond 7e-10 °. The solid circular data

open triangular data points correspondse 103, The open square data points correspond tay=10"*. The open triangular data points correspond
. - — —3 H H - —1/3 1/3
points correspond tay=10"2. to »=10"". The dashed line is a fit tdya /7 ~"cd; /">

Now, in Ref. 8, it was established that the plasma responsdall-MHD regime. The expected linear scalidg,,~7 2

enters the nonlinear regime when the perturbed current defisee Eq.(40)] is obtained whed,,,=1. On the other hand,
sity in the reconnecting region becomes comparable to th# the nonlinear regiméwhich corresponds td,=1) we
local equilibrium current density. This implies that the crite- obtain the new scaling 7 L. Note that in the nonlinear
rion for nonlinearity is simply regime the hyper-resistive contribution to the reconnection
rate dominates the resistive contribution. Moreoverpake-
Ima= 1 (43) - e -
creases, the hyper-resistive contribution increases approxi-
(neglecting hyper-resistivijy

Figure 8 shows the scaling of the peak magnetic recon-
nection rate Jax, With resistivity, », in the linear/nonlinear P e N N B B B
MHD regime. The expected,,~ 7 * scaling is obtained - 1
as long asl,,=1: i.e., as long as the response is nonlinear. § T

Figure 9 shows the scaling of the peak magnetic recon- N .
nection rate,,.x, With the wall perturbation amplitudé&, - ~ -
in the linear/nonlinear MHD regime. It can be seen that for 1 F “a =
Jmax=1 the linear scalingmax~Eé is obtained. However, for

Jmax=1l we obtained the expected nonlinear scalifg,
=3/2

~ -
~Q0

oglo(Jmax)
»

Formula(42) is often thought of as pertaining only to
steady-stateeconnection. However, as is clear from the data — oL A
shown in Figs. 8 and 9, this formula applies equally well to \*\A
the type oftransientforced reconnection obtained in the Tay- A
lor problem. The data shown in Figs. 8 and 9 also reinforces AN
the observation, made in Ref. 8, that the plasma respons ]
enters the nonlinear regime when the current density pertur:
bation in the reconnecting region becomes comparable to the
local equilibrium current densitgi.e., J»=1).

_1....!....[....I.-..I.

log,s(n)

E. Scaling in the nonlinear Hall-MHD regime FIG. 8. Scaling of the peak magnetic reconnection rdtg,, with resistiv-

. . . ity, 7, in the linear/nonlinear MHD regime. Calculations performed with
Figure 10 shows the scaling of the peak magnetic recon=g g, r=1.0, 4= /10, 1=0.0,d,=0.0, and=,=0.1. The dashed line is a

nection rate,J .., With resistivity, », in the linear/nonlinear fit to J, 7 Y2
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FIG. 11. Scaling of the peak magnetic reconnection r&fg,, with hyper-
resistivity, », in the nonlinear Hall-MHD regime. Calculations performed
with L=8.0, =1.0, u; = /10, d;=1.0, and=,=10"2. The triangular data
points shown=10"%. The square data points shay=10"5. The circular
data points show;=10"*.

FIG. 9. Scaling of the peak magnetic reconnection rdtg,, with the
perturbation amplitudeZ,, in the linear/nonlinear MHD regime. Calcula-
tions performed with.=8.0, 7=1.0, =105, 4;=10"7, »=0.0, andd;
=0.0. The long-dashed line is a fit ﬂq]axxEé. The short-dashed line is a fit

/2

=3
t0 Imax®Eg - -

mately aszn~

1

, wWhereas the resistive contributigwhich

Now, magnetic reconnection implies a breakdown in
both ion and electroflux freezing In Hall-MHD, ion flux
freezing breaks down automatically on length scales below

also measures the amplitude of the perturbed current density . However, electron flux freezing only breaks down in the
in the reconnecting regigrsaturates
Figure 11 shows the scaling of the peak magnetic reconhyper-resistivity. It is clear, from Figs. 10 and 11, that the

nection rate J.x, With hyper-resistivity,v, in the nonlinear

reconnecting region due to the action of resistivity and

peak rate of change of the reconnected magnetic flux,

Hall-MHD regime. It can be seen that the reconnection ratdd¥/dt) .= 7max, iS Virtually independenof both resistiv-
exhibits a fairly weak dependence on the hyper-resistivity. ity and hyper-resistivity in the nonlinear Hall-MHD regime.

AN

1
»

Vg
N

Vg
1 1 1 1 I L 1 '

A
N A
\

b e e b e by INY

7/

FIG. 10. Scaling of the peak magnetic reconnection ratg,, with resis-

-6 -5 -4 -3 -2 -1
l°g1o(77)

This surprising result, which was first obtained by Biskamp
et al,1” can be related to the quadratic nature of the whistler
wave (which mediates magnetic reconnection in the Hall-
MHD regime).12:17:20

Figure 12 shows the scaling of the peak magnetic recon-
nection rate,) .« With the wall perturbation amplitudé&
in the linear/nonlinear Hall-MHD regime. It is clear from the
figure that the criterion for the plasma response to enter the
nonlinear regime is that theesistivecontribution to the re-
connection rate should exceed unity. In other words, the per-
turbed current density in the reconnecting region should be-
come comparable to the local equilibrium current density. In
the linear regime, we obtain the expectbﬁLpEé scaling.
On the other hand, in the nonlinear regime the reconnection
rate starts to increase much more rapidly with the wall per-
turbation amplitude. Indeed, the figure suggestk, ~E§
scaling in the nonlinear regime.

Figure 13 shows the scaling of the peak magnetic recon-
nection rateJax, With the collisionless ion skin deptld, ,
in the linear/nonlinear Hall-MHD regime. It can be seen that
for (d;).ir<<d;<<1 the rate of increase of the reconnection
rate withd; seems to be significantly stronger in the nonlin-

tivity, 7, in the linear/nonlinear Hall-MHD regime. Calculations performed agr regime 'Qmale) than in the linear regime\](na,(il).

with L=8.0,7=1.0, u;= 5/10, v=2.5x10"°, d,=1.0, and=,=10"2. The
solid data points show the total reconnection rate. The open data points

Indeed, the figure suggests],§ax~di3/2 scaling in the nonlin-

. l . .
show the resistive contribution to the reconnection rate. The short-dashe@@ r'egime, as opposed to tlg,,~d scaling seen in the
line is a fit toJ a2 7 2% The long-dashed line is a fit th,q, 7 %

linear regime.
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LNLELE I L I B IELEL L BRI B incompressible, nonlinear Hall-MHD code. To be more ex-
a” act, we have concentrated on the scaling ofpbakinstan-
taneous magnetic reconnection rat&;,,=(dW/dt)ax
A - where ¥ is the reconnected magnetic flux. This metric is
- easily obtained from our simulations and captures the es-
2 sence of the reconnection process—for instance, in the non-
e - linear MHD regime we are able to reproduce the classic
il e Sweet—Parker scaling just by studying the variatiorRgf,,
' with resistivity, », and perturbation amplitud&, (see Sec.
o IIID). Moreover, as can be seen from Fig. 1, the reconnected
e ~ flux after a fixed time(since the imposition of the perturba-
-7 -2 tion) increases withR,,. Finally, Ry, is directly propor-
Ry I — AT | tional to the peak electric field that develops in the recon-
necting region. Since it is this electric field that generates the
| A/A’A i majority of the accelerated particles that are the most impor-
AL i tant product of magnetic reconnection in astrophysical and
NPT PRI U R R space contexts, it makes sense to RBgg, as a reconnection
-3 -28 -26 -24 -22 -2 metric. Generally speaking, the inclusion of the Hall term in
10810(50) the plasmg Ohm’s Iaw_is found treatly acceleratehe rate
of magnetic reconnectioff:*’
FIG. 12. Scaling of the peak magnetic reconnection ragg,, with the Our simulations are performed in the absence of a guide
perturbation amplitudes o, in the linear/nonlinear Hall-MHD regime. Cal- field: i.e., zero equilibriurrz—directed magnetic field. How-

culations performed withL=8.0, 7=1.0, =105, u;=10"7, »=25 o . ] A
%X 1079, andd;=1.0. The solid data points show the total reconnection rate.ever‘ the addition of a small guide flelBOZ’ WhereBo<1

The open data points show the resistive contribution to the reconnectiohin Normalized units would not modify any of the results
rate. The long- and short-dashed lines are fitsltge=s The dotted—  reported in this paper.
dashed line is a fit tdmaeZp. In the linear regime(see Sec. Il ¢ our simulations re-
produce the Hahm—Kulsrud scalin@Ry.~ 772, in the
conventional MHD limit. In the Hall-MHD limit, we obtain
the new scalingR,.,~d74°E o, whered; is the collisionless

We have performed a comprehensive numerical study oion skin depth. Note that this scaling breaks downdas
the scaling of forced magnetic reconnecti@m the absence approaches the system size. The critical valual,0ébove
of a guide field in the so-called Taylor problem using a 2-D, which conventional MHD goes over to Hall-MHD is found
to scale as ).~ 7»*>. Since the resistive layer width at
peak reconnection rate scales &s 73, it is evident that
conventional MHD breaks down wheh exceeds the resis-
o | 4 | tive layer width. We observe that the resistive layer width
| [ i decreases ad; increases in the Hall-MHD limit.
| [ 4 _ In the nonlinear regime, our simulations reproduce the
| o {  Sweet—Parker scalif$*® Rya,~ 722 32 in the conventional
5 g’ w " MHD limit (see Sec. Il D. In the Hall-MHD limit, we ob-
1k ° . - tain the new scalindR,~d¥?=3 (see Sec. Il E Again,
- ¥ u ] this scaling breaks down ak approaches the system size.

/
4

loglO(Jmnx)

IV. SUMMARY AND CONCLUSIONS

We also confirm the result obtained in Ref. 8 that the plasma
- . = 7 response enters the nonlinear regime when the current den-
i J . " /K/‘ ] sity perturbation in the reconnecting region becomes as large
0 i T « as the local equilibrium current densify.e., when J .,
/ =7 'R, (Or, to be more exact, the resistive component of
., Jmax) exceeds_unit]/ _ o
s Note that in the nonlinear Hall-MHD limit, the peak re-
1 A A con_ngc_tion rate isndependentof resistivity (ar_1d hyper-
-3 -2 -1 0 resistivity). In other words, the peak reconnection rate does
l°glo(di) _not erend on the mechanism by which ele.ctron fIL_Jx_ freez-
ing is broken in the reconnecting region. This surprising re-
FIG. 13. Scaling of the peak magnetic reconnection ragg,, with the  sult has been obtained in previous studies of Hall-MHD re-
collisionless ion skin depthd; , in the linear/nonlinear Hall-MHD regime. connection, and can be accounted for in terms of the
Calculations performed with=8.0, ==1.0, ;= /10, ¥=2.5¢10"°, and g aqratic nature of the whistler wave dispersion relation
E =10 “. The triangular data points correspondsje-10"“. The square . .
data points correspond t9=10"°. The circular data points correspond to (note that in Hall MHD, the whistler wave controls electron
7=10"°. The long-dashed line is a fit ae<d™. The short-dashed line is Motion on length scales be|0d4)_12,17,20 Of course, in the
a fit to Jpaed. limit as 7 (andv) tends to zero, thig-independent scaling of
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the reconnection rate must eventually break down, since iEnergy under Contract No. DE-FG05-96ER-54346 as well as
implies an X-point current density that diverges as®. via Cooperative Agreement No. DE-FC02-01ER54652 under
However, this limiting mechanisrfwhich is probably elec- the auspices of the program for Scientific Discovery through
tron inerti&®) is not captured by the Hall-MHD equations. Advanced Computing.
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