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In the reversed field experime(RFX) [F. Gnesottcet al, Fusion Eng. Des25, 335(1995], the

m=1 andm=0 tearing modes present in the plasma are observed to phase-lock together to form a
highly peaked, strongly toroidally localized, pattern in the perturbed magnetic field. This pattern,
which is commonly known as the “slinky” pattern, gives rise to severe edge loading problems
which limit the maximum achievable toroidal current. A theory is presented which explains virtually
all salient features of the RFX slinky pattern. The central premise of this theory is that at high
ambient mode amplitude the various tearing modes occurring in the plasma phase-lock together in
a configuration which minimizes the magnitudes of the electromagnetic torques exerted at the
various mode rational surfaces. The theory successfully predicts the profiles of the edge radial and
toroidal magnetic fields generated by tme=0 andm=1 modes, the phase relations between the
various modes, the presence of a small toroidal offset between the peaksmftbeandm=1
contributions to the overall slinky pattern, and the response of the pattern to externally generated
m=0 andm=1 magnetic perturbations. @002 American Institute of Physics.

[DOI: 10.1063/1.1481057

I. INTRODUCTION A tearing mode is conveniently identified via its poloidal

A reversed field pincliRFP) is a toroidal magnetic con- mode numberm (i.e., the number of periods the short way
figuration for thermonuclear plasma confinement characteraround the plasma torysand its toroidal mode numben,
ized by a short and rapidly varying helical pitch of the mag-(i.e., the number of periods the long way around the plasma
netic field. The cylindrical safety factdrg, monotonically ~ torus. Them, nmode is resonant inside the plasma where

decreases from a typical value@# () a/R, on the toroidal  d=m/n. The dominant tearing modes in conventional RFP
magnetic axis ta= — (1) (a/R,) at the edge of the plasma, plasmas aren=1 modes, resonant in the plasma core, and

passing through zero ata=0.8 (a andR, are the minor and ;n=0 modhe_sh r};ﬁsonan.tl.st' the\t/ers%I Turfaceil.te'z.,ffch;(ej sur
major radii, respectively, of the plasma torués is well- ace on which the equilibrium toroidal magnetic Tield passes

known, a configuration in which the edge toroidal magneticthroug'h zery which is situated close to the plasma edge.

field (and, hence, the edgg-is reversed is maximally stable 1€ number of unstabl=1 andm=0 modes is largely

to magnetohydrodynamic&MHD) modes A conventional controlled by the inverse aspect-ratie,=a/R,, of the
RFP is surrounded by a close fitting, highly conducting shelPlaSma torus. The smaller,, the larger the number of un-
which stabilizes external-kink modes which would otherwiseStable modes. For a typical present-day RFP, such as RFX
rapidly destroy the plasma. The remaining instabilities aréthe Reversed Field eXperiméntfor which ,=0.23, the
internally resonant mode§.e., they satisfyk-B=0 some- dominantm=1 modes have toroidal mode numbers lying in
where inside the plasma, whekds the wave vector ang  the rangen=7-15, whereas the dominamt=0 modes have
the equilibrium magnetic fieldwhich tear and reconnect the have toroidal mode numbers lying in the range 1—15.
magnetic field at their associated resonant surfaces. These In virtually all RFP experiments, them=1 andm=0
instabilities, which are known agearing modes play a tearing modes present in the plasma are observethase-
double role in RFP physics. Firstly, tearing mode activitylock together to form a highly peaked, strongly toroidally
converts the magnetic flux generated by the poloidal fieldocalized, pattern in the perturbed magnetic field, which is
transformer into toroidal flux; thus, maintaining the reversalsometimes called thelinky patterr®~2° The slinky pattern

of the edge toroidal magnetic field, which would otherwisegives rise to a toroidally localized distortion of the plasma
rapidly decay away. Secondly, tearing modes reconnecttorus which causes its outermost flux-surfaces to intersect the
magnetic-field lines to generate overlapping chains of magwall; thereby, generating a localized wall “hot spot”If the
netic islands. These overlapping island chains ergodize thslinky pattern locks to the wallas is always the case in
magnetic field; thereby, strongly degrading the plasma enRFX) then this hot spot can easily cause wall overheating,
ergy confinement. leading to the influx of impurities into the plasma, and the
eventual termination of the discharge. Indeed, the maximum
3Electronic mail: rfitzp@farside.ph.utexas.edu achievable plasma current in RFX is strongly limited by this
PElectronic mail: zanca@igi.pd.cnr.it effect. Fortunately, however, the overheating problems asso-
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ciated with the hot spot can be partially alleviated by forcingF™"(r*")=0 [i.e., q(r2"")=m/n], where F™"(r)=mB,
the slinky pattern to rotate3 —neB,. This singularity is resolved by the presence of a
Wall locking of the slinky pattern is presumably causedmagnetic island chain centerd on the rational surface.

by the phase-locking of its constituent tearing modes to static | et {pm,n(r) represent the normalized, ntearing eigen-
error-fields. For RFPs which possesses a thin, resistivg,nction. In other wordsfpm'”(r) is areal, continuous solu-
vacuum vessel located inside the stabilizing shellg., on to Newcomb's equation which is well behaved ras
RFX), the .I(_Jcking of tearing modes to static error-fields is_}o, satisfies]xm*”(rm'”)zl, and satisfieﬁ;m'”(c)zo. Here,
greatly facilitated by vacuum vessel eddy curréfits. e . S . .

r=c is the minor radius of the highly conducting shell sur-

The aim of our paper is to gain a theoretical understandfoundin the plasma. The above prescription uniquely speci-
ing of how and why phase-locking occurs in RFX plasmas. g P ' P P quely sp

i Jm.n Jm,n - e
Rather than attempting a three-dimensional, nonlinear-MHIZ;Ies ‘ﬂ . (r). IE gmer?eral,w (r) pos_sesses a gradient dis
simulation of phase-lockind”we shall build on the previ- Ccontinuity atr=rg*". The real quantity

ously published analytical results of Fitzpatritkand the domn ron
detailed observations of the phase relations between phase- gmn_|, d , (4)
locked modes in RFX, which were recently obtained by dr pmn

Zancaet al!® Our analysis is restricted to zeg-resistive, ] . R ] o
viscous. MHD. can be identified as the standdirtear stability indexfor the

. 4 . . .

This paper is organized as follows. After some prelimi-M: N tearing r_nodé. In this paper, it is assumed that the
nary analysis in Sec. II, we outline our theoryraf=0 and dornmar;;c:eanng modes in a given RFP plasma are those for
m=1 phase-locking in Secs. Il and IV, respectively. SectionWhich E™">0.

V discusses phase-locking to error-fields. In Sec. VI, we Ve canwrite
compare our the_ory vv_ith experimentgl data from RFEX. We wm,n(r’t):l’zlm,n(r)\lrm,n(t)ei‘pm'”(t)' (5)
present some simulations of RFX discharges in Sec. VII.

Finally, in Sec. VIII, we summarize and discuss our resultsWhereW™"(t) and ¢™"(t) are the amplitude and phase of
them, nmode, respectively. In the following, we concentrate
Il. PRELIMINARY ANALYSIS on the time evolution of the™"(t). The mode amplitudes
o are regarded as fixed quantities to be derived from observa-
A. Plasma equilibrium tions
Consider a large aspect-ratidzero3,2* axisymmetric,
toroidal plasma equilibrium whose unperturbed magnetic

flux-surfaces map outalmosi concentric circles in the po- C- Error-field

Ioid_al plane._ Such an equilibrium is well _approximated as a In this paper, we assume that any externally generated

periodic cylinder. Suppose that the minor radius of theerror-field leaks through narrow gaps in the highly conduct-

plasma isa. Standard right-handed, cylindrical polar coordi- ing shell. Inside the shell, the vacuum magnetic perturbation

nates(r, ¢, z) are adopted. The system is assumed to bessociated with a general error-field is written

periodic in thez direction, with periodicity length 2R,

whereR, is the simulated plasma major radius. Itis conve- ' emnyymn g o £)pmn (6)

nient to define a simulated toroidal angie=z/R,. The % vae

equilibrium magnetic field is writteB=[0,B,(r),B4(r)], whereC™ "= (m?+ n2e2) Y2 andn™"=C™"(0ne,m). Let

whereVB=¢(r)B. o Y
Vac(C,0,¢,1) =W M(t)e'e Velmrmnd), 7

where¥ ™" and ¢"" are the amplitude and phase of time
The magnetic perturbation associated withnanntear-  n component of the error-field, respectively, just inside the
ing mode can be writteb(r,t)=b™"(r,t)e' (M~ ") |n this  shell.
paper, it is assumed that=0 andn>0. The components of
the perturbed magnetic field are writtén
g Il. PHASE-LOCKING OF M=0 MODES

b= — (1) A. Introduction

B. Perturbed magnetic field

mdy™Ydr)  neoy™ In this section, we shall investigate the mutual phase-

b= s ——s, 2) locking of them=0 modes. For the moment, we shall ignore
m*+n“e m=+n“e the m=1 modes. According to conventional MHD theory,
_ ne(dyg™vdr)  moy™" the pha;e of a tearing modg i; entir_ely d(_atermined by plasma
by''= 21 n2e2 + 2 n2e2” (3)  motion in the immediate vicinity of its rational surfateOf

course, then=0 modes all share the same rational surface:
where e=r/R,. The linearized magnetic flux-function i.e., the reversal surface, radiug, which satisfiesB 4(r, )
™"(r,t) satisfies Newcomb’s equatiéh?® As is well-  =0. Thus, it should be possible to formulate a theoryrof
known, Newcomb’s equation gngularat them/n resonant =0 phase-locking by concentrating on plasma dynamics at
(or “rational”) surface, minor radius"", which satisfies the reversal surface.
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In the following, we present two complementary theorieselectromagnetic torque increases as the square of the ambient
of m=0 phase-locking. The first theory uses a variationalm=0 mode amplitude, whereas plasma inertia and viscosity
approach, whereas the second employs a Fourier approachemain approximately the same. It follows that torque bal-
ance becomes quite problematic in the high mode amplitude
regime. Our hypothesis is that when the ambient mode am-
plitude becomes sufficiently high the=0 modes phase-
lock together in such a manner asninimizethe magnitude
The radial component of the curl of the linearized MHD of the electromagnetic torque—thereby, facilitating torque

B. Variational analysis

Ohm's law yields balance. This hypothesis suggests that we minimize the mag-
db, By du, 7 djy nitude of the torque$ T, 2d¢, for a fixed magnitude of the
"t "Ry b Rg b’ B current sheet$J, 2d¢. In other words, we seek 3, (¢)

. . p\'ofile which minimizes the functional
in the instantaneous rest frame of the plasma at the reversal

surface. Hereb,(r,¢,t), v (r,¢,t), andj,(r,¢,t) are the . d(j*z)
radial magnetic-field perturbation, radial plasma velocity = W[J,]= fﬁ d
perturbation, and poloidal current perturbation, respectively,
associated with then=0 modes. Furthermorey(r) is the  where\ is a Lagrange multiplier. Standard variational analy-
plasma resistivity. sis yields

Throughout the bulk of the plasma, the two terms on the
left-hand side of the above equation balance one another, and dz(f]* 2y A\
the term on the right-hand side is negligible. This ordering T¢2_: PR (15
enforces the familiar ideal-MHD flux-freezing constraint.
However, flux-freezing breaks down in the immediate vicin-or
ity of the reversal surface, wheig,=0. In this nonideal \ &2
region, the term on the right-hand side of Ef) becomes 3*2:i+a¢+ﬁ' (16)
important. In other words, @adially) thin poloidal current 4
sheet flows in the vicinity of the reversal surface.

We can radially integrate Eq8) over the nonideal re-
gion in the vicinity of the reversal surface to give

b, Ny 0J4

2
} dg+x § 3,70, (14

where« and B are constants of integration.

Now, the current profilej*(zﬁ) must satisfy a couple of
constraints. Firstly,

—e e ) 5
R a0 $3.do=o, an

Here, & is the radial thickness of the nonideal regiomp,

=n(ry), b, (¢, 1)=Db,(r,,o.1), and J, (¢,t)  since them=0 modes cannot self-generate a net poloidal

=f[*fj0(r,¢>,t)dr. In writing the above expression, we current at the reversal surface. Secondly( ¢) must be pe-
have assumed that is approximately constant over the non- fiodic n .¢>, with per?od 2. Thg abgve co_nstramts can only
ideal region(which corresponds to the familiar constapt- be satisfiedfor physicald, profiles if the right-hand side of
approximatiof®), and have neglected the term involving.  EQ. (16) is a perfect square. In fact, we can write

It is convenient to write

- J

b, (¢,1)=b, (#)e", (10) J*(¢):;O(¢_¢o_77)- (18)

J (p )=, (p)e", (1)  for 0<¢— ¢pg<2, whereJ, can either be positive or nega-
in which case Eq(9) reduces to tive. Note thafJ* must be discontinuous whenewgr- ¢ is

R an integer multiple of 2, in order to maintain periodicity.
b T« dJ, Nevertheless, 3*2 is continuous, and the integral
« ()= - (12 A . .
YR, do $[d(J,?)/dp]?’d¢ possesses no singularities. It follows

Note that the simplifying assumption of a common timefrom Ea.(12) that
dependence of then=0 modes is fairly consistent with 2307, [ 1
experimental observationsee Sec. V)l The radially inte- b, (p)= ot | —— 5(¢_¢0)}, (19
grated toroidal electromagnetic torque acting in the vicinity YORo | 2m

of the reversal surface can be writtem, (¢,t)

. for 0<¢— p,<2m. The optimall, and b, profiles are
=T, (¢)e*", where = bo=2m P * x P

sketched in Fig. 1 for positivé,. Of course, for negativé,
7. d(3,?) the profiles are invgrtgd. .
- 276 do (13 Note that a varlatlonal calculation can only be made for
them=0 perturbation, because only at the reversal surface is
The above electromagnetic torque must be balanced bghere a broad spectrum of unstable resonant modes. Hence,
plasma inertia and viscosity. However, the amplitude of theonly at the reversal surface can we talk aboutaaiable

-’l\—*(ﬁi’):_ROj*B*:
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T = 1
* _2/-L05*2r*
X2 {Cjcodi(¢=do) |+ Ssimj(6—¢o)lh (26
where
EO,n\I,O,n\I,O,j -n
C=> ————sin24,), (27)
n>0 n
EO,n\PO,n
S = - =
) ngo n
FIG. 1. Sketch of thedl, andb, profiles which minimize the amplitude of X[WO " cog2A ) + WO —pOni] (29

the m=0 generated electromagnetic torque at the reversal surface. ) o ) )
We wish to minimizef T, 2d¢ with respect ta\ in order to

find the phase-lockech=0 configuration which minimizes

) . . ~_ the magnitude of the electromagnetic torque. It is easily
angular profile of the perturbation. Clearly, relations similar yemonstrated that

to Egs.(9)—(13) can also be written at the h,rational sur-

faces; however, at these surfaces the angular profiles of the i fﬁ 2,
poloidal and toroidal current sheets diseed because there is o7 § T dd=Tot ToC04240), 29
only a single unstable resonant mode.
where
To=—F5——>—32, ab;, 30
C. Fourier analysis 2 (2106, 21y 121 1 (30
Ampere’s law yields and
J,.=—[b ]r*i’ (20) EOMp Ompr0j—n
1““0 * ¢r* aJ:E 7, (31)
whereb4(r, ¢,t) is the toroidal magnetic field perturbation n=0
due to them=0 modes. It is easily demonstrated that (EON  EOn+]
0ngr0n b;= > ‘I’O’n‘l’o‘n“(—— = . (32
0Nl + v on n=0 n n+]
[bg )" = - cosng—¢™, (21)
* *x It follows that the optimum values oA, are £#/2 if T,
with €, =r, /Ry. Hence, >0 and 0,7 if T,<O.
1 E0ng0n Recall that the dominanh=0 modes are those which
J ()=~ > cosng—¢%"), (22)  aretearing unstable: i.e., those for whiEeh">0. Moreover,
Mo€xlyn>0 N the m=0 mode amplitudes¥°", and toroidal mode num-

where the sum is taken over the dominant 0 modes: i.e.  Pers,n, are positive definite. Finally, for all plausible equi-

those modes for whick®">0. It is also easily demonstrated librium current profiles E®" decreases as increases—see
that Table 1. Hence, it follows that the; and theb; are all posi-

L tive, which implies thatT,>0. We conclude that the opti-
_ - on i _on mum phase-locked configuration for the=0 modes is
b (¢) My nzo sinng =7 23 characterized by = = 7/2. It follows from Eqs.(22), (23),

Finally, the radially integrated toroidal torque acting in the and(25) that

vicinity of the reversal surface takes the form 1.(6) sgndg) 2
T.(d)=—Rodib, . (29 «(& M0€xT 5 n>0
As before, we hypothesize that when the ambient mode sgnAy)
amplitude becomes sufficiently large the varioos=0 by (d)=—" 2
modes phase-lock together in such a manner as to minimize
the magnitude of the electromagnetic torque at the reversal Suppose, for the sake of illustration, that the dominant
surface. Now, phase-locking of tile=0 modes implies that m=0 modes possess toroidal mode numbers in the range 1
PO+ 1— 00N is the same for all the locked modes. In otherto N. Suppose, further, that the amplitudgs’”, and stabil-
words ity indices,E®", of these modes are all the same. The latter
on_ assumptions are fairly realisti@xperimentalm=0 ampli-
¢ " =Ndo=Ao, (29 tudes do not usually exhibit a strong variation withand
whereA, is, as yet, undetermined. Equatid@®)—(25) yield  theoreticalE®" values generally vary weakly with—see

O,nq,o,n

sinin(¢—¢o)], (33

PO cogn(¢— o). (34)

r* n>0
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TABLE |. The poloidal and toroidal mode numbers, rational surface radii, stability indices, and normalized
edge radial and toroidal magnetic fields for the modes included in the phase-locking simulation of RFX shot

8071.

m n r™/a E™" pmn by

1 8 2.215e-1 4.992e+0 2.422e+-0 —5.948e+0
1 9 3.507e-1 2.675e+0 1.182e+0 —2.717e+0
1 10 4.260e- 1 1.977et+0 9.548e-1 —2.060e+0
1 11 4.784e- 1 1.478e+0 8.500e-1 —-1.727e+0
1 12 5.176e- 1 1.043e+0 7.846e-1 —1.506e+0
1 13 5.484e-1 6.364e-1 7.363e-1 —1.340er0
1 14 5.735e-1 2411e-1 6.970e-1 —1.208et+0
0 1 8.441e-1 1.674e+1 1.970er0 —4.647et+1
0 2 8.441e-1 1.662e+1 1.962e-0 —2.318et+1
0 3 8.441e-1 1.642et+1 1.949e+0 —1.53%+1
0 4 8.441e-1 1.616et+1 1.930e+-0 —1.149e+1
0 5 8.441e-1 1.582et+1 1.907e+-0 —9.115e+0
0 6 8.441e-1 1.541et+1 1.880e+0 —7.530e+-0

Table )), and is also in accordance with the analysis of Secwhere Ap= = 7/2. The above distribution of phases gener-
I B, where it was assumed that the dominamt=0 modes ates arm=0 radial field which has a “spike” ath= ¢, (the
possessed a common time dependence. It follows lhat spike is positive or negative depending on whethgr-0 or
xsgnN@g)Zn—1nSIMN(¢—dg)lin  and b, xsgn@g)2,—1n  Ag<O0)—see Figs. 1 and 2. The current sheet at the reversal
X cogn(¢—¢g)]. Figure 2 shows thd, andb, profiles cal- surface generates an=0 toroidal field outside the reversal
culated, in this manner, foN=15. (We have selectedh,  surface which variefnearly with ¢, and possesses a quasi-
<0.) It can be seen that the profiles correspond almost pemdiscontinuity at¢= ¢, [the gradient of the fieldw.r.t. ¢) is
fectly to those sketched in Fig. 1. Indeed, the correspondengeositive or negative depending on wheth&p<0 or
becomes exact in the limiti—oc. Ay>0]—in fact, the expected; profile outside the reversal
surface is similar to thd, profile shown in Figs. 1 and 2
[this can be ascertained from H&8), given that theb} are
all negative—see Tabld.IThe narrowness and height of the
Our main hypothesis is that when the ambient mode amspike inb,, and the steepness of the quasi-discontinuity in
plitude becomes sufficiently high th@e=0 modes phase- b, all increase as the number of phase-locked0 modes
lock together in a configuration which minimizes the magni-increases.
tude of the electromagnetic torque exerted at the reversal
surface. The analysis of Secs. IlIB and 1l C demonstrates
that the phase-locked configuration is characterized by I\V. PHASE-LOCKING OF M=1 MODES

e*"=ngo—A,, (35  A. Introduction

D. Summary

Let us now consider the phase-locking of the=1
modes. As discussed in Ref. 18=1 phase-locking is me-
diated by three-wave coupling involving triplets of two

2 ; ' ' ] =1 modes and a singlen=0 mode?®*?’ Moreover, the
i ] strength of this coupling can be calculated using linear tear-
~ 1r ] ing eigenfunctions. Three-wave coupling leads to the devel-
5 L CnER ] opment of net electromagnetic torques at the 1 rational
S 2TV VA AN T AR VANV AV surfaces and the reversal surface.
s T ]
5 a1k v . ,
S X ". 1 B. Analysis
- 2L . h The flux-surface averaged, radially integrated, toroidal
I H ] electromagnetic torque exerted at the reversal surface due to
ST P three-wave coupling between the A;+k mode, the 1,n
BT E—— 0 0.5 1 mode, and the Gk mode is writteri®
(¢ — @o)/m 2
T RO a
o : : R T“'k=——(‘1’1‘“+k‘1’1'”‘1’°'k)(7’J tnk(r)dr>
FIG. 2. Thel, (solid line) andb, (dashed lingprofiles which minimize the 2,LLo [
amplitude of them=0 generated electromagnetic torque at the reversal
surface, calculated fax=15. Xk sin( @M tk— ol — 0k), (36)
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where P denotes a Cauchy principal part. Here,

Pf3t,«(r)dr is the so-called “overlap integral,” whose in- 20 3 o S ]
tegrand takes the form i ;
do| dg'. . Gn 1ok ]
tn,k(f)za[f ar lﬂo’klﬁl’"”mm 5 Z ]
. d{po,kA GOk S 0F
+ygtr dr Vin+KgOKETAETATR > :
_10 - -
J1n+k 1n+k
+ gingok U G [ :
w lzb r dr Hl,n+kFl,nFO,k —20 " ]
RO Fin -1 -0.5 0 0.5 1
+ gkt TU(W (¢, — do)/m
EOk ELln+k FIG. 3. Them=1 “locking potential” calculated folN=_8.
+ HO,kFl,nFl,n+k + Hl’n+kF1'nF0’k)
_ 2 2 . . .
2BsBy—ra(Bs +By7) } (37 tis convenient to expres§(¢o— ¢1) as the gradient of a
FINEOkELtk ’ potential:
unere v ) f o) (44)
Fm'"(r)=mBg— nEB¢, (38) (d)O ¢1 - o (‘P ®.
G™"(r)=neB,+mBy, (39 It follows that:
s —m2 2.2 2
e B (o b= sarag) S, T (i kg
Thus, the total torque at the reversal surface due to three- nk 2po
wave coupling is a
x Pfo thk(r)dr|sink(do—¢1)]. (45

T=>, K (41)
nk Finding the minimum absolute value of the electromagnetic
where the sum is taken over the dominamt 1 andm=0 torque is equivalent to finding the minimum of the above
modes. potential. (The maximum of the potential would also mini-
As before, we hypothesize that when the ambient modénize the absolute value of the torque, but is dynamically
amplitude becomes sufficiently high the=1 modes phase- unstable).
lock together in a configuration such that the absolute value Suppose, for the sake of illustration, that the dominant
of the electromagnetic torque exerted at the reversal surfadg8=1 modes possess toroidal mode numbers in the range
due to three-wave coupling is minimized, since this is theton;+N—1, and the dominanh=0 modes possess toroidal
only way in which such a torque could be balanced bymode numbers in the range 1K5 (whereN’>N—1). Sup-
plasma viscosity and inerti@dNote that minimization of the pose, further, that the amplitudes of all the coupled modes
electromagnetic torque at the reversal surface also impliegre the same, and that all the overlap integrals are equal. The
minimization of the electromagnetic torques at the-1 ra-  latter assumptions are fairly realistic. We obtain
tional surfaces, since zero net electromagnetic torque is ex-
erted on the plasma, as a whole, as a consequence of three- V(¢1~ o) = = V(o= h1)* —Sgr(Ao)

wave coupling. Now, phase-locking of then=1 modes N-1
implies X 2 (N=K)sinfk(é1— ¢o)]. (46)
k=1
eM=n¢—Aq, (42)

_ _ Here, we have tacitly assumed that the overlap integrals are
whereA; is undetermined. Hence, Eq85), (36), (41), and  positive. Figure 3 shows the “locking potential” calculated,

(42) yield in this manner, foN=8. (We have selectefi;<0.) It can be
7R, seen that the potential possesses a strong minimung for
T(po— 1) =—5SgnMAg) > > (W LN+ kapp Ling Ok) slightly less thang,. Hence, we conclude that the=1
nk ZMo modes phase-lock in a configuration such tigt slightly
a exceedsp; . (Selection ofAy>0, or negative overlap inte-
X Pfo tn'k(r)dr> k cogk(g— 1) ]. grals, would lead to the opposite conclusjon.

The radial field perturbation associated with time=1
(43 modes can be written
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FIG. 4. The cosine and sine “envelope functionE,? (solid line) and FrS
(dashed ling for them=1 radial field, calculated fon,=8 andN=8.

b,(6,$)*cog 6—A)FE(d— ¢y)

+sin(0—A)F(b— 1), (47)
where
ng+N-1
Fo(p— 1) = 2 sinn(¢— 1)1, (48
ng+N-1
F(d—1)=— 2 cogn(¢—)]. (49

Figure 4 shows the cosine and sine “envelope functioRs,”
andF?>, for them=1 radial field, calculated fon,=8 and

Phase-locking of tearing modes in the RFX . .. 2713

grals are negative then the offset reverses sifine strength

of the peaking and toroidal localization of the met=0 and
m=1 magnetic perturbations increases as the number of
phase-locked modes increases. Finally, the magnitude of the
offset betweenp, and ¢»; decreases as the number of phase-
locked modes increases.

V. PHASE-LOCKING TO ERROR-FIELDS

A. Introduction

RFP plasmas invariably rotate in the laboratory frame.
Thus, in general, we would expect the slinky pattern to also
rotate as its constituent tearing modes are convected by the
plasma. However, in the RFX experiment, the rotation of the
slinky pattern is arrested via the phase-locking of some of its
constituent tearing modes to static error-fields. Let us inves-
tigate this effect.

B. Phase-locking to an m=0 error-field

Consider the effect of a 0, 1 error-field of amplitu@&*
and phasepg'l. The additional flux-surface averaged, radi-
ally integrated, toroidal torque generated at the reversal sur-
face is writtert®

, 2Ry 0,0, 40,1 civy 01 0,1
T= ESLW W Osin( 01— o)), (50)
where
™M (a)(m2+ n2e 2
Emn_ Pyl (a)( s9) 51)

Km(Nee)im(nea) —Km(Neg)im(nee)’

N=8. It can be seen that the envelope functions are highlwith e,=a/R,, e.=c/Ry, andes=r""/R,. Here k() and

peaked and strongly toroidally localized aroudier ¢, .

C. Summary

im() are vacuum solutions to Newcomb’s equation, and are
defined in Ref. 23.

Now, we do not expect the above torque to interfere with
the previously described mutual phase-locking of ive O

Our central hypothesis—that when the ambient modeandm=1 modes within the plasmaee Sec. V D However,

amplitude becomes sufficiently high te=0 and m=1

in the large mode amplitude limit, we do expect the phase of

modes phase-lock together in a configuration which minithe 0, 1 mode to adjust itself such that the absolute magni-
mizes the magnitude of the electromagnetic torque exerted atide of T, is minimized. From Eq(50), this implies that
the reversal surface—allows us to make detailed predictiong®!= " (the solution ¢*'= %'+ 7 is dynamically un-
regarding the form of the phase-locked configuration. Thestablg, which, from Eq.(35), yields

m=1 modes phase-lock in a configuration which is highly
peaked and strongly toroidally localized about some toroidal

bo=e2M+ Ay, (52)

angle¢= ¢,. There are two, equally probable, phase-lockedwith Ay= = /2. Thus, we conclude that the peak of time
configurations for them=0 modes—corresponding to the =0 slinky pattern(located at$ = ¢;) locks 90° out of phase

choice Ay= = 7/2. For the choice of the upper sign, the
=0 radial field possesses a stropgsitive “spike” at toroi-
dal angle¢= ¢,, whereas the edgm=0 toroidal fieldde-

with a strong 0,1 error-field. Clearly, if the error-field is sta-
tionary then the rotation of then=0 component of the
slinky pattern, and all its constituemh=0 modes, is ar-

creasedinearly with ¢, and possesses a quasi-discontinuityrested. Note, however, that although the rotation of rine

at ¢= ¢,. For the choice of the lower sign, tme=0 radial
field possesses a stromggativespike at toroidal angleb
= ¢y, Whereas the edgm=0 toroidal field increaseslin-
early with ¢, and possesses a quasi-discontinuity ¢at
= ¢y. There is a slight offset between the angfgsand ¢, .
For the choice of the upper sign, slightly exceedsp,, and
vice versafor the choice of the lower signHere, we are

=1 component of the slinky pattertwhich peaks at¢
= ¢,) is also arreste@since ¢ is tied to ¢ via three-wave
coupling, in general, the pattern’s constituemt=1 modes
continue to rotate. In fact, as can be seen from (#8), in
this case, the angular phase velocities of all the coupied
=1 modes become equal: i.ep}"=—dA;/dt. Note that
we can talk about the time derivative df; because this

assuming that the overlap integrals are positive—if the intequantity does not have a fixed value in our theory, unlike
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A stationary slinky pattern which is phase-locked to a  Suppose that the slinky pattern, and all of its constituent
static 0, 1 error-field can be forced to propagate via the apmodes, are rendered nonrotating via phase-locking to a com-
plication of an externally generated, rotating, 0, 1 magnetidination of static 0, 1 and hy error-fields. Suppose, further,
perturbation. Suppose, for the sake of simplicity, that thethat the pattern is then forced to propagate via the imposition
phase of the static error-field is 0°. In the large amplitudeof a large amplitude, rotating, 0, 1 magnetic perturbation.
limit, the phase of then=0 component of the slinky pattern How do the phases of the constituemt=0 andm=1 modes
becomes vary in time? Well, the rotating perturbation generates a

. torque at the reversal surface which forces the slinky pattern

a, sing, .

—> 0 (53)  to co-rotate. However, the hy mode remains phase-locked
1+a, cose, to the static 1n, error-field—the rotating perturbation can-
wherea, is the amplitude of the rotating perturbatigrela- ~ not affect this locking, since it generates no torque at the 1,
tive to the amplitude of the static error-figJéinde,(t) isthe  No rational surface. As before, we do not expect the error-
phase of the perturbation. Thus, as long as the amplitude dfeld torques to modify the mutual phase-locking of tie
the rotating perturbation remains less than that of the error=0 andm=1 modes(see Sec. VI It follows, from Egs.
field (i.e., a,<1), the slinky pattern oscillates in phase, but (35 and(42), that
does not rotate. However, as soon as the amplitude of the POk = koo (56)
perturbation exceeds that of the error-figie., a,>1), the o
pattern is forced to rotate. The rotation is very uneveay ifs oM=(n—ng) oo, (57)
close to unity, with the phase velocity of the pattern slowing . o )
down whene, =0°, and speeding up whes = 180°. How- wh_ere Po=¢1 IS the externally imposed angular phase ve-
ever, if the amplitude of the applied perturbation becomedOCity of the slinky pattern. Here, we have sdf\,/dt
very large(i.e., a,>1), them=0 component of the slinky = MNo®1, in order to ensure that the g mode remains sta-
pattern is forced to co-rotate exactly with the perturbationtionary. Clearly, the constituemn=0 andm=1 modes are

but the peak of the pattern always remains 90° out of phasg)rced to rotate with angular phase velocities which iare
with the perturbation. teger multiplesof the externally imposed angular phase ve-

locity of the slinky pattern. It is interesting to note, however,
_ _ thatm=1 modes withn<n, are forced to rotate in thep-
C. Phase-locking to an  m=1 error-field posite directionto the slinky pattern.

As we have seen, a statis=0 error-field is capable of
arresting the rotation of the slinky pattern, and its constituent
m=0 modes, but cannot prevent the constituent 1 D. Summary
modes from rotating. In order to arrest the rotation of the

m=1 modes, it is necessary for at least one of these modes /e have seen that in the presencesoigle harmonic
to phase-lock to a statim= 1 error-field. m=0 andm=1 error-fields the rotation of the slinky pattern,

Consider the effect of a Iy, error-field of amplitude and its constituent tearing modes, is modified, but the integ-
w0 and phasqol,no The additignal flux-surface averaged rity of the pattern remains unaffected. The reason for this is
v v !

radially integrated, toroidal torque generated at thaglra- that them=0 andm=1 internal phase-locking constraints,
. y grated, | que g ol Egs.(35) and(42), retain sufficient free parametefise., ¢,
tional surface is writtef?

and A,) that it is possible to specify the phase of a single

¢0: tan™ 1

T n m=0 and a singlen=1 mode without violating these con-
1ng, 27 Rg 0 0 and len=1 mode without violating th
(Tg ™)' =- wo  1+nglel? straints. Conversely, we expentulti-harmonic m=0 and
L1 N m=1 error-fields to affect the integrity of the slinky pattern,
XE oW, oW o sin( pto— ¢ "10). (54)  since, in general, there will be a conflict between the internal

phase relations, Eq&35) and(42), and those imposed exter-

The associated additional poloidal torque satisﬂ‘é#”t)’ nally by the error-fields

=—(T,;")"In,.
As before, we do not expect the above torque to interfere

with the mutual phase-locking of the=0 andm=1 modes

within the plasma(see Sec. VD However, in the large V1. COMPARISON WITH EXPERIMENTAL DATA

mode amplitude limit, we do expect the phase of thegl, A. Introduction

mode to adjust itself such that the absolute magnitude of

. L L In this section, we shall compare the theoretical predic-
(T;"O)’ is minimized. Clearly, this implies P P

tions of Secs. Il and IV with the mode locking phenomenol-

@lho= qpl,no (55) ogy observed in the RFX experiméntmajor radius,R,
v N =2.0 m; vacuum vessel internal and external radjj,=a
(the solutiong o= @ "+ 7 is dynamically unstableNow, ~ =0.457 m andr .=0.505 m; stabilizing shell internal and

if the 1, ny error-field is static, and the slinky pattern is external radii, ¢;,y=0.538 m andcg,=0.6 m. The main
phase-locked to a static 0, 1 error-field, then befffo and  characteristics of mode locking in RFX were described in
¢, are constant in time. It follows, from Ed42), that the Ref. 19. Here, we present an extended and more tightly fo-
rotation of all the constituenn=1 modes is arrested. cused version of this analysis.
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FIG. 6. Typicalm=0 contribution to the perturbed radial figlsolid curve

in RFX (average over many similar dischargeslso shown(dashed curje

is the radial displacement of the plasma boundary associated witmthe
=1 perturbation.

(shot 8071, time 9 msA systematic wave form due to eddy
currents flowing in the RFX conducting shell has been sub-
tracted out of then=0 profile?® Actually, them=1 pertur-
bation is best represented as a helical displacendeiit)
(also shown in Fig. B of the plasma surface in the radial
s direction!! As demonstrated in Ref. 19, the maximum of
-1 -0.5 0 0.5 1 A, () corresponds to the peak amplitude of the=1 per-
¢/ m turbation(i.e., to the anglep= ¢;).

FIG. 5. Typicalm=0 (solid curvé andm 1 (dashed curvecontribut Them=0 profile,bfgzo(gﬁ), exhibits a linear trend, with
to tk;e ber)t/l?:gae(ﬂoroidzcl) Imacgunrgticafri]eI(rjnin RE%athO;f,rtimggrrl'r):AIIOsT)s a qua3|.-d|scont|nU|_ty..Thus, this profile is In.exce”ent agree-
shown (bottom panel is the radial displacement of the plasma boundary MeNt with the predictions of Sec. Ill. In all discharges exam-
associated with then=1 perturbation. ined,bg‘zo(qﬁ) decreasetinearly with ¢, which is consistent
with our theoreticam=0 phase-locking formul&35), pro-
vided Ay= /2. Moreover, the maximum af,(¢) occurs at
an angle,¢,, which is close to, but slightlyess than the

All RFX discharges are characterized by a large ampli-angle¢, at which theb[‘;:(’(qﬁ) discontinuity passes through
tude, stationary, toroidally localized magnetic perturbaffon. zero. On the one hand, this confirms that the phase-locking
This perturbation is made up of phase-lockae-0 andm  of the m=1 modes is due to interaction with the=0
=1 modes with a broad spectrum of toroidal modemodes. On the other hand, the sign of the offset betwien
numberst® Presumably, the perturbation is stationary, ratheand ¢, suggests that the overlap integrals which characterize
than rotating, because its constituent modes are locked titve nonlinear coupling between the varioos=0 and m
static error-fields. Error-field locking is greatly facilitated by =1 modes are generallyegativein RFX (see Sec. IV.
eddy currents excited in the thin resistive vacuum ve¥sgl. As discussed in Sec. Ill, phase-locking witly= /2 is

The RFX magnetic perturbation is mainly analyzed us-expected to lead am= 0 radial field with a positive spike at
ing signals provided by two toroidal arrays of magnetictoroidal angle¢= ¢,. Unfortunately, them=0 radial field
pick-up coils, which measure the toroidal component of thecan not be measured on a shot to shot basis in RFX, due to
magnetic field. Each array consists of 72 equally spacethe absence of similar toroidal arrays of radial field probes.
coils. Hence, toroidal harmonics up t©=36 can be re- However, the averawrmzo(gb) profile can be calculated via
solved. The arrays are situated between the vacuum vessebtatistical analysis made on many similar dischafg&his
and the stabilizing shell, on the inner surface of the shelltechnique involves the reconstruction of the=0 toroidal
The “inboard” and “outboard” arrays are located at poloidal flux perturbation,wr(},‘:(’((b), using data from four toroidal
angles#;,,= —20.5° and#f,,~=159.5°, respectivelythe in-  flux loops located on the outer surface of the vacuum vessel.
board mid-plane corresponds #=0°). Thus, the contribu- The correspondingn=0 radial magnetic field is given by
tion of them=0 andm=1 modes can be distinguished by b""°(¢)=—(1/2arR;) (9 %d¢). The normalized
taking sums and differences, respectively, of the signals ema™ °(¢) profile shown in Fig. 6 is the result of a fit per-
nating from these two arrays. formed using the first 6 toroidal harmoni¢he amplitudes

The typical toroidal profiles of then=0 andm=1 con-  of all these harmonics are compargbl®ur analysis con-
tributions to the perturbed toroidal field are shown in Fig. 5firms the presence of am=0 radial field with a positive

A, (cm)

o-.. | ..I....I....-

B. Analysis
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FIG. 7. Typical Fourier amplitudes of the=0 contributions to the per-
turbed toroidal magnetic field in RF¥hot 8071, time 9 ms FIG. 9. The functionsly(k) = ¢ — % — o0t versusk for a typical, fully
phase-locked, magnetic perturbation in REs%ot 8071, time 9 ms

spike at an angle slightly greater tham ¢, . This result is Figure 11 shows the typical time evolution of tfezldk)
fully consistent with our theoretical predictions. 0, k Fourier amplitudes of the perturbed toroidal magnetic
Figure 7 and 8 show the typical Fourier amplitudes offield in RFX (shot 8071. In this example, the equilibrium
the m=0 andm=1 contributions to the perturbed toroidal edge toroidal magnetic field reverses sign at timg,
magnetic field in RFX(shot 8071, time 9 msAs can be =4.8ms. Them=0 modes can be seen to undergo a fast
seen, the dominamh=0 amplitudes correspond toin the  growth phase shortly after reversal. Note that every curve in
range 1-13, whereas the dominant1 amplitudes corre- Fig. 11 is normalized with respect to its value at the end of

spond ton in the range 7-15. the growth phase. Now, the slope of each curve gives an
Figures 9 and 10 plot the functions estimate of the growth-rate of the associated 0 harmonic.
d(k) = 0K+l Ok ;01 (58) It can be seen that the_ growt_h-rates are all very simiNote
that the slope of the signals is affected by the presence of the
dy(n)= gt tl—ptn— g0l (59  resistive vacuum vessel, which tends to slow down the

for a typical, fully phase-locked, magnetic perturbation ingrOWth of.t_he lowerk mpdes) The s_mﬂqnty of the growth-
RFX (shot 8071, time 9 ms Our theoretical phase-locking rates !UStIerS our earlier assumption, in Seg. 11, of a com-
relations, Eqs(35) and (42), predictdg(k)=A, and d(n) mon time dependence of te=0 modes. InC|dentaIIy., the
—,— bot Ay, Since we have already determined tha growth phase of thej=l modes(not shown starts a little

— /2 and 0< dby— b, < in RFX, we expect thalo(k) to  Pefore the reversal time. .
take the constant valug/2, and thed,(n) to take a constant F'g‘”(? k}% sh(())\ivs tyopl|c_al temporal traces of the functions
value slightly less thanr/2. From Figs. 9 and 10, it can be do(K)=¢™ "~ ¢~ ™ in RFX. Data are plotted for the

seen that these expectations are largely borne out for thféve most importanim=0 modes;. |.e.,k:.1—5. It can be
dominant modes. seen that as th@=0 modes grow in amplitude they undergo

phase-locking characterized hg(k)— 7/2. The behavior

L I —_ 1 i 1 1 1 i 1 I
sl - [ . .
[ — 05| U -
5 . .
o~ ) _ [ . A 4
T 2r . ~ . .
S’ 11— /E 0_ -
e ~ i
D r U— -A A
Ir -05 | -
iRAARNAARRRARE g e U
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n n

FIG. 8. Typical Fourier amplitudes of the=1 contributions to the per- FIG. 10. The functionsl;(n)=¢*""1— "— ©%! versusn for a typical,
turbed toroidal magnetic field in RF¥hot 8071, time 9 ms fully phase-locked, perturbation in RF¢hot 8071, time 9 njs
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t (ms)

FIG. 13. Typical temporal traces of the functiodg(n)=@""1— "

— %% for n=7-11, in RFX(shot 8071. The solid curve corresponds to
FIG. 11. Typical time evolution of theoddk) 0, k Fourier amplitudes of the  ,—7 the dotted curve tn=8, the short-dashed curve to=9, the long-
perturbed toroidal magnetic field in RFhot 807]). Each curve is normal-  gashed curve ta= 10, and the dot—short-dashed curvente 11.

ized with respect to its value at the end of the growth phase. The solid curve

corresponds t&=1, the dotted curve t&= 3, the short-dashed curve ko
=5, the long-dashed curve ko= 7, the dot—short-dashed curveke 9, and

the dot-long-dashed curve ko=11. observed in RFX. In particular, we have successfully ex-

plained the observed forms of the ed@é‘zo(@ and

seen in Fig. 12 is consistent with our hypothesis, developellé °(¢) profiles. Moreover, we can account for the small

in Sec. lll, thatm=0 phase-locking involves the minimiza- offset seen between the Iocklng anglg,, of the m=0

tion of the magnitude of the electromagnetic torque at thén°des, and the corresponding angté,, of the m=1

reversal surface, triggered by high mode amplitudes. modes. Finally, our theoretI(_:aI phase-_locklng _relatlons, Eqs.
Figure 13 shows typical temporal traces of the functions(35) and(42), appear to be highly consistent with the experi-

dy(n)= ™" 1— oln— ,Olin RFX. Data are plotted for the Mental data.

five most importanim=1 modes; i.e.n=7-11. As can be

seen, when then=0 (andm= 1) mode amplitudes are high,

the nonlinear interaction of th@=0 andm=1 modes leads VIl. PHASE EVOLUTION EQUATIONS

to a phase-locked configuration in which tg(n) are (on

average slightly less thanm/2. This behavior is in complete

accordance with our theoretical predictions. The previous theoretical analysis can be improved. In
the following, we present a set of phase evolution equations

which model the phase-locking of tearing modes in an RFP
plasma with a fairly high degree of fidelity. We shall employ

The theoretical predictions of Secs. Ill and IV are inthese equations to make a more exact comparison between
excellent agreement with the mode locking phenomenologwur theory and the RFX data presented above. We shall also
use our equations to investigate the effect of error-fields on
the RFX slinky pattern.

A. Introduction

C. Summary

1 T T T
1T .
!7‘ } i ‘E I\ A B. Physics content
05 F Il i | A We assume that the dominamt=0 andm=1 modes
E i 'rf I correspond to those which are intrinsically tearing unstable:
~ [ N b } i.e., those for whictE™">0. Suppose that the intrinsically
=~ or ‘“ ] unstablem=0 modes possess toroidal mode numbers in the
= [ ] range 0 tky, and that the intrinsically unstabhe=1 modes
P\l ; possess toroidal mode numbers in the rangdo n,. The
—05 1y I'E’H Ty ] various mode amplitudes are specified, whereas the phases
“= I%} i ] are evolved under the influence of the electromagnetic
A { g torques(due to three-wave coupling and error-figldad vis-
-1 5 6 7 8 cous torques which develop in the plasma. Tire 1 modes

t (ms) are initialized with random phases, whereasrtireO modes
) ) B} . are initialized in a phase-locked configurati@which is not
FIG. 12. Typical temporal traces of the functiong(k)=@%*1— %

—@%%, for k=1-5, in RFX(shot 8071 The solid curve corresponds ko affected by the phase eYO'“tDO” . )
=1, the dotted curve t&=2, the short-dashed curve to=3, the long- The toroidal equation of motion of the plasma is

dashed curve t&k=4, and the dot—short-dashed curvekte 5. written?®
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iy d 0 ®=By(a)/(B,), and the reversal parameter F

P ar TR Ty =B,(a)/(B,), where(---) denotes a volume average.

1,n
= 2 4 R 1-2p 3 5(r_rln)
n=ne.n2 C. Normalized phase evolution equations
P rPy It is convenient to define the following normalized quan-

2 3 5(r )+ _2, (60) .. ~ ~ (0) “ ~ ~
T an Ro Ro tities: F=r/a, t=t04(0), a=wu/u(0), p=p/p(0), Oy
whereQ ,(r,t) is the plasma toroidal angular velocigy(r) —Q /Q<§1(0) Qe—Q /Q(O)(O) zrn—rlnlaa fe=ry/a,
is the plasma mass density(r) represents a phenomeno- F (dF /lfljzr)r* , Pn, k_(f* FL/4)P[otn, kdgo) H
logical plasma viscosity, and®,(r) is a steady toroidal —[ﬂop(o)] 1F,, Tv=a P(O()O/),LL(O) szllgTVQ (0)1]
torque density which maintains the equilibrium plasma rota-Yo = 7v/7p, A=[27509(0)/7f 2] A"

tion. Here,T;" is the radially integrated, flux-surface aver- ‘I’ln/(Af ’F,), and AOk_‘I’Ok/(Ar*ZF ). Here,
aged, toroidal electromagnetic torque which develops at th&(0) is the unperturbed, steady-state, plasma toroidal an-
1, n rational surface due to three-wave coupling. Likewise gular velocity on the magnetic axis.

T# is the radially integrated, flux-surface averaged, toroidal  Itis helpful to define a set of toroidal velocity eigenfunc-
electromagnetlc torque which develops at the reversal sutions, u;(f), and eigenvaluesg; :

face due to three-wave coupling. Reference 18 explains how

. duy;
the three-wave coupling torques are calculated. The bound- m —=|+7pBu;=0, (66)
ary conditions satisfied by the toroidal angular velocity are df
90 4(0}t) du;(0) B
—Zr =Q,(a,1)=0. (61) g ui=0, (67)
The poloidal equation of motion of the plasma takes the 1. N
form25 P g P fo erjder: 5Jk . (68)
. 090+ %) d ( 5 0y Likewise, it is helpful to define a set of poloidal velocity
p at ™) or Ko eigenfunctionsy (), and eigenvaluesy;:
> T in 9 pap.201) -0 69
) nzmm‘f ) 62) ar | P Rgr | HPPivi=0, 69

whereQ 4(r,t) is the plasma poloidal angular velocity, and dv;(0)
7p represents a phenomenological poloidal flow damping g7 =vj(1)=0, (70
time. The boundary conditions satisfied by the poloidal an-

i 1
gular velocity are j P20 i = 6. 71
200D _ 4 an=0 63 i
o - eab=0. 63 Our phase evolution equations take the form

The m=0 modes are assumed to be phase-locked to- g,1n
gether, which impliese®*=ke%*+ (k—1)A,, where A, —= > > ngy ju;(fn)
=+ 77/2. According to standard MHD theory, tie,ntearing dt = I3 [n'=ny.ny
mode is convected by the plasma in the immediate vicinity
of its r‘fe\tlongl yzsurfac_e_. Such convection gives rise to the fa- +ng, jU;(F)— > f. o], (72)
miliar “no-slip” condition n=ny.n,
de™" m,n m,n deo?t
= Mt — ’ ¢ 2 5
dt nQ¢(rs ,t) mQH(rs ,t) (64) d'\ =le |: 2 gn,’juj(r*)-f—g*’juj(r*)l, (73)
t =4® 1 n"=nq,ny

Note that the convection of the=0 modes by the plasma in
the vicinity of the reversal surface does not affect the mutual ~ ¢®*=ke%+(k—1)A,, (74)
phase-locking of these modes.

=+
The model equilibrium current profile adopted in this wheredo=x /2. Here,

paper is 1 dg
20 e S PRV ROV (75
on=|=2)1-15 | (65) at
" . . 1 dosj -~ . B
where®, and « are positive constants. It is conventional to =Tou(F)+pj—Bi9s ) (76)

parameterize RFP equilibria in terms of ghiach parameter v dt
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_ 21/
ldfy; T3"i(F ) whereby=Ar2F!/a, and

. fo, 7 " A
v ot neg ('YJ ¥p) n,j (77 b:n,n:wm,n(l)’ (89)
and p;=[3fu;(F)P4(f)dt, whereP,=P,/Py, and Py is IE)m,n_nea(dfﬁm,n/d?)(l) (90
adjusted such thdd 4(0)=1 in unperturbed steady-state. Fi- ¢ mP+nle?
nally, _ _ The m=1 radial and toroidal magnetic field perturba-
A min(nz—nko) min(n—ny ko) tions at the plasma edge are written
T=— X2 nTt X nTew (79 )
&1 & | b~ (6, $) o s
Ky np—k b—ozcose Fr(¢)+sindF2(¢), (91
Ty _gl n:En KTo. (79 b"=1(0, )
' = T cosh FS()+singF5(), (92)
where bo
-’I\—n,k: Pn,kAlyrH kAl’nAO'k Where
X sin( oM TK— oln_ L0k 80 N2 U
n(QD (2 ¢ ) ( ) F?((b): 2 Al,nbg.,n Sln(n¢—qol’”), (93)
Note that the toroidal electromagnetic torques exerted on the n=m
1, n, the 1,n+k, and the Ok rational surfaces, due to three- Ny
wave coupling of the corresponding tearing modes, are in the F(¢)=— > AMBM cogngp— o), (94)
ratio —n: n+k: —k. Likewise, the associated poloidal n=n;
torques are in the ratio -1: 0 (with the same constant of n,
proportionality as the toroidal torques EC( )= ALBLN cogndb— o 95
In the presence of a 0, 1 error-field, the normalized tor- #(9) n;u ¢ cosng=e¢™), 9
oidal torque at the reversal surface increases by 0,
(T%)" = — AVIBOLsin( 01— o0, 81) Fz((ﬁ):nzﬁ ADL" sin(ng— o'"). (96)
-1
where Finally, the m=1 radial displacement of the plasma torus,
- €2 ERMM A, , is proportional to the magnitude bf"~* at the plasma
B™ :m2+n2552 r2FLAZ (82) edge®® hence,
Likewise, in the presence of a fy error-field, the toroidal A(h)=\(FE)2+(FP)2. (97)

torque at the 1n, rational surface increases by

(.’[‘.(lb,no),: _ noAl'”OBl'”O sin( Mo — Gﬂi'no)- 83) E. Mode amplitudes

in , . In this paper, the mode amplitudes are specified, rather
The ¢*" and ¢~ are given random initial values, than calculated. Let

whereas the plasma velocity profile is initialized in an unper-

0,1

turbed steady-state: i.eg, ;=p;/B;, 9« j=Pp;/B;j, fn;=0. ALN= AVSA S HBALN (98)

The following density, viscosity, and momentum input pro- .

files are adopted: AOK= ALSAZBAOK (99)
p(f)=(1-F%)%, 84 where ALm=A%1=1 and A,=P°Y¥l". The assumed
B(F)=(1+72) % (85) common time dependence of the mode amplitudes is param-

eterized via the function
P4(71)=P4(0)(1—72)7, (86)

where P,(0) is adjusted such that Q,(0)
=2r=1p]uj(0)/,8]=l

AL =Anal 1—exp(— /o)1, (100

where A . is made sufficiently large that electromagnetic
torques dominate viscous torques and plasma inertia in the

D. Edge magnetic fields final state. The relative mode amplitudds;” and A%, are
The m=0 radial and toroidal magnetic-field perturba- Simply determined from experimental data. It follows that:
tions at the plasma edge take the form ALNTKALNAOK— A ALN+KALNA 0K (101)
bP°(¢) s |
rb—o =sgrag) 2, A%y cogk(¢— o), (87) AC1B01= ALEOL (102
b$=0( ¢) ko o Al'nOBlan:A]-/Sél'nOAlvnO, (103)
————=—sgnA APkp%* simMk(p— , (88 . R
bo grdo) 2, AMBYISINK(S=go)l, B8 o ogos BOAZ" and BLno=B1M/AJR,
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TABLE Il. The normalized overlap integral®,,  , for the modes used in the phase-locking simulation of RFX

shot 8071.
k/n 8 9 10 11 12 13
1 2.815e+-0 9.809%e-1 6.295e- 1 4.650e- 1 3.643e-1 2.944e1
2 2.139e+0 8.286e- 1 5.547e-1 4.183e-1 3.315e-1
3 1.798e-0 7.263e-1 4.963e-1 3.785e-1
4 1.570e+ 0 6.473e-1 4.473e-1
5 1.395e+0 5.816e-1
6 1.250er0
F. Mode-locking simulation structed from the data shown in Fig. 7, Fig. 8, and Table 1.

The common amplitude factoA(t) [see Eq.(100)], takes
The parametersA,,,=0.01 and t,,=27, where =2/
09(0) is the unperturbed toroidal rotation period of the

In this subsection, we present a mode-locking simulatio
of RFX shot 8071(i.e., the discharge featured in Figs. 5+13
We setA,= /2 for consistency with the data presented in

: H 50,1 A1,
Sec. VI. Now, the appropriate equilibrium parameters forPlasma core. The error-field ?mp"“_*déé? and B> are
shot 8071(at time t=9 ms are ,=0.23, c=1.17a, F= both set to zero. Finally, the simulation is run fram 0 to

—0.2, ande=6. Unfortunately, we find no unstable=1 t=107. We find that, although the varioums=1 modes are
modes for these parametetdlote that the tearing stability initialized with random phases, the final phase-locked con-
indices, E™", are determined from the plasma equilibrium figuration is always the same. This demonstrates that phase-
via Newcomb’s equation The basic problem is the lack of 10€king is a robust and reproducible phenomﬁgg?. .
plasma pressure in our equilibrium model. However, we can (I):igure 14 shows the functionsly(n)=¢™"""—¢™
crudely compensate for the absence of a destabilizing pres- ¢ * Versus time for the dominann=1 modes in our
sure gradient by increasing the current gradiéet, by de- S|mulat|_on. The behaymr seen in this flg_ure is in good agree-
creasinge). We find that decreasing to 3 yields about the Ment with the analysis of Sec. IV. As time progresses, and
correct number of unstablsn=1 modes. The unstablen  the ambient mode amplitude gradually increases, the domi-
—1 modes have toroidal mode numbers in the range Nant m=1 modes phase-lock together in a configuration
—8-14. The unstablen=0 modes(which couple to then SL_Jch thatd,(n) takes an approximately constant value
—1 mode$ have toroidal mode numbers in the range slightly greaterthan =/2. Note, however, that the phase-

=1-6. Table | shows some of the key parameters for thdocking is not perfect. In particulad,(13) does not quite
modes included in our simulation. converge to the same locking angle as the ottigin)
Table Il displays the normalized overlap integrals for theCUrves, indicating that the=14 mode locks in a configura-
modes included in our simulation. It can be seen that all thdlon which does not quite accord with oun=1 mode-
integrals arepositive This sign for the integrals is in conflict 10cking relation(42). This type of behavior—which is often
with the data presented in Sec. VI, where it was determine§€€n in our simulations—may account for some of the scatter
that the integrals are generally negative in RFX. We conjecS€€n in the experimental phase-locking data—see Figs. 9, 10,

ture that the origin of the inconsistency is our inaccurate
model for the plasma equilibrium. We find that the dominant
contribution to the overlap integrals comes from the region
of the plasma lying outside the reversal surface—
unfortunately, our model equilibrium is particularly unrealis-
tic in this region. Furthermore, the overlap integrals are made
up of sums of finely balanced terms, each much larger in
magnitude that the integrals themselves. Thus, it appears
plausible that a more accurate equilibrium model, including
plasma pressure, could reverse the signs of the integrals. Un-
fortunately, the incorporation of plasma pressure would lead
to a very considerable increase in the complexity of our
model, and is not attempted in this paper.

The plasma parameters used in our simulation are
=0.01, yp=10, y,=0.5, y,=3, andy,=2. Note that the
final phase-locked configuration of thm=0 and m=1 4 6
modes is completely insensitive to these parameters. This t/ T
insensitivity accords well with our fundamental hypothesis
that the final configuration is determined almost entirely byFIG. 14. The functionsd,(n)=¢""*— "~ ¢ versus time forn

. . =8-13. The solid curve correspondsrte 8, the dotted curve ta=9, the
eleCtromagnetlc torques, and is Only very Weakly affected b)éhort-dashed curve to= 10, the long-dashed curve to= 11, the dot—short-

plasma ViSCO_Sity' inertia, anq poloidal flow dkamping. dashed curve ta=12, and the dot—long-dashed curvente 13. Data from
The relative mode amplitudes!" and A°%, are recon-  a phase-locking simulation of RFX shot 8071.

dedmnd

8 10

in+1 0,1

Downloaded 25 Mar 2004 to 128.83.61.74. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



Phys. Plasmas, Vol. 9, No. 6, June 2002 Phase-locking of tearing modes in the RFX . . . 2721

e S e m=1 modes. The profiles shown in Fig. 16 are similar to the
] experimental data displayed in Fig. 6. In particular, the ob-

- served offset between the peaks of the=0 and m=1

3 slinky patterns is reproduced in the simulation. Of course,

~ the offset is in the wrong direction, since our overlap inte-

te grals have the incorrect sign.

L

El

4] . . .

gl G. Error-field simulations

n

Es - The slinky pattern, and its constituent tearing modes, are

i ] never observed to spontaneously rotate in RFX. Presumably,
—4_1' s '_(I)é — 6‘ — '0'5' = the pattern is always phase-locked by static error-fields. As
'(¢ —¢)) /T ’ discussed in the Introduction, a nonrotating slinky pattern

causes severe edge loading problems. However, in a recent
FIG. 15. The finaim=0 (solid curvé andm=1 (dashed curvecontribu-  paper, Bartiromet al*? reported that the RFX slinky pattern
tions to the perturbed edge toroidal magnetic field. Data from a phasecan be forced to propagate via the application of a predomi-
locking simulation of RFX shot 8071. . . . . .

nantly 0, 1, rotating, magnetic perturbation. This perturbation

is generated by modulating the currents flowing in the toroi-

12, and 13. The simulation data shown in Fig. 14 are fairlyd2! field coils:® As expected, the edge loading problems are

consistent with the experimental data displayed in Fig. 13alleviated, to some extent, as soon as the slinky pattern starts

except for the fact that in the experiment thg(n) curves to propagate. In this subsection, we present a couple of rather

converge to a locking anglglightly lessthan /2. This dis-  d€alized simulations of this important experiment.

crepancy is due to the incorrect sign of the overlap integrals 1€ Parameters used in our error-field simulations are

in our simulation(see Sec. IV, the same as those used in the previous S|mulat|Aon, except that
Figure 15 shows the finah=0 andm=1 contributions ~ the normalized error-field amplitudeg®* and B, are

to the perturbed edge toroidal magnetic field in our simulanonzero. We assume that the plasma is subject to static 0,1

tion. [We have chosen the value éfused to calculate the and 1,9 error-fields, which are responsible for arresting the

b&]:l curve in order to match the experimental data agotation of the slinky pattern, and its constituent tearing

closely as possiblgThe profiles shown in Fig. 15 are similar modes. In addition, the plasma is subject to an externally

to the experimental data displayed in Fig. 5. The only majoilgenerated, rotating, 0,1 perturbation, which is intended to

difference is that in the simulation the=1 curve appears force the slinky pattern to propagate. To be more exact

slightly shifted to the right, relative to thm=0 curve, when

compared with the experimental data. This discrepancy is B%!=[(B2%)2+2B2'BYcoq ¢0'— 2% + (BXH?]Y2,

due to the fact that our overlap integrals have the wrong sign. (104
Figure 16 shows the finah=0 contribution to perturbed

edge radial magnetic field in our simulation. Also shown is ) Bgylsingogvlju B?vlsinq,?’l

. . 0,1 —
“=tan , 10
the helical displacement of the plasma boundary due to the ¢, BYcose? ™t B cosel (105

where B2 and B! are the normalized amplitudes of the
10 static and rotating 0,1 error-fields, respectively, wherexs
I and ¢¥* are the corresponding phases.
In our simulations, we choosB2'=20, ¢2'=—7/2,

3 B19=20, ande=0, which correspond to relatively strong
< static 0,1 and 1,9 error-fields: i.e., fields capable of locking
< the slinky pattern in a configuration which is only weakly
~ affected by plasma viscosity and inertia. We also saté’dt

3 =(2#=/50) (t/7), which corresponds to a 0,1 perturbation
o which rotates toroidally 50 times slower than the unper-
_.En" turbed plasma core.

In our first simulation, we seB’'=20, which corre-
L sponds to a propagating 0,1 perturbation which is only just
-1 -0.5 0 0.5 1 strong enough to cause the slinky pattern to rofaé= Sec.

(¢ —¢p) / ™ V). Figure 17 shows the time evolution of the=0 andm
=1 locking anglesg, and ¢,. We can see that the slinky

FIG. 16. The finalm=0 (solid curve contribution to the perturbed edge : :
radial magnetic field. Also shown in the helical displacement of the pIasmaEattern rotates very unevenly' Note, in partICUIar’ the sudden

boundary due to them=1 modegdashed curje Data from a phase-locking jumps” in the_pa.-ttem .phase, bX_‘T radians, .When the 01.1
simulation of RFX shot 8071. plasma mode is in anti-phase with the static 0,1 error-field.
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I
A
A
-~
E ////_’_:
~ /f-/-’ —————
& 4
s 3
PR I T T S
_1'...1...1...1,. [N 10 15
0 20 40 80 80 100 t/ T

t/ T

FIG. 19. Time evolution of then=1 phases. The solid curve corresponds to
) ) ) n=38, the dotted curve ta=9, the short-dashed curve o= 10, the long-
FIG. 17. Them=0 locking angleg, (solid curve, them=1 locking angle,  yashed curve ta=11, the dot—short-dashed curverte-12, and the dot—
¢ (dashed curve and the phase of the rotating error-fieldi;* (dotted long-dashed curve ta=14. Data from a phase-locking simulation of an
curve versus time. Data from a phase-locking simulation of an RFX shotpey shot which includes the effect of statie=0 andm=1 error-fields,

which includes the effect of statim=0 andm=1 error-fields, plus a rela- s a relatively strong, externally generated, rotating, 0,1 magnetic pertur-
tively weak, externally generated, rotating, 0,1 magnetic perturbation. bation.

Nevertheless, the pattern maintains its integrity as it i§y the oppositedirection to the slinky pattern, whereas the
pushed around the torus, although there is some variation iﬂlo mode rotates uniformly in theamedirection as the
$1= 0. ) ) o1 ) pattern. Note that the magnitudes of the 1,8 and 1,10 angular
In our next simulation, we seB, =80, which corre-  pnase velocities are approximately equal. The 1,11 modes
sponds to a propagating 0,1 perturbation which is strongptates in the same direction as the slinky pattern, but twice
enough to cause the slinky pattern to rotate fairly uniformly,g fast as the 1,10 mode. The 1,12 mode rotates three times
(see Sec. Y Figure 18 shows the time evolution of the 55 fast as the 1,10 mode, etsee Sec. V.
=0 andm=1 locking angles¢, and ¢,. We can see that The behavior shown in Figs. 17-19 is gualitative
the slinky pattern rotates essentially uniformly, but that theagreement with that seen in the RFX mode-rotation experi-
m=0 locking angle,¢,, is always/2 radians out of phase ment (see Figs. 3 and 4 of Ref. 12However, there are a
with the perturbatior(see Sec. Y. Again, the pattern main-  nymper of importanguantitativedifferences, regarding the
tains its integrity as it is forced to propagate. phase relation of the slinky pattern to the rotating perturba-
Figure 19 shows the time evolution of the=1 phases tjon, which indicate that our simulations are a little too sim-
in our second simulation. It can be seen that the phase of ”}ﬂistic. There are two main problems. Firstly, the rotating
1,9 mode is stationary, since it is locked by the static 1,9y,—0 perturbation used in the RFX mode-rotation experi-
error-field. On the other hand, the 1,8 mode rotates uniformly,ant appears to have been sufficiently multi-harmonic that it
significantly altered the structure of tlne=0 component of
S the slinky pattern—indeed there is evidence tiagj=0
L 1 (rather that+#/2) in the presence of the perturbation. Sec-
ondly, the braking torque acting on the slinky pattern due to
vacuum vessel eddy currents clearly played an important role
in the overall torque balance in the experiment. Neither of
these effects were included in our simulations. Nevertheless,
the time variation of then=1 phases shown in Fig. 19 is
exactlythe same as that observed in the experintee¢ Fig.
4 in Ref. 12. We conjecture that neither of the two compli-
cating factors mentioned above particularly affected the
phase-locked configuration of tlhe=1 modes.

H. Summary

Our phase evolution equations are capable of accurately
modeling the phase-locking of tearing modes in an RFP
FIG. 18. Them=0 locking angle b, (solid curve, them=1 locking angle,  plasma. In particular, these equations can be used to predict
¢1 (dashed curve and the phase of the rotating error-fielgy”* (dotted properties of the slinky pattern. Our equations can also be
curve versus time. Data from a phase-locking simulation of an RFX shot ’ .
which includes the effect of statim=0 andm=1 error-fields, plus a rela- €Mployed to deduce the response of this pattern to externally

tively strong, externally generated, rotating, 0,1 magnetic perturbation. ~ generated, resonant magnetic perturbations.
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VIIl. SUMMARY AND DISCUSSION Although our phase evolution equatiofend the theo-
retical ideas which underlie thenare capable of explaining

The central hypothesis of this paper is as follows: Whenvirtually all salient facts regarding the phase-locking of tear-
the ambient mode amplitude becomes sufficiently high théng modes in the RFX experiment, there are a number of
m=0 andm=1 tearing modes present in an RFP plasmamprovements which we intend to make in the future. First,
phase-lock together in a configuration whiofinimizesthe  and foremost, we plan to take finite equilibrium plasma pres-
magnitudes of the electromagnetic torques generated at thire into account in our analysis. This will enable us to em-
various mode rational surfaces. In Sec. Ill, we demonstrateloy a more realistic model plasma equilibrium, and will,
how this hypothesis enables us to predict the phase-lockdabpefully, lead to calculated overlap integrals whose sign
configuration of then=0 modes. Likewise, Sec. IV uses the matches that inferred from experiment. We also hope to in-
same hypothesis to determine the phase-locked configuratiarorporate evolution of the relativen=0 phases into our
of them=1 modes, as well as the locking angle between theequations—at the momemh= 0 phase-locking is assumed
m=0 andm=1 contributions to the slinky pattern. Finally, priori. As we have already mentioned, vacuum vessel eddy
Sec. V explains how our hypothesis leads to predictions reeurrents play an important role in the locking of the slinky
garding the response of the slinky pattern to externally genpattern to static error-fields, as well as in the torque balance
erated, resonant magnetic perturbations. equation of a rotating slinky pattetft!® Thus, the incorpo-

In Sec. VI, we compare our theoretical predictions withration of such eddy currents into our system of equations
phase-locking data from the RFX experiment. Our theorywould represent an important step forward. Finally, we in-
successfully explains the profiles of the perturbed radial antend to use our equations to model the response of the slinky
toroidal magnetic fields at the edge of the plasma, the phageattern to multi-harmonic error-fields. In principle, such
relations between they=0 andm=1 modes, and the exis- error-fields can modify the structure of the pattétimere is
tence of a small toroidal offset between the peaks ofrthe clear evidence for this in the RFX mode-rotation
=0 andm=1 contributions to the slinky pattern. experiment’). Indeed, it is conceivable that a correctly de-

In Sec. VII, we present a set of phase evolution equasigned multi-harmonic error-field could completely disrupt
tions which can be used to model the phase-locking of teartthe slinky pattern.
ing modes in RFP plasmas, in accordance with our hypoth-
esis. The mgin penefit of .these equations—which is Noh ~kNOWLEDGMENTS
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