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An analysis is presented of the dynamics of a helical magnetic island chain embedded in a toroidal
plasma, in the presence of an externally imposed, rotating, magnetic perturbation of the same
helicity. Calculations are carried out in the large aspect-ratio, peroresistive
magnetohydrodynamical limit, and incorporateealistic treatment of plasma viscosity. There are
three regimes of operation, depending on the modulation frequgecythe difference in rotation
frequency between the island chain and the external perturpafonslowly modulated islands, the
perturbed velocity profile extends across the whole plasma. For strongly modulated islands, the
perturbed velocity profile is localized around the island chain, but remains much wider than the
chain. Finally, for very strongly modulated islands, the perturbed velocity profile collapses to a
boundary layer on the island separatrix, plus a residual profile which extends a few island widths
beyond the separatrix. Analytic expressions are obtained for the perturbed velocity profile, the island
equation of motion, and the island width evolution equation in each of these three regimes. The ion
polarization correction to the island width evolution equation, which has previously been reported
to be stabilizing, is found to bdestabilizingin all three regimes. €2000 American Institute of
Physics[S1070-664X00)01512-3

I. INTRODUCTION a reactor environment. Nevertheless, active magnetic feed-

Recent experimental results strongly suggest that furthetr)aCk represents our modirect way of probing the physics

progress in obtaining thermonuclear reactor grade plasmas |?1f tearing modes. We feel that a reliable method for limiting

either tokamaks or reversed field pinch@&¥FP3 is depen- tearing mode _amplitudes Is only_ Iikely_ to become_ a real_ity
dent on the development of some reliable method for cononce the physics of such modes in toroidal magnetic confine-

trolling the amplitudes of relatively low mode-number tear- ment qlevices igully understood S,UCh an uqderstanding is_
ing modes, resonant within the plasfdTearing modes are most likely to emerge from the interpretation of magnetic
naturally unstable in toroidal magnetic fusion deviéagey feedback data. . .

are driven by radial gradients in the plasma current dehsity _ 1he aim of our study is to develop a set of ordinary

and plasma pressufand generally saturate at relatively low differential equations which determine the time evolution of
amplitudes (i.e. ~B/le%).9‘ll As the name suggests both the radial width and the rotation frequency of a helical

“tearing modes” tear and reconnect magnetic field lines tomagnetic island chain, embedded in a toroidal plasma, in the

produce helical chains of magnetic islands inside the plasm&resence of an externally imposed, rotating, magnetic pertur-
Such island chains degrade plasma confinement because b&@fion of the same helicity. We shall carry out our investi-

heat and particles are able to travel radially from one side oation within the context of zerg; cylindrical, resistive
an island chain to the other by flowing along magnetic fieldMagnetohydrodynamic&MHD) theory. Indeed, our analysis

lines, which is a relatively fast process, instead of having t@n be regarded as a direct extension of the well-known work
diffuse across magnetic flux surfaces, which is a relatively®f Rutherford®™® It is undoubtedly the case that finif-
slow proces<? Moreover,overlappingisland chains, such as effectsi®?" toroidal effects] and drift effectd”~>* play an

are generally found inside the cores of RFP plasmas, givénportant role in the physics of tearing modes in magnetic
rise to theergodizationof the magnetic field, and the conse- fusion devices. Nevertheless, the relatively straightforward
quent destruction of ordered magnetic flux surfacé$.in resistive-MHD problem is worth studying since its solution
this case, the degradation in plasma confinement is particinay help guide our approach to the far more complicated
larly severe, since both heat and particles can travel radiallfinite-g/toroidal/drift problem.

over a large fraction of the plasma volume by flowing along It is, unfortunately, the case that, even within the restric-
field lines® tive context of zergs, cylindrical, resistive-MHD theory,

In this paper, we investigate the active feedback controthere is still considerable controversy regarding the form of
of tearing modes by means of externally applied, rotatingthe equations governing the dynamics of a magnetic island
helical magnetic perturbations. Active control has alreadychain in a toroidal plasma. The main point of contention is
been implemented in a handful of tokamak experimétit¥  the effect of the ion polarization currefite., plasma inertja
with varying degrees of success. It is, admittedly, doubtfulon island stability. It has been reported by many autiofé
that an active magnetic feedback system would be feasible ithat the ion polarization effect istabilizing (taking the

1070-664X/2000/7(12)/4983/13/$17.00 4983 © 2000 American Institute of Physics

Downloaded 25 Mar 2004 to 128.83.61.74. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



4984 Phys. Plasmas, Vol. 7, No. 12, December 2000 R. Fitzpatrick and F. L. Waelbroeck

resistive-MHD limit, but assuming that the island chain ro-B. Perturbed magnetic field

tat_es ata frequency other than the logalB frequency at itS_ The magnetic perturbation associated withnann tear-
rational surface Indeed, the currently accepted explanamoning mode(i.e., a mode wittm periods in the poloidal direc-

of _the .Stfab'“ty threshqld for thq@-drlven tearing modes tion, andn periods in the toroidal directiorcan be written
which limit plasma confinement in many long-pulse tokamak

dischargeldepends on a balance between the destabilizing b(r,t)=b™"(r,t)e'¢, 1)
effect of the perturbed bootstrap curféand the supposed
stabilizing effect of the ion polarization current. We have
previously published a pap&r which demonstrates—

where {=m#—ng¢ is a helical angle. In this paper, it is
assumed thatn>0 andn#0. The linearized magnetic flux

: _ P4 _ : function ¢(r,t)=—irb™" satisfies Newcomb’s equatidf,
admittedly, in a rather restrictive regime—that the ion polar-
ization effect is, in factdestabilizing A similar conclusion i fmynd_lﬂ —g™y=0 @)
was reached heuristically by BooZ&1n this paper, we shall dr ar| ¢ '

generalize our previous calculation so as to deal with man
more regimes of interest. In each regime, the ion polarization
effect is found to be robustly destabilizing. As mentioned in r

here

our previous publication, the essential error of earlier authors Fmi(r) = M2+ n2e2’ )
lies in the neglect of the current sheet which develops, due to

viscosity, on the separatrix of a magnetic island chain sur- m(r)= E+ r(neBy+mBy) d_‘f

rounded by a strongly localized perturbed plasma velocity 9 r - (m*+n®)(mB,—neB,) dr

profile. We shall demonstrate that this current sheet is real, mneo f o2

and that its neglect leads to highly unphysical consequences. (4)

: . o : ) T 2 nZed? m2inZel
Previous investigations of the nonlinear dynamics of (M“+n“€e%)® m°+ne

tearing modes in the presence of rotating, resonant, helicglng e=r/R,. As is well known, Eq.(2) is singular at the
magnetic perturbatioi$****are marred by an excessively yyn rational surface, minor radius,, which satisfies
.naive.treatment of pIasm.a _viscosity: eiFher this crucial effecemn(r y=0, whereF™"(r)=mBy(r) —ne(r)B,(r).

is entirely neglected, or it is modeled in a crude and unsat- | the vacuum regiond¢=0) surrounding the plasma,
isfactory manner. We present a theory of feedback moduthe most general solution to Newcomb’s equation takes the

lated tearing mode dynamics which incorporates a far mor¢orm y=Ai (ne) + Bk, ,(ne), whereA, B are arbitrary con-
realistic treatment of viscosity. This is achieved by writing stants, and

the perturbed velocity profile as a separable form in time and

space. We shall demonstrate the existence of three broad Im(N€)=|ne[lm (Inel)+min([nel), (5
regimes of operation, dependmg on the _modulatlon fre- Kin(n€) = — |ne|K s 1(|ne]) + mKy(|ne)). (6)
guency. For a weakly modulated island chain, the perturbed - .
velocity profile extends across the whole plasma. For dlere, |, Ky, represent standard modified Bessel functions.
strongly modulated island chain, the perturbed velocity pro-

file is localized around the chain, but remains much wider

than the chain. Finally, for a very strongly modulated islandc. Asymptotic matching

chain, the perturbed velocity profile collapses to a boundary S hat the ol . ded b .
layer on the chain separatrix, plus a residual profile which uppose that the plasma Is surrounded by a concentric,

extends a few island widths beyond the separatrix. We sha grfectly conducting ;hell, minor radius which contains .

obtain analytic expressions for the perturbed velocity profile " 9aps through which an externally generated magnetic
the island equation of motion, and the island width moduIaJ:’erturbeftlon leaks.
tion equation in each of these three regimes. Let ¢4(r,c) represent the normalized, ntearing eigen-

function, calculated assuming the presence of a perfectly
conducting shell(with no gap$ at r=c. In other words,
(r,c) is areal, continuous solution to Newcomb'’s equa-
tion, (2), which is well behaved as—0, and satisfies
Consider a large aspect-raffozero3,> plasma equilib- z}s(rs,c)=1 and z?/s(c,c)zo. This prescription uniquely
rium whose unperturbed magnetic flux surfaces map(@lt specifiesf/xs(r,c). It is easily demonstrated tha?ts(r,c) is
mosy concentric circles in the poloidal plane. Such an equi-,arg in the region>c. In generalgi(r,c) possesses gradi-

librium is well approximated as a periodic cylinder. SUppoS€xnt discontinuities at both= ro andr=c. The real quantity
that the minor radius of the plasmaasStandard cylindrical

II. PRELIMINARY ANALYSIS

A. Plasma equilibrium

polar coordinatesr, 6,2 are adopted. The system is assumed di(r,c) s+

to be periodic in thez direction, with periodicity length E(c)= "ar @

27R,y, whereR, is the simulated major radius of the plasma. -

It is convenient to define a simulated toroidal angle can be identified as the standamg ntearing stability index,

=272/IR,. calculated assuming the presence of a perfectly conducting
The equilibrium magnetic field is written B shell at minor radius.

=[0,By(r),B4(r)], whereVIB=o(r)B. The quantity
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Vs(t)=u(rs,t) (8 V, =CVxOn, (17)
represents theeconnected magnetic flat them, nrational wodd=—CV2y, (18
surface. Likewise,
U=-CV?, (19
dy|"s+
AV (t)=|r ﬂ © o
re_ —C E+VL-V¢ = 758J, (20
is a measure of thm, nhelical current flowing in the vicinity 2U
of the rational surface. Note that boih, andAW; are com- Ps W+Vi . VU) =B, -V&J+ uV2U. (21)
plex quantities.

Suppose that, in the absence of plasma and the perfectlyere A=C(0,nes,m) is a unit vector pointing along the

conducting shell, the externally generated magnetic perturbgyirection of the equilibrium magnetic field at the, nratio-
tion is characterized by a magnetic flux function na surface, and=(m?+n2e?) Y2 The subscriptL indi-

Pexdr, 6, ,1). The perfectly conducting shelininor radius
c) is assumed to possesarrow gaps which allow the per-
turbation to penetrate into the plasma. Trhe n component

cates that the vector in question is perpendiculaf.té-ur-
thermorei(r,{) is the magnetic flux functiony(r,¢) is the
velocity stream functiongJ(r,?) is the parallel component

of the perturbation filtering through these gaps is charactergs the perturbed current density due to the island chain,

ized by

80 do

27 27

27’ (10

o= | fgapswext(c,e,¢,t>e

U(r,?) is the flow vorticity, andzns, ps, and ug are the
(constank parallel electrical conductivity, mass density, and
perpendicular viscosity, respectively, of the plasma in the
vicinity of the rational surface.

where the integral is taken over the angular extent of the

gaps>® Note thatW . is also a complex quantity.
Let
V() =Fy(t)e'#=, (1D
V() =T (e, (12

whereW and W, are both real. The helical phagg of the

reconnected flux at the rational surface is subject to the con-

straint

deg
dt

whereV is the plasma velocity. This constraint—which is
generally known as the “no slip” condition—follows from
standard MHD theory® according to which then, ntearing

—(V-VO),,, (13

mode is convected by the plasma at its own rational surface.

Standard asymptotic matchitigacross them, nrational
surface yields

A\I’s: E(C)\I’s'l' ESC\Pcv (14
where
J(a,c)(m?+n2e?)
Esc= s : (15

Km(N€g)im(Ney) —Km(Neg)im(nee)

Here,e,=r¢/Ry, e,=alRy, ande.,=c/Ry. Note thatE(c)
andEg are both positive.

D. Island equations

Suppose that the radial width of time, nisland chain is

small compared to the minor radius of the plasma. Let us

assume the existence of am nhelical quasiequilibrium in

the vicinity of the rational surface. The equations governing

this quasiequilibrium are as follows:

B, =C VA, (16)

E. Normalization scheme

Let us, first of all, transform into thastantaneous rest

frame of the island chain. In this frame, we can write
x2 .

(1, §)=—Fyo +¥t)cosy, (22)
wherex=(r —rg)/rg, anng=(r2dFm'”/dr)rS. In obtaining
Eqg. (22), we have made use of the well-knowonstanty
approximatior® The use of this approximation places some
restrictions on the allowable amplitude and time variation of
the applied external perturbation. However, unless the radial
width of the island chain becomes extremely small, these
restrictions are generally not particularly onerdtis.

Let = — /¥4, X=x/w,

W ‘i’ 1/2
S
W—za‘(Eﬂ 29
ands=sgn{). It follows that
. X2
H(X,0)= "5 —cos{. (24)

As is easily demonstrated, the above-mentioned magnetic
flux function maps out a magnetic island chain, of full radial
width W, centered on the rational surfacé=0). The sepa-
ratrix lies atfﬂ=1, the O points are situated a}/= —1 and
{=j2m (wherej is an integer, and theX points lie aty

=1 and{=(2j—1).

Let
2
rsViop
Ty (25)
FS
2
rsp
= s s, (26)
Ms
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Hofs on  (hiD=0, 38)
s irrespective of the form of.
be the hydromagnetic, viscous diffusion, and resistive diffu-

sion time scales, respectively, calculated in the vicinity of the
rational surface. Furthermore. let Ill. CALCULATION OF PERTURBED VELOCITY

TR™=

PROFILE
t=00
=047, (28) A. Derivation of velocity equation
- X Equation(34) implies that
X= 5020 (29)
g =5 +0| =1 39
= +O| —5—|-
. wu X=X 0| Ty (39
s In other words, the velocity stream function iglax-surface
2 function provided that the island chain grows on a much
~ /,LorsﬁJ . . . . .
J= (31) longer time scale than that associated with island rotation.

CFew Let us assume that this is the case. In writing B§), we are

wherngo) is the unperturbed helical phase velocity of therejecting the possibility of strong resistive flowse., as

island chain. The normalized island equations take the forn§trong as the flows associated with island rotgtioside the
island separatrix, such as those considered by Fitzpatrick and

32{# A Hender(1991).%° We believe that such flows are unphysical,

ax2 =wJ, (32 since they would require the existence of unrealistically large
24 electric fields and current densities inside the separatrix.
X -
= 0, (33) Let
~ - dy
3 M(gt)=—. (40)
3 (0) Vs (0) S dy
J=—(Qg"7rW) ———cos{+ (Qg  TrW)[ 4, k], (39)
In the region of the plasma well away from the island chain,
©_ 2/ N it is easily demonstrated that
’ wi t Q(SO)TVWZ G MX=— TSO), (41)
(Q(SO)TH)Z 0 s (35 whereV' is the plasma velocity in the chain’s instantaneous
w3 [U.x]. rest frame.
The flux-surface average of E(B5) gives
where
20 a0
ot 9 of ag <‘9_ —00 w2 2o 42)
- == v - T
[h91= 7% 57~ 7z ax (36) IX? ° at
Note that the functions), ¥, J, andU are designed to be It follows from Eq. (33) that
O(1) in the island region. In deriving the above equations, IM
use has been made of the orderingIn¥,/dt U=X>—+M. (43
~O[1/(QP rqw) ]<1. Y

Hence, Eq(42) yields thevelocity equation

F. Flux-surface average operator iA{iA ( 4>ﬂ _(Q<S0)TVW2)<X2> ﬂ] =0. (49
The flux-surface average operater-) is defined oy iy Jt
(f(s,,0)) B. Localized solution of velocity equation
f(s,,0) d¢ R Let us search for solutions of Eg4) which correspond
é X 2w for =1 to perturbed velocity profiles that al@calizedin the vicinity

_ of the magnetic island chain.

o [f(s,4,0)+f(—s,,0)] d¢ - It is helpful to define the normalized helical phase veloc-
» 2/X] 5, for ¢<1, ity of the island chain,
3 d
) (37) 5= Q’is, (45)
whereX(s, ¢,{o)=0. It follows that dt
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the normalized helical phase velocity of the external pertur-  Integration of the velocity equatior{44), and making

bation, use of Eqs(48), (49), and(50), gives
d d dM
D= gf‘:, (46) — (x“)—ﬂ1 +M{X?)M,=0, (55)
dt dis dif
and the quantity d dM,
a A A — | (XH—=] =NMX®M = =G\, 56
D'=0—1Dg. (47) a7 (X% dfp) (XHIM=—5 (56)

The latter quantity is thénormalized modulation frequency | hare

of the electromagnetic torque exerted by the external pertur-

bation on the plasma in the vicinity of the island chain. =000 w?. (57)
Since the plasma in the vicinity of the island chain is

.SUbJeCt fo an g)sterngl torque which modulatesrairmal- asymptotic limits. The first limit|]\|<1, corresponds to

ized frequencyd’, it IS reasqnable to suppose that th? P€the case in which the localization scale length of the per-

turbed plasma veIOC|ty.prof|Ie also _modulat(_as a.t this fre'turbed velocity profile is muclearger than the width of the

quency. Hence, we write the velocity functid in the island chain—this limit is referred to as theeakly localized

separable form regime The second limit|]\|>1, corresponds to the case in

. A which the localization scale length of the perturbed velocity
+M2(zp)cos<f {;’dt).

Equations(55) and (56) can be solved analytically in

profile is muchsmallerthan the width of the island chain—
(48) this limit is referred to as thetrongly localized regime

M({y,t)le(?//)sin( ffa'd“t

0

This form is_valid provided that the relative changes in both Weakly localized regime

the modulation frequency and feedback amplitude per modu-

lation cycle are small. There is a wide range of realistc ~ Consider the solution of Eqé5) and(56) in the weakly
feedback schemes for which this ordering is appropriate. Wéocalized regime|\[<1. In the limit[X|>1, Egs.(55) and
shall discuss schemes in which this ordering breaks down ifP6) reduce to

a future publication. d2(XMy)

For the case of ibcalizedvelocity profile, we carjwith- T +AXM,=0, (58
. . : X
out loss of generalityspecify the following boundary con-
ditions for the perturbed flow: d?(XM,)
———— —AXM;=—\V. (59)
M X—V as |X|—oe, (49 dX
M,X—0 as|X| . (50) The physical solutions of these equations are
Note that) is constantn time. Since the functio (,t) is XM, = V+Asgr(>\)exp< A /M|X| ) sinl M |X|)
clearly going to beodd about the rational surface, it follows 2 2

that F( oy )S( ] )
M;=M,=0 for #<1. (51) +Bexp —\/ 5 [X||cog \[ZIX[[. (60

In other words, there izero plasma flow inside the sepa- I\ I\
ratrix in the instantaneous rest frame of the island chain XM;=Aexp — 7|X| co 7|X|

(since it is impossible to have a nontrivial, odd flux-surface

function inside the separatjix I\ _ IN|
For a localized perturbed velocity profile, the “no slip” —Bsgri\)exp — 7|X| sin 7|X| ,
condition(13), combined with Eqs(41), (45), (49), and(50),
yields (62)
: whereA andB are arbitrary constants. In the asymptotic limit
v—1= —Vsin( f o' di). (52)  1<|X|<1/]\], Egs.(60) and(61) reduce to
0
. [IA]
Differentiating with respect td, we obtain XM;=V+B+[Asgr\)—B] 7|X|+“‘ : (62
@ _ s G i 53 A
G ovees Jorat) (53 XMy=A—[A+Bsgrin)] /5 [X|+--. 63)
and In the limit | X|~0O(1), Egs.(55) and(56) give
d{1db o d [, dMy
|7 —=|=-0'(-1. (59 — | (X ——]=0, (64)
di |0’ dt dor dor
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d dMm
7(<X4> —|=0. (65)
dy dy

The physical solutions of Eq$64) and (65) which satisfy
the boundary condition&1) are

M, =sAF( ), (66)
M,=sBZA(Y), (67)
where
0 for <1
= 1—Fdz}/<x4>/fwdfp/<x4> for =1
I 1
(68)

and A,B are arbitrary constants. In the limiX|>1, Egs.
(66) and (67) yield

[ 1
XMle[——j__m+|x|+-«- : (69)
XM,=B ! +|X|+ 70
2= foo | | ' ( )

where F,.= [7 del (X*).

Asymptotic matching between Eqg$2), (63), (69), and
(70) gives A~O(W\]), B=—=V, A=V||\[/2, and B
=sgn@)Vy|\|/2. Making use of Eqs(52) and(53), we ar-

rive at the following expression which specifies the per-

turbed velocity profile:

. p( [ S(/m
—exp —\/—|X||co —|X]
2 2
x(ﬁ—1)+ex;{—\/m|x| \/m|x|
2 2

~ 1 do
XF() — —-
10'] dt

—XM= F()

sin

(71)

Note that the radial localization scale length of the pert“rbe%olution specified in Sec. IIIC breaks down.

velocity profile is approximately fN| times the width of the
island chain.

D. Strongly localized regime

Consider the solution of Eqe55 and (56) in the
strongly localized regimg\|>1. Let

M1=<ix,f>+ml, (72)
M2:m2, (73)

where the solutionm,(#) andm,(¢) are localized in a thin
layer on the island chain separatrix. Of coursé;=M,
=0 for ¢<1. Note that lim},;(X?)=4/7 and lim;, ;(X*)
=32/3m. It follows that the localized solutions satisfy

R. Fitzpatrick and F. L. Waelbroeck

dmy 3 =0 74
d;ﬂz ?mz_ ) ( )
d’m, 3\

—— —m;=0, (75
dg? 8

subject to the boundary conditioma;— —7V/4 and m,

—0 as¢—1, as well as physical boundary conditionsyas
—o, The physical solutions of Eq$74) and (75) are

TV [3|\| [3|\]
my=—s—-exp —\/ 5 V|co ETRAL (76)
% 3/\| . 3[A|

m2=gngr(>\)ex - l_6y sin 1—6y .

(77
wherey=¢— 1.
Making use of Eqs(52) and(53), we arrive at the fol-

lowing expression which specifies the perturbed velocity
profile:

1 = 3\ 3N
MI‘G[{W‘Zexp(‘VEy)C‘”(Vﬁy”
X(ﬁ—l)+%exr{—\/%y>
NN
16767 i

Of course,M=0 for {z/< 1. Note that the velocity profile
consists oftwo parts First, a thin boundary layer on the
separatrix, whose width is approximately/JX| times the

width of the island chain. Second, a residual profile which
extends a few island widths beyond the separatrix.

X sinl (78

E. Nonlocalized regime

In the limit |\|<w?, the radial localization scale length
of the perturbed velocity profile becomes comparable with
the minor radius of the plasma, and the weakly localized
In this new
regime—which we refer to as theonlocalized regime-the
plasma is conveniently divided into two regions. Tiheer
region consists of the plasma lying within a few island
widths of the separatrix. Theuter regionconsists of the
remainder of the plasma.

(79

represent the perturbed velocity profile in the outer region.
This quantity satisfie’

ip 9AQ
Q(SO)TV at

af

a(_ _oAQ
5%

(80)

Here,f=rlrg, p=ulps, and p=plps, where u(r) and
p(r) are the plasma viscosity and mass density profiles, re-
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spectively. Note that, in writing Eq80), we have implicitly )N a df’
assumed that the perturbed velocity in the outer region is AQ(F,1)=H(P)(5~ D+ 2 —fA P
predominatelytoroidal in nature(see Sec. IV [E The bound- '
ary conditions which must be satisfied by the solution of Eq. O ] 1dp
(80) are® xfo PR HE A+ JIH(R) =7 e
dAQ (0t
—f)zo, (81 3
ar In the inner region, the perturbed velocity profile is de-
AQ(a1)=0, (82) termined by the solution of
wherea=a/rs. 9 (X (94)
In accordance with the analysis presented in Sec. Il B, b afp
let us write the perturbed velocity profile in the outer region
in the separable form In this region, Eq(93) reduces to
N PO B S . dAQ (11
Aﬂ(r,t)=A91(r)sm( fov dt) Mx=AQ(f,t)—(a—1):%wx. (95)
. o~ Equation(95) yields the following boundary conditions to be
+A05(F)co LU dtj, (83 satisfied by the solution of E494):
where A for X——o
. (i - MX= A A1 do| wX
AQ4(1) sin f "dt|=0-1, (84) A— (U—l)+JJ1—2A—,—A T for X— +oo,
0 dt
. - (96)
A4 (1) COS(J 0’ dt) ==, (859  Here, A is an unimportant constant. Hence, the appropriate
0 v dt ! ;
solution to Eq.(94) is
AQ,(1)=0. (86) ) N 1ds) w
It follows that M) =A"=s) (0-1 )+‘]‘]1_2A_,E 23 F), (97
i mdAfh) =—Az?f>Aﬁz, (87) Where A’ is another unimportant constant. Equati(gv)
r dr w characterizes the perturbed velocity profile in the island re-
R gion. Note, however, that the perturbed velocity profile ex-
i o dAQ, _ LM A tends across the whole plasma in the nonlocalized regime.
rRLLErT szPAﬂl- (89

Assuming tha{\|<w?, we can write
F. General solution of velocity equation

AQ4(F)=AQ (1) H(F)+O(|A|/w?)2. (89)
It is convenient to write
Here,
1 for f<1 M) =M, ($)+sM_(), (98)
H(F)= a o (90) where M | represents the evefabout the rational surfage
JA diffp /3 for 1<f<a, component ofM, whereasM _ represents the odd compo-
R ' nent. Note thai . is constantin the island region, whereas
whereJ= [$d?/f . We can also write M _ is zeroinside the island separatrix. It is also convenient
< to write
AOL(F) = A0 (1)[ fa—dr
o) =543, I -yrwry: . A ~A1d{}
w P (P -
PR M- ()=~ W13 0 1)~ R0 (99

|—t->

F!

Xfo f”ﬁ(f”)H(f")dAf“FJJlH(f)}’ D |n the nonlocalized regime|X|<w?):

- W .
where M 125}—( V), (100
a
J;= fo Pp(F)H2(7)d?. (92 _ N
MZZJJlF 5.7:( l/l) (101)
Hence, we arrive at the following expression which specifies
the perturbed plasma velocity in the outer region: In the weakly localized regimen®<|\|<1):
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FIG. 1. The normalized perturbed velocity profile of the plasma plotted as & /G- 2. The normalized perturbed velocity profile of the plasma plotted as a
function of radius, as seen in the instantaneous rest frame of the magnetﬂa‘ncnon of_ normalized ‘distan_ce from the rational surface at the helica_l p_hase
island chain. Here, the solid curve represents the component of the veloci§f @O point, as seen in the instantaneous rest frame of the magnetic island
profile which oscillates in phase with the island chain, whereas the dashegh@in. Here, the solid curve represents the component of the velocity profile
curve represents the component which oscillates in phase quadrature. TH&lICh oscillates in phase with the island chain, whereas the dashed curve
vertical dotted line indicates the radius of the rational surface/a represents the component which oscillates in phase quadrature. The two

=0.3). In this examplej\|/w?=0.09, which corresponds to theonlocal-
izedregime.

o1
HIXI

1—exp( - \@m)cos( \/@IXIHF({//),

(102

1 A A A
2=mex;<—\/%|x|>sin( \/%|X|)]~‘(¢). (103

Finally, in the strongly localized regimeéN|>1):

=

- 1 7 p( 3\ . )
Ml—m—zex - E(lﬂ—l)

xcos( % f/x—l)), (104)
- _77( 3A| . ) ( 3IA| . )
Mo=71 - Vg W D]sin \ =5 (¥ D]
(105

Of course,M;=M,=0 for yy<1.

Figures 1, 2, and 3 show typical perturbed velocity pro-
files calculated in thenonlocalized, weakly localizecand
strongly localizedregimes, respectively.

IV. DERIVATION OF FEEDBACK EQUATIONS
A. Calculation of perturbed current density profile

Equation(35) can be integrated to give

s QP2 ()2
IS+ MO -
sz U 1 0\ d¢ (108
ol st QP7w?ax?) X’

vertical dotted lines indicate the location of the island chain separatrix. In
this example|\|=0.01, which corresponds to threeakly localizedegime.

wherel (1) is an undetermined flux-surface function. Note
that the final term in Eq(106) possesses the symmetry of
sing, and, therefore, flux-surface averages to zero. Hence,
the flux-surface average of E(L06) yields

. QO7p2
Now, the flux-surface average of E@4) gives
. o dinWg
(3)="—(Q¢" 7rW) ———(cos¢). (108
dt

Finally, Eqg. (43) and Eqs.(106)—(108) can be combined to
give the following expression which specifies the perturbed
current density profile in the vicinity of the island chain:

f dIn¥, (cos Q07?2
I & == (0L rrw) AS< 0+(53H
di (1) w
xz_ <X2> ﬂ_ (Q(SO)TH)Z
LW/ ey w?
y Jz U 1 0\ d¢ (109
ol st 007, w?ox?] x°
B. Asymptotic matching
It is easily demonstrated that
AV © R
R v =—4f 1(J+cos§)d¢, (110
S _
AV © N
Im ¥ :+4f l(J+sm§>dz,b, (111
S _
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[T ' ] where ¢ = ¢s— ¢, is the helical phase of the island chain
I J M: measured with respect to that of the external perturbation.
1 ] Here,
=2 <C°S§>2d{p 0.8227 (115
0.5 ! h g 1= — . dy=0. )
= 71 .' ; -1 (D)
of j = - (cos)?| _ dM,; .
loa=8| |(cog¢)— M,——=dy, (116
1 (1) o
_0.5-.I...I..I.‘I...I
-4 -2 ? 2 4 < {)2
X/2 *® Ccos
|2(b):8f ((‘3032 H— )
FIG. 3. The normalized perturbed velocity profile of the plasma plotted as a 1 <1>
function of normalized distance from the rational surface at the helical phase
of an O point, as seen in the instantaneous rest frame of the magnetic island d ~ d~
chain. Here, the solid curve represents the component of the velocity profile XE m M, + f\7| My dfp (117
which oscillates in phase with the island chain, whereas the dashed curve 2 1 dA 2 dA ’
represents the component which oscillates in phase quadrature. The two b ¥
vertical dotted lines indicate the location of the island chain separatrix. In
thi le|]\|=10, which ds to thst ly localizedregime. ~
is example|\| which corresponds to ttstrongly localizedegime - (COS§>2 _ dm, .
loe=8| |({cos{)— M,——=dy¢. (118
1 (1) dy

Wheref]+ is the evenabout the rational surfateomponent
of J. It follows from Eq. (109 that

dIn¥, (cos?) . QO 7)2

3. (e =— (O
()= (OF ) —== = -

(X?) M_aM__

(1) Iy w

sz aU_ 1 5P0_\d¢ 112
ol gt Q@rw? ax% | X’

(Q(sO)TH)2
3

X2~

where

. M _
U =X>—+M_.

Iy

Here, use has been made of the fact tat is a constant in
the island region.

(113

C. Rutherford island equation

Equations(14), (99), (110, and(112 can be combined
to give the familiar Rutherford island width evolution
equation’

d(4w ¥ Q07,2
1,00 74 (A )=E(c)+ESCA—°cos<p+(s—3H
di W, w
A (h—1) db
X |2(a)(U_1)2+2|2(b) ~ -
o'l dt
1.ds)\°
ool == | (114
v dt

According to Eq.(114), the radial width of the island chain
evolves on aesistivetime scale. The first term on the right-
hand side of Eq(114) represents the linear driving term, the
second term represents the modification to island stability
due to the external perturbation, whereas the final term rep-
resents the inertial modification to island stability due to the
effect of the ion polarization current.

D. Island equation of motion
Equations(111) and(112) yield

(2" 7)?

AV, W
Im( )=4f (J+sm§>d¢:—4—3
-1 W

v
" F x| a0 _ 1 90U _
-1 g Q0rw? 9x?

(119
It follows from Eq. (113 that
AW Q97,)2 (= M _
Im( 3)2_4( s ;'H) J’ <|X3|> b
s w -1 ot
T <<|x5|>
A 9w 5y
M _ g M .
X——+2(|X%) ———(IXpM _ | |dy.
PP Wy
(120

Making use of the fact tha¥l _ =0 inside the island separa-
trix, the result
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P2M _ OM _ Note that the enhancement of ion inertia is generally very
lim |<|X5|> +2(]X3) — —<|X|>M_] large for tokamakgfor which m?>(neg)?], but only O(1)
2

|X| o0 PP for RFPs[for which m?~ (neg)?].
d/[1dXM_
=X2— _¥ , (121
dX\ X dX V. RESULTS
plus Egs.(14), (54), (99), (111), and(120), we arrive at the A. Critical modulation frequencies
following equation of motion for the island chain: The nonlocalizedregime, discussed previously, corre-
092 1 45 sponds to théow modulation frequencgrdering
S H
(I3(a) T 130) wry 0] g+('4<a>+'4<b>) lv'|ry<1, (129
wherev’ is the (unnormalizedl modulation frequencyi.e.,
002 W the instantaneous difference between the helical phase veloc-
s 'H . c . . . 3
(0—1)+Esc—sine=0. (122 ity of the island chain and that of the external perturbation
Wty Vs and 7y is, roughly speaking, the momentum confinement
Here time scalg/see Eq(26)]. Likewise, theweakly localizede-
gime corresponds to thiatermediate modulation frequency
% d, . ordering
=l | (X T2 XM ag (129 2
, s
4 1<|v |TV<(V—V) , (130
- dM, ~ 5 hererg is the radius of the rational surface aWdis the
-— 3y —2 + w s _ . .
lac@ 4|)\|f+1 (> dz} (XM \dy,, (124 island width. Finally, thestrongly localizedregime corre-
sponds to thénigh modulation frequencgrdering
, d [ 1d(XM,) r\2
Yao =~ imy .| Xax| X Tax ) (129 (W) <[o'[7y. (131)

In conventional, ohmically heated, toroidal magnetic fusion
(1260 experiments the inequaliti29) is only likely to be satisfied

in situations where the magnetic island chain “locks” to the
The first term in Eq.(122 represents the inertia of the external perturbationin which case,|v’|—0). In other
plasma region which co-rotates with the magnetic islandvords, the weakly localized regime probably only applies to
chain under the influence of viscosity, the second term repphase-locked island chains. The inequalitgl) is, in fact,
resents the viscous torque exerted on this region by the rerery hard to satisfy in conventional toroidal magnetic fusion
mainder of the plasma, whereas the third term represents thexperiments, except in situations where the radial width of
electromagnetic torque exerted on the plasma in the islanthe island chain becomes very largjee., W—ry). In other
region by the external perturbation. words, the strongly localized regime may be difficult to
achieve in practice.

,d (1 d(xml))
dx\ X dX

L4y = _4Iim|X|Hm

E. Neoclassical flow damping B. Nonlocalized .
. Nonlocalized regime

There is one toroidal effect—namely, the neoclassical

damping of poloidal plasma floi#—which is too important According to the analysis contained in Secs. IIlF and
to be neglected in a study which intends to make a connedY €~V E, the (unnormalizedl Rutherford equation takes

tion between theory and experiment. As is well kncin, the form
poloidal flow damping couples perpendicular and paratte! d(Wiryg) W, \?
the equilibrium magnetic fielplasma flow, giving rise to an lhmr—gr— —E(C)+Esd 5| COSe
effective enhancementf ion inertia by a factor IB¢/B(,),28.
We can take this effect into account by making the transfor- N |—1E2 K L\Z/ w 3 We 4si 2
mation 8v3 SC ¢Ta 4r) \ar, ¢,
B,\2 2 132
2l 1+ —¢) } =1 12y _ _ _ ( _)
By e Kg in the nonlocalized regime, whereas thenormalized is-
land equation of motion is written
where g ( ) EK 2 W2 W2
v TviU —Ug Ty i
(neg)? JlT\z/d_+ 3 + S; ¢—2(4—) <4—C) sing=0.
Ky=—3—7. (128 t T\ 4rs) \4rs
m*+(nes) (133
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Here,¢ = ¢os— ¢ is the helical phase of the island chain with restoring term(i.e., the second termis larger than previ-
respect to that of the external perturbatigwr is the ratio  ously, because the radial velocity scale length has decreased
of the magnetic island width to the minor radius of the ratio-in going from the nonlocalized to the weakly localized re-
nal surfaceE(c) [defined in Eq(7)] is the unperturbed tear- gime.

ing stability index,ry [defined in Eq(25)] is the hydromag-

netic time scale,ry [defined in Eq.(26)] is the viscous p. strongly localized regime

diffusion time scalegsy [defined in Eq.(27)] is the resistive
diffusion time scaleE. is defined in Eq(15), K, is defined
in Eq. (128), J, is defined in Eq(92), J=[§dt/fi andl,

In the strongly localized regime, the Rutherford equation
takes the form

=0.8227. Furthermore, the “vacuum island widthW, d(Wirg) W, |2
=4r\JW /F. is a convenient measure of the amplitude of ESLET =E(C)*+ s W ©0%¢

the external perturbatiom,=d¢/dt is the instantaneous he- 2 2
lical phase velocity of the magnetic island chaig=Q? is + 20 (4r ) (v—vo) Th (137
the unperturbed phase velocity of the island chain, and 2w Ky ’

( (cos¢)? whereas the island equation of motion is written
I1—4\ff (cog {)— ——— dz,// 0.3319.
w
(1) dlﬂ (134 |3<4I’ Tvd'[ +14v2|v" |7y Ty(v—v0)
Note that the final term in Eq132) is positive indicating EsKy 2 W\ W, \2
that the inertial modification to Rutherford’s equationdis- t—— = F) (F) sing=0. (138
H S S

stabilizingin the nonlocalized regime. This result is consis-

tent with that reported in Waelbroeck and Fitzpatrick Here,
(1997).28 Equation(133) takes the form of @endulum equa- ,
tion: The first term represents the inertia of the plasma whlcrl sz (cog ¢)— (cos¢) a
co-rotates with the island chain, the second term represen§ 3‘/‘ (1) dj
the viscous restoring torque acting on the chain, whereas the

third term represents the electromagnetic torque exerted in =0,7405-0.2503=0.4875, (139
the vicinity of the chain by the external perturbation.

1
(X2)

dy
(x2)

=2 [t )|
=T - T\
, , ’ 1 dy (X?)
C. Weakly localized regime
In the weakly localized regime, the Rutherford equation =3.1415-0.3840=2.758, (140
takes the form \/§
l,= ==5.130. 1471
d(Wiry) “TT N3 (149

Wc>2

17 =E(c)+E cos
VR Odr ©) SC( W ¢ Note that, in Eqs(139 and(140), the first term on the right-

2 hand side represents the contribution of the boundary layer
I 5[ W3 W\ 4 . .

4L E2g ;( ) (_) Sir? o on the island separatrix, whereas the second term represents
gva 7 ar ar ’ the contribution of the residual perturbed velocity profile be-

yond the separatrix. It can be seen that, in both cases, the

(139 boundary layer contribution idominant and, moreover, de-
whereas the island equation of motion is written termines the sign of the integral. Note that the inertial modi-
2, dv fication to Rutherford’s equation is agailestabilizing Fur-
\/|U Tro T — T 2|lv’ |7y Tv(v—1g) thermore, the island equation of motion again takes the form

of a pendulum equation. The shrinkage of the region of the
EscK¢ Tv W2 W, \2 plasma which co-rotates with the island chain, in going from
5 ar ) (4_r) sing=0. (136  the weakly to the strongly localized regime, has the effect of
s ) . R :
reducing the magnitude of the inertia term, and enhancing
Here,v’=u—vozdcp/dt is the modulation frequencgi.e.,  the magnitude of the viscous restoring term, in the island
the instantaneous difference between the helical phase veloeguation of motion.
ity of the island chain and that of the external perturbation All previous studies of the influence of the ion polariza-
Note that the inertial modification to Rutherford’s equation istion current on island stabilit§~2” [with the exception of
againdestabilizing Moreover, the island equation of motion Waelbroeck and Fitzpatrickl997)?%] were effectively per-
again takes the form of a pendulum equation. However, théormed in the strongly localized regime. As mentioned pre-
inertial term[i.e., the first term in Eq(136)] is smaller than viously, these studies unanimously declare the ion polariza-
previously, since the region of the plasma which co-rotatesion effect to be stabilizing. However, in all cases, this
with the island chain has shrunk in going from the nonlocal-conclusion was arrived at aftereglectingthe effect of the
ized to the weakly localized regime. Likewise, the viscousboundary layer on the separatrix. The neglect of the separa-
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trix boundary layer has three main consequences. First, thgimes. Previous reports that this effect is stabilizing can all
ion polarization correction to Rutherford’s equation is con-be traced back to the erroneous neglect of the influence of
verted from a destabilizing effect into a stabilizing effect. the separatrix boundary layer in the strongly localized re-
Second, the form of the viscous restoring term in the islandyime. We also find that the island equation of motion can be
equation of motion is modified: In the absence of the boundwritten as a simple pendulum equation in all three regimes.
ary layer this term is inversely proportional to the island Of course, the coefficients in front of the inertial and viscous
width W, whereas in the presence of the boundary layer thiserms vary from regime to regime.
term is inversely proportional to the width of the layer, and Our results have implications for tokamak physics, since
has no explicit dependence ¥ Third, as is clear from Eq. the currently accepted explanation of the stability threshold
(140), if the inertial term in the island equation of motion is for the B-driven tearing modes which limit plasma confine-
calculatedself-consistentlythen this term becomesegative  ment in many long-pulse tokamak discharges depends on a
in the absence of the boundary layer. balance between the destabilizing effect of the perturbed
We believe that the neglect of the separatrix boundanpootstrap current and the supposed stabilizing effect of the
layer in the strongly localized regime é@mpletely unjusti- ion polarization current. Clearly, since the ion polarization
fiable After all, this layer is resolved in our analysis, and effect is, in fact, destabilizingn the MHD limit), the valid-
develops for perfectly understandable physical reasonsty of this explanation must, henceforth, be regarded as
Moreover, as explained previously, if the boundary layer issomewhat questionable.
neglected then the island chain obeys a pendulum-like equa-
tion of motion with anegative inertia Of course, such an ACKNOWLEDGMENT
equation would predict bizarre, and manifestly unphysical, )
island dynamics. This research was funded by the U.S. Department of
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