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Feedback stabilization of resistive shell modes in a reversed field pinch

R. Fitzpatrick and E. P. Yu
Institute for Fusion Studies, Department of Physics, University of Texas at Austin,
Austin, Texas 78712-1060

(Received 26 January 1999; accepted 2 June )1999

A reactor relevant reversed field pinédRFP must be capable of operating successfully when
surrounded by a close-fitting resistive shell whag¢® time is muchshorterthan the pulse length.
Resonant modes are largely unaffected by the shell resistivity, provided that the plasma rotation is
maintained against the breaking effect of nonaxisymmetric eddy currents induced in the shell. This
may require an auxiliary momentum source, such as a neutral beam injector. Nonresonant modes are
largely unaffected by plasma rotation, and are expected to manifest themselves as nonrotating
resistive shell modegrowing on theL/R time of the shell. A general RFP equilibrium is subject to
many simultaneously unstable resistive shell modes; the only viable control mechanism for such
modes in a RFP reactor &ctive feedbackt is demonstrated than ax-fold toroidally symmetric
arrangement of feedback coils, combined with a strictly linear feedback algorithm, is capable of
simultaneously stabilizingll intrinsically unstable resistive shell modes over a wide range of
different RFP equilibria. The number of coils in the toroidal directigrat any given poloidal angle,

must be greater than, or equal to, the range of toroidal mode numbers of the unstable resistive shell
modes. However, this range is largely determined by the aspect-ratio of the device. The optimum
coil configuration corresponds to one in which each feedback coil slightly overlaps its immediate
neighbors in the toroidal direction. The critical current which must be driven around each feedback
coils is, at most, a few percent of the equilibrium toroidal plasma current. The feedback scheme is
robust to small deviations from pumg-fold toroidal symmetry or a pure linear response of the
feedback circuits. ©1999 American Institute of Physids§1070-664X99)02109-9

I. INTRODUCTION convention is adopted tham=0, whereasn may take any

integer value. The MHD instabilities of a RFP plasma are

q A re\;]e_rie_d f|_elq| pinchlor IFFZIE a magnetic Ifl_JkS'on conventionally separated intfive distinct groups. Them
evice which Is similar to a tokamakn many ways. Like a  _ 4 1 qqes are resonant at theversal surfacewhere the

tqkamak, the_ plgsma is confined b_y a combln_athn of a tor'equilibrium toroidal magnetic field reverses sign. Note that a
oidal magnetic fieldB,, and a poloidal magnetic fiel&,,

. . . : : . : resonantmode is one that satisfids B=0 somewhere in-
in an axisymmetric toroidal configuratidnUnlike a toka- side the plasma. wheleis the wave vector of the mode and
mak, where B,>B,, the toroidal and poloidal field- P '

strengths are comparable, and the RFP toroidal field isB is the equilibrium magnetic field. The remaining four

largely generated by currents flowing within the plasma. Thed"OuPs consist om=1 modes.Internally resonantmodes

RFP concept derives its name from the fact that the toroid ren=>0 modes re§onant inside the reversal surfateere
magnetic field spontaneously reverses direction in the outer ¢ has the same sign &9)'. Externally resonanmodes are
regions of the plasma. This reversal is a consequence of r§-<0 modes resonant outside the reversal surfadereB,,

laxation to a minimum energy state driven by intense mag- as the opposite sign &). Internally nonresonantmodes

netohydrodynamical (MHD) mode activity during the are n>0 nonre;ongnt modes \_Nhi_ch have a similar helicgl
plasma start-up phagelntermittent, relatively low-level, plt_ch to the equilibrium magnetic field close to the magnetic
mode activity maintains the reversal, by dynamo action@xis- Finally,externally nonresonantodes aren<0 non-
throughout the duration of the plasma discharge. As a mag€sonant modes which have a similar helical pitch to the
netic fusion concept, the RFP has a number of possible adquilibrium magnetic field outside the plasma boundary.
vantages relative to the tokamak. The magnetic field-strength A conventional RFP plasma is surrounded by a close-
at the coils is relatively low, allowing the possibility of a fitting perfectly conductinghell, i.e., a shell whose/R time
copper-coil, as opposed to a superconducting-coil, reactols muchlongerthan the pulse length of the plasma discharge.
Furthermore, the plasma current can, in principle, be inSuch a shell generally stabilizes the=0 modes, the inter-
creased sufficiently to allow ohmic ignition, thus negatingnally and externally nonresonant modes, and the externally
the need for auxiliary heating systems. resonant modes.® The internally resonant modes remain

A general MHD instability in a RFP is characterized by unstable, and are responsible for the dynamo action which
its poloidal mode-numbean and its toroidal mode-number  maintains the RFP discharge against ohmic décapnse-
These integers represent the number of periods in the pologuently, the internally resonant modes are often referred to as
dal and toroidal directions, respectively. In this paper, thedynamo modes
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A realizable RFP reactor is bound to have a pulse lengtlExtrap-T2(Ref. 20 device will shortly provide some much
which is considerably longer than th€R time of any con- needed additional data. Nevertheless, there exists good evi-
ceivable shell surrounding the plasma. Thus, before the RFBtence from HBTX-1C(Ref. 17 that resistive shell modes
concept can be regarded as a serious alternative to the tok@-e., nonrotatingnonresonanimodes, growing on th&/R
mak, as a fusion energy source, it is necessary to demonstrdime of the she)l are present in a RFP surrounded by a re-
that a RFP can operate successfully when surrounded by sastive shell, and have a highly detrimental effect on the
close-fitting resistive shelli.e., a shell whosé&./R time is  plasma discharge. This strongly suggests that resistive shell
muchshorterthan the pulse length of the plasma dischargemodes will need to be stabilized in a RFP reacforexpli-

Consider the effect of a close-fitting resistive shell on thecably, resistive shell modes were not observed on the OHTE
five previously mentioned classes of MHD instabilities. As is(Ref. 16 device. Nevertheless, in this paper, in the absence
well-known, aresonantmode (i.e., anm=0 mode, or an ©Of any cogent arguments demonstrating that RFP reactors
internally or externally resonant modis convected by the should behave like OHTE, rather than HBTX-1C, the con-
plasma at its associatedtional surface(i.e., the flux-surface servative assumption is made that resistive shell modes are
wherek-B=0). Since a RFP plasma generally rotates in thdikely to be unstable in a reactdr.
laboratory frame, it follows that resonant modes are usually ~ Given that resistive shell modes must be stabilized in a
rotating modes. If the typical plasma rotation rate greatly RFP reactor, and that this stabilization cannot be achieved
exceeds the inverde/R time of the shell, as is invariably the via any realizable level of plasma rotation, the only remain-
case, then the resistive shell behaves effectively as an idetlg viable option is to stabilize the modes by some sort of
shell as far as the rotating modes are concerned. It followsctive feedback® It should be noted that resistive shell
that the stability of resonant modes is largely unaffected bynodes are also predicted to be a problem in “advanced”
the resistivity of the shefi. Thus, the dynamo modes are tokamak reactors, and that active feedback has been pro-
expected to be the only intrinsically unstable resonant modegosed as a solution in this case as We&if* In tokamaks,
in a rotating RFP plasma surrounded by a close-fitting resisthere is generally only singleintrinsically unstable resistive
tive shell. shell mode at any given time, which renders the design of a

It should be noted that a resistive shell exerts a nonpractical feedback scheme relatively straightforwArdn
linear, inductive, slowing-down torque on any rotating dy- RFPs, on the other hand, there are generallytiple intrin-
namo modes in the plasndn fact, if the amplitude of the sically unstable resistive shell modes at any given time.
dynamo modes becomes sufficiently large then this torquéhus, in a RFP, a successful feedback scheme must be ca-
can arrest the plasma rotatidfC in which caseall resonant pable ofsimultaneouslystabilizing many independent resis-
modes unstable in the absence of a shell are expected tiye shell modes of different wavelengths. Clearly, the feed-
grow on theL/R time of the shelt'~**In other words, a back stabilization of resistive shell modes is a far more
resistive shell is incapable of stabilizirany modes in the difficult prospect in RFPs than in tokamaks.
absence of plasma rotation. In this paper, it is assumed that The feedback stabilization of strongly coupled dynamo
either the amplitude of the dynamo modes never gets suffiand resistive shell modes in a nonrotating RFP plasma was
ciently large to arrest the plasma rotation, or, alternativelyyery briefly investigated in HBTX-1E3 and was later simu-
that the RFP is equipped with an auxiliary momentum sourcéated using a 3D nonlinear MHD cod&In both cases, the
(e.g., a neutral beam injeciawhich is capable of maintain- strong degradation of plasma confinement due to the pres-
ing the plasma rotation in the presence of the nonlineagnce of a resistive shell was associated with gquasistationary
slowing-down torques due to the shell. Either way, the resisdynamo modes growing through the shell. As described
tive shell is assumed to act like an ideal shell as far as thabove, it is the contention of this paper that this degradation
resonant modes are concerned. effect could be suppressed simply by forcing the plasma to

Unfortunately, the stability of internally and externally rotate. Unfortunately, plasma rotation cannot cure all of the
nonresonant modes in RFRsnot affected by plasma rota- problems associated with a resistive shell. The residual prob-
tion, except in the extremely unlikely event that the rotationlem of nonresonant resistive shell modes must still be ad-
velocity becomes comparable with the Alfvevelocity’®  dressede.g., using feedbagk
Thus, a rotating RFP plasma surrounded by a close-fitting In summary, the aim of this paper is to investigate the
resistive shell is expected to be unstable to non-rotating, infeasibility of the simultaneous feedback stabilizationadif
ternally and externally nonresonant modes, growing on théntrinsically unstable resistive shell modes imadating RFP
L/R time of the shell, in addition to the ever-present, rotatingplasma surrounded by a close-fitting, thin resistive shell.
dynamo modes. These nonrotating modes are referred to col-
lectively asresistive shell modes II. PRELIMINARY ANALYSIS

The experimental data-base regarding the effect of resis-
tive shell modes on RFP discharges is highly incompletéA"
owing to the fact that the only RFP experiments equipped Consider a large aspect-rafib,zero3,®6 RFP plasma
with shells suitable for investigating these modg®., equilibrium whose unperturbed magnetic flux-surfaces map
Ohmic Heating Toroidal Experimerf©OHTE),'® High Beta  out (almos) concentric circles in the poloidal plane. Such an
Toroidal eXperiment (HBTX-1C),'” Extrap-T1® and  equilibrium is well approximated as a periodic cylinder. Sup-
Reversatron-I[Ref. 19] were all terminated prematurely for pose that the minor radius of the plasmaaisStandard cy-
fiscal reasons. Hopefully, the newly commissionedlindrical polar coordinatesr(f,z) are adopted. The system

The plasma equilibrium
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is assumed to be periodic in tlzelirection, with periodicity
length 2mR,, whereR, is the simulated major radius of the

plasma. It is convenient to define a simulated toroidal anglj{|

(b:Z/Ro.

The equilibrium magnetic field is written B
=[0,By(r),B4(r)]. The model RFP equilibrium adopted in
this paper is the well-knowm-®, model?® according to
which VOB=¢(r)B, where

20,

a

a

r

a

oY)

g=

Here,®, and « are positive constants.

It is conventiond to parameterize RFP equilibria in
terms of thepinch parametgr® =B,(a)/(B,), and there-
versal parameter F=B,(a)/(B,), where(---) denotes a
volume average.

B. The perturbed magnetic field

In the following, all perturbed quantities are tacitly as-
sumed to posses a common exp(time dependence. The

R. Fitzpatrick and E. P. Yu

km(ne):_|n€|Km+l(|n6|)+me(|n€|)- (11)

ere,ln, K., represent standard modified Bessel functions.
or the special case=0, the most general vacuum solution
is written y™0=Ae™+Be ™.

C. Shell physics

Suppose that the plasma is surrounded by a uniform,
thin, rigid, concentric, conducting shell of minor radius,
radial thicknessj,,, and conductivityo,,. TheL/R time, or
time constantof the shell is defined

Tw= o0 wOul w - (12

All analysis in this paper is performed in thiein shell
limit, in which the skin depth of the perturbed magnetic field
in the shell material is much greater than the thickness of the
shell, but much less than its radius. In this limit, there is
negligible radial variation of the perturbed magnetic field
and the eddy current density across the shell. The thin shell
limit is valid whenever

magnetic perturbation associated with a general resistive in-

stability can be written

b(r)=§1 b™N(r)el(m=nd), ?)
where

i m,n

b?“*“="+, 3

m(wm,n)/ nea,lpm,n

by"=~ m2+n2e2 ' m?+nZe?’ @

ne(wm,n)/ mo_wm,n
mn_
b =iz T nze ®

Here,’ denotesd/dr. Furthermoreg(r)=r/R.
The linearized magnetic flux functio™"(r) satisfies
Newcomb’s equatior

i fm,ndlﬂm'n _gm,nlpm,nzo (6)
dr dr ’
where
m,n —
fm™0(r) M2+ n2e2’ (7)
r(neB,+mB d

g™ (r)=—+— (262 ; 0 =

r (m“+ne’)(mB,—neB,) dr

2mnec ro?
(8

+ — .
(M°+n%€%)?> m°+n?e’

In the vacuum region4=0) surrounding the plasma,

the most general solution to Newcomb’s equation takes the

form
Y™ "= Ai(ne)+Bky(ne),

whereA,B are arbitrary constants, and

©)

im(nf):|n5||m+1(|n€|)+m|m(|n€|)a (10

Sw Iy
m<|'y| Tw< 5—W (13
It is possible to unambiguously defineshell flux
W (0,0)=(ry,0,0), (14
in the thin shell limit, where
W(r,0,4)=2, Yy™"(r)e!m-ne), (15)
m,n
Let
(0, )=, Wl mond), (16)
m,n

In the thin shell limit, the eddy currents induced in the
shell have no significant radial variation. Hence, the radially
integrated eddy current density can be written

o8l =1V3,,F, (17)

whereJ, (6, ®) is the shell eddy current stream function.
It is helpful to define the quantity

awm,n
ar

Tw+

: (18

AVD"=r

which parameterizes the jump in the radial derivative/Bf"
across the shell. Ampe’s Law integrated across the shell
yields

AW = —(m?+n?e;)In" (19
where
Jw<o,¢>=m2n Jmnegl(mo=ne), (20)

ande,=r,,/Ry. Ohm’s Law combined with Faraday’s Law
yields

AV "=y, ", (21
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D. The resistive shell mode 5 ———

Equation (6) determines the flux functiog/™" in the
outer region(i.e., everywhere apart from inside the shell
This equation is manifestly singular at then rational flux
surface where (mB,—neB,) =0, expect when this surface
is situated in the vacuum region outside the plagmiere
o’'=0). A physically acceptable solution of E¢6) must
satisfy physical boundary conditionsrat 0 andr =, with
™" continuous across the shell. In additiofl]"" must be
zero at anym,nrational surface lying inside the plasma. The
latter constraint comes about because modes which interact
strongly with the shell tend to rotate very slowly in the labo-
ratory frame, and, therefore, do not reconnect magnetic flux

. _ -
inside the plasma, which is usually rotating substantiaIIyF'G' 1. The shell stability indice&}), for m=1 resistive shell modes

. ) plotted as a function ohe, for a RFP equilibrium characterized hsy
faster.than .the rate _of resistive r_econn_ecf@mn general, 02 4=3, 0,=1.71272,F = —0.2, and® = 1.58696.
there is a discontinuity in the radial derivative ¢f*" at r

=r,, . Theshell stability index

dl//m,n m,n
"ar /d/

is uniquely defined for everyn,nharmonic.

fwt 22) lll. THE FEEDBACK MODIFIED DISPERSION
’ RELATION

m,n_
Eww -

rW7
A. Introduction

Asymptotic matching between thener region(i.e., the Suppose that a set of feedback coils is installed outside
shel) and theouter regiongives the shell at minor radius; . The radially integrated current
density carried by these coils is written
AW = EMOg M 23 Y y
. . . . . Sly=iVJ3:OF, 25
Equationg(21) and(23) yield the standard dispersion relation ~ *°°'" f (25
for the m,nresistive shell mode, whereJ;:( 6, ¢) is the feedback current stream function. Let
=Em, 24 .
YTw WwW ( ) Jf(0,¢):2 J?n,nel(mﬂfnqﬁ)_ (26)
Clearly, this mode is unstable whenevgf:’>0, and is m,n
stable otherwise. The feedback fluis defined,
Yi(0,0)=i(rs,0,9). (27)
E. Stability of the resistive shell mode Let

Consider an example RFP equilibrium for whiefy .
=0.2, a=3, ©,=1.71272, F=—0.2, and ®=1.58696. Wi(0,4)= ;1 Pl moemnd), (28)
Here,ep=a/Ry is the inverse aspect-ratio of the plasma. The ’
reversal surface for this equilibrium lies at 0.844Buppose It is helpful to define the quantity
that the resistive shell is located right on the plasma bound- g
ary, so thatr,,=a. In this case, the only unstable resistive APMN=
shell modes aren=1 modes with toroidal mode numbers or
lying in the rangen= —4 to +9. Thus, there are 14 unstable
resistive shell modes. Figure 1 shows the shell stability indi

ces for these modes plotted as a functiomef. Of course, : - ) )
the equilibrium is also unstable th=1 tearing modes, reso- Asymptotic matching in the vacuum region surrounding

nant in the plasma cofé.However, these tearing modes ro- the plasma, making use of the general vacuum soluson
tate with the plasma, and, therefore, do not penetrate thyelds the follgvv_lng feedback modified dispersion relation
shell, or interact significantly with the slowly rotating resis- for the m,nresistive shell mode:
tive shell modes.

Note that, unlike a tokamak, where there is generally A\Ifﬁ’”z(ECJ{,ﬁ
only oneunstable resistive shell mode at any given tithe,
thin shell RFP is characterized by the presencenahyun- APMNZ Mg mn | EMiapmn (31)
stable resistive shell modes. In fact, the number of unstable f ot fw —w
modes is roughly proportional to the aspect-raiRg/a, of  Here,
the device. Thus, any feedback stabilization scheme for re-
sistive shell modes in a RFP must be capablesiofulta- mn_
neously stabilizing many unstable modes Y im(NewKm(Ner) —Km(Ney)im(Ner)

i+
, (29

M

r

which parameterizes the jump in the radial derivative/Bf"
across the feedback coils.

m,nE=m,n
wf

E fw m,n M, NyT, M, N
T \I,W +EWf ‘Pf y (30)

2 2.2
(m=+n<ey)

(32
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. (m?+n?e?) @3
W m(N€w)Km(ner) —Kn(ney)im(ner)’
£m Kin(Ne) (M*+ n?ef)
T km(nep)[im(New)km(ner) —Kn(New)im(nen]’
(34)
wherees=r;/Ry. For the special case=0,
2m( el e,)™
mn_emn_
w f Efw (Gf /GW)Zm_ 1’ (35)
2m(esle,)®™
mn_ _
Eff (éf /EW)Zm_ 1" (36)
Equation(19) and(21) remain valid, so that
AW "= —(m?+n2el) "= yr, W i". (37)
By direct analogy with Eq(19),
AP = —(m?+n?ef) I (38)

Equationg30), (31), (37), and(38) can be rearranged to
give

(M?+n?e))IM"= — g (yr— Em) Wi (39)
B. The feedback coils

The distribution of feedback coils is assumed topme
loidally symmetriclt is further assumed that there are suffi-

R. Fitzpatrick and E. P. Yu

56
-
d
II¢
I
¢ -~} o

A8

FIG. 2. An individual feedback coil.

cient, closely spaced coils in the poloidal direction that there
is negligible couplingof different poloidal harmonics by the
feedback currents.

Suppose, for the sake of simplicity, that all of the feed-
back loops are identical, and consist(cddially) thin, rect-
angular, saddle coils, as illustrated in Fig. 2. The poloidal
and toroidal angular extents of each coil a&é and A,
respectively. Furthermore, the angular widths of the toroidal
and poloidal legs of each coil at@® and d¢, respectively.
Suppose that there akécoils in the toroidal directiorfat any
given poloidal anglg with the kth coil centered on the tor-
oidal anglegy.

Let I be the total current circulating around tkiga coil.

For the sake of simplicity, this current is assumed taibe
formly distributedthroughout the coil. It follows from Eq.
(25) that

— 1ol /8¢ Tor yt Apl2— 5I2< p< i+ Apl2+ Sbl2

. dJd¢
| —_—
d¢p

otherwise,

wherek runs from 1 toN. Now,

JM=— jga—‘]fﬂd—d) (471
dp in 27’
giving
2o SIN(NSP/2)sin(nA ¢/2)
mTOP

Note that the commoe'™? dependence of perturbed quanti-
ties has been neglected for ease of notation.

iJmn= > 1N (42)

2
n k=1N

C. The feedback algorithm

+uol /8¢ for dy—Adl2— 5pI2< p< dy— Apl2+ SpI2

(40)

Pt API2 )
CDsz b-fdA:iRoAaf CTUTS gmng-inag g,
kth coil bx—

Apl2 1 s
43
It is easily demonstrated that
sin(nA ¢/2 .
= 2iRoA 6, %\Pw'“e"”‘f’k. (44)
n

The feedback algorithm adopted in this paper is very
straightforward: the current driven around each feedback coil
is directly proportionalto minus the perturbed magnetic flux
linking the associated detector loop. It follows that

ol k= — Qi®Py, (45)

Suppose that each feedback coil is accompanied by afhereQ, is thegain in the kth feedback circuit.

equal area detector loop, located at the same angular po
tion, but theshell radius which measures the perturbed mag-

netic flux leaking through the shell. The perturbed magnetic

flux linking the kth detector loop is written

SEB-. The dispersion relation

Equations(39), (42), (44), and(45) can be combined to
give the dispersion relation
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. e~ in(d— i)
h=QX F™(yr) 2 ——g— e, (49
n k’=1N
whereQ,=Q,/Q,, for k=1 to N. Here,
. moP 4
Q0_4R0A0Nefv’ @0
mn__ Ewi m*+n’ef  Kkn(nep) 48
7T T EN M2 n2e2 kp(neyw) (48)
and
mn - m24n2e2
prn=__7 2 SiN(N6B/2)SIF(NA B/2).

m,n
Eww— 77w Ney

(49

For the special casea=0, ™"=(e,/€;)™, and F™" is
evaluated according to L'Hmtal's Rule.

IV. ANALYSIS OF AN N-FOLD TOROIDALLY
SYMMETRIC FEEDBACK SCHEME

A. Introduction

Consider a feedback scheme which possesses qu

Feedback stabilization of resistive shell modes ina. .. 3541

c, —>

>
L

2a) Q) o)

FIG. 3. A schematic diagram of tHé¢h subsidiary dispersion relation.

for I=1 to N. In other words, for the special case of an
N-fold toroidally symmetric feedback scheme the general
dispersion relatiori46) separates intt independensubsid-

iary dispersion relations. Each of these subsidiary dispersion
glations deals with aifferent setof toroidal harmonics

N-fold toroidal symmetry. In such a scheme, the feedbacieCuPled together by the feedback currents.

coils, and their associated detector loops,eqeally spaced
in the toroidal direction, so that

2
o= (k=D 7, (50

B. Graphical solution of the
relation

Ith subsidiary dispersion

Consider thdth subsidiary dispersion relation. It is con-
venient to label the toroidal mode numbers of the coupled

for k=1 toN. Likewise, the gains in all the feedback circuits ,5rmonics as follows:

are equal, so that
Qk: Qi

for all k. In this case, it is easily demonstrated that

(51)

e ldwe=in(d-¢) (e "% if n=I+jN
N “|o

K—1N otherwise

(52)
wherej is an integer.

mn;y__
The most general solution to the symmetrized dispersion Eww'"=Ejn)

relation is
L= > Je (53)
I=1N

Substitution of the above into E¢46), making use of Egs.
(50—(52), yields

2 Je " =Q 2> o(yr) e ", (54)
I=1N I=1IN
for k=1 to N, where
n=1+jN
g = 2 Fm'n. (55)

J

It follows from Eq. (52) that the coefficients o~ ", for
different values of, can be equated in E§54). Thus,

Q =0ay(ym), (56)

n0(|)1n1(|)ln2(|)1"'1 (57)
where

M.No(1) m.Na) m.n2q, ..

Eow > By V=B (58)

In other words, them,ny) mode is the first most unstable
harmonic, them,n; )y mode is the second most unstable har-
monic, etc. Let

(59

for j=0,1,2,....
Making use of the above definitions, thth subsidiary
dispersion relation can be written

7™ Mo [m2+(nj(|)fw)2]
[nj(|)€w]3
X sin Ny 8/2]sire[ n; A /2]. (60)

Note that™">0 for all m,n Likewise, ¢ can be made
sufficiently small that siim;;,64/2]>0 for the first few
coupled harmonicsi.e., m,nggy, M,Nygy, M,Nyqy, etcl. It
follows that the dispersion relatiof®0) can be represented
schematically as shown in Fig. 3. The growth-rates of the
various coupled modes are determined by the intercepts be-

tween a horizontal line of heigh® ! and the curve

oi(ymy). The unperturbedi.e., Q=0) growth rates are de-
termined by the infinities ofr;, whereas the growth-rates in

Q t=oy(ymy)=
T 2 Bl 7w
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the presence of very strong feedbdtk., Q—x) are deter- The critical value ofQ above which them,ng(y mode is
mined by the zeros ofr;. More explicitly, the first most stabilized can be written

unstable mode moves from poiAton the diagram to point E [N €n]?

B, as the feedback gain is gradually increased from zerotoa Q= e O
very large value, whereas the second most unstable mode 770 [m+ (o) €w) ]

moves from point C to point D. It is clear from the diagram 1
S o L L o _ .
thaAt the following inequality is satisfied fgr=0,1,... and 0 S|r’[n0(|)5¢/2]S|n2[n0(|)A¢/2] T-a (66)
=Q<»,
Ej 1)< 7j(|)(Q) Tw<Ej()- (61  D.Astrategy for feedback stabilization of resistive

A shell modes in a RFP
Here, ¥j()(Q) s the growth-rate of th¢-+1th most unstable Suppose that the intrinsically unstable£1) resistive

mode when the normalized feedback gaifisAccording to shell modes possess toroidal mode numbers in the ragge
the above inequality, the feedback modified growth-rate of, e (Wheren . =n. ). Let

the j + 1th most unstable mode always lies between the un-

perturbed growth-rates of thig+ 1th andj+2th most un- AN=Nma Nmint 1 (67)
stable modes. _ _ ~ be the number of intrinsically unstable modes.
Two important caveats follow immediately from the in- Consider a pureN-fold toroidally symmetric feedback

equality (61). First, if all of the coupled modes are intrinsi- gcheme. Such a scheroaly couples resistive shell modes
cally stableli.e., Eo)<0] then they alremain stableunder  (with common poloidal mode numbenshose toroidal mode
the action of feedbackwith Q in the range 8-+%). Sec- numbers differ byN. Thus, the general dispersion relation
ondly, if more than oneof the coupled modes are intrinsi- separates intt\ subsidiary dispersion relations, all of which
cally unstablefi.e., E;;)>0] then the feedback scheme is involve adifferent setof resistive shell modes coupled to-
incapableof stabilizing all of the modes. gether by the feedback currents. It follows thatNfAn
then the general dispersion relation separateshhswbsid-
iary dispersion relations, some of which couplere than
one intrinsically unstable resistive shell mode. In this case,
the feedback scheme iiscapableof simultaneously stabiliz-
ing all of the unstable modes. On the other hand, if

C. Stabilization criterion for the  /th subsidiary
dispersion relation

The only nontrivial situation in which the feedback
scheme is capable of stabilizing all of the modes associated N=An, (68)
with the Ith subsidiary dispersion relation is that where onlythen the general dispersion relation separates Nhswbsid-
one of these modes is intrinsically unstable, i€;)>0, iary dispersion relations, each of which involves, at most, a
andE;y<<0. In this case, it is easily demonstrated that thesingleintrinsically unstable resistive shell mode. In this case,

feedback scheme is only capable of stabilizing theo;)  the feedback scheme dspableof simultaneously stabilizing

mode provided that all of the unstable modes. The stabilization criterion is that
7,(0)>0, (62) the mod_e coupling parameteiis [see_ Eq(65)]_ must be less

than unity for all subsidiary dispersion relations.

in which case the critical normalized gain above which sta- |t follows, from the above discussion, that an appropriate

bilization is achieved is given by strategy for the simultaneous feedback stabilization of all
. 1 intrinsically unstable resistive shell modes in a RFP is to
QC(,)zm. (63 employ anN-fold toroidally symmetric feedback scheme,

taking care to ensure that the number of coils in the toroidal
Equations(60) and (62) can be combined to give the directionN (at any given poloidal angles always greater
stabilization criterion than, or equal to, the range of toroidal mode numhensof
the intrinsically unstable modes. Note that, even winen
«=<1, (64) =An, the feedback scheme can be defeated by excessive
where mode coupling due to the nonsinusoidal nature of the feed-

. back currents.
o Eoqy #™"O <n0(|))3[m2+(nj(|)fw)2]
V=12 [ Ejy] 7™™0 \ njy) [P+ (nogyew)?]
sin N, 8/2]sirf[n;)A ¢/2]

i No) S¢/2]sir no) A /2] Consider the example RFP equilibrium introduced in
measures the feedback induced coupling between the intrirgec. Il E. As shown in Fig. 1, the intrinsically unstabia (
sically unstablem,nq;y mode and the intrinsically stable =1) resistive shell modes possess toroidal mode numbers
m,n;qy modes. According to Eq64), the feedback scheme lying in the rangen,=—4 t0 Ny,=9, so thatAn=14.
is only capable of stabilizing thea,n,y mode provided that According to the previous analysis, it is, in principal, pos-
this coupling issufficiently weak* sible to simultaneously stabilize all of these modes using a

V. FEEDBACK COIL DESIGN

A. Introduction

(65)
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FIG. 4. The critical normalized feedback gain required to stabilize the 1,91G. 5. The critical normalized feedback gain required to stabilize the 1,9
(A) and 1,8(0)) resistive shell modes as functions of the toroidal angular resistive shell mode as a function of the angular thickiéigsef the poloidal

width A¢ of the feedback coils, calculated fof=20, §¢=5°, r,,=1.0a,
andr;=1.1a.

14-fold (i.e., N= 14) toroidally symmetric feedback scheme.

legs of the feedback coils, calculated 820, A p=23°, r,=1.0a, and
ri=1.1a.

is fixed at 18°(i.e., slightly less than the angular size of the

In practice, numerical solution of the feedback modified re-CCilS)- Hence, the coils are slightly overlapping.

sistive shell mode dispersion relati¢B6) reveals that some- Figure 5 shows the critical normalized feedback g@in
what more than 14 coils in the toroidal directi¢at any required to stabilize the 1,9 resistive shell mode plotted as a
given poloidal angleare required to overcome the detrimen- function of the angular thickness of the poloidal legs of

tal effects of feedback induced mode coupling. The smallesihe feedback coils, foh ¢=23°,r,,=1.0a, andr¢=1.1a. It
number of coils for which the feedback scheme is capable ofan be seen that the critical gain at first decreases rapidly as
operating successfully is 18e.,N=18). In the following, a ¢ increases, and then levels off fog>5°. For practical
more optimal scheme is investigated which employs 20 coil§€asons, it is desirable to minimizg, in order to make the

in the toroidal direction(at any given poloidal angleli.e.,  feedback coils as compact as possible. Théi$=>5° is
N=20). probably the optimum thickness of the feedback coils, since

this is approximately the smallest value &b for which the
feedback scheme performs efficiently.

Figure 6 shows the critical normalized feedback g@ijn
required to stabilize the 1,9 resistive shell mode plotted as a
function of the minor radius; of the feedback coil array, for
A¢p=23°, 6¢=5°, andr,=1.0a. It can be seen that the
critical gain is a weakly increasing function of. Clearly,

Hw_e efficiency of the feedback scheme does not depend cru-
ially on the radius of the feedback coil array. Thus, the

B. Coil design for a 20-fold toroidally symmetric
feedback scheme

Consider the effect of a 20-fold.e., N=20) toroidally
symmetric feedback scheme on the RFP equilibrium intro
duced in Sec. IIE. Note that none of the intrinsically un-

back scheme, so each intrinsically unstable mode can bg~ - .

treated as aseparate caseNumerical solution of the feed- ¢ oper;l.]rw IS a reascljrl1able one. ) A

back modified dispersion relatiais6) reveals that the most Figure 7 shows the critical normalized feedback gain

difficult resistive shell modes to stabilize are the two most'@quired to stabilize the 1,9 resistive shell mode plotted as a

intrinsically unstable modes, i.e., the 1,8 and 1,9 modes.
Figure 4 shows the critical normalized feedback gains

Q. required to stabilize the 1,8 and 1,9 modes plotted as
functions of the angular widtA ¢ of the feedback coils, for
6¢=5°,r,=1.0a, andry=1.1a. The critical nhormalized
feedback gains required to stabilize the other intrinsically
unstable resistive shell modes are significantly smaller than
those shown in Fig. 4. It can be seen that the optimum value
of A¢ (i.e., the value at which the critical gain required to
simultaneously stabilize the 1, 8 and 1, 9 modes is mini-
mized is 23°. This value corresponds stightly overlapping
feedback coils in the toroidal directidfi.This is not a par-
ticularly surprising result. The feedback coils couple most
effectively to the 1,8 and 1,9 modes when their toroidal an-
gular e)ftent is of order half the toroidal wave-length of theseFIG. 6. The critical normalized feedback gain required to stabilize the 1,9
modes(i.e., about 20f. For a 20-fold feedback scheme, the resistive shell mode as a function of the minor radipsf the feedback coil
toroidal angular spacing between the centres of adjacent coitsray, calculated foN=20, A p=23°, §¢=5°, andr,,=1.0a.
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80 rium characterized byy=0.2, «=3, andF=—0.2. In this

section, the performance of the chosen feedback scheme is
gauged against a wide range of RFP equilibria. As discussed
previously, the requisite number of feedback coils in the to-
roidal direction is largely determined by the range of toroidal
mode numberdn of the intrinsically unstable resistive shell
modes. In Table | this range is tabulated against the current
peakedness parameterand the reversal parameterfor a
set of RFP equilibria characterized bsy=0.2 andr,,
=1.0a. Note thatAn exhibits very little variation with «
L . and F, as these parameters vary over the range of values
1.0 r/a 12 typically encountered in RFP experiments. In fasn is
" largely determined by the inverse aspect-ratj®f the equi-
FIG. 7. The critical normalized feedback gain required to stabilize the 1,9ibrium (broadly speaking,Anox1l/ey). It follows that it
resistive shell mode as a function of the shell minor radiys calculated  ghqould be possible to design a feedback system which is
for N=20,A¢=23°, ¢=5°, andr;=1.1r,,. . e I
capable of simultaneously stabilizing all intrinsically un-
stable resistive shell modes for a wide range of different
function of the shell minor radius,,, for A¢=23°, 6¢ vqlues.of the profile parametessandF. As an illustration of
=5°, andr;=1.1r,,. It can be seen that the critical gain is a this Point, in Table | those values dfn (at fixed a andF)
very strongly increasing function af,. This behavior is a for which the previously mentioned feedback schemaot
consequence of the well-known fact that the intrinsic stabil-capable of stabilizing _aII |ntr|n5|ca_lly unstable resistive shell
ity of resistive shell modes in a RFP rapidly worsens as thdnodes are marked with an asterisk. It can be seen that the
shell is moved away from the plasma edge. It is clear that thif€dback scheme operates successfully over a wide range of
feedback scheme is only capable of operating successfully ffifferent values ofa and F. In fact, the feedback scheme
the resistive shell is locatedery closeto the edge of the ©nly fails when the plasma current becomes too peaked
plasma(i.e., r,,<1.1a). a becomes too smalland the equmbr.u_Jm consequently ap-

In conclusion, a 20-fold toroidally symmetric feedback Proaches too closely to the ideal stability boundary for one of
scheme is capable of simultaneously stabilizing all of theh® intrinsically unstable resistive shell modes. .
intrinsically unstable resistive shell modes associated with _ 't is concluded that, once the inverse aspect-ratio of the
the RFP equilibrium introduced in Sec. IIE, provided thatRFP is specified, it is relatively straightforward to design a
the shell is situated sufficiently close to the edge of thd€edback scheme capable of simultaneously stabilizing all
plasma(i.e., r,<1.1a). The optimum toroidal angular width |ntr||_"|5|cally unstable resistive shell modes over a wide range
of the feedback coils i\ ¢=23°, which corresponds to a Of different plasma current profiles.
configuration in which each coil slightlgverlapsits imme-
diate neighbors in the toroidal directiéhThe optimum an-
gular thickness of the poloidal legs of the feedback coils isD. The critical current
6¢=5°. Finally, the optimum minor radius of the feedback
coil array isr;=1.1r,,.

60

I TSR RS

LA N NN N B S B e

The critical currentl, which must flow around each
feedback coil in order to simultaneously stabilize all intrin-
sically unstable resistive shell modes is written

l. . 8pApr, b,
T, %8Ne; a Bya)’
¢ €w o(@)

C. Robustness of the design

In the above, it is demonstrated that a 20-fold toroidally (69)
symmetric feedback scheme with the following parameters:
Ap=23°, ¢=5°, r,=1.0a, r;=1.1a: is capable of si- whereQ, is the critical normalized feedback gain, is the
multaneously stabilizing all of the intrinsically unstable re- equilibrium toroidal plasma current, atd is the strength of

sistive shell modes associated with a specific RFP equilibthe m=1 radial magnetic field penetrating the shell. For the

TABLE I. The range of toroidal mode numbefsn of the (m=1) intrinsically unstable resistive shell modes tabulated against the current peakedness
parameter and the reversal parameterfor a set of RFP equilibria characterized &y=0.2 andr,,= 1.0a. A dash indicates that one or more of the resistive
shell modes is ideally unstable. An asterisk indicates that the feedback scheme discussed in Sec. V is incapable of simultaneously stalihigingpdiaf

a 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 45 50 100

F
-0.5 - 16 16 16 16 15 15 15 15 15 15 15 15 14 14 14 14 14 14 14 6 5
-04 - 1 16 16+ 16 16 15 15 15 15 15 15 15 15 14 14 14 14 14 13 13 5
-0.3 - - - - - 1% 14 14 14 14 14 14 14 14 14 13 13 13 13 13 13 5
-0.2 - - - - - 1% 15 14 14 14 14 14 14 14 14 14 14 13 13 13 13 12
-01 - - - - - 1% 15 15 15 14 14 14 14 14 14 14 14 14 14 12 12 11
0.0 - - - - 15 14 14 14 14 14 14 14 14 14 13 13 13 13 13 13 13 12
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for k=1 to N, whereAl is an integer, and<<1.

=a, €,=0.2), the above expression reduces to Let,
I b i
o041 (70) W= 2 Je ', (74)
I B,(a) I=1IN

Sinceb, is typically 1% of the equilibrium magnetic field- for k=1 to N. Equation(71) reduces to
strength in RFPs, it follows that the typical current which o

must circulate around each feedback coil in order to stabilize (@ FmoNdi=eo|(Aeart Ji-a), (79

all of the resistive shell modes is of order 1% of the equilib-for | =1 to N. Here, use has been made of Esp). Note that
rium toroidal plasma current. Ji+in=J,, wherej is any integer. The above expression
demonstrates how symmetry breaking effe@ts., e#0)
give rise to coupling between the subsidiary dispersion rela-

VI. EFFECT OF TOROIDAL ASYMMETRIES ) ) ' :
tions (i.e., coupling between thg] for different values of).

A. Introduction

The feedback scheme outlined in Secs. IV and V de- ,
pends crucially for its successful operation on two factors.((j:.' Coupling kl)et_ween the
First, the assumed purhi-fold toroidal symmetryof the Ispersion refations
scheme, and, secondly, the assumed (inear response of Suppose, for the sake of simplicity, that the dominant
the feedback circuits to the signals picked up by the detectatoupling is that between thiegh andl’th subsidiary disper-
loops. These factors permit the general resistive shell modsion relations. In this case, E(/5) yields
dispersion relatior(46) to be split intoN independensub- A_q A_q )
sidiary dispersion relation&6), each of which involves, at (Q " —0)(Q "~ 0y)~ €001, =0. (76)
most, a single intrinsically unstable mode. Since, by defini-Of course, in the absence of any symmetry breaking effects
tion, a RFP possesses a high degree of toroidal symmetry, (te., e=0), the two dispersion relations completely de-
is plausible that a feedback system possessing almost puggyple from one another, givin@ =0, and Q =0,
N-fold toroidal symmetry could be installed outside the shell.ingependently. On the other hand, wher 1 the two dis-
Likewise, since the signals picked up by the detector loop$ersjon relations combine to give
only vary on theL/R time of the shell(because the signals )
must diffuse through the shell in order to be deteitesd Q '=o1toy. (77
since the currents circulating in the feedback coils are relagig expression is of the fort®6), except that it couples all
tively low [see Eq(70)], itis also plausible that the feedback e toroidal harmonics associated with both treand!’th
circuits could be constituted in such a manner that they exg, hgjgiary dispersion relations if théh and thel 'th subsid-
hibit an almost linear response. Nevertheless, in practicgsry gispersion relations each only involve a single intrinsi-
there are always going to bemall deviations from pure .o ynstable harmonic, then E€77) takes the form of a
N-fold toroidal symmetry(generated, for instance, by the g,qidiary dispersion relation involving two intrinsically un-
gaps in the shelland pure linear response. These deviationgap|e harmonics. According to the analysis of Sec. IV, these
give rise tocoupling between theN subsidiary dispersion 4,4 harmonics cannot be simultaneously stabilized by the
relations. This section investigates the effect of such coUfaaqpack scheme. It follows that if the symmetry breaking
pling on the operation of the feedback scheme. parametere is O(1) then the coupling between thth and
|"th subsidiary dispersion relations is strong enough to defeat
the feedback scheme.

Suppose that the symmetry breaking parameismon-
zero, but much less than unity. In this case, the modified
subsidiary dispersion relation takes the form

Ith and /"th subsidiary

B. General analysis

The general resistive shell mode dispersion relat#)
can be rewritten

z E e In(dx—¢w)
= Fm'n e — 'J ’y 71 - g Tw) O T
kK= 2 (YTW)k,:LN N QxrJk (71 O 1 gy (yry) + €2 AI(}; w) oy (y w). 78
for k=1 to N, where Q = alym) )
Clearly, for most values of the normalized feedback gQin,
szl_k. (72) the dispersion relation is only modified by a small factor of

Q«

O(€?). In other words, a small amount of symmetry break-
ing has little effect on théth subsidiary dispersion relation.

A slight lack of pureN-fold symmetry in the feedback | jewise, for thel’th subsidiary dispersion relation. The

scheme, or a modest departure from pure linear response Bn
the feedback circuits, can be modeled as a small sinusoid&l’
toroidal variation in the gains of the various feedback cir-

cuits. Thus,

Q=Q[1+2ecog Al ¢y)], (73

ly exception to this rule occurs at a point @— yr,
space, wher® - o(y7,) andQ~*—a.(y7,) are small
simultaneously, i.e., a point where a root of thie subsidiary
dispersion relation crosses a root of théh dispersion rela-
tion.
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Suppose that a root of théh subsidiary dispersion rela- In Secs. Il and lll, a feedback modified dispersion rela-

tion crosses a root of thth dispersion relation a)=Q, tion is derived for resistive shell modes in a large aspect-
and y=y,. It follows that in the immediate vicinity of the ratio, zerog, RFP equilibrium. The feedback coils are as-

crossing point, sumed to be identical, thin saddle-loops located outside the
A shell. The detector loops have the same area as the feedback
a(ymw) =(Qo) "+ aly—v0) Tw, (79 coils, but are located at the shell radius. Each feedback coil
AL has an associated detector loop at the same angular position.
— 1 1 (ny—
1/ (y7w) =(Qo) "+’ (¥~ v0) 7w, B0 The feedback algorithm is simply that the current driven
wherea anda’ are constants. Let around a given feedback coil @rectly proportionalto mi-
A1 A g nus the perturbed magnetic flux measured by its associated
9=(Q) "= (Qo) 8D getector loop.
9=(y— o) Tu- (82 In Sec. IV, it is demonstrated that afold toroidally

symmetric feedback schenfiee., a feedback scheme witth
equally spaced coils in the toroidal direction, at any given
poloidal angle, and with identical gains in all feedback cir-
_ Ny 1242 A 12 cuits) is capable osimultaneously stabilizingll intrinsically
2q=(ata )g_\/(a a')7g"+4(elQo)" ®3 unstable resistive shell modes in a typical RFP equilibrium.
It can be seen that in the immediate vicinity of the crossingThree stabilization criteria must be satisfied in order for the
point the symmetry breaking effects gives ris€Xfe) modi-  feedback scheme to operate successfully. First, the number
fications of thelth andl’th subsidiary dispersion relations of coils in the toroidal directiorN (at any given poloidal
which are such as to prevent the true roots from actuallyang@ must be greater than, or equa| to, the range of toroidal

The solution to the coupled dispersion relatigf6) in the
vicinity of the crossing point is

crossing. mode numberdn of the intrinsically unstable resistive shell
modes. Second, the coupling of different toroidal harmonics
D. Conclusion due to the nonsinusoidal nature of the feedback currents must

In conclusion. the feedback scheme outlined in Secs. MOt be too strong. Finally, the shell must be located relatively

and V is not unduly affected bgmall deviations from pure closehto ;hel edge of t?fe plasrfﬁ]?e.,(jrgv<|i.;aé. d mod
N-fold toroidal symmetry or a pure linear response of the i The ebetenc_)u.s € ZCtE ot feedbac hm uceb mode cou-
feedback circuits. If the deviations a@(€) then the modi- pling can be minimized byoptimizing the number, size,

fications to theN independent subsidiary dispersion reIationsShape' a'nd po§|t|on§ of the feedback .COIIS' Thg qpt|m|zat|on
derived in the ideali.e., e=0) limit are O(e?), except in Process is outlined in Sec. V. The optimum coil size is such

situations where when twr more roots belonging to dif- that a given feedback coil slightly overlaps its immediate

ferent dispersion relations approach one another closely, iHe|ghbor_s in the tprmdal direction. .
which case the modifications a@(e). As discussed in Sec. V, the range of toroidal mode num-

bersAn of the intrinsically unstable resistive shell modes is
largely determined by the aspect ratio of the plasma. This
allows the design of a feedback scheme capable of simulta-

In order for the RFP concept to be regarded as reactaneously stabilizing all intrinsically unstable resistive shell
relevant, it is necessary to demonstrate that a RFP can opanodes over avide rangeof different plasma current profiles.
ate successfully when surrounded by a close-fitting resistive  In this paper, it is assumed, for the sake of simplicity,
shell whoseL/R time is muchshorterthan the pulse length. that the number of feedback coils in the poloidal directian
Resonant modes are largely unaffected by the resistivity odny given toroidal ang)eis much greater than unity, so that
the shell, provided that the plasma rotation rate greatly exthere is negligible coupling of different poloidal harmonics
ceeds the inversk/R time of the shell, as is generally the by the feedback currents. In theory, tenimumnumber of
case in a rotating plasma. Thus, by far the most straightforeoils in the poloidal direction required to permit active feed-
ward strategy for preventing any degradation in the stabilityback stabilization o= 1 resistive shell modes ta/o. Thus,
of resonant modes due to a resistive shell isn@intain the the theoretical minimuntotal number of feedback coils sur-
plasma rotatiorf It may be necessary to install an auxiliary rounding the plasma required to stabilize a sef\of inde-
momentum source, such as a neutral beam injector, to ovependentm=1 resistive shell modes possessing different to-
come the rotation breaking effect of non-axisymmetric eddyroidal mode numbers is An (i.e., twice the number of
currents induced in the shell by rotating dynamo modes. independent unstable modes

Nonresonant modes cannot be stabilized by plasma rota- At first sight, the feedback scheme discussed in this pa-
tion, except in the unlikely event that the rotation becomesper appears to depend crucially for its successful operation
Alfvénic, and are, therefore, expected to manifest themselvesn its pureN-fold toroidal symmetry, and the assumed pure
as nonrotatingresistive shell modesgrowing on thelL/R linear response of the feedback circuits. In Sec. VI, however,
time of the shell. A general RFP equilibrium is expected toit is demonstrated that the feedback scheme is robushadl
be unstable to many different resistive shell modes at thelepartures from purl-fold toroidal symmetry and pure lin-
same time. These modes must all be stabilized in a RFBar response. Moreover, the critical current which must be
reactor. The only viable stabilization mechanism is somalriven around the feedback coils in order to stabilize all the
form of active feedback resistive shell modes is only of order 1% of the equilibrium

VIl. SUMMARY AND CONCLUSIONS
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