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Formation and locking of the “slinky mode” in reversed-field pinches
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The formation and breakup of the “slinky mode” in a Reversed-Field PiiRP is investigated
analytically. The slinky mode is a toroidally localized, coherent interference pattern in the magnetic
field, which corotates with the plasma at the reversal surface. This mode forms, via a series of
bifurcations, as a result of the nonlinear coupling of multiple 1 core tearing modes. The slinky
mode breaks up via a second series of bifurcations. However, the typical mode amplitude below
which slinky breakup is triggered is much smaller than that above which slinky formation occurs.
Analytic expressions for the slinky formation and breakup thresholds are obtained in all regimes of
physical interest. The locking of the slinky mode to a static error field is also investigated
analytically. Either the error field arrests the rotation of the plasma at the reversal surface before the
formation of the slinky mode, so that the mode subsequently forms as a nonrotating mode, or the
slinky mode forms as a rotating mode and subsequently locks to the error field. Analytic expressions
for the locking and unlocking thresholds are obtained in all regimes of physical interest99@
American Institute of Physic§S1070-664X99)02604-X

I. INTRODUCTION In the Madison Symmetric ToruST),*® the dynamo
modes continually execute a so-calledwtooth cyclein

A reversed-field pinchior RFP is a magnetic fusion which their typical amplitude gradually increases from a
device that is similar to a tokambkn many ways. Like a small value, until a critical value is reached at which a rapid
tokamak, the plasma is confined by a combination of a torglobal magnetic reconnection event, known asaavtooth
oidal magnetic fieldB,, and a poloidal magnetic fiel,,  crash is triggered. After the crash, the mode amplitudes re-
in an axisymmetric toroidal configuratiGnUnlike a toka-  turn to their initial values, and the process continadsin-
mak, whereB ,>B,, the toroidal and poloidal field strengths finitum Note that the dynamo action that maintains the field
are comparable, and the RFP toroidal field is largely generreversal is only significant during the sawtooth crashes. This
ated by currents flowing within the plasma. The RFP concepintermittency of the MHD dynamo is a common feature of
derives its name from the fact that the toroidal magnetic fieldRFPs.
spontaneously reverses direction in the outer regions of the It is often observed that in the early stages of the saw-
plasma. This reversal is a consequence of relaxation to @oth cycle, well before the crash, the dynamo modes in a
minimum energy state driven by intense magnetohydrodyRFP become locked in phase to form a toroidally localized,
namical (MHD) mode activity during the plasma start-up rotating magnetic perturbation known as a ‘“slinky
phase® Intermittent, relatively low-level, mode activity mode.”®® This mode degrades the plasma confinement, giv-
maintains the reversal, by dynamo action, throughout the duing rise to a rotating, toroidally localized “hot spot” on the
ration of the plasma discharge. As a magnetic fusion conplasma facing surface. Slinky modes sometimes lock to static
cept, the RFP has a number of possible advantages relative &gror fields, and, thereby, stop rotating in the laboratory
the tokamak. The magnetic field strength at the coils is relaframe®®° Unfortunately, when this occurs the associated “hot
tively low, allowing the possibility of a copper coil, as op- spots” also stop rotating and rapidly overheat the plasma
posed to a superconducting-coil, reactor. Furthermore, theacing surface, leading to the influx of impurities into the
plasma current can, in principle, be increased sufficiently tgplasma, and the eventual termination of the discharge. In-
allow Ohmic ignition, thus negating the need for auxiliary deed, the plasma current in many RHARs particular, the
heating systems. Reversed-Field ExperimetiRFX)%17 is limited as a direct

Unlike a tokamak, which can be completely MHD consequence of the problems associated with locked slinky
stable, a RFP is characterized by an ever present backgrounsbdes.
level of MHD activity. The dominant MHD instabilities are The aim of this paper is to investigate the formation and
rotatingm=1 tearing modes with a range of toroidal modeslocking of the slinky modeanalytically, using techniques
numbers satisfyinge,~O(1). Here,mis the poloidal mode that have been employed, with considerable success, to in-
numbernis the toroidal mode numbet,=a/R,, andaand vestigate mode coupling and error-field related effects in
R, are the minor and major radii of the plasma, respectivelytokamaks-'~23 This is a complementary approach to that of
These modes, which are knowndmamo modesince they  using three-dimensional, nonlinear MHD simulatidfd®
are ultimately responsible for the dynamo action that main-  In tokamaks, the dominant mode coupling mechanism is
tains the field reversal, are generally resonant in the plasmihat due to toroidicity> However, this coupling mechanism
core. is far less important in RFPs, and is, in fact, neglected alto-
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gether in this paper. The dominant mode coupling mechaRFPs, finite plasma pressure destabilizes resistive inter-
nism in RFPs is that due to thenlinearinteraction of dif- change mode® which must then be taken into account dur-
ferent MHD modes inside the plasifal® Unfortunately, ing the analysis. Finally, and most importantly, plasma pres-
this type of coupling is far more difficult to analyze than the sure is not thought to play a significant role in the formation
toroidal coupling that takes place inside tokamaks. In ordeand locking of slinky modes. Likewise, the finite resistivity
to make any progress, it is necessarystverely limitthe  of the flux conserving shell is not taken into account in this
number of modes that are taken into account during thgaper because resistive shell effects are also not thought to
analysis. Hence, in this paper, only the intrinsically unstableplay an important role in the formation and locking of slinky
m=1 tearing modes resonant in the plasma core, and theodes'>
intrinsically stable 0,1 mode resonant at the reversal surface This paper is organized as follows. In Sec. Il we inves-
(whereB,=0) are taken into account, since these modes artigate the formation of the slinky mode via the nonlinear
judged to play the most significant roles in slinky mode for-coupling of multiplem=1 core tearing modes. The locking
mation and locking events. Note that all of the nonlinearof the slinky mode to a static error field is examined in Sec.
coupling terms in this paper are calculated giaasilinear  lll. Finally, the main results of this paper are summarized in
theory (i.e., usingliner eigenfunctions—see Appendix)A Sec. IV. The analysis of the nonlinear coupling between dif-
This weakly nonlinear approach is justified during the sawferent MHD modes is described in detail in Appendix A.
tooth ramp phases, when the highly nonlinear MHD dynamd-ikewise, the technical details of the analysis of error-field
is not active, but obviously breaks down during the crashesgffects are contained in Appendix B.
Indeed, it is easily checked that the nonlinear coupling terms
obtained in this paper only represent small corrections to the
linear stability of dynamo modes at the typical mode ampli-Il. FORMATION OF THE SLINKY MODE
tudes required to trigger slinky formation. A. Introduction

There is another major difference between tokamaks and ) 0 .
RFPs. Tokamaks generally possess intact, nested magnetic Consider a large aspect rafibzero3,?* circular cross
flux surfaces, except during major disruption evérEPs, ~ Se€ction, RFP equilibrium. Suppose tha§ and a are the
on the other hand, only possess intact magnetic flux surfacd8&i0r and minor radii of the plasma, respectively. The
in the outer regions of the plasma, and even these flux suP/asma is assumed to be surrounded by a concentric, close-
faces are broken up during sawtooth crasfi@he magnetic fitting, perfectly co_nductmg she_ll of minor rad_ubs In this
field in the core of a RFP istochasticin nature, due to the Paper, all calculations are carried out gglindrical geom-
effect of overlapping magnetic islands associated with th&lY, using the standard coordinates, & ¢), where ¢
dynamo modes. It follows that the nonlinear evolution of =2/ Ro- The plasma equilibrium is described in more detail
these modes cannot be analyzed using standard singlél S€c- Al. , , o
helicity magnetic island theory(i.e., Rutherford island Them,n tearing mode |_3fesona_nt|nsn|de the plasma at
theoryd). In fact, the only assumption made in this paperthe m,n rational surfg_ce, minor radiug"", which satisfies
regarding the nonlinear evolution of the dynamo modes i¢Ne resonance condition
that these modesaturateat some level: this level increases Fmo(rm™m =, (1
gradually during a sawtooth ramp, and decreases abruptly at o i
each sawtooth crash. On the other hand, both the linear afhereF™"(r) is given in Sec. A3. _ _
nonlinear evolution of the intrinsically stable 0,1 mode are  1he radial magnetic perturbation associated witiman
analyzed using standard single-helicity theory. This approacf?ﬂ'ng mode is specified by the complex function
is justified because the 0,1 rational surféce., the reversal ¥ (1.6,¢.1) (see Sec. AR where
surface usual_ly lies in that region of the plasma possessing l//m,n(r,a,d),t):\Pm,n(t);\bm,n(r)ei(mofnqﬁ)_ ()
good magnetic flux surfacée§. _ .

It is a standard MHD resdft that 0,0 electromagnetic Here, ?™" is a complex constant that parametrizes the am-

torques can only develop in those regions of the p|asmglituge and phase of the perturbation at the rational surface,

where the linear equations of marginally stable ideal-MHDandy™"(r) is a real function that determines the variation of

break down: i.e., in the layer or island regions centered ofhe perturbation amplitude across the plasma. These quanti-

the various rational surfaces in the plasma. In this paper, thées are defined in more detail in Sec. A3. Note tHdt" is

radial widths of these regions are neglected, so that the 0 &ffectively thereconnected magnetic flat them,n rational

torque takes the form of a series of radéfunctions, cen-  surface.

tered on the various rational surfaces. In reality, given the It is helpful to write

extgnswe !sland overlap that occurs m the pla.f,ma core, t.he \Ifm'”(t)z\ifm'”(t)ei‘Pm'n, 3)

radial distribution of the electromagnetic torque in the core is .

probably more continuous than this. However, this approxiwhere W™ "=|¥™" and ¢™"=arg(@™").

mation is unlikely to be a source of significant error. According to standard MHD theory, the magnetic per-
The plasma pressure is neglected in this paper for a nunturbation associated with thea,n tearing modecorotates

ber of reasons. First, finite plasma pressure greatly compliwith the plasma at the associated rational surfade. this

cates the analysis of nonlinear mode coupling. Second, singeaper, the plasma is assumed to rotate only inttineidal

the curvature of magnetic field lines is “unfavorable” in direction, with angular velocit§)(r,t). Thus,
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. - t e N—2. According to Eqs(A94)—(A96), the nonlinear toroi-

o™ (t)=¢p" +”f09(rs' t)dt’. (4) dal electromagnetic torques acting in the vicinity of the re-
spective rational surfaces are written:

Consider thenonlinear coupling of the In through 1n

+N—1 tearing modes, which are generally resonant in the 5T(1,;“Eh1,,= —(N+) Ty, (5
plasmacore, via the 0,1 mode, which is resonant at tiee .

versal surfaceThe reversal surfadge., the surface at which Nig”éﬂ,,“: (N+j+1)Thyj, (6)
the equilibrium toroidal magnetic field reverses directien

usually located close to the plasma boundary. The 1, 5T2;1EM: —Thyj- 7

through 1n+N—1 tearing modes are assumed to be intrin- _ _
sically unstable with saturated amplitude®"*i, for j=0  Equations(A100) and(A103) yield

to N— 1. On the other hand, the 0,1 tearing mode is assumed 2 72R, IM{BOYWOY*)

to be intrinsicallystable Incidentally,N (i.e., the number of Tosj=— 0 T , (8)
unstablem=1 tearing modesis largely determined by the Mo HOY(rg

inverse aspect ratioe,=al/R,, of the device. Generally
speaking,Ne,~O(1). The conventional large aspect ratio
RFP orderings are,<<1 andne,~0O(1).

where

0,1/ 0,1
B01- — (yiniyrpins LTS i )Pfat +j(r)dr
n ]
B. Electromagnetic torques 4 o "

. . . . . C)
Consider the nonlinear coupling of then;j; 1n+j
+1; and 0,1 tearing modes, whejrdies in the range 0 to and
. L] A GOt
tn+j(r): o’ r(¢1,n+1)/¢0,1¢1,n+1+1H InFJEOIEInT+1 + ‘ﬂl'nﬂr(lﬂo’l)/‘ﬂlﬂﬂ+1H0,1F1,n+1|:1,n+1+1
R . R ) 1n+j+1 R . . ) Fl,n+j
gt YO (gt QInFIFIETaTiEod Yt yO Lyt ro-( QIO InT+ 1
Fol Ftitl 2B,B,—ro(Bj+B3)
+ QOIS IAFETATi+1 + QInFIFIEInFIE0l + FINFIE0IE TR+ +T | | - (10
|
Here, P denotes a Cauchy principal parigenotesd/dr, and In this paper poloidal electromagnetic torques, and the
the equilibrium functionsB(r), By(r), o(r), F™"(r),  modifications to the plasma poloidal rotation profile induced
G™"(r), andH™"(r) are defined in Secs. A1 and A3. by such torques, ameglected In general, poloidal electro-

The quantity¥™" (i.e., the 0,1 reconnected flux driven at magnetic torques are smaller than the corresponding toroidal
T? re\éerlsaigirfla(;e by the nc?nlmearblntgrr;\ctloh Odf ':che L torques by an inverse aspect ratig=a/R,. On the other
) and inh-) earing modescan be determined from hand, the moment of inertia of the plasma is much smaller

linear layer physics. This approach is valid as long as th : . . .
driven is%llané) v?//idth at the rIZEJ/ersal surface is Iessgthan thior poloidal rotation than for toroidal rotation. The net result

linear layer width(see Sec. A6 and Ref. 13Equations is that the modifications to tearing mode frequencies induced

(A32) and (A100) yield by poloidal torques are of the same order of magnitude as
those induced by toroidal torques. Thus, the neglect of po-
AOJ(wnH)\[fO’lEA\pOJ: EOWp01, gO1 (11) loidal torques is only justified if the plasma is subject to

ot o1 _ . significantpoloidal flow dampind® This is certainly the case
Here, the real quantiti™" (n.b, E™"<0) is the lineattear- i tokamaks. However, since flow damping is a toroidal ef-
ing stability mdoeleor the 0,1 moddsee Sec. AB the com- .04 (i e it does not occur in a cylinderand toroidal effects
plex quantityA™" is the layer response functiofor the 0,1 tend to be far weaker in RFPs than in tokamaks, it is not

mode(see Sec. A andw, . ; is the real frequency of the i . . .
0.1 mode formed by the nngrglinear interactign of the -] obvious that flow damping is sufficiently strong in RFPs to

and 1n+j+1 modes, as seen in a frame of reference Coro1ustify the neglect of the poloidal torques. If the assumption

tating with the plasma at the reversal surface. It follows tha®f strong poloidal flow damping in RFRw/hich greatly sim-
plifies the analysisturns out to be incorrect, the analysis

wnﬂ.:(n+j)Q(r2+i)+Q(r2vl)_(n+j+1)Q(r2+j+1)_ presented in this paper can be generalized in a relatively
straightforward manner to include the effect of the poloidal
(12 torques(see Ref. 11
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C. Viscous torques (13) subject to the boundary conditiqi4), making use of

The toroidal electromagnetic torques that develop in th(;qs' (5~(7) and Eq.(159), including the electromagnetic
torques generated at the reversal surfacealbyof the un-

plasma as a consequence of nonlinear mode coupiiogjfy ablem=1 tear p o8 paracayor e
the plasma toroidal rotation profile. Such modifications are>2>'€M=1 t€aring modes, and balancing the electromag-
opposedy the action ofperpendiculdrplasma viscosity. In n_etlc and viscous torques averycoupled rational surface,
steady statethe change induced in the toroidal angular ve-yields _
I Ty My dr\~
— — | Thsk
Thej M r

locity profile, AQ(r), satisfies
Qn+j:QE10-2j+l(2

d dAQ 0 13 =0
dr fu dr | (13 N-2
. . . DO B dr
whereu(r) is the (@anomalouscoefficient of(perpendicular T2 r
. . . . . k=] Mikr1 M
plasma viscosity. The plasma toroidal rotation is assumed to
be “clamped” at the edge, so that Tkl iy dr) ~
—(n+k) == | Taeks (16
AQ(a)=0. (14) ek M
- T _ 3
Finally, the toroidal viscous torque that develops in the vi-for j=0 toN—1, WhereTnJrlkn:JnJrk./(‘ltzRO/'L*) and p,
cinity of the m,n rational surface takes the form =pu(ry). Here, Qn  =Q(rg"""). Likewise, ry.=rg
. andr, =r2!. Also, Q(%, is the toroidal angular velocity of
dAQ s+ the plasma at radius:""¥ in the unperturbedstate. Of
mn _ 2 2 S '
OTy'vs=4m Ro(r'““RO dr ),m,n (19 course AQ(ri" =0, — 0, . Note that the nonlinear
s- electromagnetic torqueadn notmodify the plasma rotation at

Note that, like the electromagnetic torques, the steady-statie reversal surface.

viscous torques only develop in the vicinity of the rational Recall that

surfaces. The ass_;umpt_ions underlyi_ng_ the analysis in this Ot =N+ 1) Qs+ Qe — (N + 1) Q41 (17)
section are described in more detail in Ref. 11. Note, in ) )
particular, that it is possible to generalize the analysis to takéVnere {2, =Q(r,) is the plasma angular velocity at the
account of the fact that tearing modes do not generally coro/€versal surfadeis the real frequency of the 0,1 mode

tate with the ion fluid in RFPs without significantly modify- formed by the nonlinear coupling of thenk;j and 1n+ |
ing any of the results obtained in this paper. +1 tearing modes, as seen in a frame corotating with the

plasma at the reversal surface. Of course,
D. Torque balance o=+ +0, —(n+j+ DAY, (18

n+j

In steady statethe electromagnetic torques that developis the value ofw,.; in the unperturbed plasma. Equations

in the vicinity of the various coupled rational surfaces in the(16)—(18) can be combined to give the following set of
plasma must be balanced by viscous torques. Solving Egoupled torque balance equations:

i1 i
i * My dri~ . sy dr
wn+j_“’§10+)j=(n+l)k2=0( S Tan(n+j+ D X (J =T

e @ T =0 njer M T nk
N-2
M dr r dr\~
HH) S (f e et [ T
k=] ke M T Mn+k mor
N-2
% dr Mn+k dr\~
~(n+j+1) 3 (f Bl | ”ﬁ—)mk, 19
k=j+1 feker & T Mtk o
|
for j=0 toN—2. plus
— 00— T
E. Two unstable m=1 tearing modes: N=2 Q= Q7" =MqTn(@n), (21)
1. Basic equations Qne1= O =Np 1 To(wy), (22

Suppose that only theriand 1n+1 tearing modes are where
intrinsically unstable: i.e.N=2. Equations(16)—(19) yield
the torque balance equation, 0p=NQp+Q, —(N+1)Qpyq, (23

0 = 0n=LnTn(wn), (20 o =nQpY + 0, —(n+ 1O, . (24
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T+l dr T My dr
Ln=n2f " —*—+f T (25)
"n Mmoo ey M T
v g dr M1y, dr
Mn=f*-—i—“nf" s (26)
fer T n mor
Tx My dr
anf —. (27)
rn M T

2. Linear analysis
Equations(8), (9), and(11) can be rearranged to give
VI IM[A%Y w,)]

Tnz_ET_IZ_{Xan (28)
where
1/2
MOoP
TH= ; , 29
H ((F*)Z) ( )
r
TV:P* *’ (30)
Mk
Xn:|P |E,l,nﬁ,l,n+1, (31)
(2
P,=— *Z *Pf t,(r)dr, (32)
r
@=%, (33)
=d[F%Y(r,)]/dr, (34
~ Irln
\Pl‘n:
_ rln+1
W= (36)

* %

Richard Fitzpatrick

is the resistive diffusion time scale, evaluated at the reversal
surface, andy, is the plasmdparalle) resistivity at radius
M.

Equations(20), (28), and(37) can be combined to give
the normalized torque balance equation,

1)(2 @
4A”2§ o =1-a,, (40)
n
where
~ Wn
On= 10 (41)
n
_EO,l
gn:w(o)T , (42
n *
1 [w(o)]ZT 7
Aj=3 = - 2/ L. (43)

Equation(40) is very similar to the torque balance equa-
tion that governs the behavior of a conventional induction
motor2* Furthermore, Eq(40) is exactly analogous to the
torque balance equation which governs the locking of a ro-
tating tearing mode to an error fietd?> and also the equa-
tion that governs the locking of two toroidally coupled, dif-
ferentially rotating, tearing modes in a tokamaKk®

It is easily demonstrated thatdf,>1/\/27, then Eq(40)
possessesontinuoussolutions, whereas if,<1/y/27 then
the solutions split intdwo separate branches. In a REB in
a tokamak?) it is generally expected that,<1 [since the
plasma rotation period is generally much less thanltHe
time of a resistive layer—see E{2)].

In the physically relevant limi¢,<1, the two branches
of solutions to Eq.(40) are as follows. On thainlocked
branch, which is characterized hy,~w®, Eq. (40) re-
duces to

(0)

n

2

2

Xn

1+ 1-—
Ay

(O]

: (44)

wn=

Here,p, is the plasma mass density at the reversal surfacayhereas on thdocked branch, which is characterized by
Ty and 7y are the hydromagnetic and viscous time scales»n~§nw§1°), Eq. (40) yields

evaluated at the reversal surface, respectively, andP,,
PN and W1 are nondimensional real constants.
According to Sec. A5, in the so-calladscoresistivae-

gime (i.e., the most appropriate linear response regime for an

o®
8

X_ﬁ_ Xn
AZ A2

Note that theunlockedbranch of solutions ceases to ex-

—64f n) (45

wn=

Ohmically heated devicd), the layer response function for g o;

the 0,1 mode takes the form

A% w)=—iw,7, , (37)
where
1/3 506
=2. 104—/6_ (38

(46)

When the “amplitude” of the two coupled tearing modes
(i.e., xn) exceeds the critical value given above, a bifurcation
from the unlocked to the locked branch of solutions takes
place. Such a bifurcation is termedlacking bifurcation

Note, also, that théockedbranch of solutions ceases to exist

is the L/R time of the resistive layer driven at the reversal for

surface by the nonlinear coupling of thexland 1n+1 tear-
ing modes. Here,

2
Mol
N

(39

TR™

Xng(8§n)l/2An- (47

When the mode amplitude falls below the critical value
given above, a bifurcation from the locked to the unlocked
branch of solutions takes place. Such a bifurcation is termed
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A0 Awen
1 4l g T =R GOI =E" +WCOSA¢n,
T E unlocked branch (49)
@, /07y wherel =0.8227. Here, 4/W%7r, is the radial width of the
Eunlockin bifurcation island chain driven at the reversal surfacel®*
| ¢ =TOYr 2],
: . -
\___ locked branch 15 locking bifurcation Ap,= <P%)'n+ @8'1— (Pé,n+1+ [1-sgr(P,)] ot (50)
00 X and use has been made of H48). Of course, sgii,)

n ==*1 asP,=0.

FIG. 1. The bifurcation diagram for the formation and breakup of the slinky The torque balance equati¢20) reduces to
mode. All quantities are defined in Sec. Il E 2.
(0) i Ln Tv 1,01
wp, :LnTn:? _2an ' SInA(,Dn, (52
TH
an unlocking bifurcation The locking/unlocking phenom- on the locked branch of solutions. It is easily demonstrated
enon exhibits considerableysteresissince the critical mode that all solutions characterized g ¢,|> /2 aredynami-

amplitude for locking[given in Eq.(46)] is much greater cally unstable

than the critical amplitude for unlockingiven in Eq.(47)]. In steady state, Eq$49) and(51) yield
Thus, once the mode amplitude has become sufficiently large
to induce locking, it must be reduced significantly before \}0,1:%(:0&%, (52)
unlocking occurs. The bifurcation diagram for the locked/ —E”
unlocked branches of solutions is sketched in Fig. 1. and
8§nA§:X§SinM‘Pn- (53

3. Nonlinear analysis Note that the locked branch of solutions ceases to exist for

Equation(40) was derived usingdinear layer physics to Yo=(8¢y)Y2A (54)

n— n n-

calculate the 0,1 reconnected flux driven at the reversal sur-
face by the nonlinear interaction of thenland 1n+1 tear- When the mode amplitudg;,, falls below this critical value

ing modes. As discussed in Ref. 13, this approach is genen unlocking bifurcation takes place. In this simple example,
ally appropriate on the unlocked branch of solutions, wherdhe unlocking threshol@4) predicted by nonlinear theory is
w, is large, since driven magnetic reconnection at the reverthe same as the threshdWi?) predicted by linear theory. In

sal surface is effectively suppressed by differential plasm#general, however, this is not the case, and the correct unlock-
rotation(parametrized by,,). On the other hand, there is no ing threshold is that predicted byonlineartheory.

suppression of magnetic reconnection on the locked branch Note, finally, that in thestrongly lockedimit, in which

of solutions, wherew, is small, so the system can be ex- the mode amplitude lies well above the unlocking threshold,
pected to enter theonlinearregime once locking has taken Ed.(53) gives

place. Note that the locking threshold, E46), is not modi- Ag,=0. (55)

fied by nonlinear effects, since this threshold only depends :

on the properties of the unlocked branch of solutions. How-4 Mode structure
ever, in general, the unlocking threshold, E4j7), is modi- ’

fied by nonlinear effects. The nonlinear regime is character- In order to understand the significance of the constraint
ized by the presence of a chain of driven magnetic islands ab,= 0, which characterizes the locked branch of solutions, it
the reversal surface. The plasma in the vicinity of the reveris necessary to calculate the plasma angular velocities at the
sal surface cannot flow across the magnetic separatrix assb;n and 1n+1 rational surfaces after locking. Equation
ciated with this island chain, so in the nonlinear regime therg20)—(22) yield

arises ano-slip constraint, which demands that the driven

island chain at the reversal surface mustotate exactly Ny =wo, (56
with the plasma at this surfa¢e?® The no-slip constraint (N+1)Q,. 1= wo+Q, , (57)
gives on the locked branch of solutions, where
wp=nQ,+Q, —(n+1)Q,,,=0, (48
on the locked branch of solutions. wozn(ng)Jr %wﬁf”). (58)
n

On the locked branch of solutions, the 0, 1 reconnected
flux driven at the reversal surface by the nonlinear interacThe above expressions suggest that locking is associated
tion of the 1n and 1n+1 tearing modes is determined by with a slight redistribution of the plasma toroidal angular
the Rutherford island equatiofy37), which yields momentum interior to the reversal surfagsince wﬁo)
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~QE,°)~QE1‘21 and L,~nM,). In other words, the locking i-1 _ _
process isot, in general, associated with a dramatic change wﬁolj—wnH:kZ MitiThiktLnsjToyj
in the core plasma rotation. =0
According to Eqs(2) and (3), the radial magnetic per- N-2 _
turbation associated with the saturated and 1n+1 tear- + _2 Mok Thsks (65
ing modes resonant in the plasma core is characterized by k=j+1

YT, 6,,8) = W) L0 0o e 0 forj=0,N=2, plus

i—1 N-2
+ WL+ () Qnij= QR = 2 NoyTooict kE:] MaskTosk,  (66)
x@llf- (Do D0l (B5g) g j=0,N-1.
Here, the contribution of the nonlinearly driven 0,1 mode is
neglected, sinc@%l< ¥ ¢+l On thelockedbranch of
solutions, the above expression reduces to 2. Linear analysis
:,b(r,0,¢,t)={An(r)+An+1(r)e’i‘°*(‘/’">} On the unlocked branch of solutions, where linear analy-
n sis remains valid, the coupled torque balance equations re-
X gl (0=nd+eg o) (600 duce to
-1
where -5 .:E ]z N . Xﬁ+k Xﬁﬂ'
An(r) =Wyt (r), (61) MTAN L TN IAL ek AR @
Ans1(r) =sgriP) W Lydasi(p), (62) < Xark
+ E Kntjn+kpz = , (67)
(p*(gﬁ,t): ¢_ ¢8’1_Q*t, (63) k=j+1 n+k®n+k
and use has been made of E@8) and(55)—(57). Here, it is for j=0, N—2. Here,
assumed that the mode amplitude lies well above the unlock- M. o%
ing threshold. It follows that Kn’nr:L_n —7 (68)
n’ wn
|lp(ra01¢1t)|:{Aﬁ+Aﬁ+l+2AnAn+lCOS(P*}:L/Z' (64) M (0)
r W
Note that the amplitude of the perturbed radial magnetic field N, s =L—” %. (69
possesses am=1 modulation that corotates with the plasma n Oy

at the reversal surfadsee Eq.(63)]. Within this relatively ~ Equation(67) can only be solved analytically for the, . i
slowly rotating n=1 envelope, the field exhibits high- \hen N<42°> However, the numerical solution of these
high-frequency oscillationgassuming, as seems reasonable gquations is fairly straightforward. A locking bifurcation is
that the plasma core rotates far more rapidly than the plasmgdicated by the sudden disappearance of the physical root of
at the reversal surfageAdmittedly, the amplitude of the Eq. (67) as the mode amplitudesy,,;, are gradually in-
radial magnetic perturbation also exhibits ms 1 modula-  creased. If the h+1 and 1n+l1+1 modes are locked
tion on the unlocked branch of solutions. However, thisiwherel lies in the range ON— 2), but the remaining modes
modulation rotates at an angular velocity, which is, in gen-are unlocked, then Eq67) are modified by allowingy,,. ;

eral, not related to the angular velocity of the plasma at the_, g \yhile X2,/ @n4 remains finite. In this manner, it is
reversal surface. Clearly, the only difference between theossible to obtain the equations governing the further lock-

locked and unlocked branches of solutions is thatrtkel  jng of anycombination of locked and unlocken=1 modes.
modulation is forced to corotate with the plasma at the re-

versal surface on the former branch of solutions, but is free

to rotate wth any angular velocity on the latter branch. How- 3. Nonlinear analysis
ever, as will soon become apparent, when there are more
than two unstablem=1 tearing modes resonant in the Consider thefully lockedstate, in which the b, to 1n
plasma core the distinction between the unlocked and locked N—1 modes are all locked together. It follows that

branches of solutions becomes far more significant. 0ns;=0, (70
for j=0, N—2. In steady state, the Rutherford island equa-
F. Many unstable m=1 tearing modes: N>2 tion, (A37), gives
N-2
{I”,0,1:EJ=0 Xn+j COSA @ 71)
1. Basic equations —go1 '

Suppose that all of the 1+ ) tearing modes are intrin- wherey,, andA ¢, are defined in Eqg31) and(50), respec-
sically unstable, wherg=0, N—1, and N>2. Equations tively. The above expression can be combined with the
(16)—(19) yield the coupled torque balance equations, torque balance equatiorig5) to give
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=

N-2
1= _( = Xn+j COSA(Pnﬂ)

N

[y

v N Xn+k

nikntjsxz —SiNA@n ik
0 §n+kAn+k

k

Xn+j .
+ ——5—SiNA @,
CnviAnyj m
Xn+k

N-2
+ E Kn+j,n+kTSinA‘Pn+k
=j+1 Cn+kA ik

k

: (72

for j=0,N—2. Equation(72) can only be solved analytically
for the Ap,,; whenN<3. However, the numerical solution
of these equations is fairly straightforward. An unlocking
bifurcation is indicated by the sudden disappearance of the

physical root of Eq(72) as the mode amplitudeg, ., are
gradually decreased. If theriy: | mode unlockgwherel lies

in the range N—2), but the other modes remain locked,

Richard Fitzpatrick 1175

The radial magnetic perturbation associated with the
fully locked state is characterized by

N—-1
l/l(r,0,¢,t)=[ z An+je_ij‘P*]ei(ﬂ—n¢+¢é,n+wot),
j=0

(77)
where use has been made of EG®), (73), and(74). Here,
it is assumed that the mode amplitudes lie well above the
unlocking threshold. Thé,, and¢, are defined in Eqg61)
and(63), respectively. Furthermore,
i-1

An+,-<r>=(k[lo sgr(Pn+k>>ﬁfl‘“*itll'"*i(r), (79)

for j=1, N—1. It follows that
N—-1

|l//(f,0,¢,t)|:(jgo An+jAn+kCO3 (] —K) @y ]

1/2

(79

then Eq.(72) are modified by neglecting the equations cor- Note that the amplitude of the perturbed radial magnetic field

responding toj=1—1 andj=I, and lettingx,+1-1, Xn+

—0 in the remaining equations. If thenlmode unlocks, but
the other modes remain locked, then EfR) are modified
by neglecting the first equation, and letting—0 in the
remaining equations. Finally, if the i+ N—1 mode un-
locks, but the other modes remain locked, then &§) are

modified by neglecting the last equation, and letting
Xn+N—2— 0 in the remaining equations. In this manner, it is
possible to obtain the equations governing the further un-

locking of any combination of locked and unlocked=1
modes.

possesses a toroidal modulation that corotates with the
plasma at the reversal surfaggee Eq.(63)]. Within this
relatively slowly rotating envelope, the field exhibits high-
high-frequency oscillation@ssuming, again, that the plasma
core rotates far more rapidly than the plasma at the reversal
surfacg. TheN coupledm=1 modes ad@oherently so that

N-1
> Anyj
j=0

at a single toroidal angle, specified lgy, =0, which also
corotates with the plasma at the reversal surface. In general,

|| = ) (80)

Note that in the strongly locked limit, in which the mode jf the modes are unlocked, or only partially locked, then they

amplitudes lie well above the unlocking threshold, EZR)
yield
Apny =0, (73

for j=0,N—2.

4. Mode structure

addincoherentlythroughout the plasma, so that

N—1
|y]= \ = Aﬁﬂ-

Thus, the peak mode amplitude in the fully locked state is
roughly VN times that in the unlocked state.
The structure of the slowly rotating envelope that char-

(81)

According to Eqs(65) and(66), in the fully locked state acter'izes.th'e fully Iockgd state can be elugidated by making
the angular velocities of the plasma at the various coupled® Simplifying assumption tha, . ;=A, for j=0,N—1.1n

m=1 rational surfaces are given by

(N+])Qnyj=wotjQ,, (74
for j=0, N—1. Here,
N-2
(l)o:n QEO)—FJéOMn*](M_l)J-,kwI(’IOlk y (75)
where
Miiks for j<k,
Mjk=1 Ln+js for j=Kk, (76)
Mnsj, for j>k,

for j, kin the range O tdN—2. Again, it is clear that locking
is, in general, associated with<light redistribution of the

this case,

0 H.0=A [1—cosNe,
|¢(rl 1¢1 )|_ n 1_COS(P* .

As illustrated in Fig. 2, there is a single primary maximum,
located ate, =0, at which|#/=NA,. There areN—1
minima, located atp, =j2=x/N, for j=1, N—1, at which
|=0. Finally, there aré&l—2 secondary maxima, located at
¢, =(2j—1)m/N, for j=2, N—1, at which|#|~A,. The
angular width of the primary maximum is#N.

It is clear that in situations where there are many un-
stable m=1 tearing modes, resonant in the plasma core,
mode locking gives rise to the formation ofteroidally lo-
calized, coherent, interference patteémthe perturbed mag-
netic field, which corotates with the plasma at the reversal

(82

plasma toroidal angular momentum interior to the reversasurface. The toroidal angular width of this interference pat-

surface(sincew(?;~ Q) andL,,j~nM,.).

tern is determined solely by the number of locked=1
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10 —— ————r the regionr<r., wherer,, n_1<r.<r, . Of course, the
[ ] viscosity is assumed to be finite in the regiq<r<<a. As
5 4 before, theN unstablem=1 tearing modes have toroidal
8 - - mode numbers in the rangeto n+N—1.
i i Since the viscosity in the plasma core is effectively in-
5 . finite, it is only sensible to assume that in the unperturbed
6 - - state the plasma core rotates toroidally asgid body. It
[ i ollows tha
N follows that
> L 4
A b ] Q©,=0, @3
S . for j=0, N—1. Furthermore,
2r 7] o= o, (84)
I ] for j=1, N—2, where
1
O—0 —0O
-180 0 180 wn = =0y (85)
¢.(deg.) For the case of infinite core viscosity, Eq25)—(27)
reduce to
FIG. 2. The amplitude of the perturbed radial magnetic field plotted as a
function of the toroidal angle for a typical slinky mode made up of ten Lntj=Mpsj=Le, (86)
nonlinearly coupledn=1 core tearing modes of equal amplitude. All quan- .
tities are defined in Sec. Il F 4. for j=0,N-2, and
Nn+j =L¢, (87)

modes. The interference pattern forms a relatively slowlyf

j=1,N—-1, wh
rotating envelope within which the magnetic field exhibits or] where

high-n, high-frequency oscillationGssuming, as seems rea- e oy dr
sonable, that the plasma core rotates far more rapidly than ~c™ fr 7 T (88)
the plasma at the reversal surfacéhe nature of these high-
frequency oscillations is determined by the core plasma roThus, Eqs(28) and(66) imply that
tation, as well as the toroidal mode numbers of the constitu- _
Qn-%—j - Qn ' (89)

ent m=1 tearing modes. Note, in particular, that the
occurrence of a slowly rotating magnetic interference patterfior j=1, N—1: i.e., the plasma core continues to rotate to-
does notnecessarily imply that the plasma core is slowly roidally as a rigid body in the presence of nonlinear electro-
rotating. magnetic torques. Furthermore,
The magnetic interference pattern described above is

identified with the so-called “slinky mode,” which has been ~ @n+i= ®n- (90)
observed both experimentdil and in numerical for j=0, N—2, where
simulationst**®

w,=0, —Q,. (92

G. Effect of enhanced core viscosity

1. Introduction 2. Linear analysis

In the above analysis, it is tacitly assumed that the Inthe presence of a strongly enhanced core viscosity, the
(anomalousperpendicular viscosity in the plasma core is notN—1 torque balance equatiof&7) become identical. It fol-
dramatically different to that in the vicinity of the reversal lows that the unlocked branch of solutions is governed by a
surface. In reality, the dominant contribution to the radialSingle torque balance equation of the form

momentum transport in a RFP comes from free streaming N-2
along stochastic magnetic field lines generated by the over- (1- &)= —> 2 X2 N (92
lappingm= 1 magnetic island chains in the plasma coré " " 4/\3 =

However, the magnetic fle!d is not generally expecteq to b?/vherea)n is defined in Eq(41), and
stochastic in the outer regions of the plasteacept during

sawtooth relaxation event® Hence, it is probable that the , 1lo0Pr
viscosity in the plasma core is significandphanceddue to Aczz ——/ L
the presence of the saturated=1 tearing modes, with re- . . . .
spect to that at the reversal surface. In order to more fullyrhe core plasma rotation velocit{),, is related tow, via
understand the effect of such an enhancement on the forma- _

. , ) i . Q,=0, —w,. (94
tion of the slinky mode, this section considers extreme
case in which the viscosity in the plasma core is taken to be  According to Eq.(92), the unlocked branch of solutions
infinite. To be more exacty(r) is assumed to be infinite in ceases to exist for

(93

Tv
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N-2 reductionin the toroidal angular momentum of the plasma
2 Xﬁﬂ-BAE. (95 interior to the reversal surfac@ssuming that the plasma
1=0 core is initially rotating much faster than the outer regions of
When the left-hand side of the above expression exceeds tiike plasma
right-hand side, a bifurcation takes place in which the 1, The radial magnetic perturbation associated with lthe
through 1n+N—1 core tearing modesimultaneouslyjock  saturatedn=1 tearing modes in the plasma core is specified
together. Of coursew,=0 in the locked state. The great by
simplification of simultaneous, as opposed to piecemeal, N-1
locking occurs because the enhanced core viscosity forces . g 4.t)=| >, An+j(r)e—i(jz,b—<p(1)’n+j—ant)
them=1 tearing modes resonant in the plasma core to rotate j=0
toroidally with the samephase velocity x gl (0=né+n0yt). (101)
Note that the locking threshol®5) only depends on the
unenhanced plasma viscosity in the outer regions of th&here theA,, ;(r) are defined in Eqg61) and(78), and use

plasma[through the parametér.—see Eq.(88)]. has been made of E¢89). Note that on the unlocked branch
of solutions the modesgo not in general, add coherently,
3. Nonlinear analysis despite that fact that they rotate with the same phase veloc-

ity, because the stationary phascpé',““ , arerandomlydis-
thtributed. On the locked branch of solutions, the above ex-
Sression simplifies to

Consider the locked branch of solutions, on whigh
=0. In the presence of strongly enhanced core viscosity,

N—1 torque balance equatiofig2) yield 1

Apnij=Agy, (96) ¢/x(r,0,¢>,t)=( Z Anﬂ(r)e—ijw*)ei(a—n¢+¢(1)’”+n(2*t),
for j=0, N—2. It follows that the locked branch of solutions 1=0 (102
is governed by a single torque balance equation of the form

N_2 ) V\:chere<p*(é<g),t) izd(egr(;)ed in Eq(63), and use r(ljashbeerr\] made
2 ) of Egs. and (100. Here, it is assumed that thenl,
8§“AC_( JZO Xnsj| SiN2A¢n, 97 through 1n+N-—1 tearing modes are strongly locked. By
) } . analogy with the discussion in Sec. IIF, it is clear that the
where{,, is defined in Eq(42). , correlation in the stationary phases of the=1 tearing
According to Eq.(97), the locked branch of solutions e associated with lockifigee Eq(99)] gives rise to the
ceases to exist for development of a toroidally localized, coherent, interference
N-2 2 pattern in the perturbed magnetic field that corotates with the
( 2 Xn+ ] $8§HA§. (99 plasma at the reversal surface. As before, the toroidal angular
1=0 width of this pattern, which is approximately#N, is de-
When the right-hand side of the above expression exceedsrmined solely by the number of lockea=1 modes. How-
the left-hand side, a bifurcation takes place in which tire 1, ever, unlike the previous case, there are no high-frequency,
through 1n+N—1 core tearing modesimultaneouslyun-  high-n oscillations contained within the interference pattern,
lock. As usual, there is strong hysteresis in the locking/since the constituemh=1 modes all rotate toroidally with
unlocking process, since the locking thresh@8) is much  the same phase velocity as the pattern itself. Of course, this
less than the unlocking threshol®8) when both are ex- toroidally localized interference pattern is again identified
pressed in terms of the typical amplitude of a saturated with the “slinky mode.” Note that, in the presence of en-
=1 tearing mode in the plasma core. hanced core viscosity, the observation of a slowly rotating
Note that the unlocking thresho(88) also only depends slinky modedoesnecessarily imply that the plasma core is
on the unenhanced plasma viscosity in the outer regions aflowly rotating.
the plasmdthrough the parametdr.—see Eq.(88)].
In the strongly locked limit, in which the left-hand side : .
of Eq. (98) greatly exceeds the right-hand side, the torque5' Discussion
balance equatiof97) yields The above analysis demonstrates that enhanced core vis-
cosity significantly modifies the locking process by forcing

Apy=0. 99 the saturatedn=1 tearing modes in the plasma core to al-
ways rotate with identical phase velocities. This, in turn,
4. Mode structure forces the plasma core to corotate with the plasma at the
On the locked branch of solutions, wheag,=0, Eq. reversal surface after locking has occurred. Thus, in general,
(94) gives there is a significant reduction in the core toroidal rotation
0.,-Q, : (100 after locking. On the other hand, in the absence of enhanced

core viscosity, the locking bifurcation is only associated with
i.e., after locking, the whole plasma core corotates with thea slight redistribution in the plasma toroidal angular momen-
plasma at the reversal surface. Clearly, in marked contrast tium interior to the reversal surface. In this case, there is no
the cases discussed previously, mode locking in the presensggnificant reduction in the core rotation after locking. The
of enhanced core viscosity is associated witBignificant  core viscosity also affects the nature of the slinky mode. In
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the absence of enhanced core viscosity, the slinky modelere, the complex quantit®? is the layer response func-
forms a toroidally localized, slowly rotating envelope within tion for the 0,1 mode(see Appendix Al w, is the fre-
which high-frequency, higin-oscillations, controlled by the quency of the static error field, as seen in a frame of refer-
core plasma rotation, take place. However, there are no suance that corotates with the plasma at the reversal surface,
oscillations in the presence of enhanced core viscosity.  the real quantitye®! (n.b, E®*<0) is the tearing stability

A careful examination of Eq€25)—(27), (74), and(75) index for the 0,1 modésee Appendix AR and the complex
demonstrates that the core viscosity can only be regarded asiantity C%* specifies the amplitude and phase of the 0,1

being enhanced, provided that error field at the reversal surfadeee Appendix B It fol-
oSN, (103 lows that
w, =0, , (106

where w,, is the typical core viscosityu, is the typical

viscosity at the reversal surface, amds the typical toroidal  where(), is the plasma toroidal angular velocity at the re-
mode number of a saturataea= 1 tearing mode. Conversely, versal surface.

the core viscosity cannot be regarded as being enhanced The toroidal electromagnetic torque exerted at the rever-

whenever sal surface by the error field is writtdeee Eq.(B6)]
Mn<NpLy . (104 s701 27°Ry Im[CONWOL)*] 10
As an added complication, since the core viscosity is largely ¢EMT o HO%X(r,) ' (109

generated by magnetic stochasticity associated with the Sat%'alancing this torque against the viscous restoring torgue
ratedm=1 tearing modes in the plasma core, the level of

. . . . that develops at the reversal surfdcalculated according to
enhancement is almost certainlysongly increasingunc-

tion of the amplitudes of these modes. Thus, the enhanc tbe prescription of Sec. ICyields the torque balance equa-

. . [
ment level may change systematically during a sawtooth re-

laxation cycle. It may also differ significantly from machine w, — wi"): |_*-|-* (w,), (108
to machine, and also between different modes of operation
on the same machine. where

it is not necessary to invoke strong poloidal flow damping to , (109

justify the neglect of the poloidal torques. Since these
torques are only capable of modifying the plasma rotatiorand':r* :5T%1EM/(47-,-2R8M*)_ Note thatw " is the value of

interior to the core(i.e., forr<r,,y_;), they are naturally , in the unperturbed plasma. It follows that
rendered ineffective by enhanced core viscosity.

Incidentally, in the presence of enhanced core viscosity a u, dr
L= [
;

o T

0 ?=00 (110

lll. LOCKING OF THE SLINKY MODE whereQ(? is the value of the toroidal angular velocity of the

plasma at the reversal surface in the unperturbed state. The

plasma angular velocity inside the reversal surface is simply
Consider the locking of the slinky mode to a static errorgiven by

field, a process by which the mode rotatiorarsestedin the _ (0 0)

laboratory frame. Since the rotation of the slinky mode is (M <x)=Q7(r<r)+0, 0,7 (11D

entirely determined by the plasma rotation velocity at thenote that none of the nonlinear frequencies,, j, defined

reversal surfacésee Sec. )| it is natural to concentrate on i, Eq. (12), are affected by the modification to the plasma
the effect of a 0,1 error field, which is resonant at this sur+proidal rotation profile induced by a 0,1 error field.

face. There are two possibilities. Either the error field arrests

the rotation of the plasma at the reversal surfaetorethe

formation of the slinky mode, so that the mode subsequently )
forms as alocked (i.e., nonrotating mode, or the slinky 2 Linear analysis

A. Introduction

mode forms as aotating mode that subsequently locks to It follows from Egs.(105 and (107) that
the error field. In the following, these two possibilities are L IM{AYY (. )]
considered separately. = L7y ~55, MA@,
T,=5 c* , 112
* 2;2';( ) |A0'1((1)*)_E0’1|2 ( )
B. Locking of the reversal surface to a static error where 7y, and 7, are defined in Eqs(29) and (30), respec-
field tively, and
1. Basic equations ~01. 1C*Y
i i . . Ch= 21 (113)
The dispersion relation for the 0,1 mode in the presence ryF,

of a 0,1 error field, but in the absence of a slinky mode, take§|ere F’ is defined in Eq(34)
1% .

the form{see Appendix B and Ed11)] Using the explicit form(37) for the layer response func-
A%, Y WOI=APOL= Oy 0L COL (105 tion, the torque balance equati¢t08 can be written as
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1(COH2 o, On the locked branch of solutions, the 0,1 reconnected
1 A7 £2+—A2 =1-a,, (114  flux driven by the error field at the reversal surface is deter-
£ bx T Oy mined by the Rutherford island equatioh37), which yields

d( /\I,O,l) B Re(A\I,O,l) E:O,l

where use has been made of Etl2), and

w 4l T =E%M+ ~—cosA g, ,
By =—T07. (119 ot wo porT
Wy (123
_ —E% 116 wherel =0.8227,W01=WOY2F!  andry is defined in Eq.
Cu Tor, (39). Here,
Lo LIO0Pr / R (124
== L 11
* 2 Tv * (117 and use has been made of E¢3), (4), (106), and (120—
Here, 7, is defined in Eq(398). (122.

Equation(114) is, of course, the standard induction mo-  1he torque balance equatiéh08) reduces to

tor equation[see Eq.(40)]. In the physically relevant limit L. 7y~ ~
. . (0)_—* 'V=0,1q,0,1;
[, <1, there are two branches of solutiofsee the discus- W= T—zC “WsinAg, (129
H

sion in Sec. Il B On theunlockedbranch, there is substan-
tial plasma rotation at the reversal surface, which effectivelyon the locked branch of solutions.

suppresses any error-field driven magnetic reconnection, In steady state, Eq$123) and (125 yield

whereas on théockedbranch the plasma rotation at the re- 2 FOnD

versal surface is arrested, and a nonrotating, error-field 8%xAx=(C7)7sin2A¢, . (126)

driven, magnetic island chain forms. The unlocked branch of\ote that the locked branch of solutions ceases to exist for
solutions ceases to exist for -
CMI<(8L,) A, . (127)

COl=4A, . (119

A lockingbifurcation(i.e., a bifurcation from the unlocked to

the locked branchedakes place when the error-field ampli-
tude(i.e., C%Y) exceeds the critical value given above. Like-
wise, the locked branch of solutions ceases to exist for

When the error-field amplitud&®?, falls below this critical
value, an unlocking bifurcation takes place.

The unlocking threshold127) predicted by nonlinear
theory is the same as the thresh@d 9) predicted by linear
theory. However, as discussed in Sec. Il E, this is somewhat
E;O,lg(gg*)l/ZA* ) (119  fortuitous. In general, the correct unlocking threshold is that
predicted by nonlinear theory. On the other hand, the locking

An unlockingbifurcation(i.e., a bifurcation from the IocKed threshold(118) predicted by linear theory is generally cor-
to the unlocked branchesakes place when the error-field o

amplitude falls below the critical value given above. As al- In the strongly locked limit, in which the error-field am-

ways, there is considerabigsteresisn the locking process, plitude lies well above the unlocking threshold, EG26)
since the critical error-field amplitude for lockirigiven in yields

Eqg. (118] is much greater than that for unlockifgiven in
Eqg. (119)]. Agp,=0. (128

C. Formation of a locked slinky mode
3. Nonlinear analysis

On the locked branch of solutions, the-slipconstraint 1. Basic equations

(see the discussion in Sec. | Hemands that ) ) .
Consider the formation of a slinky mode when the rever-

w, =0. (120 sal surface is strongly locked to a static error figld., when
In other words, the plasma rotation at the reversal surface ¢+ =A®.=0). The presence of an error-field-driven,
completely arrested after locking. locked magnetic island chain at the reversal surface pre-
According to Eq.(B27), C%! can be written as cludes the use of linear response theory. However, the Ruth-
0 erford island equation yields
COl=cOMp ol (121)

where c®! is a real positive parameter, specified by Eq.4|
(B28), and\lfggjp is a complex parameter that determines the

R

e
dt

amplitude and phase of the 0,1 error field leaking through the N-2 5 ~
gaps in the conducting shell. Let =EO0L+ 2 Xn+] cos(wn+jt)+C°'1 / vol (129
- 1=0
\I,O,lzq,o,l ei qoo'al’ 122 ] )
gap ~oap o (122 Furthermore, the nonlinear electromagnetic torques exerted
whereWil=|Wo-, and pg=argWo.). inside the plasma can be written as
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= 17y o 17y Xﬁﬂ'
Thyj= 27 2 Xnﬂq' Sm(wnﬂt) (130 Tn+j:§ E T e , (140
for j =0, N—2, where use has been made of E§sand(9). where
2. Slink de f ti 12
inky mode formation =X (141
Let Tx
PO, At)= \II(O)—F\II?l:I)‘(t), (131 Here, use has been made of E(8), (37), and(38). Fur-
thermore,
where
~0,1 Tﬁlg
~ c™ 6, =2.104 142
W= —gm sz TR e
and is the linear layer width at the reversal surfeee Eq.
(A40)]. It is clear, from a comparison of Eq$139 and
|q’<1)|<q’(0) (133 (140, that the only difference between linear and nonlinear
It follows from Eq. (129 that response theqry, at the reversal su.nface_, is that. the linear
layer width 6, is replaced by the modified island widti/
N—2 .
We 7R dwy;} in the latter case.
W > xnsjcOLwnit) (134 insi i
r, 2 dt (S An+iFPR@net) The above insight allows Eq67), which govern the
formation of the slinky mode, to be generalized in a fairly
where straightforward manner to give
cot -1 2
We=4\T%0r, =4\ —=gar, (135 ) 1 ( Xhk Xo i
_EO 1— i A = + =
n+iT 49* E n+kn+JAﬁ+kwn+k An+jwn+j
is the width of the error-field-driven island chain at the re- N_2
versal surface. Xn+k
Equation(134) yields +kz g Nz ) (143
S0l 23150 Xn+ S'n(“’nﬂt) (136 for j=0, N—2. Here,
ON We/r, ) mrow
" {(We/Ts) Trons, 1, for 5, >IWc,
us, = 144
- ST liwers,,  for 6, <IWe. (149
~ 17y =01 2220 Xn+k SIN(@p4t)
(0)

Note that, in general, the formation of the slinky mode is
somewhat inhibited when the reversal surface is locked to a
X sin(wp jt). (137 static error field(i.e., the mode amplitudeg,,; must be

) ) ~ made slightly larger in order to trigger slinky mode forma-
Note that the nonlinear electromagnetic torqligs; 0s-  {jgn).

cillate in time. In this paper, however, it is assumed that the  fqr the special case of enhanced core viscosity, the

plasma is sufficiently viscous that it only responds to theg|inky formation criterion(95) generalizes to
steadycomponents of these torques, which is equivalent to

the assumption that the plasma continues to ratatformly 5 5
in the presence of the oscillating nonlinear torqties., the ]2::0 Xn+i=0x Ac. (149
frequenciesn,,j remain constant in time This approxima-

tion, which is discussed in more detail in Refs. 11 and 13, is )
justified, provided that 3. Slinky mode breakup

() Equation(72), which govern the breakup of the slinky
wnijTv>1, (138 I ) X

mode, generalize in a fairly obvious manner when the rever-
for j=0,N—2, as is likely to be the case in all conventional sal surface is strongly locked to a static error field to give
RFP plasmas.

T, . =— .
iR ANt (W /T ) Tron

N—-2

: . . . -2
According to the above discussion, the nonlinear torque 1" ~
T i o g =—| > XnsjCOSAgp,;+CO
Tnh+j can effectively be replaced by its time-averaged value: <o N n+l
ie.,
2 ntk
T T 17y Xn+j (E Mtkon+j SINA@n 4k
T o (T oy=cT . (139 ' kA K
n+i = {Tnei) = 3 78 1(We /7y ) TR | kT
Now, from linear response theory, the nonl_inear torques on 42 Xn+ 1 SiNA @y |
the unlocked branch of solutions can be written as §n+, n+j
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N-2 Yotk 2. Mode locking
n .
+ i ———SinA , 146
kg—l Kn+J,n+k£n+kAﬁ+k Pn+k (146 Let
for j=0,N-2. TOYt) =T+ To(1), (152
For the special case of enhanced core viscosity, the
above expression reduces to where
N-2 ~ SN2y
~ 01_ <j=0An+]j
AL A2={ | 2 xne cosA<pn+C°'1} Yio)=——gor (153
i=o0
N-2 and
X ]2::0 Xn+j|SinAe,. (147 I‘??ﬁl@i'?é%- (154)

As is easily demonstrated, the criterion for the breakup of thét follows from Eq. (150 that
slinky mode is written as

W, 7 dwol
N-2 2 r—X?Rﬁzco'lcos(w*t), (159
(ZO Xn+j| <8LaAZ, (148 *
1= ~ where
in the limit C%'<={"7x,.;, which is the same as the S
iteri i J ) 1 _ j=0Xn+j
breakup criterion found previous[gee Eq.(98)]. However, W, =4 \Iffoﬁr* -4 — 0T (156)

in the limit 6°'1>2}\';02Xn+j the breakup criterion becomes
N—-2

Co,l( JZO Xn+]j

Note that, in general, the breakup of the slinky mode is

is the width of the nonlinearly driven island chain at the
<47,A2 (149  reversal surface.
Equation(155) yields

2C%Lsin(w, 1)

somewhat inhibited when the reversal surface is locked to a ~0il— _ (157)
static error field(i.e., the mode amplitudeg,.; must be W7 (W, /1) Tro,
made slightly smaller in order to trigger slinky mode Thus,
breakup.
’ - 17y~ |~ 2C%sin(w, t)
T,=—=— 0"{ ) X |sin(w,t).
D. Locking of a slinky mode to a static error field 2 Ty LW, /T 0) TR@n i (158

1. Basic equations Note that the locking torqua'* oscillatesin time. As

Consider the interaction of a rotating slinky mode whosebefore, it is assumed that the plasma is sufficiently viscous
constituentm=1 modes are strongly locked togeth@e.,  that it only responds to theteadycomponent of this torque.
wnyj=A¢nj=0, for j=0, N—2) with a static 0,1 error This approximation is justified, provided thét
field that is not sufficiently strong to arrest the plasma rota-
tion at the reversal surface in the absence of a slinky mode. It Voy 7v>1, (159

fO"OWS that‘.”* #0 ("““?"y_)- The presence of anonlinearly ,q i likely to be the case in all conventional RFP plasmas.
driven, rotating magnetic island chain at the reversal surface According to the above discussion, the locking torque

precludes the use of linear response theory. However, t . R i
Rutherford island equation yields hF* can effectively be replaced by its time-averaged value:

ie.,
dywot 0,1y2
4| TRT '-_~I~_ <'_~|~_ > 1 Ty (C ’ ) (160)
— = ————
- A 2 75 (W, /1) TRo
=%+ | D Xn+j+60'1c03 w*t)) / POl Hence, the torque balance equati@®8) reduces to
1=0 ~
CO,l 2
(150 (i) e ) (161
_ _ 4N (W, 16,)
Furthermore, the toroidal electromagnetic torque exerted at
the reversal surface is written as It is easily seen, from the above expression, that the un-
17 locked branch of solutions ceases to exist for
T __ = VRoLg0l.; ~
Te=m3 z Csin(o . (153 o= TW /8, A, . (162

The frequencyw, , which parametrizes the plasma rotation When the error-field amplitudé.e., 60,1) exceeds the criti-
at the reversal surface, is determined by the torque balanaal value given above a locking bifurcatidne., a bifurca-
equation(108). tion from the unlocked to the locked branch of solutions
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takes place. Of course, on the locked branch of solutionfrom Sec. Il F, that the magnetic perturbation associated with

both the plasma rotation at the reversal surface and the rota-slinky mode is strongly peaked at the toroidal angle,

tion of the slinky mode are arrested. o1
Note that the locking criterion given in E¢L62) is simi- Prock=®0 "

lar to that found previously in Eq118), except that the  qyainaq from setting, to zero—see Eq(63). However, it

linear layer width &, is replaced by the modified island follows from Eq.(124) ’Ehat

width IW, in the former case. The generalized locking cri-

(169

terion, which accounts for the locking of the reversal surface ¢, = <pg'alp, (170
by a 0, 1 error field both in the absence and in the presence
of a rotating slinky mode, is written as since Ap, =0 for a strongly locked mode, wher@g;jp is
~ defined in Eq(122).
Co'=\g A, (163 The dominant error-field source in a RFP is usually a 1,0
where field arising from the mismatch between the “vertical” mag-
netic fields interior and exterior to the shell. Of course, the
e for 6,>1W,, 16 plasma experiences this field filtered through the gaps in the
9x= IW, /8, , for 6, <IW,. (169 shell. Suppose that the mismatched “vertical” field is of

. magnitudeB,, , and is directed toward poloidal angle . In

somewhat inhibited in the presence of a rotating slinky modzhIS paper,¢=0 corresponds to thimboard midplane Thus,

. ) L~ A #,= = /2 corresponds to a true vertical field, wherefs
0,1 v
I(|.e., the e[jror—fleld. amthuEé: must be made slightly =0, corresponds to a horizontal field.
arger in order to trigger locking Suppose, for example, that the flux-conserving shell con-

tains two vacuum gaps: poloidal gap, extending fromp

3. Mode unlocking =¢g—Adl2 10 p=py+ A$/2, and atoroidal gap, extend-
On the locked branch of solutions, whesg, =0, the ing from 6=6,—A6/2 to 6=6,+A6/2. The gaps are both
Rutherford island equation reduces to assumed to behin: l.e., A¢,A0<7T It follows from EqS
(122, (170, and(B31) that
dywo?!
Alr dt Prock= QDS;Lp: gt (63— 6,), 171
N-2 B B in this case. Thus, the slinky mode only locks to the poloidal
=E%| > xpyj+COcosA go*) / POl (165  gap(i.e., o= pg) When the “vertical” error field points
i=0 toward the toroidal gagi.e., when6,=6,). If there is a

given in Eq.(125). In steady state, these equations yield ~and the poloidal location of the toroidal gap, then there is a
corresponding mismatch between the locking angle of the

< slinky mode and the toroidal location of the poloidal gap.

4§*Ai:( _EO Xnsj+C%cosAg, |COlsinAg, .
j=
(166)

As is easily demonstrated, the criterion for the unlockingF. Locked mode alleviation
of the slinky mode is written

Slinky modes are generally associated with a significant
(COY2<87, A2, (167  increase in the plasma radial heat transport. Naturally, this
, o N-2 ~01 o . confinement degradation tends to be strongly peaked at the
in the limit 27_ g xn.;<C™", which is the same as the cri- (56idal localization angle of the perturbed magnetic field.
terion found previouslysee Eq.(127]. However, in the 1,5 3 slinky mode gives rise to a toroidally localized

_ N—2 ol . . . ; .
limit 274" xp+;>C* the unlocking criterion becomes anomalous heat flux out of the plasma, whose toroidal posi-
. [N=2 tion corotates with the mode. This heat flux is not generally
CO,l( 2 X+ j <47, A2, (168  problematic, as long as the slinky mode remains rotating,
=0 since the heat load is spread over a relatively large area of

Note that, in general, the unlocking of the reversal surface ihe plasma facing surface. However, if the mode locks to an

somewhat inhibited in the presence of a locked slinky modeerror field, and, thereby, ceases to rotate, the heat load be-
(i.e., the error-field amplitud€® must be made slightly comes concentrated on a relatively small area, which, almost

smaller in order to trigger unlocking invariably, leads to overheating, the influx of impurities into
the plasma, and the premature termination of the discharge.
There are two obvious methods by which the problems
associated with a locked slinky mode can be alleviated. The
Consider a slinky mode whose constituemt=1 modes first method is to cancel out the error field that is responsible
are strongly locked togethéi.e., w,;j=A¢,;;j=0, for | for the locking, using a second, deliberately creatsdtic
=0, N—2). Suppose that the mode is, in turn, stronglyerror field, thereby allowing the slinky mode to unlock, and,
locked to a 0, 1 error field.e.,w, =Q, =A¢, =0). Recall, hence, rotatgrapidly). The second method is ttslowly)

E. The toroidal locking angle
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rotate the locking position of the slinky mode using a delib-It follows from Egs.(122), (170), and(172) that the devia-

erately createdrotating error field?® These two approaches tion of the slinky mode locking angle from its unperturbed

are considered separately below. value satisfies
The accidentally produced error field that is responsible .

: ) ) o (B¢/B,)sinwt

for locking the slinky mode is assumed to be a 1, 0 “verti- tanA o= ) 177

cal” field of the type discussed in Sec. IIl E. Suppose that the 1+(Bc/B,)coswct

second, deliberately produced error field, which is used tgor B,<B,, the locking angle oscillates about its unper-

alleviate the locking problems, is a 0, 1 perturbation. This isurbed value. The amplitude of the oscillation is given by

a natural choice, since it is the 0, 1 component of the error I

field that is responsible for the locking problems in the first (A@iock)max=SIN" (B¢ /B, ). (178

place. In vacuum, the radial component of the second “conHowever, forB.>B, the locking angle executes complete

trol” field, at the shell radiusb, is assumed to attain its toroidal rotations around the device with angular frequency

maximum amplitudeB, at toroidal anglep.. Of course, the w,.

plasma experiences both error fields filtered through the gaps

in the conducting shell. It follows from Appendix B 6 that

IV. SUMMARY

o= bf[ B, e ookt Bee' %c], (172 In Sec. Il of this paper we examine the formation of the
. . . . slinky mode via the nonlinear coupling of multipka=1
wheref is the area fraction of gaps in the conducting shell.ging modes resonant in the plasma core. This coupling is
According to Eq,(121), the normalized amplitude of the 0,1 qiated by the nonlinearly driven 0, 1 mode, resonant at the
error field at the reversal surface can be written as reversal surface. The slinky mode forms as a result of a
locking bifurcation. Likewise, the slinky mode breaks up as
the result of an unlocking bifurcation. However, there is con-
~ 2 ~ 2 ~ siderable hysteresis in the formation and breakup processes,
whereB,=bB, /r, F, andB.=bB./r, F, . Here,B, and 0o locking thresholavhich is obtained from Eq67)]
B. are dimensionless quantities parametrizing the magnis much smaller than the unlocking thresh@ighich is ob-
tudes of the “vertical” mismatch field and the control field, tained from Eq.(72)], when both are expressed in terms of
respectively, whereas®! is a real positive constant defined the typical amplitude of am= 1 tearing mode in the plasma
in Eq. (B28). The amplitude of the 0,1 error field is most core
effectively minimized when the control field is entiphase |'n general, the locking bifurcation by which a slinky
with the original locking phase of the slinky mode: i.e., when e torms is associated withstight redistribution of the

plasma toroidal angular momentum in the plasma core. This
redistribution modifies the rotation frequencies of the core
tearing modes such that they aclsherentlyat one particular
toroidal anglesee Sec. Il F# This anglgwhich is specific
CO1=cO% (B, —B,|. (175 by ¢, =0—see Eq(63)] rotates toroidally with the angular
velocity of the plasma at the reversal surface. Thus, the
Note thatC®.-0 asB.—B,. If C%!is made sufficiently ~Slinky mode takes the form of a toroidally localized, coher-
small then the slinky mode will either unlock, and start to€nt interference pattern in the magnetic field that corotates
rotate, or breakup altogether, depending on which thresholwith the plasma at the reversal surface. The toroidal angular
is reached first. The unlocking threshold is specified in Eqswidth of this pattern is determined solely by the number of
(167 and (168, whereas the breakup threshold is deter-lockedm=1 modes. The larger the number of modes, the
mined by Eq.(146). narrow the width of the pattern. In general, the slinky mode
The thick conducting shell that surrounds a conventionaFonstitutes a relatively slowly rotating envelope within
RFP generally makes it difficult to control the plasma verti-which the magnetic field exhibits high-high-frequency os-
cal and horizontal positions. Consequently, the 1,0 “verti-Cillations (assuming, as seems reasonable, that the plasma
cal” mismatch field at the gaps in the shell tends to be relacore rotates far more rapidly than the plasma at the reversal
tively large, and alsdluctuatesin time. Thus, it may not be surface. The nature of these high-frequency oscillations is
practical to cancel out the 0,1 component of this field, whichdetermined by the core plasma rotation rate, as well as the
also fluctuates in time. An alternative, and more practicaltoroidal mode numbers of the=1 modes that make up the
locked mode alleviation scheme is to use a rotating 0,1 erroglinky pattern. Note that, in general, the occurrence of a
field to sweepthe locking angle of the slinky mode, thereby Slowly rotating slinky modedoes notecessarily imply that
reducing the heat load associated with this mode on th&e plasma core is slowly rotating.
plasma facing surface. This approach has already been suc- In Sec. Il G we examine the effect of an enhanceet-
cessfully implemented on the RFX deviteSuppose that pendiculay plasma viscosity in the plasma core, relative to
the control field rotates uniformly at some relatively low- that at the plasma edge, on the formation and breakup of the

COl=cOY[B2+B2+2B,B, coS o do) 12 (173

b= Drockt . (174

In this case,

frequencyw,: i.e., slinky mode. Such an enhancement is likely to develop natu-
rally in a RFP due to the stochasticity of the core magnetic
b= w.t. (176)  field generated by overlapping magnetic islands. An en-
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hanced core viscosity significantly modifies the slinky for-slinky mode using a deliberately generated “control” error
mation process by forcing the saturatee- 1 tearing modes field. It is assumed that the control field is a 0,1 perturbation
in the plasma core to always rotate with identical phase vefin the absence of the plasma and the conducting)slieis
locities. This, in turn, requires the plasma core to corotatdound that the amplitude of the locking field is most effec-
with the plasma at the reversal surface after the formation ofively minimized when the control field is iantiphasewith

the slinky mode. It follows that, in the presence of enhancedhe locking phase of the slinky mode. If the amplitude of the
core viscosity, the formation of the slinky mode is associatedontrol field is adjusted such that the locking field is made
with a significant reduction in the core plasma rotation. En-sufficiently small, then a bifurcation is triggered by which
hanced core viscosity greatly simplifies the locking and unthe slinky mode either unlocks, and starts to rotate, or breaks
locking bifurcations by which the slinky mode forms and up altogether. The unlocking threshold is specified in Egs.
breaks up, respectively, since it forces all of the=1 tear- (167) and (168), whereas the breakup threshold is deter-
ing modes in the plasma core to lock and uni@iulta- mined by Eq(146). The second, and more practical, method
neously In the absence of enhanced core viscosity, the slinkys to sweep the locking angle of the slinky mode toroidally
mode generally forms and breaks up in a piecemeal mannedsing a rotating control field. It is demonstrated that if the
Consequently, in the presence of enhanced core viscositgmplitude of the control field is too low, then the locking
the slinky formation and breakup thresholds take the particuangle merely oscillates about its unperturbed value. How-
larly simple forms(95) and (98), respectively. An enhanced ever, above a certain critical value of this amplitude the lock-
core viscosity also modifies the structure of the slinky modgng angle executes complete toroidal rotations around the
by suppressing the high- high-frequency oscillations de- device at the angular oscillation frequency of the control
scribed previously. The criterion that must be satisfied befordield.

the core plasma viscosity can be regarded as being enhanced
is given in Eq.(103.

In Sec. Il of this paper we examine the interaction of a
slinky mode with a static error field. This interaction is me-
diated by the 0,1 component of the field, which is resonant aj)
the reversal surface. Either the error field arrests the rotation
of the plasma at the reversal surface before the formation of
the slinky mode(see Sec. IlIB, so that the mode subse-
guently forms as a nonrotating mo@eee Sec. Il ¢ or the
slinky mode forms as a rotating mode and subsequently
locks to the error fieldsee Sec. Il . In all cases, the lock-
ing and unlocking bifurcations are similar to those by which
a tearing mode locks to and unlocks from an error field in a
tokamak®® As always, there is considerable hysteresis in theii)
locking/unlocking process, since the locking thresholds
[given in Eq.(163 ] are much smaller than the corresponding
unlocking threshold$given in Egs.(167) and (168)]. Fur-
thermore, as described in Sec. Il C, the criteria for the for-
mation and breakup of the slinky mode are slightly modified
when the reversal surface is locked to an error field.

The dominant error-field source in a RFP is usually a 1,Gjii)
field arising from the mismatch between the “vertical” mag-
netic fields interior and exterior to the conducting shell. Of
course, the plasma experiences this field filtered through the
gaps in the shell. In Sec. lllE, it is demonstrated that if the
shell contains a single poloidal gap and a single toroidal gap
then the slinky mode only locks to the poloidal gap when the
“vertical” error field points toward the toroidal gap. If there (jv)
is a mismatch between the direction of the “vertical” error
field and the poloidal location of the toroidal gap, then there
is a corresponding mismatch between the locking angle of

V. KEY RESULTS

The key new results of this paper are the following.

Equations (A77), (A99)—(A101), and (A104)-
(A106), which describe the nonlinear electromagnetic
coupling of the various differentm=1 dynamo
modes in a RFP. The nonlinear terms are calculated
via quasilinear theory (i.e., usingliner eigenfunc-
tions). This weakly nonlinear approach is justified
during the sawtooth ramp phases of a RFP discharge:
i.e., when the highly nonlinear MHD dynamo is not
active.

Equations(67), which are a collection of nonlinear
equations governing the phase relations of a set of
saturated rotating dynamo modes subject to nonlinear
electromagnetic locking torques and viscous restoring
torques. The solution of these equations describes
how the slinky mode forms via a series of bifurcations
as the typical mode amplitude is increased.
Equations(72), which are a collection of nonlinear
equations governing the phase relations of a set of
saturated dynamo modes that are phase locked to-
gether so as to form a rotating slinky mode. The so-
lution of these equations describes how the slinky
mode breaks up via a series of bifurcations as the
typical mode amplitude is decreased.

Equationg161) and(166), which describe the locking
and unlocking, respectively, of a rotating slinky mode
to a static error field.

the slinky mode and the toroidal location of the poloidal gap'ACKNOWLEDGMENTS
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Much of the work presented in this paper was performed
while the author was visiting the Istituto Gas lonizzati at the

Finally, in Sec. lll F we discuss two methods for allevi- University of Padua during the summer of 1998. The author
ating the problems associated with a locked slinky modewould like to thank Dr. Shi Chong Guo, Dr. S. Cappello, Dr.
The first, and most obvious, method is to cancel out theD. Escande, Dr. S. Ortolani, and Dr. R. Paccagnella for the
accidentally produced error field responsible for locking theconsiderable hospitality extended during this visit.

Downloaded 25 Mar 2004 to 128.83.61.74. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



Phys. Plasmas, Vol. 6, No. 4, April 1999 Richard Fitzpatrick 1185

This research was funded by the U.S. Department of - m(¢™"’  necy™"

Energy under Contracts No. DE-FG05-96ER-54346 and No. Dy =~ —o 2+ o 77, (A8)
DE-FG03-98ER-54504.

mn ne(djm,n)/ mo_l/lm,n
by = M2 n2eZ T mi+nZe?’ (A9)

APPENDIX A: NONLINEAR COUPLING

1. The plasma equilibrium and
H rwm,n
Consider a large aspect rafibzero8,” RFP plasma f1o] ™= o™+ _iro'br” (A10)
equilibrium whose unperturbed magnetic flux surfaces map mBy—neB,

out (almos} concentric circles in the poloidal plane. Such anpgre

equilibrium is well approximated as a periodic cylinder. Sup-

pose that the minor radius of the plasmaaisStandard cy- e(r)= r (A11)
lindrical polar coordinatesr(6,z) are adopted. The system Ry’

is assumed to be periodic in tlzalirection, with periodicity

32
length 2mR,, whereR, is the simulated major radius of the )-

In a large aspect ratio RFR<1 andm~ne~0O(1
Equation (A5) reduces to the well-known eigenmode

plasma. It is convenient to define a simulated toroidal angleequatioﬁ3
(Z):Z/Ro.
The equilibrium magnetic field is written as d dyg™"
q g d_( m,n g )_gm,nwm,nzoy (A12)
B=[0By(r),By(r)]. (A1) r r
The associated equilibrium plasma current takes the form Where
_ R’ ’ r
/-LOJ [01 B¢v(rBﬁ) /r]1 (AZ) fm'n(r):mz_’_—nzezv (A13)
where' denotesd/dr. In a RFP|B,/B,|~0O(1)?.
The model RFP equilibrium used in this paper is the o 1 r(neB,+mBy) do
well-known a-0, model® according to which gni(r) =+ (m?+n2e%)(mB,—neB,) dr
VAB=0(r)B, (A3) Mo o
where + (M2r 22 m2inZe” (A14)
_ (29|, ([r|" (Ad) In the limit r—0, a regular solution to EqA12) satis-
7 a a fies y™"~r/™ for m#0, andy™"~r? for the special case

m=20.

Suppose that the plasma is surrounded by a vacuum gap,
extending over the regioa<<r<b, which is bounded by a
Herfectly conducting shell situated atb. It follows that
(r)=0 fora<r<hb, and

Here, botha and ®, are positive constants. Note that
o=const (i.e., a—x) corresponds to &aylor state®*! In
theory, a RFP equilibrium should relax to a Taylor state. In
practice, relaxation occurs everywhere in the plasma apal
from close to the edge, where the plasma is sufficiently cold”
and resistive that the strong equilibrium currents associated ™" (b)=0. (A15)
with a Taylor state cannot be maintained. Heneés finite.

In general® is such that there is @versal surfacewhere 3. Resonant modes

B, goes through zero, situated close to the plasma boundary.

Let
_ ) _ F™M(r)=mB,—neB,, (A16)
2. The linear eigenmode equation
m,n —
The linearized, marginally stable, ideal-MHD force bal- GMr)=neBy+tmB,, (AL7)
ance equation takes the form H™"(r)=m?+n2e2. (A18)
(j-V)B+(3-V)b—(b-V)J—(B-V)j=0, (A5) A resonantmode satisfies
whereb andj are the perturbed magnetic field and plasma Fma(rmm =, (A19)
current, respectively. o S
A general perturbed quantity can be written as for 0<rg"'<a. The flux surfacer=rg"" is known as the
m,n moderational surface
a(r,t)= E a™n(r t)el(mo—na), (A6) Note that the_ eigenmode equatiohl2) become$ing_u- _
mn lar at them,n rational surface. The most general solution in

wherem,n are integers. It is convenient to define the immediate vicinity of this surface takes the form

J™(r,t)=—irb™"(r,1).
It follows that +Cg X+, (A20)

(A7) Y™N(X)=CM[LHNTX(IN[X| = 1)+ -]
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where
r—ro”
X=—"mn (A21)
rS
Gm,nr20_r
)\m,n:
r(E™D ) o
rS
ro’
X=|— (A22)
g min.

S

Here, C™" and C{"" are known as the coefficients of the
large and small solutions, respectively.

Richard Fitzpatrick

4. Nonresonant modes

A nonresonant modeé.e., a mode possessing no rational
surface inside the plasmaannot be resistively unstable, but
may be ideally unstable. For such a mode, it is possible to
define anideal stability index

)a

r dl)[,m,n
™" dr
assuming thaty™" is regular atr=0. It is easily demon-
strated that then,n mode is ideally unstable E}"">0, and
is stable otherwis@®
In this paper, it is assumed that all nonresonant modes

m,n
E*’ = Mn_

(A30)

In a zeroB plasma it is possible to demonstrate that theare ideally stable. This is always the case, provided that the

coefficient of the large solution must be continuous across
mode rational surface, whereas the coefficient of the smal
solution may be discontinuod®2® Thus, them,n mode can
be characterized by two complex parameters:

ymh=cmn, (A23)
AWTI=[C]'3 . (A24)
The m,n eigenfunction can be written as

™1, ) =W ML) M), (A25)

where z:/;m'” is a real solution of Eq(A12), which is regular
atr =0, satisfies the boundary conditigA15), and is con-

tinuous at the rational surface. In addition,
YmI(r =1, (A26)

Incidentally, the boundary conditid@15) is equivalent

)

where
m?+n2e2 | (ney) K i(Nep) — Km(Ne) (Nep)

I(ne ) K (ney) — Kl (nea)l (nep)
(A28)

Here,e,=a/Ry, e,=b/Ry, andl,, K, are modified Bessel
functions. Note that, (z)=dl,(2)/dz etc.

to

r dzAﬂm'”

Jnndr (A27)

m,n_

K
Ne,

In general ™" possesses a gradient discontinuity at the

rational surface. This discontinuity is conveniently param-
etrized by

dwm,n
dr

m,n
)fs+
r

Note thatE™" is a real number.

As is well known, in a zerg3 plasma them,n mode is
resistively unstable wheneveE™">0, and is stable
otherwise®* This type of instability is known as #earing
mode since in its nonlinear phase it “tears” and reconnects
the equilibrium magnetic fiel® Likewise, E™" is known as
thetearing stability indexXor them,n mode, andy™"(r,t) is
the associatetearing eigenfunction

EMN= ( r (A29)

m,n
s—
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flux conserving shell is situated sufficiently close to the edge
bf the plasma®

5. Linear layer theory

Ideal MHD breaks down in the immediate vicinity of the
m,n mode rational surface. In this region, nonideal effects
such as plasma inertia, resistivity, and viscosity become im-
portant. Suppose that

YA = gm0 (A31)

where ™" o™" and ™" are real constants. Of course,
™" is the real frequencyof the m,n mode. Asymptotic
matching between the thin layer, centered on the rational
surface, where ideal MHD breaks down, and the remainder
of the plasma, where ideal MHD is valid, yields

AYMN= AMN( oMMy Jpmn (A32)

Here, the complex paramet&r™" is termed thelayer re-
sponse functian

In the so-calledviscoresistiveegime, the layer response
function takes the form

( Tm,n) 1/3( Tgl,n) 5/6

A™(o™")=2.1040™" e '™, (A33)

(T\r'?,n)l/S
here
1/2
mn Mop )
MN=| ———s , A34
TH ((Fm’n) 2 o ( )
S
r2
Tg’“=(”‘; ) , (A35)
rg“'”
r2
Tvnz(”—) , (A36)
rI‘T]I"I

are the hydromagnetic, resistive, and viscous time scales,
respectively, evaluated at tha,n rational surface. Here,
p(r), »(r), andu(r) are the plasma mass densifyaralle)
resistivity, and(perpendicular viscosity, respectively. The
criteria for the validity of the viscoresistive regime are set
out in detail in Ref. 13.
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6. Nonlinear island theory irAmn
imn_ m,n
The nonlinear concomitant of the linear response regime Holr b+ Fmne (A45)
discussed above is the well-known Rutherford regithé.
straightforward generalization of Rutherford’s analysis iro'B.o™"  ir AT
(which makes ordering assumptions that are appropriate to woj = b+ i m"n T m"n
tokamaks, but not to REPyields the following island width F™ F
evolution equation: r(raB¢—ZBg)A{“'“ A
d /wmn Apmn (Fm,n)Z ' ( )
Irg,na( T ) =Re< ST ) (A37)
S
B o ira’Byb™ irAR" r?oB,AM"
wherel =0.8227. Here, Moy =0oby "+ Fmn— tEmn F 2
m,n
|\I,m,n| 1/2 (A47)
m,n_
w 4( |(Fm'“)’|r;n,n) (A38) Likewise, Eq.(A12) generalizes to
is the maximum radial width of the island chain at tinen q qymn gmn - ymn
rational surface. Let — [ gmn d —gMnym =" = (A48)
dr dr m ne ’
M=me—ng+ ™" — ™. A39
4 pte™ - w (A39) where
For dF™"(r*"/dr>0, the X points of the island chain are
situated at{™"=(2k—1)s, and the O points are a™" 2amn 3 _~mnamn 3amn
=2k, wherek is an integer. FodF™"(r2*")/dr<0, the O Umn= _j ' /:fn + nermanG — nAr2 +(ni:nA:n n) '
points are situated at™"=(2k— 1), with the X points at F H™(E™) HETET
{™"=2kw. Note that £™")'>0 for conventional RFP (A49)
equilibria (assuming thah=0).
The Rutherford regime takes over from the viscoresis- o AR 2r2By AT mrlgGMNAT!
tive regime whenever the island widtly™", exceeds the V= —i gmn + (F™mZ — TmaEmn)2
linear layer width,
mr2Am™" |/
(Tr:'\,n)1/3 —r W (A50)

P L (A40)
The criteria for the validity of the Rutherford regime are 8- The nonlinear coupling coefficients

set out in detail in Ref. 13. Consider the nonlinear coupling tfiree tearing modes
with mode numbersn;,n;; my,,n,; andms,n3, where

7. The nonlinear eigenmode equation mz=m;+ms,, (A51)
The complete, marginally stable, ideal-MHD force bal-
ance equation takes the form Nz3=n,+nN,. (A52)
A It can be demonstrated, after considerable algebra, that
(j-V)B+(J-V)b—(b-V)J—(B-V)j=M—, (A41)
0
1Mo, Ny Mg, N3 le,nl)z
where mp,ng_ My N\ A Mg g i i (
A =— (M2 N2)* s 2 m, Ny Mg, Ny ?
r ar FM2:N2fFMs.N3
A= po(b-V)j—po(j-V)b. (A42) (A53)
Equation (A7) remains valid. However, Eqs(A8)— A A o
(A10) generalize to Amz'”zz_(q;ml,nl)*\pms,naa Yty (FM2:12)
r 4r? EM1.N2EM3,N3 1
m(y™"’  necy™" ner?AM" (A54)
bg"n:_ Hm,n + Hm,n + Hm,nF:n,n- (A43)
A3 = _pmy.namy.ny oY Ty (Fma-")2
nn Ne(@™M)’  moy™" mr2Am™" r 4r? EM1.NiEM2,N; -
bqs’ = Hmn + Hmn + HMAEm. > (A44) (A55)
and Likewise,
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mn Ma,Nay 7 ma,n S Ma,Nag 1Mo Ny 7 m,,n
iy e iy e
0 4 HM3.N3EMz.N; r HM2.n2EMg.N3
N+ o d™2:N2yM3.N3 EM2.n2 FMs.ng 1 [ o' B, EM N1yM2.n2Ms.ng)\ ’
+l l// l// (mn mn+ m3,n mn)__/( - mnl/Imnw )}a (A56)
HM2:N2EM3.N3 © M3.N3EmM;.N2 o rEM2.n2EM3.N3
mn Ma,Nay 7 ma,n S Ma,Nay 1My N1y 7 mq,n
ATz ”2—|(\Irm1 P n3_{ 1 1((/, 3:N3)"  n,eGMs-"3 Y33y n,eGMM
4 HM3.N3EmMy.Ng r H M1 N1 EM3.N3
N.eo g™ M ygMs N3 FMng FMs.ng 1 [ o' B, EM2:N2yM1.N1yMs.ng) ’
+2 d d (mn Mg T igmg mn)__/( - mnl/lmnlp )}a (A57)
r HM1N1iEM3.N3 © pM3.N3EmMy.Ng o rE™M1NEM3.N3
A3 My i mang 7 {l/lml nl({/lmz ")’ _ngeGhe2 yrera(y )’ ngeGMm™
0 4 r HM2.n2EMy.M r HM.NiEM;2.N
Na€o g™ M gyM2.N2 FMng FM2.n2 1 [ o' B, EMs:N3yM1.n1yMa.nz)\ /
+3(/I d (mnmn+mnmn) _r( gmnl//mnlp ):|, (A58)
r HM1NiEM2.N2 © pM2.N2EMy Ny o rE™MnEM2.N2
Finally,
AT M= (PM2 N2y kMg g [wmz " dlms ") _myGTe yrete(yet)’ _my G
¢ 4 r H™Ms:N3EM2.n2 r H™M2:"N2EM3.n3
mlo'::Z/mZ’nzl:/lm3’n3 FM2.Nz FMs.n3 1 U’B¢Fm1xn1l},m2’“2,:/,m3r“3 !
+ r HM2.N2FM3Ng + HMs.N3EM2.Nz - F FM2.NzEM3,N3 ) (A59)
AT2 2= j(YM )k Mg g | [l’bml " ,’yms ")’ MG Yoty mpGT ™
d, 4 r Hm3,n3Fm1,n1 r Hml,anmg,n3
m20'1://m1’n11:/1m3’n3 FM.ng FM3.n3 1 O-’B(ﬁszv”z{/,ml’“l,:/,msr“s !
* r Hml’anm3vn3+ H™M3M3EMLNL | (! F™M1.N1EM3.N3 ' (A60)
T — [lﬂml ny( wmz 2)" maGM2N2 P2 N2(YMny ! maGM M
¢ 4 r HM2.N2EMy.Ny r HM1.MEM2.N2
m30'l’,}/m1’nll;}fm2’n2 FM1.ng Em2.n2 1 UIB(ﬁFmS,nSl},ml,nl‘;}/mz,nz '
+ r H™M1 NEM; N, + HM2 M2EM.n; |~ ro’ FM1.N1EMz,Ny : (A61)
[
Incidentally, sinceV-A=0, it follows that WZR(Z) d
o e~ o | 3 ooyt ory b,
Mo OF | mn
dorA™ o mn (A64)
T+|mA0' _|n€A¢’ =0. (A62)
It is easily verified that the expressiofs53)—(A61) respect 'espectively. These expressions reduce to
this constraint.
o d
Ty em(r)= d_ > Wi, (A65)
9. Electromagnetic torques Mo m.n
The flux-surface-averaged poloidal and toroidal electro-
magnetic torques acting on the plasma are written as 5
ar RO d mn
Ty em(r)=— arl| 2 wanl, (A66)

dr
2R. d Mo
Ty en(n)=——2 = X r2bP(b)* + (bR * b |,

Mo QAT \mn

(A63) where
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n€r3Am,n( m,n)* M3.N3y 7 _
Wr;,n(r):i mfm,n( lpm,n)r(l//m,n)* _ Hrrrln—lepn) (Wo )
+c.c., (A67)
erROAm,n(¢m,n)*
Wrr};yn(r)=| nf™O ™) (™ )* + Hm,rnFm,n )
+e.c. (A6g)  Likewise,
It follows from Eg. (A48) that
nerSAm,n(l/,m,n)* ’ Wml,nl r_
(Wgw,n)/:ium,n(djm,n)*_i(w +c.c., ( 3 )
(A69)
Vm,n m,ny % erR Am,n( m,n)* ’
(W)’ =i ™) +i( A m"bn te.c.
€ HM™MEM
(A70)
Consider the nonlinear interaction of _thq,nl; m,,N,; éWmZ'”Z)fz
andms,n5 tearing modes, where the various mode numbers ™" ¢

are related according to Eq#51)—(A52). It can be demon-
strated, after considerable algebra, that

(Wranlvnl) r— %|m[(\Pm1,n1\Pm2,n2)*\Pm3,n3]

ro’ B¢l'r}jm1,n1{}lm2,n2&/m3,n3) '}

Richard Fitzpatrick 1189

2 Im[ (WML M2 N2) M N3]

ro’ B¢¢A/;m1~”1&;m2'”2;[,m3:ns) ’}

X FM1.N1EM2.N2

m3t(r)—(

(A73)

2 Im[ (WML M2 N2) M N3]

ro’ Bg(}/ml,nl&/mz,nzl}lmS,n3> ’}
>< i)

_nlt(r)+ eFM2.N2EM3.N3

(A74)

%|m[(\1lml’nlllfm2'n2)* \Pm3,n3]

X| =nyt(r)+

ro’ Bgl}ml,nlljbmz,nzfﬁms,%) '}

ele,anm3,n3

(A75)

X| —myt(r)+ F o3 13 o
(A71) (W¢3' 3)/2 %|m[(\[fm1v”l\]Iernz)*\[rmSv“3]
I’O"Bgl}ml'nll’\ﬂmz’nzl’\ﬁm:"’n:" ’
(Wg‘zvnz)r: %|m[(\ym1,n1q,m2,n2)*\I,m3,n3] X| nat(r)— eF™M N1IEM2.Nz :
r o' B ™ N1gM2:N2yms.ng) / (A76)
X _mzt(r)+ qﬁlpm n djm n d ) }'
EM1.MEM3.N3
(A72) Here,
|
~ ~ ~ my.Ng N R R my Ny
t(l’)=0"{ r(l//ml,nl)/wmz,nzdjmrj,nq G +¢ml,n1r(wm2,n2)rl/lm3,nq G
H M1 N1 EMz,N2EM3.N3 H M2 N2EM.NEM3.N3
~ ~ ~ GMs:N3 N N ~ FM1.n
+¢/m1,n1¢m2,n2r(wm3,n3) s FaE My e +¢m1.n1¢m2,n2¢m3,n3 I’O‘( AL E T Mo E s s
Fm2:n2 F™Ms:N3 2B4B,—ro(Bj+B3)
+ Hm2|n2Fm1,anm3,n3 + Hm3,n3Fm1,anm2,n2 le,anmz,nsz3,n3 . (A77)
[
- Toenn)= "2 W,y (A80)
oeMm(N) = 0)
Mo
my,n m,,n mg3,n
W= WM Wiz M2 wis s, (A78) R,
Tgem(r)=— (Wy)'. (A81)
W, =wmm mp.N2 m3.n3 Ho
o= Wit W2 M2 Wi s, (A79) .
However, it follows from Eqs(A71)—(A76) that
Recall, from Eqs(A65)—(A66), that (Wy)'=0, (A82)
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(W¢)’ =0, (A83) Wrgll’nl(r): %|m[(\]fm1x“1\]fm2»”2)* \IIern3]
where use has been made of E@fs51)—(A52). Hence,zero b
flux-surface-averaged electromagnetic torque is exerted X mlf t(r’)dr’
throughout the bulk of the plasma as a consequence of the '
nonlinear coupling of tearing modes. This is the expected ro-’BqSl}/ml!nl{mean:ﬂmS'n?,
result, since it is well known that zero flux-surface-averaged + EMz.N2E M3 .3 ) , (A89)

electromagnetic torque can be exertedainy region of the
plasma governed by the equations of marginally stable idedbr ri*"<r<b. Clearly,
MHD. o )
AW, = %Im[(\Pml'”llez'”z)*\Ifm3'”3]mlj t(r)dr.
0

(A90)

After performing many calculations, similar to the
The above demonstration that nonlinear mode couplingibove, the following expressions for the poloidal and toroi-

gives rise to no electromagnetic torques is valid in all regionsial electromagnetic torques acting at the three nonlinearly

of the plasma governed by the equations of marginally stableoupled rational surfaces are obtained:

ideal MHD. However, these equations break down in the

10. Localized electromagnetic torques

immediate vicinity of the rational surfaces associated withgtm.n1_ '”2)*\Pm3'"3]mlfat(r)dr,
the three coupled tearing modes, so it is still possible that vEM 2o 0
localized electromagnetic torques can develop at these sur- (A91)
faces. This is indeed the case. The fact that"()’ is dis- 2

R a
continuous across the,n rational surface, whereas tigd"" 5T';‘é,\’/|”2: > 0 |m[(«ym1vnnpmz,nz)*«yms,na]mzf t(r)dr,
and (™ ")’ (wherem’,n’#m,n) are continuous, implies Ko 0

that Wi'" and Wy are also discontinuous across this (A92)
surface—see Eq4A67) and (A68). Thus, Eqgs.(A65) and , R,
(A66) yield ST = = gy IML(W M T 22 s s]mg
a
Toem(r)= E ST Ewd(r—r"), (AB4) Xfot(r)dr, (A93)
and
T = S(r—rl A85 2
gem(7) ;1 </>EM ( ™, (A8S) 51-2'15;\;11:_ ;:ZO|m[(\1,m1,n1\pm2,n2)*\I,ma,ns]nl
where a
xf t(r)dr, (A94)
T =AW, (A86) 0
ma.N2 WZRO My, Ny My N\ % Ay M3 ,N
ST™ ¢EM —AWmn (A87) 5T¢EM =— 2100 Im[ (MM M2.N2)* §rMs.N3p,
Here, AWR" " =W""(r &M — W' "(r "), etc., and it is un- at fdr (A95)
derstood that the delta functlons represent the thin nonideal- 0 ( '

MHD regions centered on each of the rational surfaces. )
It follows from Eqgs.(A67) and(A68) thatW}""—0 and M3 .N3 Ro T FRpHp—— J'a
) =— | P M1 N M2, N2) * A M3, N3 .
Wy"—0 asr—0, assuming that th¢/™" are regular ar OT yem 210 mi( ) Ins Ot(r)dr
=0. Likewise, the boundary conditiofA15) yields Wj"" (A96)

=Wy"=0 atr=b. Thus, Eq.(A71) can be mtegrated 0 Here, use has been made of E@s86) and(A87). Note that
give the upper limits of integration in all of the integrals involving
mon . t(r) can be changed frotmto a, because the functiarfr) is
Wt mH(r) = z Im[ (WM M 2:N2)* s N3] zero in the vacuum region outside the plasisiacec’ =0 in
) this region. Note, also, thatfit(r)dr is finite, despite the
_mlf t(r')dr’ fact thatt(r) is singular at the three nonlinearly coupled
0 rational surfaces, provided that this integral is evaluated by
taking its Cauchy principal part with respect to these singu-

) (A88) larities.
’ According to Eqs(A91)—(A96),

X

ro’ B(ﬁl}jml,nl;’}jmz,nz&m}%
FM2.n2Em2.N,

mq,n mo,n mg,n
for 0<r<r™", and ST gem + 0T ggm* T 0T ggn =0, (A97)

Downloaded 25 Mar 2004 to 128.83.61.74. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



Phys. Plasmas, Vol. 6, No. 4, April 1999 Richard Fitzpatrick 1191

STM My sTM2N2 . gTMs N5 (A98) whereC™" is a complex parameter that specifies the ampli-
oEM SEM oEM tude and phase of the error field at the rational surface, and
where use has been made of EG851)—(A52). In other  ymn s 4 real function that specifies tideal response of the

words, the sum of all the localized nonlinear electromagneti(b|asma to the error field. To be more exa}z‘[‘"”(r) has the
torques acting inside the plasmazisrg as is required by the following properties: '

conservation of angular momentum.

Equationg A91)—(A96) generalize in a fairly straightfor- y™"=0, forr=<r", (B2)
ward manner to the case where there are more than three ~mn
nonlinearly coupled tearing modes in the plasma. rody™ _
T//m_“ ar 1. (B3)
rm,n

S+

11. The nonlinear tearing mode dispersion relation Incidentally, the above definition completely specifies

Consider the nonlinear coupling of tme;,n;; m,,n,; ¢™"(r). Note thaty™"(b)+0, since the error field is as-
andmg,n5 tearing modes, where the various mode numbersumed to leak through narrow gaps in the flux conserving
are related according to Eq#51)—(A52). The nonlinearly  shell.
modified dispersion relations for the three modes take the Neglecting the nonlinear coupling of tearing modes, the

form error-field modified dispersion relation for thme,n tearing
AWML= EMLNgr MmNy 4 gy (A99) mode is written as
m,n_ gm,n m,n m,n
AW ™2 N2 = EM2.NAp M2 N2 BTNz, (A100) AV ET MmO CMN, (B4)
Ma.h Mo NavteMa. man It follows from Egs.(A102)—(A103) that the poloidal and
AW Ts=ETe Mo M+ B s, (A101) toroidal components of the electromagnetic torque exerted

whereB™ "1: BM:N2: atc. are the nonlinear corrections. on the plasma in the immediate vicinity of tihen rational
As is easily demonstrated,the localized poloidal and surface by then,n error field are given by

toroidal electromagnetic torques acting in the vicinity of the 2m2R, m
m,n mode rational surface can be written as M= — o AP Im[C™"(¥MM)*]  (B5)
S
2m°R m
STMN = — ® s IM[A WM™ (W) ], . 27R; n e
mo  H™N(rMm) 102 ST, = ” Hmyn(rm,n)lm[c nEpmn*] - (BE)
S
27%R, n respectively.
T gem= ey IMEAW ()],
(A103)

2. The vacuum region
respectively. A comparison between E99)—(A103) and

Eqs. (A91)—(A96) yields In the vacuum region outside the plasma,

ig™"(rt
Hml,nl(rzhynl) a b:nvn(r):u, (B7)
Bmlrnlz—(\IIernZ)*\Ilm3'n3ff t(r)dr, r
0
(A104) o1 1) = — m;‘r”_m:)z (B8)
o I '
Hmzynz(rmZ‘nZ) . m<+n“e
Bmz,n2:_(\I,ml,nl)*ll,m@n?,fS fo t(r)dr, m’n(r o~ ne(y™n)’ (9
¢ (ND=—5"—5>7,
(A105) m<+n<e
Hm3x”3(rm3’n3) a where
BT M= — (WM MW = fo“”dr' d( v dgmnogmn B10
(A106) drimZ+nZ& dr | r (810

The above expressions can be generalized in a fairly straightthe most general solution to the above equation is
forward manner to the case where there are more than three .\, .« . ) mn ,

nonlinearly coupled tearing modes in the plasma. yri(r)=atinely(ne) +o™ neK y(ne). (B11)
Here, thea™" andb™" are arbitrary complex constants. For
the special casa=0, the above expression reduces to

wm,O(r): a™O Iml 1 pm.0p —|m|. (B12)

APPENDIX B: ERROR FIELDS
1. The tearing mode dispersion relation

In the presence of a statin,n error field the most gen- 3. Characterization of the error field

eral solution to Eq(A12) is written as .
q(A12) Suppose that, in the absence of the plasma and the flux-

zpm'”(r,t)=\Pm*“(t)zZm'”(r)+Cm'”Tpm’“(r), (B1)  conserving shell, the error field is characterized by the mag-

Downloaded 25 Mar 2004 to 128.83.61.74. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



1192 Phys. Plasmas, Vol. 6, No. 4, April 1999 Richard Fitzpatrick

netic streamfunctiony(r,0,¢). In the presence of the [f™"(¢™")' (™M * locr<p
shell, but still in the absence of plasma, timen error field

interior to the shell is characterized b Im[W gl l d"]
y _ gap pasm .
o - (neanep)[K(nep)l i (ney) — 1 (nep) Kl (Ney) ]

Ymi(r)= ‘I’gaplﬂgap(r) (B13) (822
where For the special case=0,

Ag‘égz—ndr’n(ne) , (Bl4) [fm,0(¢m,0)r(¢m,0)*]a<r<b

n€b| m(neb) mo
_ Im[q,gap \Pplasma) ] (823)

and (Iml72)[(b/a)™—(b/a)~ ™"

m,n —i(mo— n¢)dadqS . . .
V¥ gap= l/fext(b 0,¢)e 5- 5. (B19 5 Calculation of the error-field coupling constants

. ) o Equations(B1) and (B17) can be reconciled, provided
The integral in the above expression is taken over the angypat

lar extent of the vacuum gaps in the shell. Here, the shell is

naively modeled as élter that does not modifyb, in the W laema= [\va”—llfg"ég;/;g‘ég(r’sn'”)]1://m~”(a). (B24)
gaps, but requireb, =0 elsewhere. Note that in the special
casen=0, It follows that
m MW Ea(W Bimd* 1= 1ML G0 (P ™M) * Jy™(a).
%ap . (B16) (B25)

Thus, from Eqgs{(B20) and (B22), the poloidal electromag-

In the presence of plasma, tme,n magnetic field in the . tic torque acting on the plasma takes the form

vacuum regiora<r <b is characterized by

. - 27m°R,
YN =V G a0+ B kT, B17)  OTyEm=——p—m
where |m[q,gmag (pmn) ]l}/m,n(a)
~ ne[Kn(nep)ln(ne)—In(ney)Kp(ne)] ><(nfaﬂ6b)[Km(nEb) Im(n€a) —(nep)Ki(nea) ]’
Vriasmd) = 1 TR (el y(new) — (e Ky(ne) ] (826)
(B18)

Finally, a comparison of the above expression with @)
Here, ‘Pp|asma|s a complex constant that parametrizes theyje|ds

amplitude and phase of tha,n plasma eigenfunction at

—a. Any leakage of the plasma eigenfunction through the ~C™"=c™"W g0, (B27)
gaps is neglected: this is only likely to be a good approxi-
mation if the gaps are relatively narrow. For the special case

n=0, H™(r ) ™" (a)

(r/p)!mM —(r/p)~Iml T neanen) [Ki(nep)l p(Nea) — ey Kin(ne) ]
’pplasm£ )= (a/b)‘m‘—(a/b) Ty - (B19) (B28)
For the special case=0,

where the real parametef™" is written as

4. Electromagnetic torques

mo_ 2lmly™%a)
According to Eqs.(A65) and (A66), the total poloidal = bl ™ — (b/a) T (B29)
and toroidal electromagnetic torques acting on the plasma
due to them,n error field are )
6. Example error fields
ST = — 2”2R0m Im[E™O(H™M) (PR The dominant error-field source in a RFP is usually the

1,0 field arising from the mismatch between the “vertical”
(B20)  magnetic fields interior and exterior to the shell. Let

2

—R ri(6-6,)
ST = 220 gy (g, Ve 1,0, ) =BT (B30
Ko (B21) which describes a uniform poloidal magnetic field, of mag-
nitudeB, , directed toward= 6, . Incidentally, in this paper
respectively. Of course, these torques are exerted ahthe #=0 corresponds to thmboard midplaneof the device.
rational surface. Suppose that the flux-conserving shell contains two

It follows from Eg. (B17) that vacuum gaps: apoloidal gap, extending from¢= ¢,
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