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Bifurcated states of a rotating tokamak plasma in the presence
of a static error-field
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The bifurcated states of a rotating tokamak plasma in the presence of a static, resonant, error-field
are strongly analogous to the bifurcated states of a conventional induction motor. The two plasma
states are the ‘‘unreconnected’’ state, in which the plasma rotates and error-field-driven magnetic
reconnection is suppressed, and the ‘‘fully reconnected’’ state, in which the plasma rotation at the
rational surface is arrested and driven magnetic reconnection proceeds without hindrance. The
response regime of a rotating tokamak plasma in the vicinity of the rational surface to a static,
resonant, error-field is determined bythree parameters: the normalized plasma viscosity,P, the
normalized plasma rotation,Q0 , and the normalized plasma resistivity,R. There are 11
distinguishable response regimes. The extents of these regimes are calculated inP–Q0–R space. In
addition, an expression for the critical error-field amplitude required to trigger a bifurcation from the
‘‘unreconnected’’ to the ‘‘fully reconnected’’ state is obtained in each regime. The appropriate
response regime for low-density, ohmically heated, tokamak plasmas is found to be the nonlinear
constant-c regime for small tokamaks, and the linearconstant-c regime for large tokamaks. The
critical error-field amplitude required to trigger error-field-driven magnetic reconnection in such
plasmas is a rapidly decreasing function of machine size, indicating that particular care may be
needed to be taken to reduce resonant error-fields in a reactor-sized tokamak. ©1998 American
Institute of Physics.@S1070-664X~98!01409-8#
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I. INTRODUCTION

The magnetic field of a tokamak is supposed to be
oidally symmetric. In reality, of course, there is always
slight deviation from pure toroidal symmetry due to the m
alignment of field coils, the presence of non-axisymme
current feeds, etc. It is conventional to describe the field a
superposition of the desired axisymmetric field,B, plus an
accidentally produced non-axisymmetric ‘‘error-field,’’dB.
The typical magnitude of the error-field in present day to
mak experiments is 1024 of the axisymmetric toroidal mag
netic field strength.

In a large aspect ratio, low-b,1 circular flux-surface
tokamak2 the error-field can be resolved into Fourier ha
monics expressed in terms of the toroidal~f! and poloidal
~u! angles around the device. The Fourier harmonics of
error-field fall into two classes: ‘‘resonant’’ and ‘‘nonreso
nant.’’ For a resonant harmonic there exists a ‘‘rational fl
surface’’ inside the plasma for whichk–B50, wherek is the
wave vector associated with the harmonic. For a nonreso
harmonic there is no corresponding rational surface ins
the plasma. Nonresonant harmonics of the error-field g
rise to a non-axisymmetric displacement of plasma flux s
faces, but generally have no discernible effect on the ene
confinement properties of the plasma. Resonant harmo
also give rise to a non-axisymmetric displacement of fl
surfaces, but, in addition, they cause ‘‘reconnection’’
magnetic field lines in the vicinity of the associated ration
surfaces. This effect is of some concern to fusion scient
since when field lines reconnect they give rise to the form
tion of ‘‘magnetic islands,’’ and magnetic islands are know
3321070-664X/98/5(9)/3325/17/$15.00
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to degrade the energy confinement properties of tokam
plasmas.3 In fact, if the islands become too large, or to
numerous, then they can trigger a catastrophic loss of c
finement known as a ‘‘disruption.’’4

One would naively expect a tokamak plasma subjec
an error-field~as all tokamak plasmas are! to be filled with
magnetic islands induced by the various resonant harmo
of the field. Fortunately, this is not generally the case. To
mak plasmas naturallyrotate, due to plasma diamagnetism
at a rate which is far larger than the rate at which magn
reconnection typically proceeds. Under these circumstan
the magnetic islands driven by the resonant component
the error-field are ‘‘suppressed,’’ and the energy confinem
properties of the plasma remain unimpaired. However, if a
of the resonant Fourier harmonics of the error-field excee
certain threshold value, then they can trigger abifurcationof
the plasma state, in which the plasma rotation at the ass
ated rational surface is halted, and a magnetic island ch
subsequently forms. Naturally, there is a degradation of
energy confinement properties of the plasma associated
such a bifurcation.

At present, there are many dissimilar, and apparen
contradictory, theories of the response of a rotating tokam
plasma to a static, resonant error-field. The three lead
theories are the linear-layer-based approach of Fitzpatric5,6

the Sweet–Parker-based approach of Bhattacharjee
co-workers,7,8 and the Alfvén resonance based approach
Jensen and co-workers.9 The main aim of this paper is to
demonstrate that these theories are not contradictory,
merely correspond to different limits of a more gene
5 © 1998 American Institute of Physics
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3326 Phys. Plasmas, Vol. 5, No. 9, September 1998 Richard Fitzpatrick
theory which allows for either alinear or a nonlinear re-
sponse of the plasma in the vicinity of the rational surface
the applied error-field.

This paper is organized as follows. The problem un
investigation is formally set out in Sec. II. In Sec. III th
linear response theory of Fitzpatrick is reviewed. The n
nonlinear response theory is described in Sec. IV. The
evance of this new theory to tokamak experiments is ex
ined in Sec. V. Finally, the paper is summarized and conc
sions are drawn in Sec. VI.

II. PRELIMINARY ANALYSIS

A. Introduction

The main aim of this section is to formally set out th
problem under investigation in this paper.

B. The plasma equilibrium

Consider a large-aspect-ratio, low-b tokamak plasma2

whose magnetic flux surfaces map out~almost! concentric
circles in the poloidal plane. Such a plasma is well appro
mated as a periodic cylinder. Suppose that the minor ra
of the plasma isa. Standard cylindrical polar coordinate
(r ,u,z) are adopted. The system is assumed to be period
the z direction, with periodicity length 2pR0 , whereR0 is
the simulated major radius of the plasma. It is convenien
define a simulated toroidal anglef5z/R0 .

The equilibrium magnetic field is written B
5@0,Bu(r ),Bf#. The associated equilibrium plasma curre
takes the formj5@0,0,j f(r )#, where

m0 j f~r !5
1

r

d~rBu!

dr
. ~1!

The ‘‘safety factor’’

q~r !5
rBf

R0Bu
~2!

parametrizes the helical pitch of the field lines. In a conv
tional tokamak plasmaq(r ) is O(1), and is amonotonically
increasing function of the flux-surface radius,r.

C. The plasma response

Consider the response of the plasma to a static, he
error-field with m periods in the poloidal direction andn
periods in the toroidal direction. It is convenient to repres
the perturbed magnetic field and the perturbed plasma
rent in terms of a flux function,c :

dB5“c∧ ẑ, ~3a!

m0d j5“∧dB52“

2c ẑ. ~3b!

Of course,

c~r ,u,f,t !5c~r !exp@ i ~mu2nf!#. ~4!

This representation is valid provided that

m

n
@

a

R0
. ~5!
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The response of the plasma to the applied error-field
governed by the equations ofmarginally stable, ideal mag-
netohydrodynamics (ideal MHD)everywhere apart from a
relatively narrow region in the vicinity of the ‘‘rational sur
face,’’ radiusr s , whereq(r s)5m/n.

It is convenient to parametrize the strength of the err
field in terms of the ‘‘vacuum flux,’’Cv , which is defined to
be the value ofc(r ) at radius r s in the presence of the
error-field but in the absence of plasma. Likewise, the
sponse of the plasma in the vicinity of the rational surface
the error-field is parametrized in terms of the ‘‘reconnec
magnetic flux,’’ Cs , which is the actual value ofc(r ) at
radiusr s in the presence of both the error-field and plasm
The relationship betweenCs andCv is6

Cs5
2m

2D81D~v!
Cv . ~6!

Here,

D85F r
dcplasma

dr G
r s2

r s1

~7!

is the conventional ‘‘tearing stability index,’’ andcplasma(r )
is a solution to the ideal MHD equations which satisfi
physical boundary conditions atr 50 andr→` ~in the ab-
sence of an error-field!, and is normalized to unity at the
rational surface. According to conventional tearing mo
theory,10 if D8.0, then the magnetic field spontaneously r
connects at the rational surface to form a magnetic isla
Note that such an island is locked into the frame of t
plasma at the rational surface, and, therefore,rotates in the
laboratory frame. The oscillation frequency of the magne
field associated with a spontaneously created magnetic is
is

v05mVu0~r s!2nVf0~r s!, ~8!

whereVu0(r ) andVf0(r ) are the poloidal and toroidal an
gular velocities of the plasma, respectively, in the absenc
an error-field. In the following, it is assumed thatD8,0, so
that the plasma isintrinsically tearing stable. In this situa-
tion, any magnetic reconnection which takes place inside
plasma is due solely to the externally applied error-fie
Such reconnection is known as ‘‘forced reconnection.’’

The complex quantityD~v!, appearing in Eq.~6!, param-
etrizes the response of the nonideal plasma in the vicinity
the rational surface to the applied error-field. Here, the ‘‘s
frequency,’’ v, is minus the oscillation frequency of th
error-field, as seen in the rotating frame of the plasma at
rational surface. Thus,

v5mVu~r s!2nVf~r s!, ~9!

whereVu(r ) andVf(r ) are the poloidal and toroidal angu
lar velocities of the plasma, respectively, in the presence
the error-field.

D. Toroidal torque balance

It is easily demonstrated thatzeronet torque can be ex
erted on flux surfaces located in a region of the plasma wh
is governed by the equations of ideal MHD.6 Thus, the elec-
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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tromagnetic torque exerted on the plasma by the error-fi
develops in the immediate vicinity of the rational surfac
where ideal. MHD breaks down. The nettoroidal electro-
magnetic torque exerted in the vicinity of the rational surfa
by the error-field is written6

dTf EM5
2p2nR0

m0
Im~D!uCsu2

5
8p2nm2R0

m0

Im~D!

u~2D8!1Du2
uCvu2, ~10!

where use has been made of Eq.~6!.
Of course, the error-field also exerts apoloidal torque on

the plasma in the vicinity of the rational surface. However
turns out that tokamak plasmas possess strong parallel~to the
magnetic field! viscosity which opposes the plasma compr
sion associated with poloidal rotation.11 In fact, in conven-
tional tokamak plasmas this viscosity is sufficiently large
prevent any error-field-induced change in the poloidal ro
tion. Thus, in practice, the plasma does not respond to
poloidal component of the electromagnetic torque exerte
the vicinity of the rational surface by the error-field.6 On the
other hand, the plasma is free to respond to the toroidal c
ponent of the electromagnetic torque by changing its toro
rotation.

Suppose that the change in the toroidal angular velo
of the plasma induced by the error-field isDVf(r ). It is
assumed that perpendicular viscosity acts to relax the r
tion profile back to that of the unperturbed plasma~i.e., it
tries to makeDVf zero!. The boundary condition at the edg
of the plasma,r 5a, is

DVf~a!50. ~11!

In other words, the plasma rotation is clamped at the ed
and is not substantially modified by the error-field. It is ea
to demonstrate theoretically that this is a reasona
assumption.6 Perpendicular viscosity gives rise to a localiz
viscous torque, acting in the vicinity of the rational surfac
which opposesthe error-field-induced change in the plasm
rotation. In asteady statethis viscous restoring torque take
the form6

dTf VS5
24p2R0

3DVf s

* r s

a dr/rm
, ~12!

whereDVf s[DVf(r s) is the change in the plasma toroid
angular velocity at the rational surface, andm(r ) is the per-
pendicular~to the magnetic field! viscosity of the plasma.

The error-field-induced change in the toroidal rotation
the plasma gives rise to a modification of the ‘‘slip fr
quency’’ ~i.e., minus the oscillation frequency of the erro
field seen in the rotating frame of the plasma at the ratio
surface!. According to Eqs.~8! and~9! ~assuming that poloi-
dal flow is strongly damped!,

v5v02nDVf s , ~13!

wherev0 is the oscillation frequency of a naturally unstab
~i.e., D8.0! m/n tearing mode in the unperturbed plasm
This frequency is termed the ‘‘natural frequency.’’
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
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In a steady state, the electromagnetic and viscou
torques acting on the plasma in the vicinity of the ration
surface must balance. Thus,

dTf EM1dTf VS50. ~14!

It follows from Eqs. ~10!, ~12!, and ~13! that the toroidal
torque balance equation can be written6

2n2m2~* r s

a dr/rm!

m0R0
2

Im~D!

u~2D8!1Du2 uCvu25v02v. ~15!

E. Bifurcation analysis

For all of the plasma response functions,D~v!, consid-
ered in this paper, the above torque balance equation
sessestwo separate branches of solutions.6 On the ‘‘unrecon-
nected’’ branch, which is characterized byuDu@(2D8), the
plasma in the vicinity of the rational surface rotates su
ciently rapidly ~i.e., v;v0! to effectively suppress error
field-driven magnetic reconnection~i.e., uCsu!uCvu!. On the
‘‘fully reconnected’’ branch of solutions, which is characte
ized byuDu;(2D8), the plasma rotation at the rational su
face is arrested~i.e., v!v0!, and error-field-driven recon
nection proceeds without hindrance~i.e., uCsu;uCvu!.
Bifurcations occur between these two branches of soluti
as the strength of the error-field~or the intrinsic plasma ro-
tation! is very graduallyincreased or decreased. There is
critical error-field amplitude which, when exceeded, trigge
a ‘‘downward’’ bifurcation: i.e., from the ‘‘unreconnected’
branch to the ‘‘fully reconnected’’ branch. Likewise, there
a significantly smallercritical error-field amplitude below
which an ‘‘upward’’ bifurcation~i.e., from the ‘‘fully recon-
nected’’ branch to the ‘‘unreconnected’’ branch! is triggered.

Note that the important ‘‘downward’’ bifurcation is gov
erned by a simplified version of Eq.~15! @obtained by taking
the limit uDu@(2D8)#:

2
2n2m2~* r s

a dr/rm!

m0R0
2 ImF 1

D~v!G uCvu25v02v. ~16!

It is interesting to note that the bifurcated states o
rotating tokamak plasma in the presence of a static error-fi
are very reminiscent of the bifurcated states of a conv
tional induction motor.12

III. LINEAR RESPONSE THEORY

A. Introduction

The main aims of this section are to review the line
response theory of Fitzpatrick,5,6 and to introduce the schem
adopted in this paper for classifying the plasma respons
the applied error-field.

B. Linear versus nonlinear response theory

It is legitimate to calculate the plasma response us
linear analysis if the linear layer width at the rational surfa
is larger than the width of the magnetic island chain drive
by the error-field. This is not likely to be the case on t
‘‘fully reconnected’’ branch of solutions. However, on th
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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‘‘unreconnected’’ branch it is possible that the suppress
of error-field-driven magnetic reconnection due to plas
rotation is sufficiently strong to keep the driven island wid
belowthe linear layer width. In fact, it can easily be demo
strated that this is the case provided that the plasma con
tivity ~which increases strongly with increasing plasma te
perature! is sufficiently high~see Sec. IV!. Thus, since linear
analysis is only appropriate to the ‘‘unreconnected’’ bran
of solutions, this section only considers the ‘‘downward
bifurcation ~because this bifurcation depends solely on
‘‘unreconnected’’ branch of solutions!. A discussion of the
‘‘upward’’ bifurcation is postponed until Sec. IV, which
deals with nonlinear response theory.

C. The layer equations

The linearized equations of nonideal MHD for a sing
fluid, zero-b, incompressible plasma reduce to

d2c

dx2 5 ivtR~c2xf!, ~17a!

x
d2c

dx2 5~vtH!2
d2f

dx2 1 i
vtH

2

tV

d4f

dx4 , ~17b!

in the vicinity of the rational surface.13 Here, f
52sBu(r s)j is the normalized radial plasma displaceme
j is the actual radial plasma displacement, andx5(r
2r s)/r s . Furthermore,

s5S r

q

dq

dr D
r s

, ~18a!

tH5
R0

Bf

Am0r~r s!

ns
, ~18b!

tR5m0r s
2s~r s!, ~18c!

tV5
r s

2r~r s!

m~r s!
~18d!

are the magnetic shear, the hydromagnetic time scale,
resistive diffusion time scale, and the viscous diffusion tim
scale, respectively, all evaluated at the rational surface. In
above,r(r ), s(r ), and m(r ) are the plasma mass densit
parallel ~to the magnetic field! electrical conductivity, and
perpendicular resistivity, respectively.

Equations ~17! possess a trivial solution (f5f0 , c
5xf0 , wheref0 is independent ofx!, and a nontrivial so-
lution for which c(2x)5c(x) and f(2x)52f(x). The
asymptotic behavior of the nontrivial solution at the edge
the layer is

c~x!→ S D

2
uxu11DCs , ~19a!

f~x!→
c

x
, ~19b!

where the plasma response function,D~v!, is a complex
quantity which can only be determined by solving Eqs.~17!.
The constant parameterCs is identical to the parameterCs
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
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introduced in Sec. II. Note, however, that this parameter
only be interpreted as the ‘‘reconnected magnetic flux’’ in
constant-c regime.

D. The normalization scheme

In this paper, the critical error-field amplitude needed
trigger a ‘‘downward’’ bifurcation of the plasma state is ca
culated for many different response regimes of the plasm
is convenient to adopt a uniform normalization sche
which easily allows one to compare and contrast the vari
different expressions for the critical amplitude. This norm
ization scheme is described below.

The error-field amplitude is measured in terms of t
radial displacement,js , at the rational surface, calculate
assuming that the plasma response to the error-field isideal.
This displacement is related to the ‘‘vacuum flux,’’Cv , via

js5
2muCvu
sBu~r s!

. ~20!

The normalized ‘‘slip frequency’’ is written

Q5tH
2/3tR

1/3v. ~21!

Likewise, the normalized ‘‘natural frequency’’ of the plasm
takes the form

Q05tH
2/3tR

1/3v0 . ~22!

The plasma viscosity is parametrized by

P5
tR

tV
. ~23!

Note that the plasma becomes more viscous asP increases.
Finally, the plasma electrical resistivity is parametrized b

R5k1/5
tH

1/15

tR
1/30tV

1/30, ~24!

where

k5F Bf

Bu~r s!
G2Y E

r s

a m~r s!

m~r !

dr

r
. ~25!

Note that the plasma becomes more resistive asR increases.
It is demonstrated in Sec. IV that linear response theory
valid in the low resistivity limit,R!1.

It is convenient to normalize all widths to the linear lay
width

dVR5
tH

1/3

tR
1/6tV

1/6 r s ~26!

obtained in thevisco-resistiveregime ~see later!. Thus, the
normalized ideal plasma displacement, the normaliz
plasma response function, and the normalized linear la
width are written

ĵs5
js

dVR
, ~27a!

D̂5D
dVR

r s
, ~27b!
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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d̂s5
ds

dVR
, ~27c!

respectively.

E. Linear layer physics

The linearized layer equations~17! can be solved, sub
ject to the boundary conditions~19!, to obtain the complex
quantityD̂ which fully describes the response of the layer
the error-field.13 It turns out that there arefour distinct linear
response regimes. In thevisco-resistiveregime, plasma iner-
tia is negligible inside the layer, and

D̂522.104e2 ip/2P1/3Q, ~28a!

d̂s;1. ~28b!

In theresistive-inertialregime, plasma viscosity is negligibl
inside the layer, and

D̂522.124e2 i3p/8P1/6Q5/4, ~29a!

d̂s;P21/6Q1/4. ~29b!

In the visco-inertial regime, plasma resistivity is negligibl
inside the layer, and

D̂524.647 e2 ip/8P21/12Q21/4, ~30a!

d̂s;P1/12Q1/4. ~30b!

Finally, in the inertial regime, both plasma resistivity an
plasma viscosity are negligible inside the layer, and

D̂523.142e2 ip/2P1/6Q21, ~31a!

d̂s;P21/6Q. ~31b!

In the above formulas it is assumed thatQ.0, for the sake
of definiteness. The region of validity, inP–Q space, of the
four response regimes described above is sketched in Fi

Theconstant-c approximation10 holds whenever the per
turbed magnetic fluxc(r ) is approximately constant acros
the layer. In this limit, the quantityCs , defined in Eqs.~19!,
can be interpreted as the ‘‘reconnected magnetic flux.’’ T
constant-c approximation is valid provided thatDds /r s!1,
or

D̂d̂s!1. ~32!

It follows from Eqs.~28!–~31! that for high-viscosity plas-
mas~i.e., P@1!

D̂d̂s;P1/3Q for Q!P21/3, ~33a!

D̂d̂s;1 for Q@P21/3. ~33b!

Likewise, for low-viscosity plasmas~i.e., P!1!,

D̂d̂s;P1/3Q for Q!P2/3, ~34a!

D̂d̂s;Q3/2 for P2/3!Q!1, ~34b!

D̂d̂s;1 for Q@1. ~34c!

Clearly, the constant-c approximation holds in thevisco-
resistiveand resistive-inertialregimes, and breaks down i
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
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the visco-inertialand inertial regimes~see Fig. 1!. At fixed
plasma viscosity~i.e., fixedP!, the dimensionless paramete
D̂d̂s increases monotonically with increasing ‘‘slip fre
quency’’ ~i.e., with increasingQ!, until a critical ‘‘slip fre-
quency’’ is reached above which the constant-c approxima-
tion breaks down. Beyond this critical frequency, t
dimensionless parameterD̂d̂s ceases to increase withQ, and,
instead, saturates at a constant value which is of order u

In both nonconstant-c regimes, plasma resistivity is neg
ligible in the nonideal layer centered on the rational surfa
It follows from Eq. ~17a! that c.xf in all nonconstant-c
layers. In other words,c is zero at the center of a
nonconstant-c layer ~i.e., x50!, despite the fact thatc at the
edge of the layer~i.e., Cs! is nonzero. It is easily demon
strated that in theinertial regime the layer actually consist
of two separate viscous layers of normalized widthd̂n

5P1/12Q1/4, centered on the Alfve´n resonances@i.e., the two
flux surfaces which satisfyx25(vtH)2#.14,15The normalized
layer width in theinertial regime,d̂s5P21/6Q, is simply the
normalized radial separation of the Alfve´n resonances. In the
visco-inertial regime, the two Alfve´n resonances are suffi
ciently close together that their viscous layers overlap. Th
the normalized layer width in thevisco-inertial regime, d̂s

5P1/12Q1/4, is the normalized width of the common viscou
layer surrounding the two Alfve´n resonances. It is easil
shown that, in marked contrast to the two constant-c re-
gimes, there is essentiallyzeromagnetic reconnection in th
two nonconstant-c regimes~i.e., no error-field-driven mag-
netic islands are formed in the two nonconstant-c regimes!.9

F. The normalized torque balance equation

The normalized torque balance equation@i.e., the nor-
malized version of Eq.~16!# can be written

dT̂f EM5dT̂f VS, ~35!

FIG. 1. A schematic diagram showing the extent of the four linear respo
regimes in normalized viscosity,P, versus normalized ‘‘slip frequency,’’Q,
space. The four regimes are thevisco-resistiveregime~VR!, the resistive-
inertial regime~RI!, the visco-inertial regime~VI !, and theinertial regime
~I!.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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where the normalized viscous torque takes the form

dT̂f VS5Q02Q, ~36!

and the normalized electromagnetic torque is written

dT̂f EM52
Im~D̂21!

2P1/3R5 ĵs
2. ~37!

The electromagnetic torque takes the form

dT̂f EM50.2376P22/3Q21R25ĵs
2 ~38!

in the visco-resistiveregime,

dT̂f EM50.2175P21/2Q25/4R25ĵs
2 ~39!

in the resistive-inertialregime,

dT̂f EM50.0412P21/4Q1/4R25ĵs
2 ~40!

in the visco-inertial regime, and

dT̂f EM50.1591P21/2QR25ĵs
2 ~41!

in the inertial regime.
In general, the electromagnetic torque~on the ‘‘unrecon-

nected’’ branch of solutions! decreases monotonically wit
increasingQ in the constant-c regimes, and increases mon
tonically with increasingQ in the nonconstant-c regimes.5

The normalized torque attains its minimum value at
boundary between the constant-c and nonconstant-c re-
gimes.

G. Bifurcation analysis

The normalized ‘‘slip frequency,’’Q, is determined
from the crossing point of the normalized viscous torq
curve ~36! and the normalized electromagnetic torque cu
specified in Eqs.~38!–~41!. As the normalized plasma dis
placement,ĵs , is very gradually increased from a smal
value, the crossing point, which initially occurs atQ5Q0 ,
occurs at ever smaller values ofQ ~i.e., the plasma rotation a
the rational surface slows down!. Furthermore, it is easily
demonstrated that the two curves cease to cross above
critical value of the normalized plasma displacement,ĵs

5 ĵc . In fact, as this critical value is exceeded the ‘‘unreco
nected’’ branch of solutions ceases to exist, and the pla
makes a ‘‘downward’’ bifurcation to the ‘‘fully recon-
nected’’ branch of solutions.

In the visco-resistiveregime, the critical value ofQ at
which the ‘‘downward’’ bifurcation takes place isQ0/2 ~i.e.,
the bifurcation takes place when the plasma rotation at
rational surface has been reduced to one half of its valu
the absence of an error-field!. The critical value ofĵs needed
to trigger such a bifurcation is

ĵc51.026P1/3Q0R5/2. ~42!

In the resistive-inertialregime, the critical value ofQ at
which the ‘‘downward’’ bifurcation takes place is (5/9)Q0 .
The critical value ofĵs needed to trigger such a bifurcation

ĵc50.990P1/4Q0
9/8R5/2. ~43!
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In the two nonconstant-c regimes, the critical value ofQ
at which the ‘‘downward’’ bifurcation takes place corre
sponds to that at which the electromagnetic torque attain
minimum value.5 In the high-viscosity limit,P@1, the bifur-
cation takes place whenQ.P21/3, and

ĵc.P1/6Q0
1/2R5/2. ~44!

Likewise, in the low-viscosity limit,P!1, the bifurcation
takes place whenQ.1, and

ĵc.P1/4Q0
1/2R5/2. ~45!

Figure 2 shows the extent of the four linear ‘‘down
ward’’ bifurcation regimes in normalized plasma viscosit
P, versus normalized ‘‘natural frequency,’’Q0 , space. Each
regime is named for the plasma response regime which h
at the point of bifurcation. Thus, in thevisco-resistivere-
gime, ĵc is given by Eq.~42!; in theresistive-inertialregime,
ĵc is given by Eq.~43!; in the visco-inertial regime, ĵc is
given by Eq.~44!; and in theinertial regime,ĵc is given by
Eq. ~45!.

IV. NONLINEAR RESPONSE THEORY

A. Introduction

In Sec. III the critical error-field amplitude (ĵc) required
to trigger a ‘‘downward’’ bifurcation of the plasma state
evaluated in plasma viscosity (P) versus plasma rotation fre
quency (Q0) space, in the limit of low plasma resistivity
i.e., R!1 ~see Fig. 2!. The aim of this section is to exten
the previous analysis to allow for high plasma resistivi
i.e., R@1. This entails calculating thenonlinearresponse of
a rotating tokamak plasma in the vicinity of the rational su
face to a static, resonant, error-field~i.e., the response whe
the width of the magnetic island chain driven by the err
field exceedsthe linear layer width!.

FIG. 2. A schematic diagram showing the extents of the four linear ‘‘dow
ward’’ bifurcation regimes plotted in normalized plasma viscosity,P, versus
normalized plasma rotationQ0 , space. The four regimes are thevisco-
resistiveregime ~VR!, the resistive-inertialregime ~RI!, the visco-inertial
regime~VI !, and theinertial regime~I!.
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B. The Rutherford regime

The nonlinear concomitant of the two linear constanc
regimes discussed in Sec. III is the well-knownRutherford
regime.16,17 In this regime, the constant-c approximation re-
mains valid, so thatc(x,u,f,t).Cs cosz in the vicinity of
the rational surface, whereCs is the ‘‘reconnected magneti
flux,’’ and z5mu2nf2* tv dt is the helical angle. When
this expression for the perturbed magnetic flux,c, is super-
posed on the equilibrium magnetic flux, field-line tracing
the vicinity of the rational surface yields a magnetic isla
chain, centered on the rational surface, whose maxim
width is given by

W54S uCsu
srsBu~r s!

D 1/2

r s . ~46!

The nonlinear evolution equation for the width,W, of the
driven island chain at the rational surface takes
form5,6,16,17

0.8227tR

d

dt S W

r s
D5D812mS Wv

W D 2

cosw[Re~D!.

~47!

Here,Wv is the width of the ‘‘vacuum island’’ chain, which
is obtained by superposing the vacuum error-field on
unperturbed plasma equilibrium. It is easily demonstra
that

Wv54S uCvu
srsBu~r s!

D 1/2

r s . ~48!

The phase anglew(t) is the instantaneous difference in he
cal angle between theO-points of the plasma and vacuu
island chains at the rational surface.

Note that in the nonlinear regime the plasma in the
cinity of the rational surface is required tocorotatewith the
magnetic island, since plasma is trapped inside the magn
separatrix, whereas in the linear regime the plasma at
rational surface is able to flow with respect to the magne
perturbation.5,6 Thus, in the nonlinear regime there is a ‘‘n
slip’’ condition which relates the instantaneous rotation f
quency,v(t), of the magnetic island chain to the plasm
rotation frequency at the rational surface@see Eq.~13!#:

v[
dw

dt
5v02nDVf s . ~49!

Here, it is assumed that plasma flow in the poloidal direct
is strongly damped.

On the ‘‘unreconnected’’ branch of solutionsuDu
@(2D8), so the first term on the right-hand side of E
~47! is negligible. Furthermore, it is reasonable to assu
that the island rotation is essentially uniform~i.e., v is con-
stant in time!. This assumption is justified later on. In th
limit, therefore, the island evolution equation~47! can be
integrated to give

W~ t !.W0usin vtu1/3, ~50!

where
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W051.939m1/3S Wv
2/r s

2

vtR
D 1/3

r s . ~51!

Note that in writing Eq.~50! a constant of integration ha
been chosen so as to ensure that islands are ‘‘born’’ in ph
with the error-field~i.e., w50 when W50!. The solution
~50! is sketched in Fig. 3.

It can be seen from Fig. 3 that driven magnetic islan
are ‘‘born’’ in phase with the error-field~as one would ex-
pect!. However, since the islands are entrained in the plas
flow at the rational surface, they are steadily dragged ou
phase. In fact, the islands attain their maximum width,W0 ,
when they are in phase quadrature with the error-field~i.e.,
whenw5p/2!. Furthermore, the islands shrink back to ze
width by the time they are in antiphase with the error-fie
~i.e., W→0 as w→p!. Immediately after the antiphase is
lands disappear they are ‘‘reborn’’ in phase with the err
field, and the process repeats itselfad infinitum. Note that the
phase difference between the plasma and vacuum island
ways lies in the range 0<w<p ~assuming thatv.0!.

Recall, from Sec. III, that in thelinear regime the recon-
nected magnetic flux driven by a static error-field in
steadily rotating plasma is small~i.e., much smaller than the
‘‘fully reconnected’’ flux!, but steadyin time. In fact, the
phase-shift,w, between the magnetic perturbation at the
tional surface and the error-field is constant. It is clear, fr
the above, that in thenonlinearregime the amount of recon
nected magnetic fluxvaries periodicallyin time, as does the
phase shift between the magnetic perturbation at the rati
surface and the error-field. This is a direct consequence
the fact that in the nonlinear regime magnetic islands
‘‘stuck’’ to the plasma~i.e., the plasma cannot flow throug
them!. Hence, if the plasma at the rational surface rota
with respect to the static error-field, the driven magnetic
lands must also rotate.

FIG. 3. A schematic diagram showing the time variation of the phasew
~relative to the error-field!, and width, W, of the magnetic island chain
driven by a static error-field in a uniformly rotating plasma.
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The toroidal electromagnetic torque acting in the vicin
of the rational surface can be written@see Eq.~10!#

dTf EM.2
8p2nm2R0

m0
Im~D21!uCvu2. ~52!

where in the nonlinear regime5,6

Im~D21!52
1

2m S W

Wv
D 2

sin w. ~53!

It follows from Eq. ~50! and Fig. 3 that in theRutherford
regime

Im~D21!52
1

2m S W0

Wv
D 2

usin vtu5/3. ~54!

It is clear from Eqs.~52! and ~54! that in the nonlinear re-
gime the electromagnetic torque acting in the vicinity of t
rational surfacepulsatesin time. This behavior is in marked
contrast to that found in the linear regime, where the elec
magnetic torque is alwaysconstantin time.

In the following, it is assumed that the plasma is su
ciently viscous that it only responds to thesteadycomponent
of the pulsating electromagnetic torque exerted in the vic
ity of the rational surface. This is equivalent to the assum
tion that the plasma close to the rational surface rotatesuni-
formly. This assumption is justified later on. The stea
component of Eq.~54! is written

Im~D21!52
0.5356

2m S W0

Wv
D 2

, ~55!

since

1

p E
0

p

~sin w!5/3 dw50.5356. ~56!

The time-averaged, normalized electromagnetic tor
acting in the vicinity of the rational surface takes the form

dT̂f EM50.2517P25/9Q22/3R25ĵs
5/3, ~57!

where use has been made of Eqs.~20!, ~26!, ~27!, ~37!, ~48!,
~51!, and~55!. When this torque is balanced against the n
malized viscous torque@see Eq.~36!#,

dT̂f VS5Q02Q, ~58!

it is easily demonstrated that the ‘‘downward’’ bifurcatio
takes place whenQ5(2/5)Q0 ~i.e., when the plasma rotatio
at the rational surface has been reduced to 2/5 of its valu
the absence of an error-field!. The critical value ofĵs needed
to trigger such a bifurcation is

ĵc51.167P1/3Q0R3. ~59!

The peak normalized width of the driven magnetic isla
chain at the point of bifurcation is given by

Ŵc55.541R. ~60!

The nonlinear theory presented above is only valid wh
the width of the magnetic island chain driven at the ratio
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surface exceeds the linear layer width. The ratio of the p
island width at the bifurcation point to thevisco-resistive
layer width is

Ŵc

d̂VR

;R, ~61!

where use has been made of Eqs.~28b! and ~60!. It follows
that the plasma resistivity parameterR @defined in Eq.~24!#
can be used as a measure of nonlinearity. IfR!1, then the
plasma is sufficiently conductive to ensure that the driv
magnetic island width is much less than the linear la
width, in which case linear response theory is valid. On
other hand, ifR@1, then the driven magnetic island width
much greater than the linear layer width, so that nonlin
response theory is valid. The ratio of the peak island width
the bifurcation point to theresistive-inertiallayer width is

Ŵc

d̂RI

;P1/6Q0
21/4R, ~62!

where use has been made of Eq.~29b!.
The theory presented above depends crucially on the

lidity of the constant-c approximation. This approximation
breaks down when

D
W

r s
*1. ~63!

It is easily demonstrated that

D
Wc

r s
;3.369P1/3Q0R2 ~64!

at the point of bifurcation. Hence, the constant-c approxima-
tion is valid provided that

Q0!P21/3R22. ~65!

Finally, the theory presented above is premised on
assumption that the plasma in the vicinity of the ration
surface rotates uniformly, despite the fact that it is subjec
a time-varying electromagnetic torque. As is easily dem
strated, this is a reasonable approximation provided that6

Av0tV@1, ~66!

as is likely to be the case in all conventional tokamak pl
mas.

C. The Waelbroeck regime

It is easily shown that in theRutherfordregime

D
W

r s
;

js

W
. ~67!

It follows that this nonlinear constant-c regime ~which is
only valid when DW/r s!1! corresponds to the limit in
which the ideal plasma displacement at the rational surfa
js , is much less than the island width,W. The opposite limit,

js*W, ~68!
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in which the displacement exceeds the island width and
constant-c approximation breaks down, has been inves
gated extensively by Waelbroeck.18–20

The radial plasma displacementj(x)52c(x)/
sBu(r s)x can be split into components which are even a
odd ~in x! across the rational surface. The even componen
trivial: j(x)5js/2. The odd component has the asympto
form

j~x!→
1

2 S sgn~x!js1
j0

x D ~69!

at the edge of the island chain. Here,j0 is related to the
parameterCs , defined in Eq.~19a!, via

Cs52
sBu~r s!j0

2
. ~70!

Furthermore, the quantityD, which parametrizes the re
sponse of the island chain to the error-field, is given by

D5
2js

j0
. ~71!

Ideal force balance in the island region yields

¹2c5I ~c!. ~72!

According to Waelbroeck,

cs;IW2, ~73!

and

j0

r s
;

Ics

@Bu~r s!#
2 ;

I 2W2

@Bu~r s!#
2 . ~74!

Here,cs is the true reconnected magnetic flux~i.e., the mag-
netic flux trapped inside the island separatrix!, I is the typical
value of I (c) within the separatrix, andW is the typical
radial extent of the reconnected region.

Suppose that the typical plasma current density ins
the island chain isa times the local equilibrium current den
sity, so that

I;a
Bu~r s!

r s
. ~75!

It follows from Eqs.~71!, ~73!, and~74! that

j0

r s
;a2

W2

r s
2 , ~76!

and

D;
~js /r s!

a2~W/r s!
2 . ~77!

In this paper, it is postulated that

D
W

r s
;1 ~78!

in the Waelbroeckregime. There are two main justification
for this assumption. The first is by analogy with the line
regime, where it is found thatDds /r s;1 in all
nonconstant-c regimes~see Sec. III E!. The second is tha
only by adopting Eq.~78! is it possible to smoothly match
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the Waelbroeckregime to theinertial and visco-inertial re-
gimes at high ‘‘slip frequency’’~see Sec. IV E!.

Equations~77! and ~78! yield

a5Ajs

W
. ~79!

It follows that in theWaelbroeckregime the plasma curren
density inside the driven magnetic island chain is gener
much larger than the local equilibrium plasma current d
sity. Furthermore, it is easily demonstrated that

D21;
W

r s
, ~80a!

cs;r sBu~r s!S js

r s
D 1/2S W

r s
D 3/2

, ~80b!

cs5AW

js
Cs . ~80c!

According to Eq.~80c!, the true reconnected flux,cs , is
generally much less than the parameterCs in the Wael-
broeck regime. By contrast,cs5Cs in the Rutherford re-
gime.

Note that, although the current density inside the isla
separatrix exceeds the local equilibrium current density
the Waelbroeckregime, most of the current flowing in th
vicinity of the rational surface flows in a thin sheet center
on the separatrix. In fact, it is easily demonstrated that
fraction of the total current flowing inside the separatrix,
opposed to in the current sheet, is

f ;AW

js
. ~81!

Recall that in the nonlinear regime the plasma in t
vicinity of the rational surface is required tocorotatewith
the magnetic island chain, since plasma is trapped inside
magnetic separatrix. Moreover, it is safe to assume that
plasma close to the rational surface rotatesuniformly, pro-
vided that the inequality~66! is satisfied~as is likely to be
the case in all conventional tokamak plasmas6!. It follows
that the helical phase-shift,w(t), between theO-points of the
plasma and vacuum island chains increaseslinearly with
time. In other words,

w5vt, ~82!

wherev is the ‘‘slip frequency.’’ The expected time varia
tion of the phase shift,w, and the width,W, of the driven
magnetic island chain in theWaelbroeckregime is similar to
that sketched in Fig. 3. The driven magnetic islands
‘‘born’’ in phase with the error-field, but are steadily dragge
out of phase by the rotating plasma at the rational surfa
The islands attain their maximum width,W0 , when they are
approximately in phase quadrature with the error-field. T
islands shrink back to zero width by the time they are
antiphase with the error-field. Immediately after the a
tiphase islands disappear they are ‘‘reborn’’ in phase w
the error-field, and the process repeats itselfad infinitum.
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There is, unfortunately, no equivalent to the Rutherfo
island evolution equation,~47!, in the Waelbroeckregime.
The best one can do is to estimate the peak reconnected
cs , using theSweet–Parker model, which allows one to
make a crude prediction of the rate of magnetic reconnect
ċs , when the helical phase-shift between the plasma
vacuum islands,w, is zero. The estimate for the peak reco
nected flux is then simply

cs;v21ċs . ~83!

The Sweet–Parker prediction for the reconnection rat
the Waelbroeckregime is21–23

ċs;r sBu~r s!
~js /r s!

3/2

tH
1/2tR

1/2~11tR /tV!1/4. ~84!

It follows from Eq. ~83! that the peak reconnected flux
given by

cs;r sBu~r s!
~js /r s!

3/2

vtH
1/2tR

1/2~11tR /tV!1/4. ~85!

Finally, according to Eq.~80b!, the peak magnetic islan
width, W0 , can be written

W0;
~js /r s!

2/3

v2/3tH
1/3tR

1/3~11tR /tV!1/6
r s . ~86!

As in theRutherfordregime, in theWaelbroeckregime
the electromagnetic torque acting in the vicinity of the rat
nal surfacepulsatesin time. However, provided the inequa
ity ~66! is satisfied, the plasma is sufficiently viscous tha
only responds to thesteadycomponent of the torque. Ac
cording to Eqs.~37! and ~80a!, the normalized, steady com
ponent of the electromagnetic torque acting in the vicinity
the rational surface is given by

dT̂f EM;P21/3R25Ŵ0ĵs
2. ~87!

Note that the electromagnetic torque in theWaelbroeckre-
gime can only be evaluated to within an unknown, positi
O(1) ~hopefully!!, multiplicative constant, because of th
essentially heuristic nature of the Sweet–Parker model.

Equations~86! and ~87! can be combined to give th
following expression for the normalized electromagne
torque acting in the vicinity of the rational surface:

dT̂f EM;P27/18~11P!21/6Q22/3R25ĵs
8/3. ~88!

When this torque is balanced against the normalized visc
torque @see Eq.~36!#, it is easily demonstrated that th
‘‘downward’’ bifurcation takes place whenQ5(2/5)Q0

~i.e., when the plasma rotation at the rational surface
been reduced to 2/5 of its value in the absence of an er
field!. The critical value ofĵs needed to trigger such a bifur
cation is

ĵc;P7/48~11P!1/16Q0
5/8R15/8. ~89!

Note that this result differs from that of Bhattacharjee a
co-workers, who assumed thatcs;Cs in the nonlinear
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nonconstant-c regime.8 The peak normalized width of the
driven magnetic island chain at the point of bifurcation
given by

Ŵc;P1/24~11P!21/8Q0
21/4R5/4. ~90!

The theory presented above depends crucially on
breakdown of the constant-c approximation. According to
Eq. ~68!, the constant-c approximation breaks down at th
bifurcation point whenever

ĵc*Ŵc . ~91!

It follows from Eqs.~89! and ~90! that theWaelbroeckre-
gime holds as long as

Q0*P25/42~11P!23/14R25/7. ~92!

D. The transition regime

According to Eqs.~65! and ~92!, in the nonlinear limit
the Rutherfordregime holds wheneverQ0,Qa , where

Qa;P21/3R22, ~93!

and theWaelbroeckregime holds wheneverQ0.Qb , where

Qb;P25/42~11P!23/14R25/7. ~94!

It is easily seen thatQb.Qa for

R.Rc5~11P21!1/6. ~95!

It turns out thatR,Rc corresponds to the linear limit. Thus
in the nonlinear limit~i.e., R.Rc! there is a ‘‘transition re-
gime,’’ linking the Rutherford and Waelbroeckregimes,
which extends over the range of normalized plasma rota
frequenciesQa&Q0&Qb .

The transitionregime exists because the rate of magne
reconnection in theWaelbroeckregime is far larger than tha
in the Rutherford regime, so if the reconnection rate is
vary continuously with the normalized plasma rotation fr
quency,Q0 , as seems reasonable, then there needs to b
intermediate regime, linking theRutherfordandWaelbroeck
regimes, in which the reconnection rate gradually acceler
from the typicalRutherfordrate to the typicalWaelbroeck
rate.

In the Rutherfordregime, the plasma displacement,js ,
is much less than the island width,W, the parametera @i.e.,
the ratio of the typical helical current density inside the
land chain to the local equilibrium current density: see E
~75!# is much less than unity, the typical plasma veloc
associated with magnetic reconnection isv* ;vr s , and the
width of the reconnecting region is the island width,W. By
contrast, in theWaelbroeckregime, the plasma displacemen
js , is much greater than the island width,W; the parametera
is much greater than unity@see Eq.~79!#; the typical plasma
velocity associated with magnetic reconnection is

v* ;
r s

tH
~11tR /tV!21/2

js

r s
~96!

~this is the exit velocity of plasma from the Sweet–Park
layer23!; and the width of the reconnecting region is
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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d;AtH

tR
~11tR /tV!1/4Ar s

js
r s ~97!

~this is the width of the Sweet–Parker layer23!.
It is plausible that in thetransition regime

js;W ~98!

~i.e., the plasma displacement is of order the island wid
which implies that thetransition regime is a nonconstant-c
regime!, and

a;1 ~99!

~i.e., the helical current density inside the island is of ord
the local equilibrium current density!. It follows from Eq.
~77! that

D
W

r s
;1 ~100!

in the transition region. This is a particular case of wh
appears to be a more general rule. Namely,Dds /r s;1 in all
linear nonconstant-c regimes~where ds is the linear layer
width!, and DW/r s;1 in all nonlinear nonconstant-c re-
gimes~whereW is the island width!.

Suppose that the typical plasma velocity associated w
magnetic reconnection in thetransition regime is

v* ;b
r s

tH
~11tR /tV!21/2

js

r s
~101!

~this is the exit velocity of plasma from the modified Swee
Parker layer!, whereb<1. Using similar arguments to thos
employed by Parket al.,23 the width of the reconnecting re
gion is

d;
1

Ab
AtH

tR
~11tR /tV!1/4Ar s

js
r s ~102!

~this is the width of the modified Sweet–Parker layer!, and
the reconnection rate is given by

ċs;r sBu~r s!
Ab

tH
1/2tR

1/2~11tR /tV!1/4 S js

r s
D 3/2

. ~103!

Thus, in thetransition regime the plasma velocity associat
with magnetic reconnection is less than that in theWaelbro-
eck regime. Consequently, the width of the reconnecting
gion is greater than that in theWaelbroeckregime, and the
reconnection rate is reduced.

As in the Rutherfordand Waelbroeckregimes, in the
transition regime the reconnected magnetic flux pulsates
the slip frequency,v. It follows that the peak reconnecte
flux is given by@see Eq.~83!#

cs;v21ċs;r sBu~r s!
Ab

vtH
1/2tR

1/2~11tR /tV!1/4 S js

r s
D 3/2

.

~104!

According to Eq.~80b!, the peak magnetic island width,W0 ,
can be written

W0;
b1/3

@vtH
1/2tR

1/2~11tR /tV!1/4#2/3 S js

r s
D 2/3

r s . ~105!
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Now, js;W0 in the transition region@see Eq.~98!#. Hence,
the above expression yields

b;@vtH
1/2tR

1/2~11tR /tV!1/4#2
js

r s
, ~106a!

v* ;r sv
2tRS js

r s
D 2

, ~106b!

d

W0
;

1

vtR
S r s

js
D 2

, ~106c!

where use has been made of Eqs.~101! and ~102!.
As before, the electromagnetic torque acting in the

cinity of the rational surfacepulsatesin time. However, the
plasma is assumed to be sufficiently viscous that it only
sponds to the steady component of this torque. Accordin
Eqs.~37!, ~98!, and~100!, the normalized, steady compone
of the electromagnetic torque acting in the vicinity of th
rational surface is given by

dT̂f EM;P21/3R25ĵs
3. ~107!

Note that the torque is independent of the normalized plas
rotation frequency,Q0 , at constant normalized error-fiel
strength,ĵs . When this torque is balanced against the n
malized viscous torque@see Eq.~36!#, it is easily demon-
strated that the ‘‘downward’’ bifurcation takes place atQ
;Qa ~i.e., when the plasma rotation at the rational surfa
has been reduced to such a level that the plasma is just a
to leave thetransition regime and enter theRutherfordre-
gime!. The critical value ofjs needed to trigger such a b
furcation ~assuming thatQa!Q0! is

ĵc;P1/9Q0
1/3R5/3. ~108!

Sincejs;W0 in the transition regime, the peak normalize
width of the driven magnetic island chain at the point
bifurcation is

Ŵc;P1/9Q0
1/3R5/3. ~109!

In the transition regime, the width of the reconnectin
region can be less than the island width~corresponding to the
presence of a Sweet–Parker-like reconnecting layer!, but it
cannot be greater than the island width. The inequality

d,W0 ~110!

reduces to

Q0.Qa;P21/3R22, ~111!

with the aid of Eqs.~106c! and ~108!. In fact, asQ0→Qa ,
the plasma velocity associated with reconnection, the wi
of the reconnecting region, and the rate of reconnection
the transition regime all asymptote smoothly to the valu
appropriate to theRutherfordregime.

In the transition regime, the velocity associated with re
connection cannot exceed that in theWaelbroeckregime
~since this velocity is an upper limit!. The inequality

b,1 ~112!

reduces to
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Q0,Qb;P25/42~11P!23/14R25/7, ~113!

with the aid of Eqs.~106a! and ~108!. In fact, asQ0→Qb ,
the plasma velocity associated with reconnection, the w
of the reconnecting region, and the rate of reconnection
the transition regime all asymptote smoothly to the valu
appropriate to theWaelbroeckregime.

E. The non-reconnecting regimes

As the plasma resistivity parameter,R, increases, the
amount of driven magnetic reconnection also increases,
the linear constant-c plasma response regimes discussed
Sec. III eventually merge into theRutherford regime ~see
Sect. IV B!. The upper boundary of the linear constantc
regime~in R! corresponds to the point at which the width
the reconnected region~i.e., the width of the driven island
chain! becomes comparable with the linear layer width at
rational surface. Note, however, that the linear no
constant-c regimes discussed in Sec. III are no
reconnecting~i.e., there is no driven magnetic reconnecti
in these regimes!, so the width of the reconnected region
alwayszero in these regimes. It follows that, unlike the lin
ear constant-c regimes, there is no reason why the line
nonconstant-c regimes should become invalid in the hig
resistivity limit, R@1.

One expects the linear nonconstant-c regimes to hold in
the high resistivity limit,R@1, whenever the linear laye
width associated with these regimesexceedsthe magnetic
island width predicted by the nonlinear nonconstant-c re-
gimes. The normalized linear layer width in thevisco-inertial
regime is given by@see Eq.~30b!#

d̂VI;P1/12Q0
1/4, ~114!

assumingQ;Q0 . This width exceeds the typical width o
the driven magnetic island chain in theWaelbroeckregime,
given by Eq.~90!, when

Q0.Qc;P21/12~11P!21/4R5/2. ~115!

The normalized linear layer width in theinertial regime is
given by @see Eq.~31b!#

d̂ I;P21/6Q0 , ~116!

assumingQ;Q0 . This width exceeds the typical width o
the driven magnetic island chain in theWaelbroeckregime
when

Q0.Qc;P1/6~11P!21/10R. ~117!

Thus, theWaelbroeckregime extends over the range of no
malized plasma rotation frequenciesQb,Q0,Qc , where
Qb is given by Eq.~94!, and Qc is the lowest of the two
frequencies specified in Eqs.~115! and ~117!.

The normalized electromagnetic torque acting in the
cinity of the rational surface in thevisco-inertial regime is
given by @see Eq.~40!#

dT̂f EM;P21/4Q1/4R25ĵs
2. ~118!

When this torque is balanced against the normalized visc
torque @see Eq.~36!#, it is easily demonstrated that th
‘‘downward’’ bifurcation takes place whenQ0;Qc ~i.e.,
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when the plasma rotation at the rational surface has b
reduced to such a level that the plasma is just about to le
the visco-inertial regime and enter theWaelbroeckregime!.
The critical value ofĵs needed to trigger such a bifurcation

ĵc;P1/6~11P21!1/32Q0
1/2R35/16. ~119!

The typical normalized linear layer width at the bifurcatio
point is

d̂c;~11P21!21/16R5/8, ~120!

where use has been made of Eqs.~30b! and ~115!.
The normalized electromagnetic torque acting in the

cinity of the rational surface in theinertial regime is given
by @see Eq.~41!#

dT̂f EM;P21/2QR25ĵs
2. ~121!

When this torque is balanced against the normalized visc
torque @see Eq.~36!#, it is easily demonstrated that th
‘‘downward’’ bifurcation takes place whenQ0;Qc ~i.e.,
when the plasma rotation at the rational surface has b
reduced to such a level that the plasma is just about to le
the inertial regime and enter theWaelbroeckregime!. The
critical value ofĵs needed to trigger such a bifurcation is

ĵc;P1/6~11P!1/20Q0
1/2R2. ~122!

The typical normalized linear layer width at the bifurcatio
point is

d̂c;~11P!21/10R, ~123!

where use has been made of Eqs.~31b! and ~117!.

F. The ‘‘downward’’ bifurcation

It is now possible to present afully comprehensive
theorydescribing the ‘‘downward’’ bifurcation of a rotating
tokamak plasma interacting with a static, resonant err
field: i.e., the error-field-induced bifurcation from the ‘‘unre
connected’’ state, in which the plasma at the rational surf
rotates with respect to the error-field and there is compa
tively little driven magnetic reconnection, to the ‘‘fully re
connected’’ state, in which the plasma rotation at the ratio
surface is arrested and driven reconnection proceeds wit
hindrance.

Figure 4 shows the extents of the various plasma
sponse regimes for the ‘‘downward’’ bifurcation plotted
normalized plasma resistivity,R, versus normalized plasm
rotation, Q0 , space, in the limit of high plasma viscosity
P@1. There aresevendifferent regimes. Namely, thevisco-
resistiveregime~VR!, the Rutherfordregime~R!, the tran-
sition regime ~T!, the Waelbroeckregime ~W!, the inertial
regime ~I!, the high-resistivity visco-inertialregime (VI1),
and the low-resistivity visco-inertial regime (VI2). The
visco-resistiveand low-resistivity visco-inertialregimes are
identical to thevisco-resistive~VR! and visco-inertial ~VI !
regimes shown in Fig. 2. In fact, Fig. 2 can be regarded
the low resistivity~i.e., R!1! limit of Fig. 4.

In the visco-resistiveregime, the critical error-field am
plitude needed to trigger a ‘‘downward’’ bifurcation, and th
linear layer width at the bifurcation point, are given by
license or copyright, see http://pop.aip.org/pop/copyright.jsp



e
y

-

e
y

r

r-
re

-
-

re-
in
a

n n-

y

3337Phys. Plasmas, Vol. 5, No. 9, September 1998 Richard Fitzpatrick
ĵc;P1/3Q0R5/2, ~124a!

d̂c;1, ~124b!

respectively.
In the Rutherfordregime, the critical error-field ampli-

tude needed to trigger a ‘‘downward’’ bifurcation, and th
magnetic island width at the bifurcation point, are given b

ĵc;P1/3Q0R3, ~125a!

Ŵc;R, ~125b!

respectively.
In the transition regime, the critical error-field amplitude

needed to trigger a ‘‘downward’’ bifurcation, and the mag
netic island width at the bifurcation point, are given by

ĵc;P1/9Q0
1/3R5/3, ~126a!

Ŵc;P1/9Q0
1/3R5/3, ~126b!

respectively.
In the Waelbroeckregime, the critical error-field ampli-

tude needed to trigger a ‘‘downward’’ bifurcation, and th
magnetic island width at the bifurcation point, are given b

ĵc;P5/24Q0
5/8R15/8, ~127a!

Ŵc;P21/12Q0
21/4R5/4, ~127b!

respectively.
In the inertial regime, the critical error-field amplitude

needed to trigger a ‘‘downward’’ bifurcation, and the linea
layer width at the bifurcation point, are given by

FIG. 4. A schematic diagram showing the extents of the various ‘‘dow
ward’’ bifurcation regimes plotted in normalized plasma resistivity,R, ver-
sus normalized plasma rotation,Q0 , space, in the high-plasma-viscosity
limit, P@1. The seven regimes are thevisco-resistiveregime ~VR!, the
Rutherfordregime ~R!, the transition regime ~T!, the Waelbroeckregime
~W!, the inertial regime~I!, thehigh-resistivity visco-inertialregime (VI1),
and thelow-resistivity visco-inertialregime (VI2).
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
ĵc;P13/60Q0
1/2R2, ~128a!

d̂c;P21/10R, ~128b!

respectively.
In the high-resistivity visco-inertialregime, the critical

error-field amplitude needed to trigger a ‘‘downward’’ bifu
cation, and the linear layer width at the bifurcation point, a
given by

ĵc;P1/6Q0
1/2R35/16, ~129a!

d̂c;R5/8, ~129b!

respectively.
Finally, in the low-resistivity visco-inertialregime, the

critical error-field amplitude needed to trigger a ‘‘down
ward’’ bifurcation, and the linear layer width at the bifurca
tion point, are given by

ĵc;P1/6Q0
1/2R5/2, ~130a!

d̂c;1, ~130b!

respectively.
Figure 5 shows the extents of the various plasma

sponse regimes for the ‘‘downward’’ bifurcation plotted
normalized plasma resistivity,R, versus normalized plasm
rotation,Q0 , space, in the limit of low plasma viscosity,P
!1. There aresevendifferent regimes. Namely, thevisco-
resistiveregime~VR!, the resistive-inertialregime~RI!, the
Rutherfordregime~R!, the transition regime~T!, the Wael-
broeckregime~W!, thehigh-resistivity inertialregime (I1),
and the low-resistivity inertial regime (I2). The visco-
resistive, resistive-inertial, and low-resistivity inertial re-

-FIG. 5. A schematic diagram showing the extents of the various ‘‘dow
ward’’ bifurcation regimes plotted in normalized plasma resistivity,R, ver-
sus normalized plasma rotation,Q0 , space, in the low-plasma-viscosit
limit, P!1. The seven regimes are thevisco-resistiveregime ~VR!, the
resistive-inertialregime~RI!, the Rutherfordregime~R!, the transition re-
gime ~T!, the Waelbroeckregime ~W!, the high-resistivity inertialregime
(I1), and thelow-resistivity inertialregime (I2).
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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gimes are identical to thevisco-resistive~VR!, resistive-
inertial ~RI!, andinertial ~I! regimes shown in Fig. 2. In fact
Fig. 2 can be regarded as the low resistivity~i.e.,R!1! limit
of Fig. 5.

In the visco-resistiveregime, the critical error-field am
plitude needed to trigger a ‘‘downward’’ bifurcation, and th
linear layer width at the bifurcation point, are given by Eq
~124!.

In the resistive-inertial regime, the critical error-field
amplitude needed to trigger a ‘‘downward’’ bifurcation, an
the linear layer width at the bifurcation point, are given b

ĵc;P1/4Q0
9/8R5/2, ~131a!

d̂c;P21/6Q0
1/4, ~131b!

respectively.
In the Rutherfordregime, the critical error-field ampli

tude needed to trigger a ‘‘downward’’ bifurcation, and th
magnetic island width at the bifurcation point, are given
Eqs.~125!.

In the transition regime, the critical error-field amplitud
needed to trigger a ‘‘downward’’ bifurcation, and the ma
netic island width at the bifurcation point, are given by Eq
~126!.

In the Waelbroeckregime, the critical error-field ampli
tude needed to trigger a ‘‘downward’’ bifurcation, and th
magnetic island width at the bifurcation point, are given

ĵc;P7/48Q0
5/8R15/8, ~132a!

Ŵc;P1/24Q0
21/4R5/4, ~132b!

respectively.
In the high-resistivity inertialregime, the critical error-

field amplitude needed to trigger a ‘‘downward’’ bifurcatio
and the linear layer width at the bifurcation point, are giv
by

ĵc;P1/6Q0
1/2R2, ~133a!

d̂c;R, ~133b!

respectively.
Finally, in thelow-resistivity inertialregime, the critical

error-field amplitude needed to trigger a ‘‘downward’’ bifu
cation, and the linear layer width at the bifurcation point, a
given by

ĵc;P1/4Q0
1/2R5/2, ~134a!

d̂c;P21/6, ~134b!

respectively.
Note that the critical error-field amplitude,ĵc , and the

layer/island width at the bifurcation point,d̂c /Ŵc , both vary
continuouslyfrom one regime to another.

The Rutherford, transition, andWaelbroeckregimes are
all nonlinear response regimes. The remaining regimes
all linear response regimes.

The visco-resistive, resistive-inertial, andRutherfordre-
gimes are allconstant-c regimes: i.e.,cs /Cs51, wherecs

is the true reconnected magnetic flux, andCs is the flux at
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
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the edge of the layer/island@see Eqs.~19!#. The transition
and Waelbroeckregimes are bothnonconstant-c regimes:
i.e., cs /Cs!1. The remaining regimes are allnon-
reconnectingregimes: i.e.,cs /Cs→0.

The ideal plasma displacement at the bifurcation po
ĵc , is much less than the corresponding layer/island wid
d̂c /Ŵc , in the three constant-c regimes. The ideal displace
ment at the bifurcation point is similar to the island width
the transition regime. The ideal displacement at the bifurc
tion point can be either larger or smaller than the layer wi
in the low-resistivity visco-resistiveand low-resistivity iner-
tial regimes. Finally, the ideal displacement at the bifurc
tion point is much larger than the corresponding layer/isla
width in all of the remaining regimes.

G. The ‘‘upward’’ bifurcation

Consider the ‘‘upward’’ bifurcation of a rotating toka
mak plasma interacting with a static, resonant error-fie
i.e., the error-field-induced bifurcation from the ‘‘fully re
connected’’ state, in which the plasma rotation at the ratio
surface is arrested and driven magnetic reconnection
ceeds without hindrance, to the ‘‘unreconnected’’ state,
which the plasma at the rational surface rotates with resp
to the error-field and there is comparatively little driven r
connection.

The ‘‘upward’’ bifurcation depends solely on the prop
erties of the ‘‘fully reconnected’’ plasma state, in whic
there is no plasma rotation at the rational surface~i.e., the
‘‘slip frequency,’’ v, is zero!, and uDu;(2D8);O(1). In
this state, the amount of driven magnetic reconnection
proaches close to the theoretical maximum value, lead
inevitably to the formation of a locked Rutherford islan
chain at the rational surface. It is easily demonstrated, fr
the analysis of Sec. IV B, that the steady-state width of t
locked island chain is given by

W5A2m cosw

2D8
Wv , ~135!

whereWv is the width of the ‘‘vacuum island’’ chain, andw
is thesteadyhelical phase shift between theO-points of the
plasma and vacuum island chains. Thesteadyelectromag-
netic torque exerted in the vicinity of the rational surfa
takes the form

dTf EM5
4p2nm2R0

m0~2D8!
uCvu2 sin 2w, ~136!

whereCv is the ‘‘vacuum flux.’’
When written in normalized form, the above electroma

netic torque reduces to

dT̂f EM5
~2D8!21

4
P21/2R25S1/3ĵs

2 sin 2w, ~137!

where

S5
tR

tH
~138!
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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is the Lundquist number of the plasma. When this torque
balanced against the normalized viscous torque, which ta
the form

dT̂f VS5Q0 ~139!

for a locked island chain, it is easily demonstrated that
bifurcation to the ‘‘unreconnected’’ branch of solutions tak
place when the helical phase shift,w, between the plasma
and vacuum islands exceeds a critical value of 45°.6 The
critical value ofĵs below which this bifurcation takes plac
is

ĵc52~2D8!1/2P1/4Q0
1/2R5/2S21/6. ~140!

The normalized width of the driven island chain at the bifu
cation point is

Ŵc54.757~2D8!21/4P1/24Q0
1/4R5/4S1/12. ~141!

Broadly speaking, the nondimensional parametersP,
Q0 , and R are O(1) in conventional tokamak plasma
whereas the parameterS is much greater than unity~see Sec.
V!. It follows from a comparison of Eqs.~124!–~134! and
Eqs. ~140! and ~141! that the critical error-field amplitude
needed to trigger a ‘‘downward’’ bifurcation of the plasma
significantly larger than the critical amplitude needed to tr
ger an ‘‘upward’’ bifurcation: i.e., there is a significant ‘‘hys
teresis’’ effect associated with error-field-driven magnetic
connection. Furthermore, the typical magnetic island wi
in the ‘‘fully reconnected’’ plasma state is significant
larger than the layer/island width in the ‘‘unreconnecte
state.

V. APPLICATION TO EXPERIMENTS

A. Plasma rotation

Tokamak plasmas rotate for many different reaso
Some tokamaks are heated by unbalanced neutral beam
jection ~NBI!, in which high energy~e.g., 75 keV! neutral
particles are injected into the plasma preferentially in o
toroidal direction. Although this is primarily a heatin
scheme, it gives rise to bulk toroidal plasma rotation w
velocities typically in excess of 10 km s21.24,25 In ohmically
heated tokamaks, where there is little or no bulk plasma
tation, the ‘‘natural frequencies’’ of tearing modes are s
nonzero because of plasma diamagnetism. In fact, tea
modes in ohmically heated tokamaks are observed to ro
in the electron direction~i.e., in the same sense as the ele
trons which carry the equilibrium toroidal current! with ve-
locities which are of order the electron diamagne
velocity.26 Thus, a good estimate for the ‘‘natural fre
quency’’ of a tearing mode in an ohmic tokamak is

v0;
mTe~r s!~hne

1hTe
!

eBfr s
2 , ~142!

whereTe is the electron temperature,ne is the electron num-
ber density,hne

52(d ln ne/d ln r)rs
, and hTe

52(d ln Te/
d ln r)rs

. Note that the ‘‘natural frequencies’’ of tearin
modes in NBI-heated plasmas are generally, at least, an o
of magnitude higher than the above estimate.
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Note, from Eq.~142!, that v0}Te /(Bf a2) for similar
ohmic plasma discharges in different devices. This sugg
that the ‘‘natural frequencies’’ of tearing modes in ohmica
heated tokamaks arestrongly decreasingfunctions of the di-
mensions of the device~the variation ofTe /Bf with machine
size is relatively weak!. Now, in all plasma response regime
mentioned in Sec. IV, the critical error-field needed to trigg
a ‘‘downward’’ bifurcation of the plasma state, and, thereb
enable error-field-driven magnetic reconnection, is anin-
creasingfunction of the ‘‘natural frequency,’’v0 . It follows
that large ohmically heated tokamaks are likely to befar
more susceptibleto error-field-driven reconnection, and th
associated degradation of plasma confinement, than sma
kamaks.

B. Scaling of the critical error-field with machine size

The aim of this section is to estimate the criticalm
52/n51 error-field amplitude required to induce a ‘‘down
ward’’ bifurcation of the plasma state in a low densit
ohmic target plasma as a function of machine size. Cons
the family of JET-like ~JET stands for ‘‘Joint European
Torus’’! tokamaks for which

a50.35R0 , ~143!

and

Bf51.38R0
0.7, ~144!

Broadly speaking, most modern tokamaks of conventio
design are members of this family~e.g., COMPASS-C,27

DIII-D, 28 and JET29!. The discharge parameters for low de
sity ~i.e., a line-integrated electron number density of
31019 m23! ohmically heated plasmas can be estimated
ing the simple scaling model described in Sect. 8 and A
pendix B of Ref. 6. Table I shows the Lundquist numberS
@defined in Eq.~138!#, the plasma viscosity parameter,P
@defined in Eq.~23!#, the plasma rotation parameter,Q0 @de-
fined in Eq. ~22!#, and the plasma resistivity parameter,R
@defined in Eq.~24!#, estimated as functions of the majo
radius,R0 . Also shown isQa : the critical value ofQ0 above
which the constant-c approximation breaks down in the v

TABLE I. The Lundquist number (S), the plasma viscosity parameter (P),
the plasma rotation parameter (Q0), and the plasma resistivity paramete
(R) estimated as functions of the major radius (R0) for typical low-density,
ohmically heated target plasmas in JET-like tokamaks. Also shown is
critical value, Qa , of the plasma rotation parameter above which t
constant-c approximation breaks down. The final column gives the critic
2,1 vacuum radial error-field at the rotational surface required to trigge
‘‘downward’’ bifurcation of the plasma state as a fraction of the toroid
field-strength.

R0 S P Q0 R Qa br /Bf

0.5 1.63105 1.7 0.42 1.33 0.473 3.231023

1.0 1.43106 2.3 0.33 1.16 0.563 9.231024

1.5 4.83106 2.7 0.28 1.07 0.623 4.531024

2.0 1.23107 3.0 0.25 1.02 0.669 2.731024

2.5 2.43107 3.3 0.23 0.973 0.670 1.831024

3.0 4.13107 3.6 0.22 0.939 0.653 1.331024

8.0 8.83108 5.4 0.15 0.776 0.570 2.531025
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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cinity of the rational surface. It can be seen thatP, Q0 , and
R are O(1) parameters, whereasS@1, in accordance with
the assumption made in Sec. IV G. Note thatP.1, indicat-
ing that the plasma response regime at the rational surfa
determined by Fig. 4. Thus,

Qa5 H P21/3 for R<1
P21/3R22 for R.1. ~145!

The parameterR is effectively a measure of nonlinearity. Fo
R,1, linear response theory is valid, but forR.1, linear
response theory breaks down, and nonlinear response th
takes over. It can be seen from Table I that in small to
maks the response of the plasma to the error-field is non
ear, whereas in large tokamaks the response is linear.
thermore, although the constant-c approximation is on the
verge of breaking down in small tokamaks, it remains a go
approximation in large tokamaks. Thus, the appropriate
sponse regime for the plasma at the rational surface is
Rutherford regime for small tokamaks, and thevisco-
resistiveregime for large tokamaks. In particular, the app
priate response regime for a reactor-sized tokamak~i.e., R0

;8 m! is undoubtedly thevisco-resistiveregime: i.e., the
response is bothlinear andconstant-c.

According to Sec. IV F, the critical normalized erro
field amplitude required to trigger a ‘‘downward’’ bifurca
tion of the plasma state is given by

ĵc5 H P1/3Q0R5/2 for R<1,
P1/3Q0R3 for R.1. ~146!

This critical value can be converted into the conventio
measure of critical error-field strength,br /Bf , wherebr is
the resonant radial component of the error-fieldin vacuoat
the rational surface, via

br

Bf
.

r sP
1/6S21/3ĵc

R0qs
. ~147!

Table I showsbr /Bf calculated as a function ofR0 for typi-
cal low-density, ohmically heated, target plasmas in JET-
tokamaks. It can be seen that the critical error-field am
tude is arapidly decreasingfunction of increasing machine
size. The predicted values ofbr /Bf for COMPASS-C,
DIII-D, and JET-sized plasmas (3.231023, 4.531024, and
1.331024, respectively! lie within a factor of 2 of the ex-
perimental values found in these devices.27–29 The critical
error-field strength required to trigger a ‘‘downward’’ bifu
cation in a reactor-sized plasma~i.e., R0;8 m! is

br

Bf
;231025, ~148!

indicating that reactor-sized tokamaks are likely to be hyp
sensitive to error-fields.

VI. SUMMARY

The bifurcated states of a rotating tokamak plasma in
presence of a static, resonant, error-field are strongly an
gous to the bifurcated states of a conventional induction m
tor. The two plasma states are the ‘‘unreconnected’’ state
which the plasma rotates, generating strong ‘‘eddy curren
Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP 
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at the rational surface which effectively suppress error-fie
driven magnetic reconnection, and the ‘‘fully reconnecte
state, in which the plasma rotation at the rational surfac
arrested, the eddy currents are consequently weak,
driven magnetic reconnection proceeds without hindran
Suppose that the plasma starts off in the ‘‘unreconnecte
state. If the error-field amplitude isvery graduallyincreased,
a critical amplitude is eventually reached which triggers
bifurcation from the ‘‘unreconnected’’ to the ‘‘fully recon
nected’’ state. This type of bifurcation, which is termed
‘‘downward’’ bifurcation, is characterized by a sudden co
lapse in the plasma rotation interior to the rational surfa
accompanied by the simultaneous formation of a ‘‘locke
~to the static error-field! magnetic island chain at the ration
surface~with no rotating precursor!. Of course, the formation
of magnetic islands inside the plasma is associated wit
degradation of the plasma confinement. If the error-field a
plitude is nowvery graduallydecreased, a critical amplitud
is eventually reached which triggers a bifurcation from t
‘‘fully reconnected’’ to the ‘‘unreconnected’’ state. This typ
of bifurcation, which is termed an ‘‘upward’’ bifurcation, i
characterized by a sudden recovery of the plasma rota
interior to the rational surface, accompanied by the simu
neous spin up and decay of the magnetic island chain at
rational surface. The decay of the magnetic islands inside
plasma is associated with an improvement in plasma c
finement. The critical error-field amplitude needed to trigg
a ‘‘downward’’ bifurcation is significantlylarger than the
critical amplitude needed to trigger an ‘‘upward’’ bifurca
tion. Thus, once locked magnetic islands have been in
duced into a tokamak plasma, by means of an error-field,
error-field strength must be reduced significantly before th
can be removed.

The response regime of a rotating plasma in the vicin
of the rational surface to a static, resonant, error-field is
termined bythreeparameters: the normalized plasma visco
ity, P, the normalized plasma rotation,Q0 , and the normal-
ized plasma resistivity,R. These parameters are defined
Sec. III D. There are 11 distinguishable response regim
The extents of these regimes inP–Q0–R space are shown in
Figs. 4 and 5. The critical error-field amplitude required
trigger a ‘‘downward’’ bifurcation in each of the 11 regime
is specified by Eqs.~124!–~134!. There is effectively only
one response regime associated with the ‘‘upward’’ bifur
tion. The critical error-field amplitude required to trigger a
‘‘upward’’ bifurcation in this regime is specified by Eq
~140!.

Error-field-driven magnetic reconnection can sever
limit the available operating space for low-density, ohm
cally heated ‘‘target plasmas’’ in medium to larg
tokamaks.28,29 This problem can be alleviated by reducin
the amplitude of the resonant error-field. The appropriate
sponse regime for a low-density, ohmically heated, tar
plasma is found to be theRutherfordregime for small toka-
maks, and thevisco-resistiveregime for large tokamaks. Th
former regime is a nonlinear constant-c regime, whereas the
latter is a linear constant-c regime. Note that, despite a pre
vious report to the contrary,7 it is legitimate to use the
constant-c approximation to describe the response of
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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ohmic plasma to a static error-field. However, it is not leg
mate to use this approximation to describe the response
plasma subject to unbalanced NBI heating. The critical er
field amplitude required to induce a ‘‘downward’’ bifurca
tion in a low-density, ohmic target plasma is a strongly d
creasing function of increasing machine size. The predic
critical amplitude in a reactor-sized plasma is extrem
small ~i.e., br /Bf;231025!, indicating that particular care
may need to be taken to eliminate resonant error-fields
reactors.

The analysis presented in this paper is essentially c
plete, within the restrictive framework of resistive, visco
MHD. In principle, the analysis could be generalized, in
fairly straightforward manner, using a more realistic tre
ment of the plasma which takes into account non-MHD
fects, such as the finite ion Larmor radius, diamagnetic,
other drift, effects, electron inertia, the Hall effect, etc. T
analysis could also be generalized to take into account
mode coupling due to toroidicity, finite plasma pressure, a
plasma shaping. All of this is left to the future.
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