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The bifurcated states of a rotating tokamak plasma in the presence of a static, resonant, error-field
are strongly analogous to the bifurcated states of a conventional induction motor. The two plasma
states are the “unreconnected” state, in which the plasma rotates and error-field-driven magnetic
reconnection is suppressed, and the “fully reconnected” state, in which the plasma rotation at the
rational surface is arrested and driven magnetic reconnection proceeds without hindrance. The
response regime of a rotating tokamak plasma in the vicinity of the rational surface to a static,
resonant, error-field is determined llyree parameters: the normalized plasma viscodRy the
normalized plasma rotationQQ,, and the normalized plasma resistivitiR. There are 11
distinguishable response regimes. The extents of these regimes are calcult€@yinR space. In
addition, an expression for the critical error-field amplitude required to trigger a bifurcation from the
“unreconnected” to the “fully reconnected” state is obtained in each regime. The appropriate
response regime for low-density, ohmically heated, tokamak plasmas is found to be the nonlinear
constantys regime for small tokamaks, and the lineanstantys regime for large tokamaks. The
critical error-field amplitude required to trigger error-field-driven magnetic reconnection in such
plasmas is a rapidly decreasing function of machine size, indicating that particular care may be
needed to be taken to reduce resonant error-fields in a reactor-sized tokamaR98GAmerican
Institute of Physicg.S1070-664X98)01409-§

I. INTRODUCTION to degrade the energy confinement properties of tokamak
plasmas. In fact, if the islands become too large, or too

The magnetic field of a tokamak is supposed to be tor'numerous, then they can trigger a catastrophic loss of con-

oidally symmetric. In reality, of course, there is always afinement known as a “disruption.®

slight deviation from pure toroidal symmetry due to the mis- One would naively expect a tokamak plasma subject to

alignment of field CO.'IS’ the presence of no_n-amsymmetncan error-field(as all tokamak plasmas ar® be filled with
current feeds, etc. It is conventional to describe the field as a

o . : o magnetic islands induced by the various resonant harmonics
superposition of the desired axisymmetric fieR], plus an . g
. . S ' of the field. Fortunately, this is not generally the case. Toka-
accidentally produced non-axisymmetric “error-fieldgB. mak plasmas naturallrotate due to plasma diamaanetism
The typical magnitude of the error-field in present day toka- b sotats P 9 !

mak experiments is 10 of the axisymmetric toroidal mag- at a rate which is far larger than the rate at which magnetic
netic field strength reconnection typically proceeds. Under these circumstances,

In a large aspect ratio, lo@! circular flux-surface the magn(_::tic islands driven by the resonant compo_nents of
tokamaR the error-field can be resolved into Fourier har- € €rror-field are “suppressed,” and the energy confinement
monics expressed in terms of the toroide) and poloidal properties of the plas_,ma remain_ unimpaired. Ho_wever, if any
(6) angles around the device. The Fourier harmonics of th@f the resonant Fourier harmonics of the error-field exceed a
error-field fall into two classes: “resonant” and “nonreso- Certain threshold value, then they can triggéifarcation of
nant.” For a resonant harmonic there exists a “rational fluxthe plasma state, in which the plasma rotation at the associ-
surface” inside the plasma for whidtyB=0, wherek is the ated rational surface is halted, and a magnetic island chain
wave vector associated with the harmonic. For a nonresonagtibsequently forms. Naturally, there is a degradation of the
harmonic there is no corresponding rational surface insid@nergy confinement properties of the plasma associated with
the plasma. Nonresonant harmonics of the error-field givéuch a bifurcation.
rise to a non-axisymmetric displacement of plasma flux sur- At present, there are many dissimilar, and apparently
faces, but generally have no discernible effect on the energgontradictory, theories of the response of a rotating tokamak
confinement properties of the plasma. Resonant harmonigdasma to a static, resonant error-field. The three leading
also give rise to a non-axisymmetric displacement of fluxtheories are the linear-layer-based approach of Fitzpatfick,
surfaces, but, in addition, they cause “reconnection” ofthe Sweet—Parker-based approach of Bhattacharjee and
magnetic field lines in the vicinity of the associated rationalco-workers’® and the Alfven resonance based approach of
surfaces. This effect is of some concern to fusion scientistslensen and co-worketsThe main aim of this paper is to
since when field lines reconnect they give rise to the formademonstrate that these theories are not contradictory, but
tion of “magnetic islands,” and magnetic islands are knownmerely correspond to different limits of a more general
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theory which allows for either &inear or a nonlinear re- The response of the plasma to the applied error-field is
sponse of the plasma in the vicinity of the rational surface tggoverned by the equations ofarginally stable, ideal mag-
the applied error-field. netohydrodynamics (ideal MHD3verywhere apart from a
This paper is organized as follows. The problem underelatively narrow region in the vicinity of the “rational sur-
investigation is formally set out in Sec. Il. In Sec. lll the face,” radiusrg, whereq(rg)=m/n.
linear response theory of Fitzpatrick is reviewed. The new It is convenient to parametrize the strength of the error-
nonlinear response theory is described in Sec. IV. The relfield in terms of the “vacuum flux,”¥, , which is defined to
evance of this new theory to tokamak experiments is exambe the value ofy(r) at radiusrg in the presence of the
ined in Sec. V. Finally, the paper is summarized and concluerror-field but in the absence of plasma. Likewise, the re-

sions are drawn in Sec. VI. sponse of the plasma in the vicinity of the rational surface to
the error-field is parametrized in terms of the “reconnected
Il. PRELIMINARY ANALYSIS magnetic flux,” ¥'¢, which is the actual value of(r) at

radiusr in the presence of both the error-field and plasma.

A. Introduction The relationship betweeW, and ¥, is®

The main aim of this section is to formally set out the

2m
problem under investigation in this paper. me v,. (6)
B. The plasma equilibrium Here,
Consider a large-aspect-ratio, Ig8vtokamak plasnfa =y dipiasmd ' =* @
whose magnetic flux surfaces map datmos) concentric dr

s—

circles in the poloidal plane. Such a plasma is well approxi-
mated as a periodic cylinder. Suppose that the minor radiuis the conventional “tearing stability index,” angtyasm{r)
of the plasma isa. Standard cylindrical polar coordinates is a solution to the ideal MHD equations which satisfies
(r,80,z) are adopted. The system is assumed to be periodic iphysical boundary conditions at=0 andr— (in the ab-
the z direction, with periodicity length 2R,, whereR, is  sence of an error-fiejd and is normalized to unity at the
the simulated major radius of the plasma. It is convenient tdational surface. According to conventional tearing mode
define a simulated toroidal angig=z/R,. theoryl®if A’>0, then the magnetic field spontaneously re-
The equilibrium magnetic field is writtenB  connects at the rational surface to form a magnetic island.
=[0,B4(r),B,]. The associated equilibrium plasma currentNote that such an island is locked into the frame of the
takes the fornj=[0,0] 4(r)], where plasma at the rational surface, and, therefootatesin the
laboratory frame. The oscillation frequency of the magnetic

; _ E d(rB,) 1 field associated with a spontaneously created magnetic island
Hoj o(1) rdr 1) is
The “safety factor” @o=MQgo(r's) —NQ 4o (T ), (8)
q(r) = By @) where() 5(r) and () 4(r) are the poloidal and toroidal an-
RoBy gular velocities of the plasma, respectively, in the absence of

parametrizes the helical pitch of the field lines. In a convend!! error-field. In the following, it is assumed thkt <0, so

. : . : that the plasma imtrinsically tearing stable In this situa-
tional tokamak plasmg(r) is O(1), and is anonotonically . . . ; .

) : . : tion, any magnetic reconnection which takes place inside the
increasing function of the flux-surface radius,

plasma is due solely to the externally applied error-field.

Such reconnection is known as “forced reconnection.”

C. The plasma response The complex quantitp\(w), appearing in Eq(6), param-
Consider the response of the plasma to a static, helictrizes the response of the nonideal plasma in the vicinity of

error-field with m periods in the poloidal direction and  the rational surface to the applied error-field. Here, the “slip

periods in the toroidal direction. It is convenient to represenfrequency,” o, is minus the oscillation frequency of the

the perturbed magnetic field and the perturbed plasma cufrror-field, as seen in the rotating frame of the plasma at the

rent in terms of a flux functiony: rational surface. Thus,
SB=V [z, (33 w=m{y(rs) —nQy(ry), €)
108 =V6B=—V2y 2. (3p)  WhereQ,(r) andQ,(r) are the poloidal and toroidal angu-
lar velocities of the plasma, respectively, in the presence of
Of course, the error-field.
p(r,0,¢,)=¢(r)exdi(mo—ng)]. 4)

. L : : D. Toroidal torque balance
This representation is valid provided that a

It is easily demonstrated thaeronet torque can be ex-
T> i_ (5) erted on flux surfaces located in a region of the plasma which
n- R is governed by the equations of ideal MHThus, the elec-
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tromagnetic torque exerted on the plasma by the error-field In a steady state the electromagnetic and viscous
develops in the immediate vicinity of the rational surface,torques acting on the plasma in the vicinity of the rational
where ideal. MHD breaks down. The ntetroidal electro-  surface must balance. Thus,

magnetic torque exerted in the vicinity of the rational surface

by the error-field is writteh 0Ty emT 0T vs=0. (14)
2R, It follows from Egs.(10), (12), and (13) that the toroidal
TN : .
6T 4 M= p Im(A)| W42 torque balance equation can be wriften
° 2n2m2(ffsdl’/l’,u) Im(A)

87 nm’R,  Im(A) ¥, |°=wy—w. (15

Mo [(—A")+Al?

where use has been made of Eg). E. Bifurcation analysis
Of course, the error-field also exertpaloidal torque on

the plasma in the vicinity of the rational surface. However, itered in this paper, the above torque balance equation pos-
turns out that tokamak plasmas possess strong paf@litle  sos5eq0 separate branches of solutidh®n the “unrecon-
magnetlc f|¢ld wscpsny Wh.ICh opposes the plagma COMPreS-acted” branch, which is characterized hyi>(—A"), the
sion associated with poloidal rotatidhin fact, in conven- plasma in the vicinity of the rational surface rotates suffi-
tional tokamak plas.mas' this viscosity is 'suff|C|entIy.Iarge tociently rapidly (i.e., o~ w) to effectively suppress error-
prevent any error-fl_eld-lnduced change in the poloidal rotagiqq.griven magnetic reconnectidie., |W | <|¥,|). On the
tion. Thus, in practice, the plasma does not respond 10 theyy reconnected” branch of solutions, which is character-
poloidal component of the electromagnetic torque exerted ined by|A|~(—A"), the plasma rotation at the rational sur-
the vicinity of the rational surface by the error-fiél®n the face is arrestedi.e., w<w,), and error-field-driven recon-
other hand, the plasma is free to respond to the toroidal COMsaction proceeds 'withoat, hindrancé.e., |¥~|¥,|)

€., s o))

ponent of the electromagnetic torque by changing its toroidagifrcations occur between these two branches of solutions
rotation. hat the ch i th idal | loci as the strength of the error-fieldr the intrinsic plasma ro-

. hSup;I)oset at the ¢ angiln the th).I’OIIda angular veloCity,iinn s very graduallyincreased or decreased. There is a
of the plasma |nduced' by t e error-ie dasdy(r). Itis  cptical error-field amplitude which, when exceeded, triggers
assumed that perpendicular viscosity acts to relax the rotay «qownward” bifurcation: i.e.. from the “unreconnected”

tion profile back to that of the unperturbed plasa., it 500 to the “fully reconnected” branch. Likewise, there is
tries to makeMl_qs zerg. The boundary condition at the edge , gjgnificantly smallercritical error-field amplitude below
of the plasmar =a, is which an “upward” bifurcation(i.e., from the “fully recon-
AQ 4(a)=0. (11)  nected” branch to the “unreconnected” branch triggered.
Note that the important “downward” bifurcation is gov-

In other words, the plasma rotation is clamped at the edg&med by a simplified version of E¢L5) [obtained by taking
and is not substantially modified by the error-field. It is easyihe |imit |A|>(—A")]:

to demonstrate theoretically that this is a reasonable o 5 a
assumptiorf. Perpendicular viscosity gives rise to a localized 2n"m*(Jfr dr/r )
viscous torque, acting in the vicinity of the rational surface, woR2

) o . oo
which opposeghe error-field-induced change in the plasma

rotation. In asteady statehis viscous restoring torque takes It is interesting to note that the bifurcated states of a
the fornf rotating tokamak plasma in the presence of a static error-field

are very reminiscent of the bifurcated states of a conven-

_—AmPRIAQ 12 tional induction motor?

w2, (10) moRS [(—A)+A?

For all of the plasma response functiodsw), consid-

1
Alw)

Im

}|‘I’U|2=w0—w. (16)

. . . lll. LINEAR RESPONSE THEORY
whereA() , =AQ ,(rs) is the change in the plasma toroidal

angular velocity at the rational surface, aa(r) is the per- A. Introduction
pendicular(to the magnetic fieldviscosity of the plasma. The main aims of this section are to review the linear
The error-field-induced change in the toroidal rotation Ofresponse theory of Fitzpatri®€ and to introduce the scheme

the plasma gives rise to a modification of the “slip fre- qopted in this paper for classifying the plasma response to
quency” (i.e., minus the oscillation frequency of the error- o applied error-field.

field seen in the rotating frame of the plasma at the rational
surface. According to Eqs(8) and(9) (assuming that poloi-
dal flow is strongly damped

w=wo—nAQ¢s, (13)

B. Linear versus nonlinear response theory

It is legitimate to calculate the plasma response using
linear analysis if the linear layer width at the rational surface
wherewy is the oscillation frequency of a naturally unstableis larger than the width of the magnetic island chain driven
(i.e., A’>0) m/n tearing mode in the unperturbed plasma.by the error-field. This is not likely to be the case on the
This frequency is termed the “natural frequency.” “fully reconnected” branch of solutions. However, on the
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“unreconnected” branch it is possible that the suppressiorintroduced in Sec. Il. Note, however, that this parameter can
of error-field-driven magnetic reconnection due to plasmaonly be interpreted as the “reconnected magnetic flux” in a
rotation is sufficiently strong to keep the driven island width constanty regime.

belowthe linear layer width. In fact, it can easily be demon-

strated that this is the case provided that the plasma conduc-

tivity (which increases strongly with increasing plasma tem-D. The normalization scheme

peraturg is sufficiently high(see Sec. IY. Thus, since linear In this paper, the critical error-field amplitude needed to

analysis is only appropriate to the “unreconnected” branChyiqqer 4 “downward” bifurcation of the plasma state is cal-
of solutions, this section only considers the “downward” ojated for many different response regimes of the plasma. It
bifurcation (because this blfurcatl'on depgnds splely on th&s convenient to adopt a uniform normalization scheme
“unreconnected” branch of solutionsA discussion of the \hich easily allows one to compare and contrast the various
“upward” bifurcation is postponed until Sec. IV, which itferent expressions for the critical amplitude. This normal-
deals with nonlinear response theory. ization scheme is described below.

The error-field amplitude is measured in terms of the
radial displacementég, at the rational surface, calculated
assuming that the plasma response to the error-figitbil.

The linearized equations of nonideal MHD for a single- This displacement is related to the “vacuum flux”, , via
fluid, zerof, incompressible plasma reduce to

C. The layer equations

d2 :M (20)
G2 = lemR(U—xe), (173 T SBy(ry)
The normalized “slip frequency” is written
d2 d2 2 d4
x %:(MH)Z d—):f i?d—f, (17b Q=m0 (21)
\Y

Likewise, the normalized “natural frequency” of the plasma

in the vicinity of the rational surfacE Here, ¢ takes the form

= —sBy(rg) ¢ is the normalized radial plasma displacement,

¢ is the actual radial plasma displacement, axwd (r Qo= 74 7R wo. (22)
—rg)/rs. Furthermore, The plasma viscosity is parametrized by
r dq) .
qdr . v (23
Note that the plasma becomes more viscouP &creases.
Ro V r
erB—O %(S), (18b Finally, the plasma electrical resistivity is parametrized by
¢ 1_#/15
TR= pol $0(T'), (180 R=«""* —7a51730, (24)
) TR Ty
rsp(rs)
= sPU's (189  Where
p(rs) 2
By a u(rg) dr
are the magnetic shear, the hydromagnetic time scale, the «=|g -~ — N - (25)
B(rs) rs u(r) r

resistive diffusion time scale, and the viscous diffusion time
scale, respectively, all evaluated at the rational surface. In thdote that the plasma becomes more resistiv® axreases.
above,p(r), o(r), and u(r) are the plasma mass density, It is demonstrated in Sec. IV that linear response theory is
parallel (to the magnetic fiel[delectrical conductivity, and valid in the low resistivity limit,R<1.

perpendicular resistivity, respectively.
Equations(17) possess a trivial solutiond(= ¢q, ¢

=Xd¢g, Where ¢, is independent ok), and a nontrivial so-

lution for which #(—x)=¥(x) and ¢(—x)=—¢(x). The

asymptotic behavior of the nontrivial solution at the edge of

the layer is
A
w<x>a(5|x|+1 s, (199
4
P0— (19b)

where the plasma response functiakw), is a complex
guantity which can only be determined by solving E(s).
The constant parametdr, is identical to the paramete¥

It is convenient to normalize all widths to the linear layer

width
7_I:E|/3
OvrR= 1516 I's (26)
TR Tv

obtained in thevisco-resistiveregime (see later. Thus, the
normalized ideal plasma displacement, the normalized
plasma response function, and the normalized linear layer
width are written

=&

_5s 27

gS 5VR ( a)

.5

A=A R (27b)
rS
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Js

5VR ’
respectively.

5s= (279

E. Linear layer physics

The linearized layer equatiorid7) can be solved, sub-
ject to the boundary conditiond9), to obtain the complex

guantity A which fully describes the response of the layer to

the error-field:® It turns out that there afeur distinct linear
response regimes. In thiésco-resistivaegime, plasma iner-
tia is negligible inside the layer, and

A=—2.104e ' "?p13Q, (283

Se~1. (280

In theresistive-inertialregime, plasma viscosity is negligible
inside the layer, and

A: _2.124e—i377/8P1/6Q5/4' (29@

S~ P1eQY4, (29b)

In the visco-inertial regime, plasma resistivity is negligible
inside the layer, and

A=—4.647 g'"Bp-1120-14 (303
‘5$~ P1/12Q1/4_ (300

Finally, in the inertial regime, both plasma resistivity and
plasma viscosity are negligible inside the layer, and

A=-3.142¢"'"?P1eQ 1, (319
S~P16Q. (31b)

In the above formulas it is assumed ti@t0, for the sake

of definiteness. The region of validity, R—Q space, of the

four response regimes described above is sketched in Fig
The constanty approximatiof® holds whenever the per-

Richard Fitzpatrick 3329
A
Ry
\%4
p=q° P=q°
VR I
1k
3/2
P=Q Q=1
RI
0
0 1 Q->

FIG. 1. A schematic diagram showing the extent of the four linear response
regimes in normalized viscosit{, versus normalized “slip frequency,Q,
space. The four regimes are thisco-resistiveregime (VR), the resistive-
inertial regime(RI), the visco-inertialregime(VI), and theinertial regime

o).

the visco-inertial andinertial regimes(see Fig. 1 At fixed
plasma viscosityi.e., fixedP), the dimensionless parameter
Ad increases monotonically with increasing “slip fre-
quency” (i.e., with increasingQ), until a critical “slip fre-
guency” is reached above which the constargpproxima-
tion breaks down. Beyond this critical frequency, the
dimensionless parameta, ceases to increase wi®, and,
instead, saturates at a constant value which is of order unity.
In both nonconstang regimes, plasma resistivity is neg-

ligible in the nonideal layer centered on the rational surface.
It follows from Eq. (179 that /=x¢ in all nonconstaniy
layers. In other words,s is zero at the center of a

. monconstant layer (i.e.,x=0), despite the fact that at the
edge of the layefi.e., W) is nonzero. It is easily demon-

turbed magnetic fluxy(r) is approximately constant across strated that in thénertial regime the layer actually consists

the layer. In this limit, the quantity’', defined in Eqs(19),

of two separate viscous layers of normalized widfh

can be interpreted as the “reconnected magnetic flux.” The= PY12Q¥4 centered on the Alfue resonanceg.e., the two

constantys approximation is valid provided that 6. /r <1,
or

AS<1. (32

It follows from Eqgs.(28)—(31) that for high-viscosity plas-
mas(i.e., P>1)

AS~PY3Q for Q=ep 13 (333
As~1 for Q=P8 (33b)
Likewise, for low-viscosity plasma8.e., P<1),
AS~P¥Q for Q<P??, (349
AS~Q32 for P?P<Q<1, (34b)
AS~1 for Q>1. (340

Clearly, the constang approximation holds in thesisco-
resistiveand resistive-inertialregimes, and breaks down in
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flux surfaces which satisfy’= (w7.4)2].****The normalized
layer width in theinertial regime,8,=P~*6Q, is simply the
normalized radial separation of the Aliveesonances. In the
visco-inertial regime, the two Alfve resonances are suffi-
ciently close together that their viscous layers overlap. Thus,
the normalized layer width in theisco-inertial regime, &5
=pY12QY4 is the normalized width of the common viscous
layer surrounding the two Alfue resonances. It is easily
shown that, in marked contrast to the two constamnte-
gimes, there is essentialBeromagnetic reconnection in the
two nonconstanty regimes(i.e., no error-field-driven mag-
netic islands are formed in the two nonconstanegimes.®

F. The normalized torque balance equation

The normalized torque balance equatio®., the nor-
malized version of Eq(16)] can be written

5:'—(;5 EM= 5%(;5 VSs (35
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where the normalized viscous torque takes the form A
0T 4 vs=Qo—Q, (36) &
and the normalized electromagnetic torque is written
~ Im(A~2) - p=0" VI
6Ty eM= ~ SpTERS &. (37) %
The electromagnetic torque takes the form
ST, em=0.2376P 2PQ 1R ™%¢; (39 VR
in the visco-resistivaregime, 1}l p=1
5T 4 en=0.2175P " 12Q~5R~5¢2 (39) P-g” oo
in the resistive-inertialregime, RI 0" I
ST 4 em=0.0412P~ V9QUAR™5¢2 40 o
in the visco-inertialregime, and 0 1 Q>
T — -1/ —5%2 FIG. 2. A schematic diagram showing the extents of the four linear “down-
8Ty em=0.1591P QR °¢; (42) ward” bifurcation regimes plotted in normalized plasma viscogyyersus
in the inertial regime. normalized plasma rotatio®,, space. The four regimes are theésco-

resistiveregime (VR), the resistive-inertialregime (RI), the visco-inertial

In general, the electromagnetic torgiem the “unrecon- regime(VI), and theinertial regime(1).

nected” branch of solutionsdecreases monotonically with

increasingQ in the constaniy regimes, and increases mono-

tonically with increasingQ in the nonconstan regimes In the two nonconstanj-regimes, the critical value @

The normalized torque attains its minimum value at theat which the “downward” bifurcation takes place corre-
boundary between the constafitand nonconstanj- re-  sponds to that at which the electromagnetic torque attains its

gimes. minimum value> In the high-viscosity limitP> 1, the bifur-
cation takes place whe@=P %3, and
%C: PlIGQ é/ZRS/ZI (44)

G. Bifurcation analysis Likewise, in the low-viscosity limit,P<<1, the bifurcation

The normalized “slip frequency,”Q, is determined takes place whe®=1, and
from the crossing point Qf the normalized yiscous torque % 2P1/4Q1/2R5/2 (45)
curve (36) and the normalized electromagnetic torque curve c 0 :
specified in Eqs(38)—(41). As the normalized plasma dis- Figure 2 shows the extent of the four linear “down-
placement,&s, is very gradually increased from a small ward” bifurcation regimes in normalized plasma viscosity,
value, the crossing point, which initially occurs @&= Q, P, versus normalized “natural frequency(@,, space. Each
occurs at ever smaller values@f(i.e., the plasma rotation at regime is named for the plasma response regime which holds
the rational surface slows downFurthermore, it is easily at the point of bifurcation. Thus, in theisco-resistivere-
demonstrated that the two curves cease to cross above sofjitne, £ is given by Eq(42); in theresistive-inertialregime,
critical value of the normalized plasma displacemefit, £, is given by Eq.(43); in the visco-inertial regime, &; is
=§&.. Infact, as this critical value is exceeded the “unrecon-given by Eq.(44); and in theinertial regime, . is given by
nected” branch of solutions ceases to exist, and the plasmgg. (45).
makes a “downward” bifurcation to the “fully recon-
nected” branch of solutions. IV. NONLINEAR RESPONSE THEORY

In the visco-resistiveregime, the critical value of) at
which the “downward” bifurcation takes place @¢/2 (i.e., .
the bifurcation takes place when the plasma rotation at the In Sec. Ill the critical error-field amplitudes() required
rational surface has been reduced to one half of its value iro trigger a “downward” bifurcation of the plasma state is
the absence of an error-figldrhe critical value o&, needed evaluated in plasma viscosity] versus plasma rotation fre-
to trigger such a bifurcation is guency Q) space, in the limit of low plasma resistivity:

% _ 1.026P¥3Q,R%? (42) ie., R<1_ (see Fig. 2 The aim of thig section is to e_xt(.ar?d

¢ o - the previous analysis to allow for high plasma resistivity:

In the resistive-inertialregime, the critical value o at  i.e., R>1. This entails calculating theonlinearresponse of
which the “downward” bifurcation takes place is (5/). a rotating tokamak plasma in the vicinity of the rational sur-

The critical value oft, needed to trigger such a bifurcation is face to a static, resonant, error-figce., the response when
the width of the magnetic island chain driven by the error-

£.=0.990 PY4QF R, (43 field exceedshe linear layer width

A. Introduction
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B. The Rutherford regime A

The nonlinear concomitant of the two linear constgnt-
regimes discussed in Sec. Il is the well-knowuatherford
regime'®’|n this regime, the constamt-approximation re-
mains valid, so that/(x, 6, ¢,t) =V cos{ in the vicinity of
the rational surface, whemg is the “reconnected magnetic
flux,” and {=mé—n¢— ['w dt is the helical angle. When
this expression for the perturbed magnetic flyx,is super-
posed on the equilibrium magnetic flux, field-line tracing in
the vicinity of the rational surface yields a magnetic island
chain, centered on the rational surface, whose maximum a
width is given by g

|\I,S| 1/2
SreBy(rs)) °

“/0____ ____________________

W= 4( (46)

The nonlinear evolution equation for the widwW, of the 0 /

driven island chain at the rational surface takes the 0

form5 616,17 n/® t->

W 2
W cosp=RegA).

FIG. 3. A schematic diagram showing the time variation of the phase,
(relative to the error-field and width, W, of the magnetic island chain
driven by a static error-field in a uniformly rotating plasma.

(47)

d (W
0.822%’;{& T =A"+2m
s

Here,W, is the width of the “vacuum island” chain, which

is obtained by superposing the vacuum error-field on the _ 13 f § 13

unperturbed plasma equilibrium. It is easily demonstrated Wo=1.939m TR s (52)

that Note that in writing Eq.(50) a constant of integration has
|w,| |2 been chosen so as to ensure that islands are “born” in phase

W”:4(srB—(r)) s (48)  with the error-field(i.e., =0 whenW=0). The solution

STOs (50) is sketched in Fig. 3.

The phase angle(t) is the instantaneous difference in heli- It can be seen from Fig. 3 that driven magnetic islands

cal angle between th®-points of the plasma and vacuum are “born” in phase with the error-fieldas one would ex-

island chains at the rational surface. pec)h. However, since the islands are entrained in the plasma

Note that in the nonlinear regime the plasma in the vi-flow at the rational surface, they are steadily dragged out of
cinity of the rational surface is required torotatewith the  phase. In fact, the islands attain their maximum widkf,
magnetic island, since plasma is trapped inside the magnetishen they are in phase quadrature with the error-fiedd,
separatrix, whereas in the linear regime the plasma at th&hen ¢ = 7/2). Furthermore, the islands shrink back to zero
rational surface is able to flow with respect to the magnetiovidth by the time they are in antiphase with the error-field
perturbatiorr:® Thus, in the nonlinear regime there is a “no (i.e., W—0 as ¢— ). Immediately after the antiphase is-
slip” condition which relates the instantaneous rotation fre-lands disappear they are “reborn” in phase with the error-
guency, w(t), of the magnetic island chain to the plasmafield, and the process repeats itsadfinfinitum Note that the
rotation frequency at the rational surfdsee Eq(13)]: phase difference between the plasma and vacuum islands al-
ways lies in the range 8 o<« (assuming thatw>0).

Recall, from Sec. lll, that in thénear regime the recon-
nected magnetic flux driven by a static error-field in a
Here, it is assumed that plasma flow in the poloidal directions,;ﬁl(';‘;I "r)éég;ar:ggtepdlﬁsfmi):Sbinlleeéa;E Ctri]nf: ?::e;;:t?q;ze
's strongly daned. " . phase-shiftp, between the magnetic perturbation at the ra-

On, the unreponnected bran(;h of solu.t|ontsA| tional surface and the error-field is constant. It is clear, from
>(_.A ), SO .the first term on t_he. right-hand side of EQ- the above, that in theonlinearregime the amount of recon-
(47) is n.egl|g|ble. Eurthermore, .'t IS regso_nable 'to assuM&acted magnetic fluxaries periodicallyin time, as does the
that the |§Iand ro'tatlon IS es'senyal'ly qryfon(ne., w IS con- phase shift between the magnetic perturbation at the rational
stant in timg. This assumption 'S.JUSt'f'Ed I_ater on. In this surface and the error-field. This is a direct consequence of
!|m|t, therefore_, the island evolution equatida?) can be the fact that in the nonlinear regime magnetic islands are
integrated to give “stuck” to the plasma(i.e., the plasma cannot flow through

de

W(t)=W,|sin wt|1’3 (50) them. Hence, if the plasma at the rational surface rotates
with respect to the static error-field, the driven magnetic is-
where lands must also rotate.
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The toroidal electromagnetic torque acting in the vicinity surface exceeds the linear layer width. The ratio of the peak
of the rational surface can be writt¢see Eq.(10)] island width at the bifurcation point to theisco-resistive

layer width is
8m2nm?R y

0
STyem=———— Im(A~H| ¥, |2 52 -
$EM 1o m( )W (52 W,
~—~R, (61
where in the nonlinear regimé Ovr
1 [ W)\2 where use has been made of E(@8b) and (60). It follows
Im(A~YH=— > W sin ¢. (53)  that the plasma resistivity paramefidefined in Eq(24)]

can be used as a measure of nonlinearityR#1, then the

It follows from Eq. (50) and Fig. 3 that in theRutherford Plasma is sufficiently conductive to ensure that the driven
regime magnetic island width is much less than the linear layer
width, in which case linear response theory is valid. On the
other hand, iR>1, then the driven magnetic island width is
much greater than the linear layer width, so that nonlinear

) . . response theory is valid. The ratio of the peak island width at
It is clear from Eqs(52) and (54) that in the nonlinear re-  ,q pifyrcation point to theesistive-inertiallayer width is
gime the electromagnetic torque acting in the vicinity of the

rational surfacepulsatesin time. This behavior is in marked WC _
contrast to that found in the linear regime, where the electro- =~ P*Qo ™R, (62)
X . s ’ 8

magnetic torque is alwaysonstantin time. RI

In the following, it is assumed that the plasma is suffi-where use has been made of E2Qb).
ciently viscous that it only responds to teeadycomponent The theory presented above depends crucially on the va-
of the pulsating electromagnetic torque exerted in the vicinlidity of the constanty approximation. This approximation
ity of the rational surface. This is equivalent to the assumpbreaks down when
tion that the plasma close to the rational surface rotatés

2
|sin wt|5, (54)

1 1 WO
IMA 9 ="5mw,

formly. This assumption is justified later on. The steady A V_Vzl_ (63)
component of Eq(54) is written I's
0.5356/ W, 2 It is easily demonstrated that
S
Im(A~1) o (w) : (55 :
A —~3.369P3Q,R? (64)
since Fs
1 (= at the point of bifurcation. Hence, the constan&pproxima-
= f (sin ¢)®® dp=0.5356. (56) tion is valid provided that
T Jo
Q<P ¥R2, (65)
The time-averaged, normalized electromagnetic torque ) ) _
acting in the vicinity of the rational surface takes the form Finally, the theory presented above is premised on the
assumption that the plasma in the vicinity of the rational
ST 4 EM=O.2517P*5’9Q*2’3R*5A§§’3, (57) surface rotates uniformly, despite the fact that it is subject to

a time-varying electromagnetic torque. As is easily demon-
where use has been made of E@9), (26), (27), (37), (48),  strated, this is a reasonable approximation provided that
(51), and(55). When this torque is balanced against the nor-

malized viscous torquesee Eq.(36)], VwoTy>1, (66)
5:% vs=Q0—Q, (58) ?nsalss likely to be the case in all conventional tokamak plas-

it is easily demonstrated that the “downward” bifurcation
takes place whe@=(2/5)Qy (i.e., when the plasma rotation
at the rational surface has been reduced to 2/5 of its value i

- E The Waelbroeck regime
the absence of an error-figldrhe critical value of; needed g

to trigger such a bifurcation is It is easily shown that in th®utherfordregime
£€.=1.167PY3Q,RS. (59) AWV & 67)
r« W’
The peak normalized width of the driven magnetic island
chain at the point of bifurcation is given by It follows that this nonlinear constamt-regime (which is
. only valid when AW/r,<1) corresponds to the limit in
W,=5.541R. (60) which the ideal plasma displacement at the rational surface,

The nonlinear theory presented above is only valid Wherﬁs' is much less than the island widW, The opposite fimit,

the width of the magnetic island chain driven at the rational  £&=W, (68
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in which the displacement exceeds the island width and th

constantys approximation breaks down, has been investi-

gated extensively by Waelbroetk.?°
The radial plasma displacement{(x)= —(x)/

sBy(rg)x can be split into components which are even and

odd (in x) across the rational surface. The even component i
trivial: &(x)=&4/2. The odd component has the asymptotic
form

at the edge of the island chain. Hei®, is related to the
parametefV, defined in Eq(199, via

_SBe(rs)fo
2

Furthermore, the quantity\, which parametrizes the re-
sponse of the island chain to the error-field, is given by

1 €o
E(X)— > (SQTTX)§S+ X (69)

Y= (70)

2¢s
A=—. 71
& (71
Ideal force balance in the island region yields
VZy=1(y). (72)
According to Waelbroeck,
s~ W2, (73
and
| 12W?2
€o s (74)

re [Byrgl? [Ba(rol?

Here, y is the true reconnected magnetic fiiive., the mag-
netic flux trapped inside the island separairixs the typical
value of I (i) within the separatrix, andV is the typical
radial extent of the reconnected region.
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the Waelbroeckregime to theinertial and visco-inertial re-
gimes at high “slip frequency’(see Sec. IV E
Equations(77) and (78) yield

_\/E
o= W

It follows that in theWaelbroeckregime the plasma current
density inside the driven magnetic island chain is generally
much larger than the local equilibrium plasma current den-
sity. Furthermore, it is easily demonstrated that

S (79

R
A ~r—s, (803
gs 1/2 W 3/2
wswrsBﬁ(rs)(r_) (r_) ) (80b)
W
Ys= \/f: Ws. (809

According to Eq.(80¢), the true reconnected fluxy,, is
generally much less than the parameteg in the Wael-
broeckregime. By contrasty;="¥ in the Rutherfordre-
gime.

Note that, although the current density inside the island
separatrix exceeds the local equilibrium current density, in
the Waelbroeckregime, most of the current flowing in the
vicinity of the rational surface flows in a thin sheet centered
on the separatrix. In fact, it is easily demonstrated that the
fraction of the total current flowing inside the separatrix, as
opposed to in the current sheet, is

N
v

Recall that in the nonlinear regime the plasma in the

(81)

Suppose that the typical plasma current density Insidg;inin of the rational surface is required tmrotate with

the island chain isr times the local equilibrium current den-
sity, so that

By(r
o 2T (75)
rS
It follows from Eqgs.(71), (73), and(74) that
W2
b a? —, (76)
(g re
and
(fs/rs)
-~ QZ(W/I.S)2' (77)
In this paper, it is postulated that
w
A—~1 (78)
rS

the magnetic island chain, since plasma is trapped inside the
magnetic separatrix. Moreover, it is safe to assume that the
plasma close to the rational surface rotatesformly, pro-
vided that the inequality66) is satisfied(as is likely to be

the case in all conventional tokamak plasfa# follows

that the helical phase-shifp(t), between thé®-points of the
plasma and vacuum island chains increabesarly with
time. In other words,

o= wt, (82

where w is the “slip frequency.” The expected time varia-
tion of the phase shiftg, and the width,W, of the driven
magnetic island chain in th&/aelbroeclkregime is similar to
that sketched in Fig. 3. The driven magnetic islands are
“born” in phase with the error-field, but are steadily dragged
out of phase by the rotating plasma at the rational surface.
The islands attain their maximum widt#/,, when they are

in the Waelbroeckregime. There are two main justifications approximately in phase quadrature with the error-field. The
for this assumption. The first is by analogy with the linearislands shrink back to zero width by the time they are in
regime, where it is found thatAds/rs~1 in all antiphase with the error-field. Immediately after the an-
nonconstant regimes(see Sec. lll E The second is that tiphase islands disappear they are “reborn” in phase with
only by adopting Eq(78) is it possible to smoothly match the error-field, and the process repeats ita€lfinfinitum
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There is, unfortunately, no equivalent to the Rutherfordnonconstaniy regime® The peak normalized width of the
island evolution equation47), in the Waelbroeckregime. driven magnetic island chain at the point of bifurcation is
The best one can do is to estimate the peak reconnected flugiven by
s, using theSweetParker model, which allows one to - o B 1145/
make a crude prediction of the rate of magnetic reconnection, We™P 11+P)~18Qy VR (90)

s, when the helical phase-shift between the plasma and The theory presented above depends crucially on the
vacuum islandse, is zero. The estimate for the peak recon-preakdown of the constamt-approximation. According to

nected flux is then simply Eq. (68), the constanty approximation breaks down at the
1 bifurcation point whenever

Y=o M. (83 earon P

The Sweet—Parker prediction for the reconnection rate in =W (D
the Waelbroeckegime i$'-23 It follows from Egs.(89) and (90) that theWaelbroeckre-

32 gime holds as long as
b1 Bolrd) i (84
Ps~TsBo(rs T2+ ol rg) Qo=P 71+ P) 3R, (92

It_ follows from Eg. (83) that the peak reconnected flux is D. The transition regime
given by
According to Eqs(65) and(92), in the nonlinear limit

(&/r9)% the Rutherfordregime holds wheneve®,<Q,, where
~ 0 ’
s~ TsBy(rs) PR Ly (89 a

Qa~P *R7?, (93
Finally, according to Eq(80b), the peak magnetic island
width, Wy, can be written

(ENINES

0~ ls.
w2/37_ﬁ/37_é/3(1+ TR/TV) 1/6

and theWaelbroeclkegime holds wheneveéd,>Q,,, where

Q,~P 541+ P) 3RS (94

(86) It is easily seen tha®,>Q, for

As in the Rutherfordregime, in theWaelbroeckregime R>Ro=(1+P" ) (99
the electromagnetic torque acting in the vicinity of the ratio-¢ turns out thatR<R, corresponds to the linear limit. Thus,
nal surfacepulsatesin time. However, provided the inequal- jn the nonlinear limit(i.e., R>R) there is a “transition re-
ity (66) is satisfied, the plasma is sufficiently viscous that itgime,” linking the Rutherford and Waelbroeckregimes,
only responds to theteadycomponent of the torque. Ac- which extends over the range of normalized plasma rotation
cording to Eqs(37) and(80a), the normalized, steady com- frequenciesQ,<Q,=<Q,.
ponent of the electromagnetic torque acting in the vicinity of  Thetransitionregime exists because the rate of magnetic
the rational surface is given by reconnection in th&Vaelbroeckegime is far larger than that
T L 13m-50%, 32 in the Rutherfordregime, so if the reconnection rate is to
6Ty em~ P ""RWods. (87) vary continuously with the normalized plasma rotation fre-

Note that the electromagnetic torque in Méaelbroeckre- ~ AUENCy.Qo, as seems reasonable, then there needs to be an
gime can only be evaluated to within an unknown, positive, ntermediate regime, linking thRutherfordand Waelbroeck
0(1) (hopefully), multiplicative constant, because of the "€9imes, in WhICh the reconnection rate grgdually accelerates
essentially heuristic nature of the Sweet—Parker model.  1om the typicalRutherfordrate to the typicaWaelbroeck
Equations(86) and (87) can be combined to give the 'ate: _ _
following expression for the normalized electromagnetic !N the Rutherfordregime, the plasma displacemed,
torque acting in the vicinity of the rational surface: is much less than the island widt, the parametex [i.e.,
the ratio of the typical helical current density inside the is-
5—]-¢ e~ P 7181+ p) " V6Q 23R -583, (8g)  land chain to the local equilibrium current density: see Eq.
(75)] is much less than unity, the typical plasma velocity
When this torque is balanced against the normalized viscougssociated with magnetic reconnection js~ wr, and the
torque [see Eq.(36)], it is easily demonstrated that the width of the reconnecting region is the island widt, By
“downward” bifurcation takes place whe@=(2/5)Q,  contrast, in th&Vaelbroeckegime, the plasma displacement,
(i.e., when the plasma rotation at the rational surface hag,, is much greater than the island widW, the parametes
been reduced to 2/5 of its value in the absence of an errois much greater than unifisee Eq(79)]; the typical plasma
field). The critical value oft; needed to trigger such a bifur- velocity associated with magnetic reconnection is
cation is
é

P s —12
£~ P71+ P)Y1eQY/ERSE (89) Uy ™ (1+7r/7y) ;

Note that this result differs from that of Bhattacharjee and(this is the exit velocity of plasma from the Sweet—Parker
co-workers, who assumed that,~W in the nonlinear layer®); and the width of the reconnecting region is

(96)

S
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™ . [rs Now, &£.~W, in thetransitionregion[see Eq(98)]. Hence,
o~ = (1+7r/7y) z's (97)  the above expression yields
S
(this i§ the width of th(nT Sweet—l?grker Ia}%r B~[w 7_#/27_%!2( 1+ 7/ 1) Y42 5_5 (1063
It is plausible that in théransition regime Is
£~ W (98) 2
o : . . . vu~teolre 2 (106b
(i.e., the plasma displacement is of order the island width, Is
which implies that theransition regime is a nonconstant- P 1 (r.\2
regime, and — (—S , 106
Wo o7r\é&s (1069
a~1 (99

_ . o _ _ where use has been made of EG€91) and(102).
(i.e., the helical current density inside the island is of order  ag pefore, the electromagnetic torque acting in the vi-

the local equilibrium current densitylt follows from Ed.  cinity of the rational surfac@ulsatesin time. However, the

(77) that plasma is assumed to be sufficiently viscous that it only re-
W sponds to the steady component of this torque. According to
A r—~1 (100  Egs.(37), (98), and(100), the normalized, steady component
S

of the electromagnetic torque acting in the vicinity of the
in the transition region. This is a particular case of what rational surface is given by

appears to be a more general rule. Namaly,/r~1 in all - .
linear nonconstani+ regimes(where &; is the linear layer 8Ty em~P VRT3 (107
W.'dth)’ and AW{rS~1_|n all n_onllnear honconstan-re- Note that the torque is independent of the normalized plasma
gimes(whereW is the island width

! . . __rotation frequencyQ,, at constant normalized error-field
Suppose that the typical plasma velocity associated with - ! . .
; o0 " T strength,&s. When this torque is balanced against the nor-
magnetic reconnection in theansition regime is

malized viscous torquésee Eq.(36)], it is easily demon-
& strated that the “downward” bifurcation takes place @t
f_s (10D ~Q, (i.e., when the plasma rotation at the rational surface

. . ) . has been reduced to such a level that the plasma is just about
(this is the exit velocity of plasma from the modified Sweet—, eave thetransition regime and enter thRutherfordre-

Parker layer, whereﬂ$213. Using similar arguments to those gime) The critical value of¢, needed to trigger such a bi-
employed by Parlet al,“” the width of the reconnecting re- furcation (assuming tha€,<Q,) is

gion is

r.S _
U*"’ﬁ T_H (1+ TR/T\/) 12

%c~ P1’9Q 3’3R5/3. (108

1 T r
6~ B \/T:: (1+ TR/TV)1/4\/§ s (102 since£,~W, in the transition regime, the peak normalized
s width of the driven magnetic island chain at the point of
(this is the width of the modified Sweet—Parker lgyemd  bifurcation is
the reconnection rate is given by

: VB

~TrBy(r
hs~TsBy(rs) g/ P 1

» W~ P1’9Q$’3R5’3. (109

&s

Ms

(103 In the transition regime, the width of the reconnecting
region can be less than the island widtbrresponding to the

Thus, in thetransitionregime the plasma velocity associated presence of a Sweet—Parker-like reconnecting Jayert it

with magnetic reconnection is less than that in ¥aelbro- ~ cannot be greater than the island width. The inequality

eckregime. Consequently, the width of the reconnecting re- S<W (110

gion is greater than that in th&/aelbroeckregime, and the 0

reconnection rate is reduced. reduces to

As in the Rutherford and Waelbroeckregimes, in the 13— 2

transition regime the reconnected magnetic flux pulsates at Qo=>Qa~P R, (11D

the slip frequencyw. It follows that the peak reconnected with the aid of Eqs(1069 and (108). In fact, asQy— Q,,

flux is given by[see Eq.(83)] the plasma velocity associated with reconnection, the width

of the reconnecting region, and the rate of reconnection in

3/2
Yo~ w71¢s~r580(rs) — \/'E 7 %) the transition regime all asymptote smoothly to the values
o7y TR (1+ R/ Ty) 7\ Ts appropriate to th&utherfordregime.
(109 In the transition regime, the velocity associated with re-
According to Eq(80b), the peak magnetic island widt\f,, ~ connection cannot exceed that in thgaelbroeckregime
can be written (since this velocity is an upper limitThe inequality
B3 ( 55) 2/3 105 B<1 (112
~ = r
O [ommi(1+rlr) ™ P\ 0 reduces to

Downloaded 25 Mar 2004 to 128.83.63.96. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



3336 Phys. Plasmas, Vol. 5, No. 9, September 1998 Richard Fitzpatrick

Qou<Qp~P %1+ P) 34R-57 (113  when the plasma rotation at the rational surface has been

, . reduced to such a level that the plasma is just about to leave
with the aid of Eqs(1063 and (108. In fact, asQo— Qy, the visco-inertialregime and enter the/aelbroeckregime.

the plasma velocity associated with reconnection, the widthl_ . . . U
. . .. The critical value o needed to trigger such a bifurcation is
of the reconnecting region, and the rate of reconnection in

the transition regime all asymptote smoothly to the values ¢~ PYe(1+ p~1)132Q12R35/16 (119

appropriate to th&Vaelbroeckegime. . . . . . .
pprop 9 The typical normalized linear layer width at the bifurcation
E. The non-reconnecting regimes point is

—1\—-1/165/8
As the plasma resistivity parametdr, increases, the o~ (1+ P THIR, (120

amount of driven magnetic reconnection also increases, anghere use has been made of EOb) and (115

the linear constang plasma response regimes discussed in  The normalized electromagnetic torque acting in the vi-
Sec. Il eventually merge into thRutherfordregime (see  cinity of the rational surface in thmertial regime is given
Sect. IV B). The upper boundary of the linear constagnt- py [see Eq(41)]

regime(in R) corresponds to the point at which the width of - _y 532

the reconnected regiofi.e., the width of the driven island 0Ty em~P QR &L (121

chain becomes comparable with the linear layer width at theyhen this torque is balanced against the normalized viscous
rational surface. Note, however, that the linear NoN+orque [see Eq.(36)], it is easily demonstrated that the
constantyy regimes discussed in Sec. Il are non-«downward” bifurcation takes place whe,~Q; (i.e.,
reconnecting(i.e., there is no driven magnetic reconnection\yhen the plasma rotation at the rational surface has been
in these regimgs so the width of the reconnected region is requced to such a level that the plasma is just about to leave
alwayszeroin these regimes. It follows that, unlike the lin- the inertial regime and enter th@/aelbroeckregime. The

ear constanty regimes, there is no reason ‘_’Vh_y the "n_earcritical value ofé&, needed to trigger such a bifurcation is
nonconstaniy regimes should become invalid in the high

resistivity limit, R>1. £~ PYO(1+ P)Y20Ql%R2, (122

One expects the linear nonconstgntegimes to hold in
the high resistivity limit,R>1, whenever the linear layer
width associated with these regimesceedshe magnetic K
island width predicted by the nonlinear nonconstgénte- S~ (1+P) YR, (123

gimes. The normalized linear layer width in thisco-inertial h h fE 11
regime is given bysee Eq/(300)] where use has been made of E¢glb) and(117).

The typical normalized linear layer width at the bifurcation
point is

Sy~ PYQL4, (114  F. The “downward” bifurcation
assumingQ~ Q,. This width exceeds the typical width of It is now possible to present &lly comprehensive
the driven magnetic island chain in thNgaelbroeckregime,  theorydescribing the “downward” bifurcation of a rotating
given by Eq.(90), when tokamak plasma interacting with a static, resonant error-

_ _ field: i.e., the error-field-induced bifurcation from the “unre-
Qo>Qe~P 1+ P) R (119 connected” state, in which the plasma at the rational surface
The normalized linear layer width in theertial regime is  rotates with respect to the error-field and there is compara-
given by[see Eq(31b)] tively little driven magnetic reconnection, to the “fully re-

- connected” state, in which the plasma rotation at the rational

81~ P~ HQo, (118 surface is arrested and driven reconnection proceeds without
assumingQ~ Q,. This width exceeds the typical width of hindrance.
the driven magnetic island chain in th#aelbroeckregime Figure 4 shows the extents of the various plasma re-
when sponse regimes for the “downward” bifurcation plotted in

16 11 normalized plasma resistivityg, versus normalized plasma
Qo>Qe~PH™(1+P) " R. (119 rotation, Qq, space, in the limit of high plasma viscosity,
Thus, theWaelbroeckegime extends over the range of nor- P>1. There aresevendifferent regimes. Namely, thésco-
malized plasma rotation frequenci€},<Q,<Q., where resistiveregime(VR), the Rutherfordregime (R), the tran-

Qp is given by EQq.(94), and Q. is the lowest of the two sition regime (T), the Waelbroeckregime (W), the inertial
frequencies specified in Eg6l15 and(117). regime (1), the high-resistivity visco-inertiaregime (VL.),

The normalized electromagnetic torque acting in the vi-and the low-resistivity visco-inertialregime (VL). The
cinity of the rational surface in theisco-inertial regime is  visco-resistiveand low-resistivity visco-inertialregimes are
given by[see Eq.(40)] identical to thevisco-resistive(VR) and visco-inertial (V1)

- JAm1/An— 532 regimes shown in Fig. 2. In fact, Fig. 2 can be regarded as

0Ty em~ P IQUIR%E,. (118 the low resistivity(i.e., R<1) limit of Fig. 4.

When this torque is balanced against the normalized viscous In the visco-resistiveregime, the critical error-field am-
torque [see Eq.(36)], it is easily demonstrated that the plitude needed to trigger a “downward” bifurcation, and the
“downward” bifurcation takes place whe®Q,~Q. (i.e., linear layer width at the bifurcation point, are given by
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FIG. 4. A schematic diagram showing the extents of the various “down-FIG. 5. A schematic diagram showing the extents of the various “down-
ward” bifurcation regimes plotted in normalized plasma resistiiRyyer- ward” bifurcation regimes plotted in normalized plasma resistiviRyyer-
sus normalized plasma rotatio®,, space, in the high-plasma-viscosity sus normalized plasma rotatio®,, space, in the low-plasma-viscosity
limit, P>1. The seven regimes are tWisco-resistiveregime (VR), the limit, P<1. The seven regimes are tlésco-resistiveregime (VR), the
Rutherfordregime (R), the transition regime (T), the Waelbroeckregime resistive-inertialregime (RI), the Rutherfordregime (R), the transition re-
(W), theinertial regime(l), the high-resistivity visco-inertiategime (V1,), gime (T), the Waelbroeckregime (W), the high-resistivity inertialregime
and thelow-resistivity visco-inertiakegime (VL). (1), and thelow-resistivity inertialregime (L).

A + _ pl3eonli2n2

ch P1/3Q0R5/2, (1243 §c P (Qo R ’ (1283

~ S __p-11

51, (124 S~P VIR, (128h

respectively.

In the high-resistivity visco-inertiaregime, the critical
error-field amplitude needed to trigger a “downward” bifur-
cation, and the linear layer width at the bifurcation point, are

respectively.

In the Rutherfordregime, the critical error-field ampli-
tude needed to trigger a “downward” bifurcation, and the
magnetic island width at the bifurcation point, are given by

given by
* _pl3 3 o
£.~PYQ RS, (1259 £~ Pl/6Qé/2R35/16, (129a
W,~R, (1250 5.~ R, (1290
respectively. _ - . . respectively.
In thetransitionregime, the critical error-field amplitude Finally, in the low-resistivity visco-inertialregime, the

needed to trigger a “downward” bifurcation, and the mag- critical error-field amplitude needed to trigger a “down-
netic island width at the bifurcation point, are given by \arg” bifurcation, and the linear layer width at the bifurca-

%CN pLIQLARS (1263 tion point, are given by
W~ PYeQLeRS® (1260 £~ PYQp R, (1303
C [}
respectively. dc~1, (130b

In the Waelbroeckregime, the critical error-field ampli- respectively.
tude needed to trigger a “downward” bifurcation, and the Figure 5 shows the extents of the various plasma re-
magnetic island width at the bifurcation point, are given by sponse regimes for the “downward” bifurcation plotted in
normalized plasma resistivityg, versus normalized plasma

% __ D5/24~5/815/8
&~ PHQ R, (1273 rotation, Qq, space, in the limit of low plasma viscositkp,
W~ p-11 ~1Udpsi 127 <1'. There .aresevend|fferen'.[ r'eg|r'nes.'Nam.er, theisco-
¢ 2Q° (1279 resistiveregime (VR), theresistive-inertialregime (RI), the
respectively. Rutherfordregime (R), the transition regime(T), the Wael-

In the inertial regime, the critical error-field amplitude broeckregime (W), the high-resistivity inertialregime (1),
needed to trigger a “downward” bifurcation, and the linear and the low-resistivity inertial regime (L). The visco-
layer width at the bifurcation point, are given by resistive resistive-inertia] and low-resistivity inertial re-
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gimes are identical to theisco-resistive(VR), resistive- the edge of the layer/islanidee Eqs(19)]. The transition
inertial (RI), andinertial (I) regimes shown in Fig. 2. In fact, and Waelbroeckregimes are botmonconstani/ regimes:

Fig. 2 can be regarded as the low resistivitg., R<1) limit i.e.,, ¥s/W<1l. The remaining regimes are afhon-
of Fig. 5. reconnectingegimes: i.e. s /¥ —0.
In the visco-resistiveregime, the critical error-field am- The ideal plasma displacement at the bifurcation point,

plitude needed to trigger a “downward” bifurcation, and the &:, is much less than the corresponding layer/island width,
linear layer width at the bifurcation point, are given by Egs. 5_/W,, in the three constang-regimes. The ideal displace-
(124). ment at the bifurcation point is similar to the island width in
In the resistive-inertial regime, the critical error-field the transition regime. The ideal displacement at the bifurca-
amplitude needed to trigger a “downward” bifurcation, and tion point can be either larger or smaller than the layer width
the linear layer width at the bifurcation point, are given by in the low-resistivity visco-resistivand low-resistivity iner-
tial regimes. Finally, the ideal displacement at the bifurca-

+ _ pli4n9/85/2
£~ PYQoRY, (1313 tion point is much larger than the corresponding layer/island
”5C~p—1/6Q(1)/4, (131p  Wwidth in all of the remaining regimes.

respectively.

In the Rutherfordregime, the critical error-field ampli-
tude needed to trigger a “downward” bifurcation, and the
magnetic island width at the bifurcation point, are given by  Consider the “upward” bifurcation of a rotating toka-
Eqgs.(125). mak plasma interacting with a static, resonant error-field:

In thetransitionregime, the critical error-field amplitude i.e., the error-field-induced bifurcation from the “fully re-
needed to trigger a “downward” bifurcation, and the mag- connected” state, in which the plasma rotation at the rational
netic island width at the bifurcation point, are given by Egs.surface is arrested and driven magnetic reconnection pro-
(126). ceeds without hindrance, to the “unreconnected” state, in

In the Waelbroeckregime, the critical error-field ampli- which the plasma at the rational surface rotates with respect
tude needed to trigger a “downward” bifurcation, and the to the error-field and there is comparatively little driven re-
magnetic island width at the bifurcation point, are given by connection.

The “upward” bifurcation depends solely on the prop-

G. The “upward” bifurcation

% . p7/48~5/8n15/8
£~ PTHQR™E, (1323 erties of the “fully reconnected” plasma state, in which
\7VC~P1/24Q61/4R5/4, (132b thgre is no plasma r_otation at the rational surféice, the
_ “slip frequency,” w, is zerg, and|A|~(—A')~0O(1). In
respectively. this state, the amount of driven magnetic reconnection ap-

In the high-resistivity inertialregime, the critical error- proaches close to the theoretical maximum value, leading
field amplitude needed to trigger a “downward” bifurcation, inevitably to the formation of a locked Rutherford island
and the linear layer width at the bifurcation point, are givenchain at the rational surface. It is easily demonstrated, from

by the analysis of Sec. IV B, that the steady-state width of this
3 ~ pUSQLPR? (1333 locked island chain is given by
Cc 1
- 2m cos ¢
5C~ R, (133@ W= _—A, Wv f (135)
respectively.

whereW, is the width of the “vacuum island” chain, ang
is the steadyhelical phase shift between ti@points of the
lasma and vacuum island chains. T$teadyelectromag-

Finally, in thelow-resistivity inertialregime, the critical
error-field amplitude needed to trigger a “downward” bifur-

cation, and the linear layer width at the bifurcation point, areP'a . S .
y P netic torque exerted in the vicinity of the rational surface

iven b
g y takes the form
% _ pllian12n5/2
§C P QO R ’ (1343 6_|_ 4772nm2R0 |\I, |2 . ZgD (136)
- =— sin 2op,
Se~P~16 (134b PEMT pp(—AT) T
respectively. whereV, is the “vacuum flux.”
Note that the critical error-field amplitudé;, and the ‘When written in normalized form, the above electromag-
layer/island width at the bifurcation poing, /W, both vary ~ netic torque reduces to
continuouslyfrom one regime to another. R (—A")"1 R
The Rutherford transition andWaelbroeckegimes are Ty em= 7 P~ Y2R~58Y3¢2 sin 20, (137
all nonlinear response regimes. The remaining regimes are
all linear response regimes. where
The visco-resistiveresistive-inertia] and Rutherfordre-
gimes are alkconstantys regimes:_ i.e.,sz/\IfS=_ 1, wherey S= R (138
is the true reconnected magnetic flux, a#id is the flux at TH
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is the Lundquist number of the plasma. When this torque igABLE I. The Lundquist number), the plasma viscosity paramete?)(

balanced against the normalized viscous torque, which takd&€ plasma rotation parameteQ), and the plasma resistivity parameter
the form ’ (R) estimated as functions of the major radil%) for typical low-density,

ohmically heated target plasmas in JET-like tokamaks. Also shown is the
51- =Q (139 critical value, Q,, of the plasma rotation parameter above which the
S 0 constanty approximation breaks down. The final column gives the critical

for a locked island chain, it is easily demonstrated that the.1 vacuum radial error-field at the rotational surface required to trigger a
bifurcation to the “unreconnected” branch of solutions takes“downward” bifurcation of the plasma state as a fraction of the toroidal

i i field- h.
place when the helical phase shif, between the plasma oo o oo

and vacuum islands exceeds a critical value of 45he Ro s P Qo R Qa b, /B,

F:nﬂcal value ofé&g below which this bifurcation takes place 05 16010 17 o042 133 0473 3210°

IS 10  14<10F 23 033 116 0563 9210
T o A\ 12014 2052 1/6 1.5 4.8<10° 2.7 0.28  1.07 0.623 461074
§e=2(—A")TPTQp RS (140 2.0 1.2x10° 3.0 025  1.02 0.669 2104

. . . . . . Y —4
The normalized width of the driven island chain at the bifur- 25 24100 33 023 0978 0670 1810 "
cation point is 30 41x10 36 022 0939 0653 1310

8.0 8.8x 1¢° 5.4 0.15 0.776 0.570 2¥6510°°
WC= 4751 —A /)*1/4Pl/24Q(]j/4R5/4sl/12. (141)

Broadly speaking, the nondimensional parameters

Qp, and R are O(1) in conventional tokamak plasmas, Note, from Eq.(142), that wgxT./(B, a®) for similar
whereas the paramet8iis much greater than unitfgee Sec. ohmic plasma discharges in different devices. This suggests
V). It follows from a comparison of Eqg124)—(134) and that the “natural frequencies” of tearing modes in ohmically
Egs. (140 and (141) that the critical error-field amplitude heated tokamaks astrongly decreasindunctions of the di-
needed to trigger a “downward” bifurcation of the plasma is mensions of the devicghe variation ofT /B, with machine
significantly larger than the critical amplitude needed to trig-size is relatively weak Now, in all plasma response regimes
ger an “upward” bifurcation: i.e., there is a significant “hys- mentioned in Sec. IV, the critical error-field needed to trigger
teresis” effect associated with error-field-driven magnetic re-a “downward” bifurcation of the plasma state, and, thereby,
connection. Furthermore, the typical magnetic island widthenable error-field-driven magnetic reconnection, is ian

in the “fully reconnected” plasma state is significantly creasingfunction of the “natural frequency,’&q. It follows
larger than the layer/island width in the “unreconnected” that large ohmically heated tokamaks are likely to fae

state. more susceptibléo error-field-driven reconnection, and the
associated degradation of plasma confinement, than small to-
V. APPLICATION TO EXPERIMENTS kamaks.

A. Plasma rotation

. B. Scaling of the critical error-field with machine size
Tokamak plasmas rotate for many different reasons.

Some tokamaks are heated by unbalanced neutral beam in- The aim of this section is to estimate the critiaal
jection (NB|), in which h|gh energ%e_g_, 75 ke\y neutral =2/n=1 error-field amplitude required to induce a “down-
particles are injected into the plasma preferentially in onavard” bifurcation of the plasma state in a low density,
toroidal direction. Although this is primarily a heating ohmic target plasma as a function of machine size. Consider
scheme, it gives rise to bulk toroidal plasma rotation withthe family of JET-like (JET stands for “Joint European
velocities typically in excess of 10 kmi §242%In ohmically ~ Torus”) tokamaks for which

hef'ited tokamaks, where the_re is little or no bulk plasma ro-  3=0.35R,, (143
tation, the “natural frequencies” of tearing modes are still

nonzero because of plasma diamagnetism. In fact, tearin@nd

modes in ohmically heated tokamaks are observed to rotate Bs=1.38RY7, (144

in the electron directioi.e., in the same sense as the elec- ) ]
trons which carry the equilibrium toroidal currgmith ve- quadly speaking, most quern tpkamaks of conventional
locities which are of order the electron diamagneticdesign are members of this famile.g., COMPASS-C/
velocity?® Thus, a good estimate for the “natural fre- DIII-D, % and JET9). The discharge parameters for low den-

quency” of a tearing mode in an ohmic tokamak is sity (i.e., a line-integrated electron number density of 2
X 10'° m~3) ohmically heated plasmas can be estimated us-
m-re(rs)(ﬂn;r 77Te) (142 ing the simple scaling model described in Sect. 8 and Ap-
Wy~ 3

pendix B of Ref. 6. Table | shows the Lundquist numtser,
, , [defined in EQ.(138)], the plasma viscosity paramete®,
whereT, is the electron temperature, is the electron num- [defined in Eq(23)], the plasma rotation parameté, [de-
ber density,7, =—(d Inne/dInr),, and 7y =—(d InTe/  fineq in Eq.(22)], and the plasma resistivity paramet&,
dinr),. Note that the “natural frequencies” of tearing [defined in Eq.(24)], estimated as functions of the major
modes in NBl-heated plasmas are generally, at least, an ordeadius,R,. Also shown iSQ,: the critical value 0fQ, above
of magnitude higher than the above estimate. which the constants approximation breaks down in the vi-

2
eByrs
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cinity of the rational surface. It can be seen tRaQQ,, and at the rational surface which effectively suppress error-field-
R are O(1) parameters, where&>1, in accordance with driven magnetic reconnection, and the “fully reconnected”
the assumption made in Sec. IV G. Note tRat 1, indicat-  state, in which the plasma rotation at the rational surface is
ing that the plasma response regime at the rational surface #&rested, the eddy currents are consequently weak, and
determined by Fig. 4. Thus, driven magnetic reconnection proceeds without hindrance.
p-13 Suppose that the plasma starts off in the “unreconnected”
or R=1 . ) . .
Q.= P-13R-2 for R>1- (149 statg.. If the errpr-flelq amplitude isery gradually_lncregsed,
a critical amplitude is eventually reached which triggers a
The parameteR is effectively a measure of nonlinearity. For bifurcation from the “unreconnected” to the “fully recon-
R<1, linear response theory is valid, but fB>1, linear nected” state. This type of bifurcation, which is termed a
response theory breaks down, and nonlinear response thedfglownward” bifurcation, is characterized by a sudden col-
takes over. It can be seen from Table | that in small tokaiapse in the plasma rotation interior to the rational surface,
maks the response of the plasma to the error-field is nonlinaccompanied by the simultaneous formation of a “locked”
ear, whereas in large tokamaks the response is linear. Fufto the static error-fieldmagnetic island chain at the rational
thermore, although the constapitapproximation is on the surface(with no rotating precursor Of course, the formation
verge of breaking down in small tokamaks, it remains a gooaf magnetic islands inside the plasma is associated with a
approximation in large tokamaks. Thus, the appropriate redegradation of the plasma confinement. If the error-field am-
sponse regime for the plasma at the rational surface is thglitude is nowvery graduallydecreased, a critical amplitude
Rutherford regime for small tokamaks, and theisco- s eventually reached which triggers a bifurcation from the
resistiveregime for large tokamaks. In particular, the appro-“fully reconnected” to the “unreconnected” state. This type
priate response regime for a reactor-sized tokamak R,  of bifurcation, which is termed an “upward” bifurcation, is
~8m) is undoubtedly thevisco-resistiveregime: i.e., the characterized by a sudden recovery of the plasma rotation
response is botlinear and constarnti. interior to the rational surface, accompanied by the simulta-
According to Sec. IV F, the critical normalized error- neous spin up and decay of the magnetic island chain at the
field amplitude required to trigger a “downward” bifurca- rational surface. The decay of the magnetic islands inside the
tion of the plasma state is given by plasma is associated with an improvement in plasma con-
PYQ.R%? for R<1 finement. The critical error-field amplitude needed to trigger
0 =4, « - . . . g
&= PUAQR® for R>1. (149 a .downwar.d bifurcation is S|'gn|f|cantlylarger than. the
critical amplitude needed to trigger an “upward” bifurca-
This critical value can be converted into the conventionakion. Thus, once locked magnetic islands have been intro-
measure of critical error-field strength,/B,,, whereb, is  duced into a tokamak plasma, by means of an error-field, the
the resonant radial component of the error-figldrzacuoat  error-field strength must be reduced significantly before they
the rational surface, via can be removed.
b, r ples13 The response regime of a r_otating plasma in the vif:inity
.5 = >~¢ (147  of the rational surface to a static, resonant, error-field is de-
By RoQs termined bythreeparameters: the normalized plasma viscos-

Table | showsb, /B, calculated as a function &, for typi-  ity, P, the normalized plasma rotatio@o, and the normal-
cal low-density, ohmically heated, target plasmas in JET-likézed plasma resistivityR. These parameters are defined in
tokamaks. It can be seen that the critical error-field ampli-Sec. 1ll D. There are 11 distinguishable response regimes.
tude is arapidly decreasingunction of increasing machine The extents of these regimeskr-Qo—R space are shown in
size. The predicted values df,/B, for COMPASS-C, Figs. 4 and 5. The critical error-field amplitude required to
DIlI-D, and JET-sized plasmas (3_@0*3, 4.5x107%, and trigger a “downward” bifurcation in each of the 11 regimes
1.3x 1074, respectively lie within a factor of 2 of the ex- is specified by Eqs(124—(134). There is effectively only
perimental values found in these deviéés® The critical ~ ©One response regime associated with the “upward” bifurca-
error-field Strength required to trigger a “downward” bifur- tion. The critical error-field amplitude reqUiFEd to trigger an

cation in a reactor-sized plasntiee., Ry~8 m) is “upward” bifurcation in this regime is specified by Eq.
(140.
&~2><10*5 (148 Error-field-driven magnetic reconnection can severely
By ’ limit the available operating space for low-density, ohmi-

cally heated “target plasmas” in medium to large
tokamaks*®2° This problem can be alleviated by reducing
the amplitude of the resonant error-field. The appropriate re-
sponse regime for a low-density, ohmically heated, target
plasma is found to be thRutherfordregime for small toka-
The bifurcated states of a rotating tokamak plasma in thenaks, and the&isco-resistiveegime for large tokamaks. The
presence of a static, resonant, error-field are strongly analdermer regime is a nonlinear constafiregime, whereas the
gous to the bifurcated states of a conventional induction molatter is a linear constang-regime. Note that, despite a pre-
tor. The two plasma states are the “unreconnected” state, inious report to the contrary,it is legitimate to use the
which the plasma rotates, generating strong “eddy currents’tonstantyy approximation to describe the response of an

indicating that reactor-sized tokamaks are likely to be hyper
sensitive to error-fields.

VI. SUMMARY
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