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Error-field induced electromagnetic torques in a large aspect-ratio, low-�,
weakly shaped tokamak plasma

Richard Fitzpatrick
Department of Physics, Institute for Fusion Studies, University of Texas at Austin,
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The toroidal electromagnetic braking torques exerted at the various internal rational surfaces of a
large aspect-ratio, low-�, weakly shaped, tokamak plasma by a nonaxisymmetric error field are
investigated using a semianalytic approach. It is found that there is an optimal error-field spectrum
for exerting a torque at a given rational surface. This spectrum is dominated by the resonant
harmonic, but also contains sideband harmonics induced by plasma toroidicity, pressure, ellipticity,
and triangularity. These sidebands couple back to the resonant harmonic in such a manner as to
reduce its amplitude. Provided that there is significant coupling to a �stable� ideal external kink
mode which is close to its marginal stability boundary, the optimal error field predominately
contains sideband harmonics whose poloidal mode numbers are more positive than the resonant
mode number �which is assumed to be positive�, and also tends to balloon on the outboard side of
the plasma. © 2009 American Institute of Physics. �DOI: 10.1063/1.3081097�

I. INTRODUCTION

Tokamak plasmas are highly sensitive to static, exter-
nally generated, magnetic perturbations which break toroidal
symmetry.1–4 Such perturbations, which are conventionally
termed error fields, are present in all tokamak experiments
because of magnetic field-coil imperfections. An error field
can drive magnetic reconnection in an otherwise tearing
stable plasma, giving rise to the formation of magnetic is-
lands at internal rational magnetic flux surfaces.5 Such is-
lands severely degrade global energy confinement.6 Fortu-
nately, the toroidal rotation which occurs naturally in all
tokamak plasmas affords them some level of protection
against error-field driven magnetic reconnection. To be more
exact, rotation allows the development of shielding currents
at internal rational surfaces, and these currents suppress the
reconnection. Provided that this suppression is sufficiently
strong, it is an excellent approximation to say that the re-
sponse of a rotating tokamak plasma to an error field is gov-
erned by ideal magnetohydrodynamics �MHD�. Unfortu-
nately, the residual magnetic reconnection at the internal
rational surfaces produces localized toroidal electromagnetic
torques which brake the plasma rotation. Moreover, if the
error-field amplitude exceeds a certain critical value—which
can be as small as �B /B�10−4—the torques are able to sud-
denly arrest the plasma rotation, and driven reconnection
then proceeds without further hinderance.7,8 This scenario is
generally known as error-field penetration.

The investigation of the relationship between the har-
monic spectrum of the error-field and the relative strengths
of the toroidal electromagnetic braking torques which de-
velop at the various internal rational surfaces of a given to-
kamak plasma is central to determining which error-field har-
monics need to be canceled out by external error-field
correction coils, in order to prevent penetration and conse-
quent magnetic island formation. Of course, the relationship
in question is very simple in a cylindrical plasma. For in-

stance, a m=2, n=1 error field—where m is the poloidal
mode number, and n the toroidal mode number—can only
exert a torque at the 2, 1 rational surface—which is defined
as the magnetic flux-surface that satisfies the resonance con-
dition q=m /n=2, where q is the safety factor �i.e., the in-
verse of the rotational transform�. Likewise, a 3, 1 error field
can only exert a torque at the 3, 1 rational surface. Unfortu-
nately, real tokamak plasmas are toroidal. Moreover, their
magnetic flux surfaces are generally both nonconcentric and
noncircular. The consequent deviations from cylindrical
symmetry give rise to coupling between different poloidal
harmonics.9 Thus, in a toroidal plasma, a 2, 1 error field can
exert a torque at the 3, 1 rational surface, and vice versa.
Indeed, recent numerical calculations have demonstrated that
the relationship between the error-field spectrum and the
electromagnetic torques which develop at the internal ratio-
nal surfaces of a realistic small aspect-ratio, high-�, strongly
shaped, tokamak plasma is substantially different to the cor-
responding relationship in a cylindrical plasma.10–12

The aim of this paper is to investigate the relationship
between the error-field spectrum and the toroidal electromag-
netic torques which develop at the internal rational surfaces
of a large aspect-ratio, low-�, weakly shaped, tokamak
plasma, i.e., a plasma in which the deviations from cylindri-
cal geometry all remain relatively small. In the large aspect-
ratio limit, the response of the plasma to an external error
field remains sufficiently simple that it can be treated ana-
lytically. In fact, the analysis in question is very similar to
that employed in Ref. 9 to investigate the tearing-mode sta-
bility of a large aspect-ratio tokamak plasma. Ultimately, the
problem reduces to a set of second-order ordinary differential
equations �ODEs� which are fairly straightforward to solve
numerically. One advantage of this relatively simple semi-
analytic approach is that extremely transparent in nature. In
other words, it is very easy to see how the various noncylin-
drical factors, such as toroidicity, pressure, flux-surface ellip-
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ticity, and flux-surface triangularity, affect the final result.
The obvious disadvantage of the semianalytic approach is
that it is restricted to quasicylindrical plasmas, and is, there-
fore, of very limited applicability to modern tokamak experi-
ments. Nevertheless, the approach is of value for obtaining
physical insight since it is far simpler than the numerical
approach described in Refs. 10–12, while still being consid-
erably more realistic than the standard cylindrical approach.7

In the following, all lengths are normalized to the minor
radius of the plasma, a, and all magnetic field strengths to the
toroidal field strength on the magnetic axis, B0.

II. PLASMA EQUILIBRIUM

Consider a large aspect-ratio, low-�, weakly shaped, to-
kamak plasma equilibrium of major radius R0 and inverse
aspect ratio �0�a /R0�1. Suppose that the safety-factor pro-
file is

q�r� =
qar2

1 − �1 − r2�� + �0
2� sin��r4�

, �1�

where r is a flux-surface label which �to lowest order in �0� is
equal to the radial distance from the magnetic axis, and �
=qa /q0. Here, qa and q0 are the edge-q and the central-q
values, respectively. The magnetic axis corresponds to r=0,
and the plasma boundary to r=1. The toroidal plasma current
profile is characterized by

J�r� �
1

r

d

dr
� r2

q
�

=
2 − s

q

=
2

q0
�1 − r2��−1 + �0

24��

qa
r2 cos��r4� , �2�

where s=rq� /q is the magnetic shear. Here, � denotes d /dr.
We require ��2, so as to ensure that J and J� are both finite
at r=1.

Suppose that the pressure profile, P�r�, takes the form

�0
−2P�r� � p�r� = �̂0�1 − r2�	. �3�

Here, �̂0=�0 /�0
2�O�1�, where �0= P0 / �B0

2 /
0�, and P0 is
the �un-normalized� total pressure on the magnetic axis. We
require 	�2, so as to ensure that p� and p� are both finite at
r=1.

Let us adopt a cylindrical polar coordinate system
�R ,� ,Z� aligned with the major axis of the plasma. The co-
ordinates of the equilibrium magnetic flux surfaces are

R − R0 = − r cos � + �0�−  + E cos � + T cos 2��

+ O��0
2� , �4�

Z = r sin � + �0�E sin � + T sin 2�� + O��0
2� . �5�

Here, � is a geometric poloidal angle, centered on the mag-
netic axis, which is zero on the inboard midplane. Also,
�0�r� is the Shafranov shift, �0E�r� is the flux-surface ellip-
ticity, and �0T�r� is the flux-surface triangularity. The

“straight” poloidal angle, �, is related to the geometric angle,
�, via

� = � + �0	− �� + r�sin � +
1

2
�E� −

E

r
�sin 2�

+
1

3
�T� − 2

T

r
�sin 3�
 + O��0

2� . �6�

The former angle is defined such that magnetic field-lines
within flux surfaces appear as straight lines when plotted in
the �−� plane.

Now, it is easily demonstrated that �to lowest order in �0�
, E, and T satisfy the following differential equations:

r2� + �3 − 2s�r� + 2rp�q2 − r2 = 0, �7�

r2E� + �3 − 2s�rE� − 3E = 0, �8�

r2T� + �3 − 2s�rT� − 8T = 0. �9�

The boundary conditions at r=0 are =�=E=T=0. The
boundary conditions at r=1 are E=Ea�O�1�, and T=Ta

�O�1�, where the edge ellipticity, �0Ea, and the edge trian-
gularity, �0Ta, are both specified. Finally, the parameter �,
appearing in Eq. �1�, must be iterated until

� =
1

4�
�3

2
+ �2 + 2� + E�2 + 6EE� − 3E2 + T�2

+ 16TT� − 8T2�
r=1

, �10�

so as to ensure that the parallel plasma current at the bound-
ary is zero to O��0

2�.

III. IDEAL PLASMA RESPONSE THEORY

A. Introduction

In this section, we shall calculate the ideal linear re-
sponse of a plasma equilibrium of the type described above
to a nonaxisymmetric error field, with toroidal mode number
n, which possesses a dominant poloidal harmonic.

B. Perturbed magnetic field

The perturbed magnetic field is written

�B = �Brer + �B�e� + �B�e�, �11�

where er=�r / ��r�, etc. Here,

�Br = i �
m�0

m

r
�mei�m�−n�� + O��0� , �12�

�B� = − �
m�0

d�m

dr
ei�m�−n�� + O��0� , �13�

�B� = �0 �
m�0

nZm + 	J +
mp�q

r�m − nq�
�m�ei�m�−n��

+ �0nZ0e−in� + O��0
2� . �14�

The �m�r� and Zm�r� satisfy
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mr
d�m

dr
= Lm

mZm + �
j�0

	Lm
m+jZm+j +

�m + j�Mm
m+j�m+j

�m + j − nq� 
 ,

�15�

�m − nq�r
dZm

dr

=
mPm

m�m

�m − nq�
+ �

j�0
	Nm

m+jZm+j +
�m + j�Pm

m+j�m+j

�m + j − nq� 
 .

�16�

The various Lm
m�, Mm

m�, Nm
m�, and Pm

m� coefficients appearing in
the above equations are specified in Ref. 9.

C. Ordering scheme

Assuming that �0, �0 /�0, �0Ea, �0Ta, �0�m�, and �0n are
all small compared to unity, it is consistent to adopt the fol-
lowing ordering scheme:

�m = �m
�0� + �0

2�m
�2�, Zm = Zm

�0� + �0
2Zm

�2�, �17�

�m+j = �0�m+j
�1� , Zm+j = �0Zm+j

�1� , �18�

Lm
m = Lm

m�0� + �0
2Lm

m�2�, Pm
m = Pm

m�0� + �0
2Pm

m�2�, �19�

Lm
m+j = �0Lm

m+j�1�, Mm
m+j = �0Mm

m+j�1�, �20�

Nm
m+j = �0Nm

m+j�1�, Pm
m+j = �0Pm

m+j�1�, �21�

where j�0. Here, all quantities on the right-hand sides,
other than �0, are assumed to be O�1�. Thus, we are search-
ing for a solution of Eqs. �15� and �16� which is predomi-
nately an m, n harmonic, but has O��0� coupled m+ j, n
sidebands �where j�0�. These sidebands give rise to an
O��0

2� correction to the central m, n harmonic.

D. Zeroth-order solution

It follows from Eqs. �15� and �16�, after a little analysis,
that the zeroth-order central harmonic satisfies

r
d

dr
�r

d�m
�0�

dr
� − m	m +

qrJ�

�m − nq�
�m
�0� = 0. �22�

Of course, Eq. �22� is the well-known cylindrical tearing-
mode equation. It is easily demonstrated that

Zm
�0� =

r

m

d�m
�0�

dr
. �23�

E. First-order solution

It also follows from Eqs. �15� and �16�, after some analy-
sis, that the first-order sideband harmonics satisfy

r
d

dr
�r

d�m+j
�1�

dr
� − �m + j�	�m + j� +

qrJ�

�m + j − nq�
�m+j
�1�

= mKj �24�

where j�0,

Kj = ÛjZm
�0� + �Qj	m +

qrJ�

�m − nq�
 + V̂j��m
�0�, �25�

and

Ûj = Uj + 	m�m + j − nq�
�m − nq�

+
�m + j��m − nq�

�m + j − nq� 
R̂j , �26�

V̂j = Vj +
�m + j − nq�Ôj

�m − nq�
+

nqsjR̂j

�m − nq�2

+
�m + j�Ŝj

�m − nq��m + j − nq�
. �27�

Here,

Q�1 = �, �28�

Q�2 = − E�, �29�

Q�3 = − T� �30�

and

U�1 = − �2 − s�� − 2p�q2 � 2m��1 − s�� − r� , �31�

U�2 = �2 − s�E� �
1
22m��1 − s�E� − 3E/r� , �32�

U�3 = �2 − s�T� �
1
32m��1 − s�T� − 8T/r� , �33�

plus

V�1 = � ���1 − s��3 − 2s� + rs��� + �1 − s�2p�q2 + sr�

+ �m � 1��� + r� , �34�

V�2 = �
1

2
	��1 − s��3 − 2s� + rs� + 3�E� − 3�2 − s�

E

r



− �m � 2�E�, �35�

V�3 = �
1

3
	��1 − s��3 − 2s� + rs� + 8�T� − 8�2 − s�

T

r



− �m � 3�T�, �36�

with

Ô�1 = � �rp� + 2p�s�q2, �37�

R̂�1 = � p�q2, �38�

Ŝ�1 = − �1 + s�p�q2. �39�

Any Qj, Uj, Vj, Ôj, R̂j, or Ŝj coefficients not explicitly speci-
fied above are zero. It is easily demonstrated that

Zm+j
�1� =

r

�m + j�
d�m+j

�1�

dr
−

m

�m + j�

�QjZm
�0� + 	Rj +

�m + j − nq�
�m − nq�

R̂j
�m
�0�� . �40�
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F. Second-order solution

It follows from Eqs. �15� and �16�, after some analysis,
that the second-order correction to the central harmonic
driven by the first-order sideband harmonics satisfies

r
d

dr
�r

d�m
�2�

dr
� − m	m +

qrJ�

�m − nq�
�m
�2� = mK0, �41�

where

K0 = r
d

dr	�L0 +
n2r2

m2 �Zm
�0� + m−1�

j�0
�m + j�Xj


+ 	mP0 +
P1

�m − nq�
+

2mrp��1 − q2�
�m − nq�2 
�m

�0�

+ �
j�0

�m + j�Y j , �42�

and

L0 = −
3

4
r2 +

3

2
�2 −  +

3

2
E�2 −

3

2

E2

r2 +
3

2
T�2 − 4

T2

r2 ,

�43�

P0 =
7

4
r2 + 3r� +

3

2
�2 +  +

3

2
E�2 −

3

2

E2

r2 +
3

2
T�2

− 4
T2

r2 +
1

m2	 n

m
r2�2J0 + rJ0�� − r2J0

2 − r2p� − rp�
 ,

�44�

P1 = − 2rp��2 − s� + qr
dP2

dr
, �45�

P2 = �−
r2

q2 +
3

4
r2 −

3

2
�2 +  −

3

2
E�2 +

3

2

E2

r2 −
3

2
T�2

+ 4
T2

r2 �J0 + �3

2
r2 + �2 + 2r� + E�2 +

6EE�

r

− 3
E2

r2 + T�2 + 16
TT�

r
− 8

T2

r2 �1

q
+ J2, �46�

with

Xj = QjZm+j
�1� − 	Rj +

�m − nq�
�m + j − nq�

R̂j
�m+j
�1� , �47�

Y j = − 	Rj +
�m + j − nq�

�m − nq�
R̂j
Zm+j

�1�

+ 	Sj +
Ŝj

�m + j − nq��m − nq�

�m+j

�1� , �48�

plus

R�1 = � ��1 − s�� − r� , �49�

R�2 = �
1

2
	�1 − s�E� − 3

E

r

 , �50�

R�3 = �
1

3
	�1 − s�T� − 8

T

r

 , �51�

and

S�1 = � + r , �52�

S�2 = − E�, �53�

S�3 = − T�. �54�

Here, J0= �2 /q0��1−r2��−1 and J2= �4�� /qa�r2 cos��r4� are
the zeroth- and second-order components of J, respectively.
Note that the m+ j=0 harmonic does not contribute to the
summations appearing in Eq. �42�. Again, any Rj or Sj coef-
ficients not explicitly specified above are zero.

G. Ideal constraints at rational surfaces

The m+ j, n harmonic is said to be resonant at r=rm+j

provided that q�rm+j�= �m+ j� /n. If this is the case then the
flux-surface r=rm+j is termed the m+ j, n rational flux sur-
face. Assuming that the plasma response to the error field is
essentially ideal, the constraints which must be satisfied at
any rational surfaces lying within the plasma are

�m
�0��rm� = �m+j

�1� �rm+j� = �m
�2��rm� = 0, �55�

where j�0. Of course, these constraints ensure that there is
no driven magnetic reconnection at these surfaces. In addi-
tion, they prevent Eqs. �22�, �24�, and �41� from becoming
singular at any of the rational surfaces.

H. Boundary conditions

The boundary conditions at r=0 are

�m
�0��0� = �m+j

�1� �0� = �m
�2��0� = 0. �56�

At r=1, the solution is matched to a predominately m, n
vacuum error field which is characterized by a unit zeroth
order m, n normal field perturbation at r=1. In other words,

�m
�0��r� =

r�m�

m
+ �m

r−�m�

m
, �57�

for r�1. Thus, the boundary condition satisfied by the
zeroth-order central harmonic at r=1 is

r

�m�
d�m

�0�

dr
+ �m

�0� =
2

m
. �58�

The parameter �m is then determined from

�m = 	−
r

�m�
d�m

�0�

dr
+ �m

�0�

r=1
�� 2

m
� . �59�

The boundary conditions satisfied by the first-order side-
band harmonics at r=1 are9

�m+j
�1� =

cm+j

�m + j�
+ �m

dm+j

�m + j�
, �60�

where

032502-4 Richard Fitzpatrick Phys. Plasmas 16, 032502 �2009�

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.83.61.231 On: Wed, 04 Feb 2015 21:59:18



cm+3� =
��m� + 3�

3
�T�

2
− T�

r=1
, �61�

cm+2� =
��m� + 2�

2
�E�

2
−

E

2
�

r=1
, �62�

cm+� = − ��m� + 1��−
1

4�m�
1 − �m�
1 + �m�

+
�

2
�

r=1

, �63�

cm−� = ��m� − 1��−
1 – 2�m�

4�m�
+

�

2
+ �

r=1

, �64�

cm−2� = −
��m� − 2�

2
�E�

2
+

3E

2
�

r=1
, �65�

cm−3� = −
��m� − 3�

3
�T�

2
+ 2T�

r=1
, �66�

and

dm+3� =
��m� + 3�

3
�T�

2
+ 2T�

r=1
, �67�

dm+2� =
��m� + 2�

2
�E�

2
+

3E

2
�

r=1
, �68�

dm+� = − ��m� + 1��1 + 2�m�
4�m�

+
�

2
+ �

r=1

, �69�

dm−� = ��m� − 1�� 1

4�m�
1 + �m�
1 − �m�

+
�

2
�

r=1

, �70�

dm−2� = −
��m� − 2�

2
�E�

2
−

E

2
�

r=1
, �71�

dm−3� = −
��m� − 3�

3
�T�

2
− T�

r=1
. �72�

Here, ��sgn�m�.
Finally, the boundary condition satisfied by the second-

order correction to the central harmonic at r=1 is9

�m
�2� =

1

m
��G0 + �mG3� + �m�G1�1 − �m� + m2G2�1 + �m�� ,

�73�

where

G0 = 	 ��m� + 2�n2 − �m�2/4
4��m� + 1��m� 
 , �74�

G1 = � 1
4� + 1

2� + 1
4 + 1

2EE� + 1
2TT��r=1, �75�

G2 = �− 1
4� + 1

42 − 1
4 �� + �2 + 1

4E2 − 1
16�E� + E�2

+ 1
4T2 − 1

36�T� + T�2�r=1, �76�

G3 = − 	 ��m� − 2�n2 + �m�2/4
4��m� − 1��m� 
 . �77�

For the special case �m�=1, G3 takes the value

G3 = − 	n2

4
−

1

8
+ �n2

2
−

1

8
�ln� �

8
�
 , �78�

where

� = exp� �
i=1,n

2

2i − 1� . �79�

IV. ELECTROMAGNETIC TORQUES

In this section, we shall calculate the toroidal electro-
magnetic torques exerted at the internal rational flux surfaces
of a plasma equilibrium of the type described in Sec. II by a
general nonaxisymmetric error field of toroidal mode num-
ber n. Note that such an error field can always be written as
a linear superposition of error fields with the same toroidal
mode number but various different dominant poloidal mode
numbers. In other words, a general error field can be built up
out of a combination of the special error fields described in
Sec. III.

We can conveniently characterize the vacuum error field
normal to the plasma boundary in terms of a complex vector,
b, whose elements, bm, are obtained from

br
vac�1,�,�� = �

m�0
bmei�m�−n��. �80�

However, according to the analysis in Sec. III,

bm = �
m��0

Cm,m�	m�, �81�

where the 	m are a set of arbitrary complex coefficients, and

Cm+3�,m = �0
��m� + 3�

3
�T�

2
− T�

r=1
, �82�

Cm+2�,m = �0
��m� + 2�

2
�E�

2
−

E

2
�

r=1
, �83�

Cm+�,m = − �0��m� + 1��−
1

4�m�
1 − �m�
1 + �m�

+
�

2
�

r=1

, �84�

Cm,m = 1 + �0
2�G0 + �m�G1 + m2G2� , �85�

Cm−�,m = �0��m� − 1��−
1 − 2�m�

4�m�
+

�

2
+ �

r=1

, �86�

Cm−2�,m = − �0
��m� − 2�

2
�E�

2
+

3E

2
�

r=1
, �87�

Cm−3�,m = − �0
��m� − 3�

3
�T�

2
+ 2T�

r=1
. �88�

All other elements of the C-matrix are zero. Observe that the
diagonal elements of the C-matrix are O�1�, with O��0

2� cor-
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rections, whereas the off-diagonal elements are O��0�.
Suppose that the m, n harmonic is resonant at r=rm. We

can write

Jm � 	r
d�m

dr



rm−

rm+

= �
m��0

Fm,m�	m�, �89�

where

Fm,m� = 	r
d�̂m,m�

dr



rm−

rm+

. �90�

Here, the �̂m,m��r� are �m�r� functions of the type calculated
in Sec. III for a central poloidal harmonic m�. In other words,

�̂m,m=�m
�0�+�0

2�m
�2� and �̂m,m+j =�0�m+j

�1� for j�0. Moreover,
�m

�0� is the solution of Eq. �22�, subject to constraint �55�, and
the boundary conditions �56� and �58�. Furthermore, �m+j

�1� is
the solution of Eq. �24�, subject to constraint �55�, and the
boundary conditions �56� and �60�. Finally, �m

�2� is the solu-
tion of Eq. �41�, subject to constraint �55�, and the boundary
conditions �56� and �73�. Clearly, the diagonal elements of
the F-matrix are O�1�, with O��0

2� corrections, whereas the
off-diagonal elements are O��0�.

Asymptotic matching at the m, n rational surface yields13

m�m = m� �m + Jm, �91�

where m is the �generally complex� layer response function,
m� is the �real� tearing stability index, and �m is the recon-
nected magnetic flux. Both m and m� are independent of the
error field. For a tearing stable plasma, m� is negative and
generally O�1�. Now, the magnitude of the shielding current
flowing at the rational surface is proportional to �m�. In the
absence of shielding, the error field drives substantial mag-
netic reconnection. Indeed, the reconnected magnetic flux in
this case is

�m full =
Jm

− m�
. �92�

However, toroidal plasma rotation produces strong shielding
at the rational surface, i.e., �m��1. In this situation, mag-
netic reconnection is largely suppressed so that ��m�
� ��m full�. In other words, in the presence of strong rota-
tional shielding, the plasma response at the rational surface is
essentially ideal, i.e., similar to that obtained in the limit
�m�→�. Nevertheless, the small nonideal component of the
plasma response is important since it allows the error field to
exert an electromagnetic torque at the surface.

The toroidal electromagnetic torque exerted at the m, n
rational surface is given by9

Tm =
n

2rm
�Jm�2

Im�m�
�m − m� �2

. �93�

In the strong shielding limit, this reduces to

Tm � −
n

2rm
�Jm�2Im�1/m� . �94�

Thus, in an almost ideal plasma �i.e., �� �m��1� the error
field can exert a relatively small electromagnetic torque at

the m, n rational surface. Moreover, all of the dependence of
this torque on the error field is contained within the �Jm�2
factor. Hence, we just need to understand the relationship
between this factor and the error-field spectrum. Note that
�Jm�2 is fully determined by the ideal-MHD response theory
discussed in Sec. III, and is completely independent of any
nonideal layer physics which holds in the immediate vicinity
of the m, n rational surface. It follows that the optimal error-
field spectrum for exerting a torque at the m, n rational sur-
face is likewise independent of layer physics.

According to Eqs. �81� and �89�,

Jm = hm · b , �95�

where the elements of the hm vector are given by

�hm�m� � Hm,m� = �
k�0

Fm,kCk,m�
−1 . �96�

However, to be consistent with our ordering scheme, it is
only necessary to calculate the diagonal elements of the
H-matrix to O��0

2�, and the off-diagonal elements to O��0�. It
follows that

Hm,m � Fm,m�2 − Cm,m + �
k�m

Cm,kCk,m� − �
k�m

Fm,kCk,m,

�97�

and

Hm,m� � − Fm,mCm,m� + Fm,m� �98�

for m�m�.
Now, the magnitude of the error-field vector, b, specifies

the root-mean-square amplitude of the vacuum error field
normal to the plasma boundary, whereas its direction deter-
mines the error-field spectrum. Thus, it is clear from Eq. �95�
that at fixed rms error-field amplitude, the error-field spec-
trum which maximizes the electromagnetic torque exerted at
the m, n rational surface is such that the b vector is parallel
to the hm vector. In this case,

�Jm�2 = �hm�2�b�2. �99�

So, at fixed rms error-field amplitude, the electromagnetic
torque is proportional to the magnitude squared of the hm

vector. In other words, the direction of the hm vector speci-
fies the optimal error-field spectrum for exerting a torque at
the m, n rational surface, whereas the magnitude of this vec-
tor characterizes the maximum torque which can be exerted
at the rational surface by an error field of fixed rms ampli-
tude �assuming strong shielding�.

V. EXAMPLE CALCULATION

Consider an example plasma equilibrium characterized
by q0=1.5, qa=3.9, and 	=2.0. The associated safety-factor
profile is shown in Fig. 1. Suppose that this equilibrium in-
teracts with an n=1 error field. It follows that there are two
rational flux-surfaces inside the plasma, i.e., the 2, 1 surface
at which q=2, and the 3, 1 surface at which q=3. The former
surface lies at r=0.580, and the latter at r=0.865 �see Fig. 1�.
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The h2 vector, which characterizes the toroidal electro-
magnetic braking torque exerted by an n=1 error field at the
q=2 surface, is calculated to have the following non-
negligible components:

�h2�−1 = − 0.371Ta, �100�

�h2�1 = 0.322�0 + 1.95�0/�0, �101�

�h2�2 = 0.240 − 0.183�0
2 − 130.3��0/�0�2 − 18.0�0

− 3.70Ea
2 − 0.085Ta

2, �102�

�h2�3 = 0.045�0 − 0.921�0/�0, �103�

�h2�4 = 2.82Ea, �104�

�h2�5 = 1.40Ta. �105�

Recall that the optimal vacuum error field for exerting a
torque at the q=2 surface has the same spectrum as the h2

vector. We conclude that, in a large aspect-ratio, low-�,
weakly shaped, tokamak plasma equilibrium �i.e., an equilib-
rium in which �0, �0 /�0, �0Ea, and �0Ta are all much less
than unity�, the optimal error field is dominated by the reso-
nant 2, 1 harmonic, but also possesses smaller sideband har-
monics driven by plasma toroidicity, pressure, ellipticity, and
triangularity. Moreover, these sidebands couple back to the
resonant harmonic in such a way as to reduce its magnitude.

There are two interesting metrics which can be applied
to a given hm vector. The first metric,

Sm = �
m��m

�Hm,m��

Hm,m
− �

m��m

�Hm,m��

Hm,m
, �106�

measures the extent to which the optimal error field predomi-
nately contains sideband harmonics with poloidal mode

numbers which are more positive, rather than more negative,
than the resonant mode number �which is assumed to be
positive�. Thus, if Sm�0 then the optimal error field pre-
dominately contains sideband harmonics whose poloidal
mode numbers are more positive than the resonant mode
number, and vice versa. The second metric,

Bm = ��
m�

Hm,m��− 1��m�−m�����
m�

Hm,m�� − 1, �107�

measures the extent to which the amplitude of the optimal
error field on the outboard midplane ��=�� exceeds that on
the inboard midplane ��=0�. Thus, if Bm�0 then the opti-
mal error field has a higher amplitude on the outboard mid-
plane, and vice versa.

For the previously specified h2 vector, we find that

S2 = − 1.16�0 − 4.30�0/�0 + 11.8Ea + 4.30Ta, �108�

B2 = − 3.07�0 − 8.60�0/�0 − 8.59Ta. �109�

It follows that toroidicity and pressure favor an optimal error
field which predominately contains sideband harmonics with
poloidal mode numbers which are more negative than the
resonant mode number, whereas flux-surface shaping favor
an error field which predominately contains sideband har-
monics with mode numbers which are more positive than the
resonant mode number. Moreover, toroidicity, pressure, and
flux-surface shaping all tend to make the optimal error-field
balloon on the inboard side of the plasma.

The h3 vector, which characterizes the toroidal electro-
magnetic braking torque exerted by an n=1 error field at the
q=3 surface, is calculated to have the following non-
negligible components:

�h3�1 = − 1.51Ea �110�

�h3�2 = 1.57�0 + 9.82�0/�0, �111�

�h3�3 = 1.03 − 4.28�0
2 − 591.2��0/�0�2 − 103.1�0 − 8.82Ea

2

− 1.16Ta
2, �112�

�h3�4 = − 1.86�0 − 24.2�0/�0, �113�

�h3�5 = 1.16Ea, �114�

�h3�6 = 5.87Ta. �115�

Note that, as before, the optimal error field is dominated by
the resonant harmonic, but contains sideband harmonics
which couple back to the resonant harmonic in such a way as
to reduce its magnitude.

For the case of the h3 vector, our two metrics take the
form

S3 = 0.286�0 + 13.9�0/�0 − 0.333Ea + 5.68Ta, �116�

B3 = 0.572�0 + 27.8�0/�0 − 11.4Ta. �117�

We conclude that toroidicity and pressure now favor an op-
timal error field which predominately contains sideband har-
monics with more positive poloidal mode numbers than the

FIG. 1. Safety-factor profile for a plasma equilibrium characterized by q0

=1.5 and qa=3.9. The positions of the q=2 and q=3 surfaces are indicated
by vertical dotted lines.
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resonant mode number, and also tend to make the optimal
error-field balloon on the outboard side of the plasma.

It turns out that the 4, 1 ideal external kink mode is fairly
close to marginal stability �but still stable� for the chosen
plasma equilibrium �since the q=4 surface lies just outside
the plasma, and the central-q value is relatively high�. For
the case of the h2 vector, coupling between the error field
and the 4, 1 mode is controlled by plasma ellipticity. On the
other hand, for the case of the h3 vector, coupling to the 4, 1
mode is controlled by toroidicity and pressure. Equations
�108�, �109�, �116�, and �117� strongly suggest that coupling
to a �stable� ideal external kink mode which is close to mar-
ginal stability causes the optimal error field for exerting a
torque at a given internal rational surface to predominately
contain sideband harmonics whose poloidal mode numbers
are more positive than the resonant mode number, and to
balloon on the outboard side of the plasma. �Note that the
latter effect is not evident in Eq. �109� because flux-surface
ellipticity makes no contribution to the in-out asymmetry of
the optimal error field.� Conversely, in the absence of cou-
pling to an ideal external kink mode which is close to mar-
ginal stability, the optimal error field predominately contains
sideband harmonics whose poloidal mode numbers are more
negative than the resonant mode number, and also tends to
balloon on the inboard side of the plasma. This can be seen
more explicitly by lowering the central q-value, which has
the effect of stabilizing the 4, 1 external kink mode.

VI. SUMMARY

We have investigated the toroidal electromagnetic brak-
ing torques exerted at the various internal rational surfaces of
a large aspect-ratio, low-�, weakly shaped, tokamak plasma
equilibrium by a nonaxisymmetric error field. In the large
aspect-ratio limit, the problem remains sufficiently simple
that it is amenable to analysis, and eventually reduces to a set
of second-order ODEs, Eqs. �22�, �24�, and �41�, subject to
constraint �55�, and the boundary conditions �56�, �58�, �60�,
and �73�. It is a straightforward task to obtain numerical
solutions to these equations. In Sec. IV, it is shown how such
solutions can be used to calculate the optimal error-field
spectrum for exerting a torque at a given rational surface
within the plasma. We find that the optimal spectrum is en-
tirely determined by ideal-MHD plasma response theory, and
is independent of any nonideal layer physics which holds in
the immediate vicinity of the internal rational surfaces �as-
suming that driven magnetic reconnection is strongly
shielded by plasma rotation�.

The optimal error-field spectrum for exerting a torque at
a given rational surface is found to be dominated by the
resonant harmonic, but also contains sideband harmonics in-
duced by plasma toroidicity, pressure, ellipticity, and trian-
gularity. Moreover, these sidebands couple back to the reso-
nant harmonic in such a manner as to reduce its amplitude.
Unfortunately, our fundamental large aspect-ratio ordering
precludes us from obtaining an optimal error-field spectrum

in which the resonant harmonic is not dominant. Hence, we
cannot directly compare our results with the numerical cal-
culations described in Refs. 10–12, which employ realistic
small aspect-ratios, and which find optimal error-field spectra
which are not dominated by the resonant harmonic.

Generally speaking, if there is significant coupling to a
�stable� ideal external kink mode which is close to its mar-
ginal stability boundary then we find that the optimal error
field predominately contains side-band harmonics whose po-
loidal mode numbers are more positive than the resonant
mode number �which is assumed to be positive�, and also
tends to balloon on the outboard side of the plasma. On the
other hand, if there is no such coupling then the optimum
error field predominately contains sideband harmonics
whose poloidal mode numbers are more negative than the
resonant mode number, and also tends to balloon on the in-
board side of the plasma.

The semianalytic approach presented in this paper is ob-
viously of very limited applicability to modern tokamak ex-
periments because it can only deal with quasicylindrical
plasmas. Nevertheless, it is of value for obtaining physical
insight, since it is comparatively simple, and also allows us
to see, in a very clear manner, how the various noncylindri-
cal effects in a quasicylindrical plasma—such as toroidicity,
pressure, flux-surface ellipticity, and flux-surface
triangularity—affect the optimal error-field spectrum for ex-
erting a torque at a given rational surface within the plasma.
Our semianalytic approach also represents a significant im-
provement over the standard cylindrical approach which has
been used previously, with some success, to investigate the
electromagnetic torques exerted on tokamak plasmas by er-
ror fields.7,8
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