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A previously published analytical formula for the error-field penetration threshold in rotating
tokamak plasmas is successfully benchmarked against nonlinear magnetohydrodynamical
simulations in slab geometry. Moreover, the fundamental assumption underlying the derivation of
this formula, namely, that the response of a flowing plasma to a low amplitude, quasistatic, resonant
magnetic perturbation is governed by linear, constant- layer physics, is verified over a wide range
of plasma parameters, which includes the parameter range relevant to Ohmic and neutral beam
injection start-up discharges in modern-day tokamaks. It is concluded that the formula in question
can be used to estimate error-field penetration thresholds in such plasmas. © 2003 American
Institute of Physics. 关DOI: 10.1063/1.1560924兴

I. INTRODUCTION

IV. Finally, the paper is summarized and conclusions are
drawn in Sec. V.

Tokamak plasmas are invariably subject to small amplitude, static, resonant magnetic perturbations—known as
‘‘error-fields’’—which are generated primarily by field-coil
misalignments and nonaxisymmetric coil-feeds. Such perturbations can significantly degrade energy confinement by
driving magnetic reconnection 共and, hence, magnetic islands兲 in intrinsically tearing-stable plasmas. Error-field
driven reconnection is strongly suppressed by the naturally
occurring toroidal rotation in tokamak plasmas. However,
when the error-field amplitude rises above a certain critical
value, the plasma rotation is suddenly arrested, and errorfield driven reconnection proceeds unhindered—this effect is
known as error-field ‘‘penetration.’’ The scenario outlined
above has been observed experimentally in a number of
tokamaks.1–3
An analytic theory has been developed which predicts
the critical error-field amplitude above which driven reconnection is triggered in a rotating, tearing-stable tokamak
plasma.4 – 6 One disturbing aspect of this theory is that the
critical amplitude decreases rapidly with increasing machine
size, suggesting that next-step tokamaks may be hypersensitive to error-fields. Since practical error-field alleviation
mechanisms in next-step devices are all extremely costly, it
is important that this theoretical scaling be tested as thoroughly as possible.
This paper describes a number of nonlinear, twodimensional, slab, resistive, viscous, magnetohydrodynamical 共MHD兲 simulations designed to investigate the scaling of
the critical error-field amplitude with plasma parameters.
Section II outlines the basic system of equations used in
these simulations. The application of the aforementioned
analytic theory to the investigation is described in Sec. III.
The numerical simulations themselves are presented in Sec.

II. PRELIMINARY ANALYSIS
A. Basic equations

Standard right-handed Cartesian coordinates (x,y,z) are
adopted. It is assumed that there is no variation along the
z-axis, i.e.,  /  z⬅0. Consider a compressible plasma governed by equations of resistive, viscous, MHD. Let the
plasma density, , and viscosity, , both be uniform, and let
the resistivity, , be a function of x only. It follows that
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where A is the vector potential,  is the scalar potential, B is
the magnetic field, V is the plasma velocity, p is the plasma
pressure, J is the current density, E0 is the 共uniform兲 externally driven inductive electric field, F0 is the externally applied force density, and ⌫⫽5/3 is the ratio of specific heats.
Let (x/a,y/a,z/a)→(x,y,z), t/(a/V A )→t, B/B 0 →B,
A/(B 0 a)→A, V/V A →V,  /(B 0 V A a)→  , p/(  V A2 )→p,
J/(B 0 /  0 a)→J, E0 /(B 0 V A )→E0 , F0 /(  V A2 /a)→F0 ,
 /  (0)→ ˆ ,  (0)/(V A a  0 )→  , and  /(V A a  )→  ,
where V A ⫽B 0 / 冑 0  is the Alfvén velocity, a a convenient
scale-length, and B 0 a convenient scale magnetic fieldstrength.
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Let A(x,y)⫽ 关 0,0, (x,y) 兴 , V(x,y)⫽关 u(x,y), v (x,y),0兴 ,
J(x,y)⫽ 关 0,0,J(x,y) 兴 , E0 (x,y)⫽ 关 0,0,E 0 兴 , and F0 (x,y)
⫽ 关 0,F 0 (x),0兴 . It follows that
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x⫽X w

Furthermore, all fields satisfy A(x,L)⫽A(x,0).

where ⵜ 2 ⬅  2 /  x 2 ⫹  2 /  y 2 .
B. Plasma equilibrium

III. ERROR-FIELD PENETRATION THEORY

Suppose that the plasma is bounded by perfectly conducting walls located at x⫽⫾X w , and is periodic in the
y-direction with periodicity length L. The initial Harris-pinch
plasma equilibrium satisfies

A. Asymptotic matching
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Consider the response of a tearing-stable plasma to a
wall displacement of the form ⌶(y,t)⫽  (t)e iky , where k
⫽2  /L. Here, it is assumed that the displacement amplitude, , varies on a time scale which is much longer than any
plasma time scale 共just like error-fields in tokamaks兲.
Conventional theory divides the plasma into an outer
and an inner region, with the latter region strongly localized
in the vicinity of the magnetic resonance 共i.e., x⫽0). In the
outer region, plasma inertia, resistivity, viscosity, and compressibility can all be neglected. In this limit, Eqs. 共6兲–共9兲
reduce to the following equation:

共13兲

,

.

共14兲

Here, V 0 is the 共normalized兲 unperturbed equilibrium flow
speed at the magnetic resonance, B (0)
y ⫽0 共i.e., at x⫽0).
Moreover, in unnormalized units, B 0 is the equilibrium fieldstrength as x→⬁, and a is the half-width of the current
channel. Note that E 0 ⫽⫺ ˆ d 2  (0) /dx 2 and F 0 (x)
⫽⫺  d 2 v (0) /dx 2 .
In the simple equilibrium described above there is no
z-directed magnetic field and zero pressure gradient 共in the
x-direction兲 at the resonant surface 共hence, pressure gradient
effects play no role in the mode dynamics兲.
C. Boundary conditions

Suppose that the conducting wall at x⫽X w is subject to
a small displacement ⌶(y,t) in the x-direction. An equal and
opposite displacement is applied to the wall at x⫽⫺X w . Of
course, the displacements are periodic in y, so that ⌶(L,t)
⫽⌶(0,t). The appropriately modified no-slip boundary conditions at the walls are

2

⫺k 2  共 1 兲 ⫺

d 3  共 0 兲 /dx 3
d

共0兲

/dx

 共 1 兲 ⫽0,

共19兲

where the perturbed magnetic flux is written ␦  (x,y)
⫽  (1) (x)e iky . In deriving the above equation, it is assumed
that the wall perturbation is relatively low amplitude 共which
justifies a linear approach兲, and that the plasma flow speed is
small compared to both the sound and Alfvén speeds. The
boundary conditions at the conducting walls are written

 共 1 兲 共 ⫾X w 兲 ⫽⫺

d  共 0 兲共 X w 兲
dx

.

共20兲

Moreover, from symmetry,  (1) (⫺x)⫽  (1) (x). Hence,
asymptotic matching to the inner region yields
⌿⫽

E sw 
⌬⫺E ss

,

共21兲

where E ss and E sw are real numbers obtained by solving Eq.
共19兲 subject to the boundary conditions and symmetry constraints. The complex quantity ⌿⫽limx→0  (1) (x) is the reconnected magnetic flux 共assuming a constant- inner regime兲 driven by the wall perturbation. The complex quantity
⌬ parameterizes the response of the inner region to the wall
perturbation. Note that E ss is the conventional tearing stability index 共for the wavelength L tearing mode兲.7 The plasma
is intrinsically stable 共to the wavelength L tearing mode兲
provided that E ss ⬍0.
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B. Layer physics

The main premise of the analytic theory developed in
Refs. 4 – 6 is that the inner response of a flowing plasma to a
static external magnetic perturbation, for the case in which
driven reconnection is strongly flow suppressed, is well described by linear, constant- layer physics. Now, the response regime which is most appropriate to ohmically heated
tokamak plasmas is the so-called viscoresistive regime,6 in
which plasma inertia and compressibility play a negligible
role. The response of a viscoresistive layer to an external
perturbation is described by the following expression:8
⌬⫽iA

k 2/3
s

1/3

V  1/6 ⫺5/6.

共22兲

Here, V is the y-component of the equilibrium flow velocity
at the magnetic resonance 共i.e., x⫽0), whereas s
⫽ 兩 d 2  (0) /dx 2 兩 x⫽0 , and A⫽6 2/3 ⌫(5/6)/⌫(1/6)⫽2.104.
The viscoresistive regime holes in the high viscosity
limit,  Ⰷ  , provided8
VⰆ
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共23兲
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2/3
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共24兲

.

The neglect of plasma compressibility in the layer is justified
as long as V remains well below the velocity of sound.
C. Force balance

The net y-directed electromagnetic force exerted on the
inner region 共zero net force is exerted on the outer region兲 by
the wall perturbation is written4 – 6
k
F yEM ⫽⫺ 兩 ⌿ 兩 2 Im共 ⌬ 兲 .
2

共25兲

The net y-directed viscous restoring force acting on the inner
region takes the form,4 – 6
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Furthermore, Eq. 共21兲 gives
兩⌿兩
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where ⌿ full⫽E sw 兩  兩 / 兩 E ss 兩 is the driven reconnected flux in
the absence of a plasma flow.
According to Eqs. 共27兲 and 共30兲, when the parameter ␣
is much less than unity 共which is always the case in tokamak
plasmas兲, externally driven reconnection is strongly flow
suppressed 共i.e., 兩 ⌿ 兩 Ⰶ⌿ full) provided the perturbation amplitude, 兩  兩 , remains below the critical value,  c . In fact, in
this situation,
V

⯝

兩⌿兩

⌿ full

1⫹ 冑1⫺ 共 兩  兩 /  c 兲 2

⯝

2

共31兲

,

2␣
1⫹ 冑1⫺ 共 兩  兩 /  c 兲 2
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However, as soon as the perturbation amplitude rises above
the critical value, the flow suppressed state ceases to exist,
and the system make a transition to a state in which the
plasma flow at the magnetic resonance is arrested 共i.e., V
→0), and driven reconnection proceeds unhindered 共i.e.,
兩 ⌿ 兩 →⌿ full). Note that the perturbation amplitude must be
reduced well below the critical amplitude before the reverse
transition is triggered. 共See Ref. 6 for more details regarding
these transitions.兲
Expression 共28兲 共which is easily generalized to cylindrical geometry兲 is widely used to estimate the maximum tolerable error-field amplitude in tokamaks 共if error-field driven
reconnection problems are to be avoided兲. The aim of this
paper is to benchmark Eq. 共28兲 against the results of nonlinear MHD simulations.
IV. NUMERICAL RESULTS
A. Introduction

In deriving the above expression, it is assumed that the
plasma is in a quasi-steady-state 共since the wall perturbation
varies very slowly in time兲. Of course, in a quasi-steadystate the total y-directed force acting on the inner region
must be zero, i.e., F yEM ⫹F yVS ⫽0. Note that the (V•ⵜ)V
force is assumed to be negligible compared to the electromagnetic and viscous forces.
Equations 共21兲, 共22兲, 共25兲, and 共26兲 共plus the force balance requirement兲 yield
4 1⫺

冑A

and

V0

Likewise, the viscoresistive regime holds in the low viscosity
limit,  Ⰶ  , provided8
VⰆ

 c⫽
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V0 V0

⫽

共 V/V 0 兲 2

冉 冊
兩兩

共 V/V 0 兲 2 ⫹ ␣ 2  c

2

,

共27兲

Equations 共6兲–共9兲, plus the initial equilibrium 共10兲–共14兲
and the boundary conditions 共15兲–共18兲, have been implemented numerically in a finite-difference code which is
second-order in space and first-order in time. The code
makes use of the well-known semi-implicit algorithm of
Harned and Schnack9 in order to circumvent the highly restrictive Courant–Freidrichs–Lewy condition on the Alfvén
wave. The computational grid is uniform in the y-direction.
However, in the x-direction the grid points are more closely
packed in the vicinity of the magnetic resonance, in order to
help resolve the reconnecting layer. All the simulations discussed in this paper employ a uniform time step of 0.5 normalized time units, as well as a 128⫻64 computational grid.
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FIG. 1. The amplitude, 兩兩, of the wall displacement vs time for a nonlinear
simulation performed with X w ⫽2.5, L⫽5, V 0 ⫽1⫻10⫺2 ,  ⫽1⫻10⫺2 , and
 ⫽1⫻10⫺4 . The horizontal dotted line indicates the value of  c .

B. Example calculation

Figures 1–3 show data obtained from a nonlinear simulation performed with the following plasma parameters: X w
⫽2.5, L⫽5, V 0 ⫽1⫻10⫺2 ,  ⫽1⫻10⫺2 , and  ⫽1
⫻10⫺4 . For these parameters, it can be demonstrated that
k⫽1.257, s⫽0.9734, E ss ⫽⫺0.8939, E sw ⫽0.3539, ␣
⫽3.616⫻10⫺2 , and  c ⫽7.928⫻10⫺2 .
As can be seen from Fig. 1, the amplitude of the wall
perturbation is ramped linearly from zero over 106 normalized time-units 共as is the case in all of the simulations discussed in this paper兲. This variation time scale is much
longer than any plasma time scale; hence, it is reasonable to
suppose that the plasma remains in a quasi-steady-state in the
presence of the perturbation, as was assumed in the previous
theoretical discussion.
Figures 2 and 3 demonstrate that when the perturbation
amplitude lies well below the critical value 共i.e., 兩  兩 Ⰶ  c ),
the plasma flow is unaffected 共i.e., V⫽V 0 ), and the recon-

FIG. 2. The net y-directed plasma flow velocity, V, at the magnetic resonance 共normalized with respect to its unperturbed value, V 0 ) vs time for a
nonlinear simulation performed with X w ⫽2.5, L⫽5, V 0 ⫽1⫻10⫺2 ,  ⫽1
⫻10⫺2 , and  ⫽1⫻10⫺4 . The vertical dotted line indicates the time at
which 兩  兩 ⫽  c .
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FIG. 3. The magnitude of the reconnected magnetic flux, 兩 ⌿ 兩 , 共normalized
with respect to the expected flux, ␣ ⌿ full , in the fully flow suppressed case兲
vs time for a nonlinear simulation performed with X w ⫽2.5, L⫽5, V 0 ⫽1
⫻10⫺2 ,  ⫽1⫻10⫺2 , and  ⫽1⫻10⫺4 . The vertical dotted line indicates
the time at which 兩  兩 ⫽  c .

nected flux takes the strongly flow suppressed value ␣ ⌿ full .
As 兩兩 approaches  c , the equilibrium flow velocity at the
magnetic resonance gradually slows down, and there is a
simultaneous gradual rise in the reconnected flux. However,
as soon as the critical perturbation amplitude is exceeded,
there is a sudden collapse in the plasma flow at the magnetic
resonance, accompanied by a very substantial, and equally
sudden, rise in the reconnected flux. The behavior shown in
Figs. 1–3 is in very good agreement with the theory outlined
in Sec. III 共note, in particular, that the theory accurately predicts the values of  c and the flow suppressed reconnected
flux兲, and is also similar to that observed experimentally.2
C. Scans of major plasma parameters

The scans of major plasma parameters reported in this
paper are performed at constant 共theoretical兲  c and ␣. This
is possible as long as  ⬀V 0 and  ⬀1/V 0 . Figure 4 shows
the scan trajectories through  –  space. Note that a very
wide range of  and  values is covered. It is helpful to
define P⫽  /  and Q⫽V 0 /  1/3. The viscoresistive regime
extends over the domains QⰆ P ⫺1/3 for PⰇ1, and QⰆ P 1/3
for PⰆ1 共see Sec. III兲. Figure 5 shows the scan trajectories
through Q – P space, indicating the boundaries of the viscoresistive regime. It can be seen that the scans make a fairly
thorough exploration of the experimentally relevant highflow limit of the viscoresistive regime. The parameter scans
are performed with the following auxiliary plasma parameters: X w ⫽2.5 and L⫽5.
Figure 6 shows the numerically determined critical perturbation amplitude,  c 共actually, the perturbation amplitude
at which V⫽0.1V 0 ) vs the unperturbed plasma flow speed,
V 0 , for the various scans described above. Also shown are
the theoretical  c values. It can be seen that, although V 0 is
varied by about three orders of magnitude during each scan,
the numerically determined  c value remains approximately
constant, in accordance with theory 关i.e., since expression
共28兲 is invariant with V 0 if  ⬀V 0 and  ⬀1/V 0 ]. Moreover,
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FIG. 4. Scan trajectories through  –  space. The open triangular points
correspond to  ⫽9.766⫻10⫺8 /V 0 and  ⫽2.500⫻10⫺3 V 0 . The solid triangular points correspond to  ⫽7.418⫻10⫺7 /V 0 and  ⫽3.750⫻10⫺3 V 0 .
The open square points correspond to  ⫽3.125⫻10⫺6 /V 0 and  ⫽5.000
⫻10⫺3 V 0 . The solid square points correspond to  ⫽2.373⫻10⫺5 /V 0 and
 ⫽7.500⫻10⫺3 /V 0 . The open round points correspond to  ⫽1.000
⫻10⫺4 /V 0 and  ⫽1.000⫻10⫺2 V 0 . The auxiliary plasma parameters are
X w ⫽2.5 and L⫽5.

the numerical determined  c values are in extremely good
agreement with the corresponding theoretical values. Hence,
the data presented in Fig. 6 effectively validate the V 0 , ,
and  scalings of the error-field penetration formula, 共28兲.
Note, from Fig. 6, that there is a small deviation between
the numerically determined and theoretical critical perturbation amplitudes at large V 0 . As can be seen from Fig. 5, this
deviation occurs because at large V 0 the various scans approach the lower boundary of the viscoresistive regime in
Q – P space. Of course, the theoretical formula 共28兲 is only
valid well within the viscoresistive regime. Any deviation
between the numerical and theoretical critical perturbation
amplitudes at low V 0 is caused by the reconnection time
scale increasing to such an extent that the plasma response to
the external perturbation is no longer quasi-steady-state. Fi-

FIG. 5. Scan trajectories through Q – P space. The dashed lines indicate the
right and lower boundaries of the viscoresistive regime. The key for the
different scans is the same as in Fig. 4. The auxiliary plasma parameters are
X w ⫽2.5 and L⫽5.

Richard Fitzpatrick

FIG. 6. The numerically determined critical perturbation amplitude,  c , vs
the unperturbed plasma flow speed, V 0 . The dotted horizontal lines indicate
the corresponding theoretical  c values. The key for the different scans is the
same as in Fig. 4. The auxiliary plasma parameters are X w ⫽2.5 and L⫽5.

nally, the deviation between the numerical and theoretical
critical perturbation amplitudes evident in the low  c scans in
Fig. 6 共which are also low  and  scans兲 is due to spatial
resolution problems caused by the narrowness of the reconnecting layer.
D. Scans of auxiliary plasma parameters

The dependence of the error-field penetration formula,
共28兲, on the auxiliary plasma parameters X w and L is rendered nontrivial by the presence of the E sw factor. The value
of E sw is obtained by solving Eq. 共19兲, subject to the boundary condition 共20兲, and possesses no simple analytic dependence on X w and L.
Figure 7 details the dependence of the numerically de-

FIG. 7. The numerically determined critical perturbation amplitude,  c , vs
the unperturbed plasma flow speed, V 0 . The dotted horizontal lines indicate
the corresponding theoretical  c values. All scans are performed with 
⫽3.125⫻10⫺6 /V 0 ,  ⫽5.000⫻10⫺3 V 0 , and L⫽5. The open triangular
points correspond to X w ⫽1.5. The solid triangular points correspond to
X w ⫽2.0. The open square points correspond to X w ⫽2.5. The solid square
points correspond to X w ⫽3.0. The open circular points correspond to X w
⫽3.5.
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FIG. 8. The numerically determined critical perturbation amplitude,  c , vs
the unperturbed plasma flow speed, V 0 . The dotted horizontal lines indicate
the corresponding theoretical  c values. All scans are performed with 
⫽3.125⫻10⫺6 /V 0 ,  ⫽5.000⫻10⫺3 V 0 , and X w ⫽2.5. The open triangular
points correspond to L⫽6.0. The open square points correspond to L
⫽5.0. The open round points correspond to L⫽4.0. The solid round points
correspond to L⫽3.0.

termined critical perturbation amplitude,  c , on the conducting wall position, X w . Also shown are the theoretical  c
values. It can be seen that there is excellent agreement between the numerical and theoretical  c values.
Figure 8 details the dependence of the numerically determined critical perturbation amplitude,  c , on the plasma
periodicity length, L. Also shown are the theoretical  c values. Again, it can be seen that there is excellent agreement
between the numerical and theoretical  c values.
The data presented in Figs. 7 and 8 effectively validate
the X w and L scalings of the error-field penetration formula,
共28兲.
V. SUMMARY AND CONCLUSIONS

The error-field penetration formula, 共28兲, has been successfully benchmarked against nonlinear MHD simulations
in slab geometry. Furthermore, the fundamental assumption
underlying the derivation of Eq. 共28兲—namely, that the response of a flowing plasma to a low amplitude, quasistatic,
resonant magnetic perturbation is governed by linear,
constant- layer physics—has been verified over a wide
range of plasma parameters, which includes the parameter
range relevant to ohmic and neutral beam injection 共NBI兲
start-up discharges in modern-day tokamaks. Hence, formula
共28兲 can be used to estimate error-field penetration thresholds
in such plasmas.
Error-field penetration was first investigated numerically
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by Parker.11,12 The results reported in Refs. 11 and 12 are
broadly consistent 共but far less conclusive兲 with those described here.
Equation 共28兲 is easily generalized to cylindrical
geometry.4 – 6 In large aspect-ratio toroidal geometry, poloidal
flow damping effects cause the plasma to only response to
the relatively small toroidal component of the error-field
locking torque. This effect 共which is perfectly calculable兲
gives rise to a substantial increase in the critical error-field
amplitude
required
to
trigger
driven
magnetic
reconnection.4 – 6 Toroidal coupling effects 共which are also
calculable兲 can also significantly modify the critical errorfield amplitude, especially in highly shaped discharges.10
In plasmas which are rapidly rotating, due to unbalanced
NBI, the constant- approximation breaks down in the reconnecting layer6 关the criterion for the breakdown of the
constant- approximation is given in Eq. 共23兲兴. Hence, the
response of such plasmas to quasi-static, resonant magnetic
perturbation is not governed by Eq. 共28兲. Large tokamaks
subject to intense auxiliary heating tend to become effectively collisionless. It follows that the collisional formula,
共28兲, does not apply to such plasmas either. Error-field penetration in both strongly rotating and collisionless plasmas
will be the subject of future investigations.
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