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Abstract

The effect of a ferromagnetic wall on the stability of the resistive wall mode (RWM) in a
tokamak is calculated using a simple quasi-cylindrical plasma model in which the dissipation
required to stabilize the mode (in combination with toroidal plasma rotation) is provided by
neoclassical poloidal flow damping. For present-day tokamaks, which possess relatively thin
walls, ferromagnetism is found to have relatively little influence on the critical toroidal plasma
rotation velocity above which the RWM is stabilized, which is almost the same as that
calculated for a non-ferromagnetic wall. The same is true for walls of moderate thickness.
In fact, ferromagnetism is only found to have a significant effect on the critical velocity in the
limit of extreme wall thickness (i.e., a wall thickness comparable with the wall minor radius),
in which case increasing wall permeability leads to a marked increase in the critical velocity.
Keywords: resistive wall mode, tokamak, ferromagnetic

ferromagnetic materials into tokamaks; firstly, because the
magnetic fields generated by such materials greatly complicate
plasma control; and, secondly, because ferromagnetic
materials are known to destabilize ideal external-kink modes
(and other magnetohydrodynamical (MHD) instabilities) [15].
However, economic and environmental considerations in
future tokamak reactors demand that the amount of radioactive
waste be kept to an absolute minimum. Hence, it is vitally
important that the first wall and blanket, which will play the role
of the wall in such devices, be fabricated from a low-activation
material. Unfortunately, all of the most promising candidate
materials, such as F82H steel [16], are ferromagnetic. The
likely need to use ferromagnetic walls in fusion reactors
has spurred a great deal of recent experimental [17–21] and
theoretical [22–27] research into the effect of such walls
on RWMs (and other MHD instabilities) in tokamaks. The
majority of existing theoretical studies have concentrated on
the effect of a ferromagnetic wall on the RWM growth-rate.
However, as soon as we accept that any conceivable RWM
growth-rate would allow such a mode to grow to a dangerous
amplitude in a time that is much less than the lifetime of the
plasma discharge, it becomes clear that the central question
is the effect of a ferromagnetic wall on the RWM stability
boundaries. In other words, the central question is the extent to

1. Introduction

The promising ‘advanced tokamak’ (AT) concept is only
economically attractive provided that the ideal external-kink
β-limit [1] is raised substantially in the presence of a rigid,
close-fitting, electrically conducting, wall [2–4]. This, in
turn, is only possible provided that the so-called resistive wall
mode (RWM) is somehow stabilized [5, 6], or controlled [7, 8].
Early (i.e., prior to 2010) tokamak experiments established
that RWM stabilization above the ideal no-wall stability
limit can be understood as a combined effect of plasma
rotational inertia and plasma dissipation [9–11]. Experiments
conducted in the previous five years have validated this
theory [12–14]. In addition, however, these experiments
have provided a much better understanding of the somewhat
complex phenomenology of RWM stability in the presence of
plasma rotation, especially the destabilization of the mode at
moderately high levels of rotation.
In tokamak experiments, the role of the stabilizing
wall is played by special electrically-conducting ‘passive
plates’ and/or by the vacuum vessel. These conducting
structures are fabricated from a non-ferromagnetic metal such
as copper, stainless steel, or Inconel. Up to now, it has been
standard practice to avoid (whenever possible) incorporating
0741-3335/14/105002+06$33.00

1

© 2014 IOP Publishing Ltd Printed in the UK

Plasma Phys. Control. Fusion 56 (2014) 105002

R Fitzpatrick

which a ferromagnetic wall facilitates, or impedes, the ability
of modest levels of plasma toroidal rotation to stabilize the
RWM, and, thereby, raise the effective β-limit. The aim of
this paper is to address this question directly using a relatively
simple quasi-cylindrical plasma model in which the dissipation
required to stabilize the mode is provided by neoclassical
poloidal flow damping [28–31].
The neoclassical damping model employed in this paper
was selected because it is extremely simple (which is an
important consideration, given that the stability diagrams that
are shown in figures 1–3 required hundreds of solutions of
the RWM dispersion relation), and yet leads to RWM stability
boundaries that are broadly consistent with those observed in
tokamaks. In recent years, various researchers have developed
a drift-kinetic damping model for the RWM [11, 32, 33].
This model, which is significantly more complicated than the
neoclassical damping model, has been highly successful at
explaining the RWM stability boundaries observed in NSTX
[12, 13, 34] and DIII-D [14]. It is interesting to note that the
drift-kinetic damping model leads to a cubic dispersion relation
(with two roots rotating with the plasma, one leading and one
lagging, and one slowly rotating root that can be identified as
the RWM) [35, 36], in accordance with results obtained using
simple damping models [37] (including the model adopted
in this paper—we do not mention the rotating roots, because
they are always stable). This encourages us to hope that the
conclusions of this paper are generic in nature, rather than
being specific to the adopted damping model.

periods in the poloidal direction, and n periods in the toroidal
direction) is governed by the eigenmode equation [28–31]
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where γ = γ − i n φ is the mode growth-rate in the
plasma frame, γ the growth-rate in the laboratory frame, and
φ the equilibrium plasma toroidal angular rotation velocity.
(Any equilibrium plasma poloidal rotation is neglected in this
paper, for the sake of simplicity. Likewise, φ is assumed
to be uniform.) Furthermore, Q(r) = m/q(r) − n, and
−γ  φ is the perturbed scalar electric potential associated with
the RWM. It is assumed that m  n 0 . Finally, µ is
the parallel ion viscosity that ultimately causes neoclassical
poloidal flow damping [28–31]. Note that the dissipation due
to neoclassical poloidal flow damping is strongly peaked at
the edge of the plasma (where Q is small—see the following
paragraph). Hence, it is a reasonable approximation to set the
neoclassical viscosity profile in equation (3) to a uniform value
characteristic of the viscosity at the plasma edge [29].
It is important to note that, in this simple, low-β, quasicylindrical model, the m, n ideal external-kink mode (and,
hence, the associated RWM) is driven unstable by current
gradients, rather than by pressure gradients. Moreover, the
mode is only unstable when the associated rational surface
(at which q(r) = m/n) lies just outside the edge of the
plasma: i.e., when the plasma edge is nearly resonant. (Hence,
in this paper, qa is given the value 2.93 to ensure that the
q = 3 surface lies just outside the edge of the plasma.) The
dissipation that occurs in the near-resonant edge region is
ultimately responsible for stabilizing the RWM. Of course,
in more realistic models, the dissipation that is responsible for
stabilizing the RWM takes place at resonant surfaces internal
to the plasma.
Launching a well-behaved solution of equation (3) from
the magnetic axis (r = 0), and integrating to the edge of
the plasma (r = 1), we obtain the complex plasma response
parameter


d ln(Q φ)
1
.
(4)
s(γ ) = − 1 + m−1
2
d ln r
r=1

2. Derivation of RWM dispersion relation
2.1. Plasma model

Consider a large aspect-ratio, low-β, circular cross-section
tokamak plasma of major radius R0 , minor radius a, onaxis toroidal magnetic field-strength B0 , and on-axis plasma
mass density ρ0 . The inverse aspect-ratio of the plasma is
0 = a/R0 .
In the following, all lengths are normalized to a,
all magnetic field-strengths to B0 , and all times to the
√
hydromagnetic time-scale τH = (R0 /B0 ) µ0 ρ0 .
The plasma equilibrium is described by the model safetyfactor profile
q(r) ≡

r 0
qa r 2
,
=
Bθ (r)
1 − (1 − r 2 ) qa /q0

This parameter fully specifies the response of the plasma to
the RWM.

(1)
2.2. Plasma stability parameter

and the model density profile
ρ(r) = (1 − r 2 ) α .

The marginally-stable ideal eigenmode equation,

 

dQ 2
d
2 dφ
2
2
Q r
− m Q +r
φ = 0,
r
dr
dr
dr

(2)

Here, r is the radial distance from the magnetic axis, qa the
safety factor at the edge of the plasma, and q0 the safety factor
on the magnetic axis.
In a large aspect-ratio (i.e., 0  1), low-β (i.e., β 
02 ) tokamak equilibrium, the plasma response to the helical
magnetic perturbation generated by a RWM (with, say, m

(5)

is obtained from equation (3) by neglecting plasma inertia,
and governs the stability of the ideal external-kink mode [38].
Calculating the plasma response parameter (4) from the above
equation, we obtain a real number, sb , which is equivalent to the
well-known Boozer stability parameter for the ideal externalkink mode [39].
2
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and

2.3. Vacuum solution

Suppose that the region external to the plasma (i.e., r > 1)
is bisected by a uniform, rigid, wall (concentric with the edge
of the plasma), of (uniform) electrical conductivity σw , and
(uniform) magnetic permeability µw , whose inner and outer
surfaces correspond to r = r1 and r = r2 , respectively (where
1 < r1 < r2 ). Let ψ = Q φ be the perturbed poloidal
magnetic flux associated with the RMP. Repeating the analysis
of section II.C of [31], we find that


2s
−1 d ln ψ 
=
+ 1,
(6)
−m
d ln r r=r1−
c1 − (1 − c1 ) s
and
−m

−1


d ln ψ 
= 1,
d ln r r=r2+

(7)
2.6. Ideal stability boundaries

In the limit |z1 |/m → 0, the dispersion relation (12) yields
s → s0 , where
s0 = −

k± =

(9)

s∞ =

The matching conditions at the wall’s inner and outer
boundaries are


d ln ψ 
1 d ln ψ 
=
,
(10)
d ln r r=r1−
µ̂w d ln r r=r1+

(11)

respectively, where µ̂w = µw /µ0 is the relative magnetic
permeability of the wall. Making use of Equations (6), (7),
and (9), we obtain the RWM dispersion relation
(12)

where



P = y1 y2 Im−1 (z2 ) Km−1 (z1 ) − Km−1 (z2 ) Im−1 (z1 )


+ y1 k Im (z2 ) Km−1 (z1 ) + Km (z2 ) Im−1 (z1 )


− y2 k Im−1 (z2 ) Km (z1 ) + Km−1 (z2 ) Im (z1 )
− k 2 [Im (z2 ) Km (z1 ) − Km (z2 ) Im (z1 )] ,


Q = y2 Im−1 (z2 ) Km (z1 ) + Km−1 (z2 ) Im (z1 )
+ k [Im (z2 ) Km (z1 ) − Km (z2 ) Im (z1 )] ,

1/2

2 µ̂w

,

(20)

c1
.
1 − c1

(21)

It can be shown that sb = s0 corresponds to the ideal nonconducting wall stability boundary: i.e., the stability boundary
for the ideal external-kink mode in the limit that the wall is
non-conducting (but still ferromagnetic). To be more exact, the
ideal mode is stable in the presence of a non-conducting wall
(i.e., σw → 0, which implies that |z1 |/m → 0) when sb < s0 ,
and unstable otherwise. It can also be shown that sb = s∞
corresponds to the ideal perfectly-conducting wall stability
boundary: i.e., the stability boundary for the ideal externalkink mode in the limit that the wall is perfectly-conducting (and
also ferromagnetic). To be more exact, the ideal mode is stable
in the presence of a perfectly-conducting wall (i.e., σw → ∞,
which implies that |z1 |/m → ∞) when sb < s∞ , and unstable
otherwise. It is apparent that s0 becomes more negative as
µ̂w increases: i.e., in the presence of a non-conducting wall,
the ideal external-kink mode is destabilized by increasing wall
ferromagnetism. On the other hand, s∞ is independent of µ̂w :
i.e., in the presence of a perfectly-conducting wall, the ideal
external-kink mode is unaffected by wall ferromagnetism.
As is well known for the model used here, the ideal nonconducting wall stability boundary, sb = s0 , corresponds to
the RWM stability boundary in the absence of plasma rotation
[29–31]. Thus, equation (19) implies that the ferromagnetic
destabilization of the RWM in the absence of plasma rotation
is insignificant when k− (c2 − c1 ) ∼ (µ̂w − 1) (r2 − r1 )  1.
Now, we expect a ferromagnetic wall to be largely saturated
by the strong toroidal magnetic field that is always present

2.5. RWM dispersion relation

P
µ̂w s(γ )
= ,
c1 − (1 − c1 ) s(γ )
Q

µ̂w ± 1

(19)

with c2 = r2−2 m . On the other hand, in the limit |z1 |/m → ∞,
the dispersion relation gives s → s∞ , where

within the wall, where p = (γ µw σw ) , and E and D are
arbitrary constants. Here, Im (z) and Km (z) are modified Bessel
functions.



1 d ln ψ 
d ln ψ 
=
,
µ̂w d ln r r=r2−
d ln r r=r2+

k+ k− (c1 − c2 )
,
1 + k+ k− (c1 − c2 ) + k−2 (1 − c2 /c1 )

and

1/2

and

(18)

is a measure of the relative wall thickness.

Repeating the analysis of section II.D of [31] (replacing µ0 by
µw ), we find that
−m

r2 − r1
r1

w =

2.4. Wall solution

−1

(16)

is a typical (normalized) RWM growth-rate, and

(8)

p r E Km−1 (p r) − D Im−1 (p r)
d ln ψ
=
+1
d ln r
m
E Km (p r) + D Im (p r)

(15)

with y1 = z1 /(2 m), y2 = z2 /(2 m), and k = (µ̂w − 1)/2.
Here,
2m
γw =
(17)
σw r1 (r2 − r1 )

where
c1 = r1−2 m .



γ µ̂w 1/2
,
z1 = p r1 = 2 m
γ w w
z2 = p r2 = z1 (1 + w ),

(13)
(14)
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in tokamaks, which implies that µ̂w − 1 ∼ O(1) [40].
Hence, we deduce that any ferromagnetic destabilization of
the RWM is insignificant unless the wall is radially thick: i.e.,
unless r2 − r1 ∼ O(1) [25]. It follows that experimental
demonstrations that radially thin ferromagnetic walls have
little or no discernable effect on RWM stability in tokamaks
[17, 18, 20] are not necessarily definitive, because the walls in
fusion reactors will, almost certainly, be thick. On the other
hand, it is clear that ferromagnetism from a thick wall will have
a negative impact on RWM stability.
Finally, it is helpful to define the real plasma stability
parameter:
sb − s 0
s̄ =
.
(22)
s∞ − s 0
The ideal non-conducting wall stability limit corresponds to
s̄ = 0, whereas the ideal perfectly-conducting wall stability
limit corresponds to s̄ = 1.
3. Numerical results
3.1. Calculation parameters

Figure 1. RWM stability boundary plotted in normalized plasma
toroidal angular velocity versus ideal plasma stability space. The
RWM is unstable at all points in φ − s̄ space that lie either to the
left of or above the stability boundary, and is stable otherwise. The
calculation parameters are m = 3, n = 1, α = 0.5, qa = 2.93,
0 = 0.32, µ = 1 × 10−4 , c1 = 0.14, γw = 8 × 10−5 , and µ̂w = 2.
The solid, dashed, dotted, long-dashed, dashed–dotted, and
long-dashed–dotted curves correspond to w = 10−3 , 10−2 , 10−3/2 ,
10−1 , 10−1/2 , and 10+0 , respectively. The ideal perfectly-conducting
wall stability boundary lies at s̄ = 1, which corresponds to
sb = 0.163 in all cases. The ideal non-conducting wall stability
boundary lies at s̄ = 0, which corresponds to sb = −3.14 × 10−4 ,
−3.01 × 10−3 , −8.68 × 10−3 , −2.12 × 10−2 , −3.71 × 10−2 , and
−4.40 × 10−2 , respectively.

The calculations described in this paper were all performed
using parameters appropriate to a predominately m = 3,
n = 1 RWM in a typical DIII-D plasma. The DIII-D tokamak
has major radius R0 = 1.69 m, minor radius a = 0.61
m, typical on-axis toroidal field-strength B0 = 2.1 T, and
typical on-axis electron number density n0 = 6 × 1019 m−3
[41]. It follows that τH = 3 × 10−7 s. The typical electron
number density, electron temperature, and ion temperature
at the edge of a DIII-D discharge are ne = 2 × 1019 m−3 ,
Te = 100 eV, and Ti = 100 eV, respectively [42]. This implies
that µ = 1 × 10−4 (in normalized units) [30].
In DIII-D, the Inconel vacuum vessel serves as the
conducting structure for kink/ballooning mode stabilization.
Henceforth, we shall refer to this structure as the ‘DIIID wall’. The DIII-D wall parameters, c1 and γw , were
determined by fitting to data obtained from the VALEN code [43],
which calculates the RWM growth-rate as a function of the
Boozer stability parameter, sb , for a dissipationless plasma,
and accurately models the DIII-D wall in three-dimensions via
a finite-element representation that employs a standard thinshell integral formulation. The fitting procedure (which was
performed for a predominately 3, 1 mode) yields c1 = 0.14
and γw = 8 × 10−5 (in normalized units) [30].
According to equation (8), the effective radius of the
−1/6
= 1.39
DIII-D wall (for an 3, 1 RWM) is r1 = c1
(in normalized units). Given that the wall is fabricated
from Inconel 625 [44], which has an electrical resistivity of
ηw = σw−1 = 1.26 × 10−6 m, it follows from equation (17)
that γw = 3.5 × 10−6 (r2 − r1 )−1 (in normalized units), which
implies that the effective thickness of the wall is r2 − r1 =
4.4 × 10−2 (in normalized units). Hence, from equation (18),
the appropriate wall thickness parameter for a 3, 1 RWM in a
DIII-D plasma is w = 3.2 × 10−2 .
The stability boundaries for a 3, 1 RWM in a DIIID discharge were determined numerically by adjusting the
central safety-factor, q0 , and the (normalized) plasma toroidal

angular velocity φ , until the RWM dispersion relation (12)
yielded a purely imaginary growth-rate. To be more exact,
a Newton iteration search algorithm was executed in q0 – φ
space until the real part of the RWM growth-rate was zero.
The stability boundaries were mapped by varying the starting
point of this search algorithm in q0 – φ space. The values of q0
corresponding to the stability boundaries shown in figures 1–3
lie in the range 1.18 to 1.27.
3.2. Results

Figure 1 shows the calculated stability boundary of the 3, 1
RWM in a typical DIII-D plasma, plotted in ideal plasma
stability, s̄, versus normalized plasma toroidal angular velocity,
φ , space, for a relative wall permeability of µ̂w = 2, and
various different values of the wall thickness parameter, w .
Note that varying w , while keeping γw fixed, is equivalent to
replacing the DIII-D wall with one of a different thickness that
possesses the same overall electrical resistance. The fact that
µ̂w > 1 implies that the replacement wall is also significantly
ferromagnetic.
The solid curve corresponds to the thin ferromagnetic
wall limit. It can be seen that for this model, and in this
limit, in which we would not expect ferromagnetism to modify
4
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Figure 2. RWM stability boundary plotted in normalized plasma
toroidal angular velocity versus ideal plasma stability space.
The calculation parameters are m = 3, n = 1, α = 0.5, qa = 2.93,
0 = 0.32, µ = 1 × 10−4 , c1 = 0.14, γw = 8 × 10−5 , and w = 0.1.
The solid, dashed, dotted, long-dashed, dashed–dotted, and
long-dashed–dotted curves correspond to µ̂w = 1.0, 1.5, 2.0, 3.0,
4.0, and 5.0, respectively. The ideal perfectly-conducting wall
stability boundary lies at s̄ = 1, which corresponds to sb = 0.163 in
all cases. The ideal non-conducting wall stability boundary lies at
s̄ = 0, which corresponds to sb = 0, −1.23 × 10−2 , −2.12 × 10−2 ,
−3.43 × 10−2 , −4.39 × 10−2 , and −5.15 × 10−2 , respectively.

Figure 3. RWM stability boundary plotted in normalized plasma
toroidal angular velocity versus ideal plasma stability space.
The calculation parameters are m = 3, n = 1, α = 0.5, qa = 2.93,
0 = 0.32, µ = 1 × 10−4 , c1 = 0.14, γw = 8 × 10−5 , and w = 1.0.
The solid, dashed, dotted, long-dashed, dashed–dotted, and
long-dashed–dotted curves correspond to µ̂w = 1.0, 1.5, 2.0, 3.0,
4.0, and 5.0, respectively. The ideal perfectly-conducting wall
stability boundary lies at s̄ = 1, which corresponds to sb = 0.163 in
all cases. The ideal non-conducting wall stability boundary lies at
s̄ = 0., which corresponds to sb = 0, −2.68 × 10−2 , −4.40 × 10−2 ,
−6.47 × 10−2 , −7.68 × 10−2 , and −8.47 × 10−2 , respectively.

the RWM stability boundary, the RWM is stabilized once
the plasma toroidal rotation velocity is sufficiently large.
Moreover, this stabilization extends almost all of the way to
the perfect-wall stability boundary, s̄ = 1, which implies that
the effective β-limit of the rotationally stabilized plasma is the
perfect-wall β-limit.
The dotted curve corresponds to a ferromagnetic wall that
has the same thickness as the DIII-D wall. It can be seen that the
finite wall thickness makes very little difference to the RWM
stability boundary, which is almost the same as that calculated
in the thin-wall limit. This suggests that the conventional thinwall approximation is perfectly adequate for calculating RWM
stability boundaries in present-day tokamaks [31], and also that
ferromagnetic effects in walls whose thicknesses are similar to
those of present-day tokamaks are likely to make very little
difference to RWM stability boundaries.
The long-dashed, dashed–dotted, and long-dashed–dotted
curves correspond to ferromagnetic walls that are much thicker
than the DIII-D wall (but have the same electrical resistance). It
can be seen that, close to the no-wall stability boundary, s̄ = 0,
the critical plasma toroidal rotation velocity needed to stabilize
the RWM is reduced in the presence of a thick wall (relative
to that needed to stabilize the mode in the presence of thin wall
of the same electrical resistance and relative permeability). On
the other hand, close to the perfect-wall stability boundary,
s̄ = 1, the critical rotation velocity is increased in the presence
of a thick wall. In fact, it is clear from the figure that a thick wall

significantly impedes the ability of plasma rotation to stabilize
the RWM all the way to the perfect-wall stability boundary.
This suggests that the effective β-limit for a plasma in which
the RWM is rotationally stabilized is significantly lower in
the presence of a thick wall, relative to that in the presence
of a thin wall of the same electrical resistance and relative
permeability [31].
Figure 2 shows the stability boundary of the 3, 1 RWM
in a typical DIII-D plasma, calculated for a series of walls
of moderate thickness (i.e., w = 0.1), and various different
values of the relative permeability, µ̂w . It can be seen that,
while increasing wall permeability destabilizes the RWM in the
absence of plasma rotation (in other words, the critical value
of the Boozer stability parameter, sb , above which the mode
is destabilized, in the absence of plasma rotation, decreases
with increasing wall permeability), it has very little effect on
the critical plasma toroidal rotation velocity above which the
mode is stabilized, which is almost the same as that calculated
for a non-ferromagnetic wall.
Finally, figure 3 shows the stability boundary of the 3,
1 RWM in a typical DIII-D plasma, calculated for a series
of walls of extreme thickness (i.e., w = 1.0), and various
different values of the relative permeability, µ̂w . In can be
seen that, in this case, increasing wall permeability leads to
a significant increase in the critical plasma toroidal rotation
velocity above which the RWM is stabilized, and also impedes
the ability of plasma rotation to stabilize the mode all the way
to the perfect-wall stability boundary.
5
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[9]
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[14]
[15]
[16]

4. Summary

We have determined the effect of a ferromagnetic wall on
the stability of the RWM in a tokamak using a previously
published [28–31] quasi-cylindrical plasma model in which the
dissipation required to stabilize the mode (in combination with
plasma toroidal rotation) is provided by neoclassical poloidal
flow damping. It is assumed that the wall is largely saturated
by the strong toroidal magnetic field that is always present
in tokamaks, so that its relative permeability does not greatly
exceed unity. We find that for present-day tokamaks, such as
DIII-D, which possess relatively thin walls, ferromagnetism
has relatively little influence on the critical plasma toroidal
rotation velocity above which the RWM is stabilized, which
is almost the same as that calculated for a non-ferromagnetic
wall. The same is true for walls of moderate thickness. In fact,
ferromagnetism only has a significant effect on the critical
velocity in the limit of extreme wall thickness (i.e., a wall
thickness comparable with the wall minor radius), in which
case increasing wall permeability leads to a marked increase
in the critical velocity, and also greatly impedes the ability of
plasma rotation to stabilize the mode all the way to the perfectwall stability boundary.
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