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ABSTRACT

A theory of the three-wave coupling of triplets of tearing modes in toroidal pinches [i.e., either reversed field pinches (RFPs) or tokamaks]
was proposed by R. Fitzpatrick [Phys. Plasmas 6, 1168 (1999)]. However, this theory only applies to toroidal pinches with negligible equilib-
rium plasma pressure gradients. Such a limitation is particularly inappropriate to REPs. This paper generalizes the analysis of R. Fitzpatrick
[Phys. Plasmas 6, 1168 (1999)] in order to take the equilibrium pressure gradient into account. However, for the sake of simplicity, a stepped
pressure profile, rather than a continuous profile, is employed. In the limit in which the number of steps becomes very large, the results
obtained from the generalized theory are presumably equivalent to those that would have been achieved using a continuous pressure profile.
The generalized theory is used to investigate the formation of the characteristic toroidally localized pattern of phase-locked m =1 and m =0
tearing modes in RFP plasmas that is known as the “slinky” pattern. The incorporation of the equilibrium plasma pressure into the analysis is
found to be of crucial importance when determining the properties of the pattern. This is the case because the plasma pressure controls the
number of unstable m =1 and m =0 tearing modes, and also significantly affects the strength of three-wave coupling, as well as the phase
relation between the phase-locked m =1 and m =0 modes.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0203908
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I. INTRODUCTION

This paper investigates the nonlinear coupling of tearing modes
in reversed field pinches (RFPs). At its most basic level, such coupling
involves a triplet of modes that satisfy the three-wave coupling relation
(my,ny) + (ma, ny) = (m3, n3), where m denotes a poloidal mode
number and # a toroidal mode number. Moreover, the strength of the
coupling characteristically scales as the square of the mode amplitude,
whereas the electromagnetic torques that develop in the plasma as a
consequence of the coupling scale as the cube of the mode amplitude.
Like a tokamak,' a RFP is an axisymmetric toroidal device that con-
fines a plasma on a set of nested toroidal magnetic flux-surfaces.””
However, RFPs have weaker toroidal magnetic fields, relative to the
poloidal field, than tokamaks and are consequently much more unsta-
ble to macroscopic magnetohydrodynamical (MHD) instabilities such
as tearing modes.” © Indeed, the saturated amplitude of tearing modes
(relative to the amplitude of the equilibrium magnetic field) is typically,
at least, an order of magnitude greater in RFPs than in tokamaks.
Consequently, the nonlinear coupling of tearing modes is much more
prevalent in RFPs than in tokamaks. For example, the characteristic
relaxation cycle of RFP plasmas, which periodically broadens the

parallel current profile, and thereby maintains the reversal of the toroi-
dal magnetic field, is associated with the nonlinear coupling of m =1
tearing modes, resonant in the plasma core, to m =0 tearing modes,
resonant at the reversal surface (where the equilibrium toroidal mag-
netic field changes direction).” '” The same coupling leads to the for-
mation of the commonly observed, toroidally localized, phase-locked
pattern of multiple m =1 and m =0 tearing modes that is known as
the slinky pattern.''”"* Note, however, that the nonlinear coupling of
tearing modes has also been observed in tokamak plasmas.'*'® In par-
ticular, nonlinear coupling is inferred to play a role in the triggering of
neoclassical tearing modes in tokamaks,'” which is often associated
with the interaction of two modes that do not couple directly, such as
the (1, 1) and the (4, 3), but could conceivably couple via an intermedi-
ate mode; in this example, the (3, 2). Indeed, a clear observation of this
exact process is described in Ref. 16.

A theory of the three-wave coupling of triplets of tearing modes
in toroidal pinches (i.e., either RFPs or tokamaks) was proposed in
Ref. 18. This theory was subsequently employed to investigate the for-
mation of the slinky pattern in RFPs,'” and the coupling of neoclassical
tearing modes in tokamaks.”’ However, the theory has a serious
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limitation. Namely, it only applies to toroidal pinches with negligi-
ble equilibrium plasma pressure gradients. Such a limitation is par-
ticularly inappropriate to REPs. The aim of this paper is to remove
the limitation, and, thus, to develop a theory of the three-wave cou-
pling of tearing modes in finite-pressure toroidal pinches.
Unfortunately, a direct generalization of the analysis of Ref. 18
using a continuous equilibrium pressure profile is prohibitively dif-
ficult. [This can be appreciated from an examination of Eq. (56),
which illustrates how the inclusion of equilibrium pressure gra-
dients leads to a very large number of additional terms in the linear
eigenmode equation of a given tearing mode.] However, inspired
by recent research,”””* we have discovered that the analysis of Ref.
18 can be generalized in a relatively straightforward manner on the
assumption that the equilibrium plasma pressure profile is stepped.
Indeed, as described in this paper, in the limit in which the number
of steps becomes very large, results can be achieved that are pre-
sumably equivalent to those that would have been achieved had we
found a way of directly incorporating a continuous pressure profile
into the analysis.

Alternative or complementary theories to that proposed in Ref.
18 were proposed in Refs. 23-26. The theory proposed in Ref. 23 pre-
dicts the same structure of three-wave coupling between tearing mode
triplets as that proposed in Ref. 18, but employs assumptions that are
only valid in tokamaks, and also neglects equilibrium plasma pressure
gradients. The theory presented in Ref. 24 is based on that of Ref. 23,
only applies to tokamaks, and neglects equilibrium plasma pressure
gradients. The theory presented in Ref. 25 seems to imply that three-
wave coupling in RFPs depends crucially on the variation of the mag-
netic field-strength around magnetic flux-surfaces due to toroidicity.
However, as demonstrated in Ref. 18, to lowest order, three-wave cou-
pling in RFPs is a cylindrical effect. Finally, the theory presented in
Ref. 26 is based on that in Ref. 18, but neglects equilibrium plasma
pressure gradients.

This paper is organized as follows. After some preliminary analy-
ses in Sec. II, we introduce the idea of a stepped pressure equilibrium
in Sec. I11. In Sec. IV, we give a more complete and self-consistent ver-
sion of the nonlinear mode coupling theory developed in Ref. 18.
Likewise, in Sec. V, we give a more complete and self-consistent ver-
sion of the theory of slinky pattern formation in RFPs that was pre-
sented in Ref. 19. Section VI discusses an example calculation that
highlights the important role that equilibrium plasma pressure plays in
the nonlinear coupling of tearing modes, and especially in the forma-
tion of the slinky pattern, in RFP plasmas. Finally, the paper is summa-
rized in Sec. VIL

Il. PRELIMINARY ANALYSIS
A. Plasma equilibrium

Consider a thermonuclear plasma confined in a conventional
toroidal pinch." For the case of an RFP, the equilibrium is very well
approximated as a periodic cylinder of circular cross section. Let r, 0, z
be right-handed cylindrical coordinates, and let e, = Vr/|Vr|,
e) = V0/|V0|, and e, = Vz/|Vz| be the corresponding unit vectors.
The system is assumed to be periodic in the z-direction with periodic-
ity length 27 Ry, where R, is the simulated major radius of the plasma.
It is convenient to define the simulated toroidal angle ¢ = z/R,, as
well as the corresponding simulated unit vector e, = V/|Vo| =e,.
Finally, let a be the minor radius of the plasma.

pubs.aip.org/aip/pop

The equilibrium magnetic field is written

B = By(r) eg + By(r) eg. (1)
The equilibrium plasma current density takes the form
I =V xB= fB;)eo+(rle), ey, (2)
where’ denotes d/dr. Note that
V-B=V-J=0, (3)
in accordance with Maxwell’s equations and charge conservation, and
J-V)B—(B-V)J=o0. “)
The safety-factor profile is written”
1 =G ©)
where
"
e(r) = R (6)
is the inverse aspect-ratio profile.
Equilibrium force balance requires that*
JxB=VP, (7)

where P(r) is the equilibrium pressure profile. It follows from Eq. (2)
that

o P'B
By =~ By — Rt ®)
Bg g [,LOP,B()
R R ©)

where a(r) is a dimensionless function that specifies the equilibrium
parallel current density. Of course, P = ¢ = 0 in the vacuum region,
r> a, surrounding the plasma. The previous two equations can be
combined to give the force balance constraint,”

B +B\ B
o:(yop+ "2 ¢ +-2, (10)

as well as
;o ) 2
rqg =2q-—(€+q), (11)

where €, = a/Ry. The previous equation implies that the safety-factor
profile in a (cylindrical) toroidal pinch is determined solely by the par-
allel current profile and is completely independent of the pressure
profile.

B. Perturbed plasma equilibrium

Let us assume that the plasma equilibrium is stable to rapidly
growing (i.e., growing on timescales comparable to the Alfvén time)
ideal-MHD modes, but is perturbed by multiple slowly growing (i.e.,
growing on timescales that are much longer than the Alfvén time) tear-
ing modes.” Tt follows that the perturbed plasma equilibrium is gov-
erned by the perturbed force balance equation™®
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(J+j) x (B+b) = V(P+p). (12)

Here, b, j, and p are the perturbed magnetic field, plasma current den-
sity, and pressure, respectively. The neglect of plasma inertia in the
previous equation is justified because tearing modes evolve on time-
scales that are much longer than the Alfvén time.” Furthermore, non-
ideal terms, such as plasma resistivity and viscosity, are much smaller
in magnitude than the leading order terms, and can, therefore, safely
be neglected in the previous equation.”® Note that plasma inertia,
resistivity, and viscosity must be taken into account in a number of
radially thin regions of the plasma in which ideal force balance breaks

down"”’ (see Sec. 111 B). We shall asymptotically match our ideal solu-

tions across these regions.”***’
Maxwell’s equations (neglecting the displacement current,
because we are dealing with slowly growing perturbations) imply that

V-b=0, (13)
loj =V xb. (14)

It follows from the previous equation that
V.j=0. (15)
The curl of p, times Eq. (12) yields

(Hoj - V)B+ (1] - V)b = (b- V) (1g]) = (B- V) (1)) = A,
(16)

where
A=V x(ojxb)=(b-V)(uij) = (oj-V)b,  (17)

and use has been made of Egs. (3), (4), (13), and (15). The previous
equation implies that

V-A=0. (18)
(Note, incidentally, that A does not denote the magnetic vector poten-

tial in this paper.)

C. Perturbed quantities

A general perturbed vector quantity associated with multiple tear-
ing modes can be written in the form

a(r,t) = Zam’"(r, t) ellmi=né) (19)

where

a™"(r,t) = a""(r,t) e, +ap" (r,t) eg +ay " (r,t) ey, (20)

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

where use has been made of Eq. (2). Likewise, the -component of the
(m, n) harmonic of Eq. (16) gives

/
amn (Gm,n)/ pmh 4 ﬁ ’(Gm,n)/ _ B_ib r’ ipmn
oo =T Tpma 7 r) r) | Fentr
By ' r A r AT (25)
+ 7 (Fmin)z r +Fm,n 0 -

Finally, the ¢-component of the (1, n) harmonic of Eq. (16) yields

O i/ PO (Gm,n)f+(wﬂ g

mn
Holy =~ Fmn btb + Fmn r Frmn

7'2 r
/ . s amn
+B, o AP A (26)

It is easily verified that
a(rj;")

or
as is required by Eq. (15), provided that
o(r A7)

or
as is required by Eq. (18).
The (m, n) harmonic of Eq. (13) and the radial component of the

(m, n) harmonic of Eq. (14) yield

A(rbmm)

or
Horj"" =i(neby™ +mby"), (30)

+i(mjy" —nejg") =0, (27)

+i(mAG" —neAy") =0, (28)

=—i(m b(’)"’" —ne bZ’"), (29)

respectively. The previous two equations can be inverted to give

.o mn ¢
bre(r) = 00, (31

o m Y™ ne (G™) . ne r ;
b() (T’, t) = Hmn  Or - Hmn  Emn l//m ! + Hmn Emn ’;",”7
(32)

i ne W™ m o (G™) m _

b:;n(r’ t) - Hmn 9y  Hmn  Fmn s Hmn fmn A:nn’

(33)

where use has been made of Eq. (24). Finally, Eqs. (24)-(26) yield

m,n\/
Here, m and n are poloidal and toroidal mode numbers, respectively. Po i (r t) = — (rGFm’z iy 4+ I% AT, (34)
Let ’ ’
; m (G™") oY
me(r) =mBy—n EBd)? (21) ﬂo]f?’n(r»t) :Hm,n Fm.n or
G"™"(r) = neBy+mB 22 /
(r) neBy+ mbBy, (22) N ne ([Gmyn}/)z_r & ,(vaﬂ)/_'_r(B_:ﬁ) Y
H™"(r) = m* + (ne)’. (23) Hmn  pmn r ) Fma r ) | Frn
The radial component of the (m, n) harmonic of Eq. (16) yields By ! LM 2 R S
+|r (G™") 5 AT+ A",
(Gm,n)’ r r Hmn (Fm,n) Fmn
mn m,n s Amn
PoJr" = =g O+ pn AT (24) (35)
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ne (G™) oym™"
N O T

/
m (61 G (I8 ]
+ Hmn  pmn ¢ pma r Fmn
2
, m av] o , T
+ |:B¢ T Hman (Gmn)] (Fm.,n)Z A:nn +Fm,n 1A¢ :

(36)

#Ojgrn (T‘, t) =

The 0- and the ¢-components of the (m, n) harmonics of Eq.
(14) take the respective forms

-m,n : m.n 8b:;lin
Uorjy" = —inebl T (37)
-m.n : m.n a r bm’n
Horjy" = —imb}" +%. (38)
Equations (31)-(38) give
0=mne(u™" +U"") - ug"n ym— Ug"’”, (39)
0=m (u"" + U"") —uy"y™" — U™ (40)
Here,
2
. 9 r al//mn l//m,n r |:(Gmn)’:| -
B t) = — — »
u(r, ) or {H”‘v" or } r * Hmn | Fmn v
(41)
Gy’ By\' (Gmn) B,
uZn’n(r):r[ m_( )}—i—rz(—()) ( )z—r )
Hmn  Fmn r (an) r Frn
(42)
! !
TR O R o (.01
Uy (1’) - |:Hm,n Frmon + 7’B¢ (Fm,n)z r Fman’
(43)
3 Gmn 4
ura(r ) = - (G (44)

7Hm4,n (F’"«")Z ro
r

g m 2
Ut = v 2 (G )
By ' r’ m.n r ;AN
_r<7) o A A (45)

0 ( ne r 3 oo
U (r,t) = ( A:”'")fB; A A",

- E Hm.n Fm.in (F’"‘”)z ro Fmn
(46)
Equations (39) and (40) require that

m(up™ + Uy"™") =ne (ug’" + U:;‘”), (47)

for self-consistency. In fact, it is easily demonstrated that
muy™ =ne u;f’", (48)

and that

mU"™ =ne U;)"’", (49)

provided that Eq. (28) is satisfied.

pubs.aip.org/aip/pop

Finally, Egs. (39) and (40) yield
0=H""(u"" +U"") = (neuy™ +m ufg‘”)
—(neUy"" +m U;"’")7 (50)

which reduces to the nonlinear eigenmode equation

o e
E ( m,n lgr ) _gm,n wm,n _ Vm,}’l — 0’ (51)
where
m.n r
1) = (52
i
| r 1 (Fmm\’ 2mne(G™Y
g ) ==t |- _
r o HmrFmn iy \ oy (Hmm)? pran
B 2ne(G™) By 4mr By ! (53)
Hmn (Fm,n)z Hmna Fmn \ p )7
2mne 2neBy
Vi (r, 1) = o 1 AT e AT
(Hm,n) Fmn Hmn (Fm,n)
2
3 r 2 4
i g (M€AGT A mAGT). (54)

D. Linear eigenmode equation

If we neglect the nonlinear term (i.e., the term involving V") in
the general eigenmode equation, (51), then it reduces to the following
linear eigenmode equation:

2 (fm,n 8‘//L’ ) _gm,n wznn —=0. (55)

or or
Here, /7" (r, t) is the linear eigenmode of a tearing perturbation pos-
sessing m periods in 0, and » periods in ¢.
Making use of Egs. (6), (8), (9), and (21)-(23), the expression for
g™"(r) given in Eq. (53) reduces to
1 2 1 P P’
gm,n()i mne @ |:7‘(0-> _:“0 +r/"0

r + (Hmn)> a  H™" | \a B2 B2
+r(ﬂopl)2 2By P’
B* B*
G a ou P 2 P
+7(r__2r_uo mae g,
Hm.n pm.n a a BZ Hm.n BZ
2neBy py P’
T g ) (56)

Note that the final term on the right-hand side of the previous equa-
tion ensures that /; (x) o |x|"*, |x|"5, where x = (r — r™") /ri™" vy
—1/2—(1/4+D)"* vs=1/2+(1/4+D)"? and D=[(2, P/
s*B})],ns, in the vicinity of a rational surface, r = r{"", at which
Fmn(ymit)y = 0. Here, s=rq'/q. In fact, the correct result is
D=[(2u,P'/s? Bé) (1— qz)}rsm;n, where the additional multiplicative
factor comes from the toroidal curvature of equilibrium magnetic
field-lines.””"** Fortunately, this correction is irrelevant in RFPs,
which are characterized by g < 1.
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I1l. STEPPED PRESSURE EQUILIBRIUM
A. Control surfaces

As is clear from Egs. (55) and (56), including a continuous equi-
librium pressure profile in our analysis leads to a great proliferation of
additional terms in the linear eigenmode equation. One approach to
simplifying the analysis is to approximate the equilibrium pressure
profile as a stepped profile,”"** while still allowing the equilibrium par-
allel current profile to be smooth. Let us define the control surfaces
r=r;, fori=0, 14+ 1, where r; < r;;; for i=0, I, and ry = 0, r;=a,
141 = b. Here, I > 1 is a positive integer, and b is the minor radius of
a concentric perfectly conducting wall that surrounds the plasma.
Suppose that the equilibrium pressure profile is such that P(r) = P;,
where P; is a constant for r; < r < r;;;. Note that P;=0 (i.e,, the pres-
sure is zero in the vacuum region surrounding the plasma). According
to Eq. (10), Bﬁ and Bé are both discontinuous across the control surfa-
ces. However, given that the safety-factor profile only depends on the
parallel current profile [see Eq. (11)], which is smooth, the safety-
factor profile must be continuous across the control surfaces, hence,
making use of Egs. (5) and (10),

5 2
. r=ri+o0 €
}513(1) [Bé] s = 2 Ho (P; — Pit1) <ez+qz> , (57)
r=r;
li 32 r=ri+o 5 p p qZ 58)
(SIE(I)[ ¢L:rré_ #o (Pi = Pi1) gy ) (
r=r;
fori=1,1
Between the control surfaces, Egs. (8) and (9) reduce to
o
By =~ By, (59)
a
By o
o+~ =2 By (60)

Making use of Egs. (5), (59), and (60), the safety-factor profile can
determined from the parallel current profile by solving Eq. (11) subject
to the boundary condition

2¢,
100) =0y (61)
Furthermore, Egs. (5) and (60) imply that
rB) = (g— 1)30, (62)
between the control surfaces. We can solve this equation, subject to the
boundary condition
B B
lim (—0) = 0 , (63)
r—0\ 7 q(O) Ry

where B, is the toroidal magnetic field-strength on the magnetic
axis and also subject to the jump conditions (57) at the control sur-
faces. Once we have determined the equilibrium poloidal magnetic
field profile, By(r), the equilibrium toroidal magnetic field is speci-
fied by

B¢(I’) =—. (64)

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Finally, if we integrate the linear eigenmode equation (55) across
each control surface, making use of Egs. (8), (9), (21)-(23), (52), and
(53), then we obtain

. ) r=ri+o
fm 7)1 0= ©
) m,n =i+
lim | r —L } =J""Y (1), 66
5%0{ or r—ri Il L (1 ) ( )
for i=1, I, where
r=ri+0
(B3]

mn_ pemn : li - r=r;—0 .
J () i Bt —0) Bo(ri 4 0) (67)

o a m
K'(T'):minq m+(mnq+n252)(2n€ _m2+1’1262>:|
_(mng+n*é) (68)
(m—ng)

B. Simpilified linear eigenmode equation

Between the control surfaces, the linear eigenmode equation,
(55), takes a greatly simplified form in which'®

1 2 : G" o
gy =L mne o r <O‘) r T (69)

r (Hmn)?a H™" \a Hmn pmn g

[See Eq. (56).]

As is clear from Egs. (52) and (69), the simplified linear eigen-
mode equation is singular at the equilibrium magnetic flux-surface,
r = r"", at which

F™"(r™") = 0, (70)

assuming that 0 < " < a. It follows from Egs. (5) and (21) that the
safety-factor takes the rational value,

gy =2, (1)
n

at the so-called (m, n) rational surface. The singular behavior of the lin-
ear eigenmode equation at the rational surface is indicative of a break-
down of the perturbed force balance relation, (12), in the immediate
vicinity of the surface, and is ultimately resolved by incorporating
plasma inertia, resistivity, and viscosity into the analysis.”’

The most general solution of the simplified linear eigenmode
equation in the immediate vicinity of the (m, n) rational surface is”’

T, 1) = () [T+ 2™ x (In |x| — 1) + O In |x])]

+ CM(t) [x + O(xz)], (72)
where
=" (73)
Ts
erAn O_/
A= — . 74
[(FW)’ } . 7

(Note that the Mercier indices take the simplified values v;, = 0 and
vs = 1 on rational surfaces lying between the control surfaces.) Here,
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C"" and C™" are known as the coefficients of the large and small sol- where'®
utions, respectively. ~mon
As is well known, if we neglect twisting parity modes, as is rea- Bm’n(r) _ W (88)
sonable,”” the coefficient of the large solution must be continuous r r’
across the (m, n) rational surface, whereas the coefficient of the small B m o mn\’ ne o 5mn
>, whe - S 89
solutions may be discontinuous.”” *”** The discontinuity in the coeffi- o (1) Hmn (l// ) + Hm" g v (89)
cient of the small solution is associated with a helical current sheet an(r) _ ne ( {Pm,n)’ m a l//m " (90)
(with m periods in 0, and n periods in ¢) that flows parallel to the ¢ Hmn H™" q ’
equilibrium magnetic field in the immediate vicinity of the rational o ™"
surface. Thus, the (m, n) linear eigenmode can be characterized by the i, (r)= PP (1)
following two complex parameters:”” , N
~mn _g m A mn ne EAmn 0 ZAmn
mn ( ) Jo (T) a { Hmn (lﬁ ) +Hmn a l// :| Fmn g ’
P () = 71/2 (75)
[Hmn (r)] 02)
r=r" Am,n g ne ~mun\/ m O ~smn B
limg_o [C (£)] =", 0 7y =2 {— (1// ) -9y ] _ e 7 l// . (93)
A 'Pm’n(t) _ [ } a (76) J¢ a | Hmn Hmn g Fmn

[Hm,n(rs s )} 1/2

Here, Y™"(t) is the reconnected helical magnetic flux (divided by
7% Ry) at the (m, n) rational surface, whereas A" (t) parameterizes
the amplitude and phase of the current sheet.

Let
() = (), 77
where """ (r) is a real solution of
A ndV""\ L amn
dr <f dr > gy =0 (78)

[see Eq. (55)], with /™" (r) and g""(r) specified by Egs. (52) and (69),
respectively, that is continuous across the (m, n) rational surface, is
subject to the normalization constraint

Py =1, (79)
and satisfies the jump conditions
TS
}312(1) [lﬁ ' ]r:r,—(S: 0, (80)
o] PO
] e e

for i =1, I, at the control surfaces [see Egs. (65) and (66)]

When written in terms of " (t) and y"" (r), the linearized
magnetic field and plasma current density perturbations associated
with an (m, n) tearing mode take the forms [see Eqs. (21)-(23), (31)-

C. Spatial boundary conditions

Close to the magnetic axis (i.e., ¥ — 0), the normalized linear
eigenmode equation, (78), reduces to

dy"" ) mn
dr <r i ) m-y  =0. (94)

Here, use has been made of Eqs. (52) and (69), as well as the fact that
g, H™", G™" < 1%, and ¢, F™" o r, as r — 0. Thus, the solution
that is well behaved at the magnetic axis satisfies the boundary

condition
dlny™"
_ = . 95
< dlnr )r—O |m| ( )
However, for the special case m=0, H™" x r2, and the boundary
condition becomes
~0,n
dlny
=2. 96
( dinr ),0 (%6)

In the vacuum region outside the plasma, r>a (where ¢ =0),
the normalized linear eigenmode equation, (78), reduces to

d r dl]/mm ~ mn
rdr<mz+nzezm)‘” - ©7)

where use has been made of Egs. (23), (52), and (69). Let

(36), (59), and (60)] ' o rooody”

m,n . ~m,n o (1’) - m? +ne? dr (98)
by (rt) =1¥Y""(t) b, (r), (82)

B (r ) = P (1) b ;ﬂ (r), (83) It follows from Eq. (97) that:

b (r,t) = () by (1), (84) V") = d‘fh’ : (99)
HoJjy" (1) :i‘P’“”(t) (), ) 4
.Uofgzn(ﬁ t) (t) : n(r)v (86) 2 mn mon

o o 2 AL Ay 2y (100)
Hojyi (rit) =¥""(t)j, (1), (87) dz2 dz =9
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where z = ne. The physical boundary condition at the perfectly con-
ducting wall surrounding the plasma is

b (b, 1) = 0, (101)
which, from Eqs. (82) and (88), implies that
y" () =0 (102)
It follows from Eq. (99) that
dmb) (103)
dr

Hence, according to Eq. (100), in the vacuum region surrounding the
plasma (a < r < b),

") =A [Im(n e) K (ney) — Kn(ne) L, (n eh)],

where I,,(z), K,,(z) are modified Bessel functions, I),(z) = dl,,/dz,
K! (z) = dK,,/dz, ¢, = b/Ry, and A is an arbitrary constant.
Equation (99) yields

v
The previous two equations can be combined with Eq. (98) to give the
following boundary condition at the edge of the plasma:

(104)

m,n

(r)=Ane[ll,(ne)K, (ney) — K, (ne) I (ne)].  (105)

dlny™" M2 Ly(ne) Kl (ney) — Kn(ne) I (ney)
dinr ) . new I(ne) Kl (ne) — Kl (ne,) I, (ney)

pubs.aip.org/aip/pop

The continuous solution of the normalized linear eigenmode
equation, (78), that satisfies the boundary conditions (95) and (106), as
well as the normalizing constraint (79), and the jump conditions (80)
and (81), is unique, and, in general, possesses a gradient discontinuity
at the (m, n) rational surface. This discontinuity is conveniently
parameterized by the real dimensionless parameter”””

R
"
Am = :

(107)

mn
r=r""—

According to conventional analysis, the (m,_n) tearing mode is unstable
when A4™" > 0 and is stable otherwise.”””* Moreover, an unstable
tearing mode eventually saturates at an amplitude that is such that the
width of the magnetic island chain [see Eq. (175)] that forms at the
rational surface is roughly proportional to 4™".”>*” Note that if there
is no (m, n) rational surface in the plasma, then the only solution to
Eq. (78) that satisfies the boundary conditions (95) and (106) is
v (r)=0for0<r<a.

IV. NONLINEAR MODE COUPLING THEORY

A. Nonlinear coupling coefficients

Consider the nonlinear coupling of three tearing modes with
poloidal and toroidal mode numbers (i, n;), and (m,, n,), and (ms,

1), where
my = my + my, (108)
n3 = ny + np. (109)

Let us calculate the various nonlinear coupling coefficients from Eq.

(106) (17) using the linear eigenfunctions.
|
Making use of Egs. (17) and (82)-(87),
1 ~mym djmknz Ay, djml’nl Ay di)mrnz
A ,t — 2 pmin gmny | b r —b r 2, r
() 2 r dr " dr tir dr
M,y di):”""l i]mlr"l My amy,ny i]mz-ﬂz my amy,m Amy,m M i)mZ‘"l
Jr dr — % T]r — % T]r 0 T r
~ my ~my,n ampm N My, ~myny N1 € ymy, amy,ny N2 € 2my, amy,ny, N1 € >my,m
T e A T e P (110)
Hence, it follows from Egs. (88)-(93) that'®
4 My, 4 Mo, Ny 2
AT (1, 1) = L s VY () (111)
r ? - 2 a r2 Frmm Fman
Analogous calculations reveal that
L gy gn @ BBy
A;"l,ﬂl (r,t) = -3 (mez,nz) pms s - > o (112)
1 i o (pmm; !Apmlvnl (le,nz)l
A (r 1) = = B () e i (113)
Making use of Egs. (17) and (82)-(87),
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AMy.N Amy,n ~ 1y, ~my,n
AT gy = & g [ dGo” /1) pmers dGy /1) s dby [r) e d(by /7)
0 ' 2 r dr r dr r dr r dr
cmym My amyny  pmyy M amyny amymy M 2myny amyny My 2 mym cmy,n N € ~my,ny
+by — Jo +by —Jo e The —Jo Tbe —b, 5 Jo
~my,ny N1 € amy,ng amypny Ny € ~myny amy,ny, N1 € > my,ny
by ——Jo o tiy o by iy by } (114)
Hence, it follows from Egs. (88)—(93) that'®
g myny 5 My G Moty 4 1My,
Am3,713 (7' t) p— 1 lIImlsnl (pmz:flz 1 ZI llb (‘P )/ l’l3 Esz‘nz + ZI l// (l// )/ n3 € Gmhnl
0 (A
2 a r Hme.na fmy.ng a r Hmi.m Fma.ny
G/ ¢ 1 El/A/mhnl lpmz,ﬂz Frm Frman O'/ {pml«ﬂz J/mzyﬂz B{) Fmsins ! s
+ ; E r Hrmi.m fma.ny + Hma.n2 Fmy,m a E r Fmi.m fma.ny ’ ( )
Analogous calculations reveal that
5 My,ny 5 M3 N3 G M3,y 4 M,y
Amm (r t) _ 1 (l{/mzynz)* pman Z/ w (w )’ ny e G™M Z/ [// (l// )/ ny e GM™m
0 ’ - 2 a r Hmsns fma,ny a r Hma.na Fms,hs
6/ o 6[7/7"2,"2 l;maﬂz Fman Frmans O'/ l'Lmz,”z !Z/mzynz Bg Frmm / P
+ ; ; r Hma,nay Fms,hs + Hmsns fma,ny n ; r Fmana fms,n3 ’ ( )
and
5 M3,n3 5 My Ny G omy,ny 4 Mmsing
AT (1) = & (o o dY W) meGmm YT () meGm
0 ’ o 2 a r Hmi.m Fms.ns a r Hms.ns Fmym
6, o n El/}msans l/;ml,ﬂl Frmam Frmm O'/ {Pms«,ﬂs ijlv"l BH Frman / .
+ ; E r Hmsns Fr,ng + Hmm fms.ns - ; r Fms.n3 fmy,m ’ ( )
Making use of Egs. (17) and (82)-(87),
UL SLUOROY 7 mMa,1 7 m,ny
1 o d O o db s db s 1y
Agls.ns (r’ t) _ E ' 2RO R i|:b:”1 m ]ZT + b:"z ny ]Zr o .:m,m ;Sr _J.:nz,nz (dbr + ;”1,”1 sz:;lz,flz
~myny T qmy,m amy,ng My 2 man; amy,ny MY > mym ~myny N € amy,ny smyny N1 € ymym
+ by T Je "o qub —Jo 754) —by — Je —by e
Jﬁg‘unl ne l;(';’lzq”z +sz.nz me i);ﬂl«,nl] (118)
r r
Hence, it follows from Egs. (88)—(93) that'®
4 mp,ny 4 Moy 4 mMy,ny 4 My,
A (T‘ t) :l L ma g il 'J/ (‘// ), ms G ZI l// (l// ), ms G
¢ 2 a r Hmm Fmm g r Hrmym Fma.n
o om0 pm Frm 1[0 mm mm ByFmom ' o
+ ; E r Hmum Fma .y + Hma2n2 g,y N ; ; l// l// Fmi,m g, np ’ ( )
Analogous calculations reveal that
5 M,y 5 M3,N3 G m3.n3 4 M, Ny
AMmem (7- t) —1 (WmZVnZ)* Ymsns ZI lj/ (‘P )/ my G"™ ZI l// (l// )/ m; G
¢ ’ - 2 a r Hms.ns [ma.ny a r Hmena Fms.ns
o amy " Fra Fmshs 1 (6" &mm 5mmn BgF™m ' 120
+ ; E r Hman2 fms,ng + Hmsns fmasny - ; ; lp l’b Fmana fms,ns ’ ( )
and
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A M3y A MmN my,ny , ~ ms,n
Amz,nz(r t) _1 yms s (.Pml,nl)*i Z’ lj/ 3,13 (lﬁ 1 1)/ m, Gmim o l// 1,1 (l// 3, 3) my G
¢ T a r Hrmim fmzns g r Hrmsims fram
o g my l;m;m; lAﬁmwll Frms:ns Frmom 1[(6 - myny ~mm By Frm2m ' 121
; Z r Hms.ns fmy,m + Hmm Fms,ns - ; ; lp l’b Fms.ns fmysny : ( )
|
Note that the nonlinear coupling coefficients are all zero in the m, o™ mrE Ry A (Y
vacuum region surrounding the plasma (where ¢’ = 0). This is to be Xy (r,t) =ijnf™" or ™) + Hm:’ Fmn Tec.

expected because the nonlinear coupling is generated by the j x b force

. ause o (127)
density, and j = 0 in a vacuum.
Finally, it is easily verified, from Eqgs. (111)-(113), (115)~(117), Thus, it follows from Eq. (51) that
and (119)-(121), that the self-consistency constraint (28) is separately ax 9 3 A (e
satisfied for (m,n) = (my, ny) or (my, ny) or (ms, n3). O — v (Y [”E"r—] . (128
or (™) 8r Hmn Frmn tec, (128
. i 0X . 0 2 Ry A (™)
B. Electromagnetic torques X _ o (gmny 412 {mr o AP (Y™ ] Lee.
The flux-surface integrated poloidal electromagnetic torque act- or or Hmmpmn
ing on the plasma can be written as (129)

Here, we have made use of the fact that ™" (r) and ¢g""(r) are real

Ty(r,t) :§§r[(]+j) X (B+b)]-egrdiRyde functions.
Making use of Egs. (54), (77), (111)-(113), (115)-(117), and
=Ry %4;,2]- xb-eydddd (119)-(121), the previous two equatlons y1eld'8
ml ny
= n Ry 2 ZXWH”(T, t) (122) Im[ prmm lI/mz,ﬂz l}’m3’n3:|
Ho Or o ‘ ,
m1 nyoA myny A ms,ng
vy By
where [—ml T + T Fr , (130)
m,n _ 2[1mn m,ny * m,n\* 1, mn
X() (rv t) =7 [br (b() ) + (br ) b() }7 (123) 8X”’Z 72 Im[ P g, nz l}/mx "z]
and use has been made Egs. (13), (14), and (19). Note that equilib- ,
rium terms make no contribution to the torque. Moreover, linear g g rBy
_ : - 131)
terms average to zero over a flux-surface. Hence, we are just my T + Fmn frss o (

left with nonlinear terms. Likewise, the flux-surface integrated

toroidal electromagnetic torque acting on the plasma can be writ- oxy™" Py g s
ten as or lP ¥ ) }
Ay, A My Ny A M3, 13 !
(r, 1) TFT’;RO (J+j) x (B+Db)]-eyrdiRyd¢ % |maz— a Y Y U By (132)
3 a Fmun fma,ny ’
2 .
:ROE';E';rJXb'e¢d9d¢ and
_ TR0 ZX'" "(r,t) (124) Hxmom
Ho 61‘ g —Im [(y{ﬂm,m (sz,nz)* [PM3,713:|
r
where ) J/mmn l;mz-ﬂz l/}m3‘"3 5 /
g r By
XPU(rs6) = —r RoB (b + By 3] (29) et \e T e ) [ O
my, 1
Making use of Egs. (23), (31)-(33), and (52), we find that 8X¢ _ m[(l[lml-,nl ) lpmma]
or
oy nerd Amn (Y /
Xm’n(i’ t) = 1|:mfmn —F (l//m,n)* - " I tcec ) g mun g Masny g M3,y
0 ) ) o rB
” e x| a ’ E?’”l n IL//ma n3 : , (139
(126) ’ '
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('9X;;’3‘"3
_ l},ml,m q/mz«,nz * (I/mz«,ns
or m[( ) }
i
;5 MmNy g masny 4 ms,ng
B
x |nyt— (i”” v_v__r “) . (135)
a € Fmim Frm.n,
where
o'/ G My Ny g My iy 5 M3N3 Gmm
7(r) =a{r(¢ VUV e s s
4 My,Ny .y 4 M3N3 45 My Ny sz,nz
HrW) Y e e
A M3 N3y 4 MR A My, G
HrW) Y e
0 4 my,ng 4 my,hy 5 M3, ns Frmvm
troy Y <m
sz,ﬂz Fm3,713
+ Hrmasna Frsyns Fmn,m + Hmshs Frinsi fmasna >
my,ny my,ny 4 ms,n3 2B()B¢77(G/Q)(B2+Bz)
+ lp lp l// Frmsn Fmasny fms,is :
(136)
Let
Xo(r,t) = X" + X" 4+ X5, (137)
X(/)(T’, t) — X;?L,m +le2,nz +X$34,"3. (138)
According to Eqs. (122) and (124)
TEZ RO 8X9
To(r. 1) = =0 9Xo 139
H(rv ) Lo or ’ ( )
TEZ Ro 8X¢
Ty(r,t) = — - 140
¢( ) L or ( )
However, it follows from Eqgs. (130)-(135) that
0Xyp 0Xy
9o _ 02y _ 141
or or ’ (140

where use has been made of Egs. (21), (108), and (109). Hence, we
deduce that zero flux-surface averaged electromagnetic torque is
exerted throughout the bulk of the plasma as a consequence of the
nonlinear coupling of tearing modes. This is the expected result
because it is obvious from Egs. (122) and (124) that zero flux-surface
averaged electromagnetic torque can be exerted in any region of the
plasma governed by the perturbed force balance equation, (12), given
that P+ p is a single-valued function of 0 and ¢.

C. Localized electromagnetic torques

The previous demonstration that the nonlinear coupling of tear-
ing modes gives rise to zero flux-surface averaged electromagnetic tor-
que is valid in all regions of the plasma governed by Eq. (12).
However, this equation breaks down in the immediate vicinity of the
rational surfaces associated with the three coupled modes, so it is still
possible that localized electromagnetic torques can develop at these
surfaces. The fact that (the linearized form of) (Y™") (r,t) is

ARTICLE pubs.aip.org/aip/pop

discontinuous (in r) across the (m, n) mode rational surface (see Sec.
[11 B), whereas l//m‘”(r, t), the """ (r, ), and the (y"™") (r,t) are
continuous (where m', n’ # m, n), implies from Egs. (31)-(33), (123),
and (125) that (to lowest order) X;""(r, t) and X:;’ "(r,t) are also dis-
continuous across this surface, whereas the X" " (r, t) and Xm ” (r,t)
are continuous. Thus, Eqgs. (122) and (124) y1eld

T() T, t ZéT() r — rs’"‘”), (142)
= Zm(r) 3(r —rmm), (143)
where
2
R r=r,""
ST (t) = T2 im [X2 (r, )], (144)
Ly -0 =1y
ST (1) = TR i X)) (145)
) T M)[ o\ eru-

Here, it is understood that the delta functions appearing in Eqs. (142)
and (143) represent radially thin regions, centered on each coupled
rational surface, in which the perturbed force balance equation, Eq.
(12), breaks down.

Now, the boundary conditions on the linearized tearing eigen-
functions discussed in Sec. 111 C suggest that X" (r, ) and X" (r, 1)
(which are constructed from the linear eigenfunctions) are zero at
r=0and r="b. Thus, Eq. (130) can be integrated to give

Xg"hnl (n t) — Im [(lpmum (pmzﬂz)* lpmam]

r my,ny 4 My Ny 4 M3,N3
B
X _mljf(r) / Glﬁ lﬁ l// r ¢7
0 Fma,na Fms,ns
(146)
for0 <r < r™" and
Xg’l’nl (1‘7 t) = Im [('pmlﬂl lIImz,nz)* lpm3,n3]
b lﬁml ot !Z/mzynz l/“/m&"s rB
¢
X {ml Jr o(r) dr’ + T 7
(147)
for ™" < r < b. Clearly,"”
. my,n r=r,"1" 4§
(l)li% [XH ' 1(1"7 t)} r=rMM
a
= tm[(pm ) e [ cdr(4)
0

Note that we can change the upper limit of integration of the integral
in the previous expression from b to a, because t(r) = 0 in the vac-
uum region surrounding the plasma (where ¢’ = 0). Similarly, integra-
tion of Egs. (131)-(135) yields

. Ma,n r=r"2"2 45

(15111(1)[)(02 *(r, t)} g

= Im[ (o gy s mzj w(r) dr, (149)
0
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m3n
r=r"3" 45

mymz
r=r"3" -5

lm (X" 10

= —Im[(pmm pram)t pmen ] m3J w(r) dr, (150)
0

r=r"1" 45
lim | X7 ,t] ’
()l—r>r(1)|: ¢ (r ) r=r"1" -
a
= Im[(pmm pram )t s n1J w(r) dr, (151)
0
RN
i X5 (r,0]
pae] (r,)

r=r,"2"2 ¢
a

— Im [(l}/ﬂ’llsnl :szﬂz)* lI,ma«,ns} nZJ ‘L'(T) dr, (152)
0

mymy | s
r=r"3" 45

lim [X:b"”“ (r, t)]

3—0 r=r""
= —Im[(prmm P gy, r w(r) dr. (153)
0
The previous analysis suggests that'*
R (L N e P o)
' (154)
o, ™ Ry . -
OTy*"™ (t) = " Im [(Pmm e ) s |y, Jrm s (g)
(155)
TR ()= [ o g s )
' (156)
and

(STZ”"‘1 (1) :7732:0 Im [(pmm e ) s | gy s ()
(157)
ST (t) :—”;RO Im [((pr )P | g, i s ()
' (158)
5T:;13.,n5 (t) _ ﬂ;fo Im[(wml,nl .szinz)* ,meﬂ P JI 2 2 (a)7
(159)

where
Jr M NS () — Jr w(r')dr’ (160)

0

is termed the overlap integral. Note, incidentally, that the expressions
for the nonlinear torques given in Ref. 18 erroneously differ from the
expressions (154)-(159) by a factor of 2.

According to Egs. (108), (109), and (154)-(159),

OTy™ ™ (t) + 0Ty "™ (t) 4+ 0T, (t) = 0, (161)

STYMM(£) + OTJ=" (1) + 6Ty (t) = 0. (162)

pubs.aip.org/aip/pop

In other words, the sum of all of the localized nonlinear electromag-
netic torques acting within the plasma is zero, as is required by the
conservation of angular momentum.

D. Nonlinear tearing mode dispersion relation

Consider the nonlinear coupling of the (11, 1,), the (m,, n,), and
the (ms, n3) tearing modes, where the poloidal and toroidal mode
numbers are related according to Egs. (108) and (109), respectively.
Asymptotic matching across the three coupled rational surfaces yields
the nonlinear dispersion relations of the three modes,

APTI(E) = AT PT (1) f E(E), (163)
AP () = AT PR (1) 4 BT (L), (164)
APT(t) = AT P (1) 4 B (L), (165)

where ™" E™™ and E™™ are the nonlinear corrections. Here,
use has been made of Egs. (72), (75)-(77), and (107). However, it fol-
lows from Egs. (31)-(33), (72), (75), (76), (123), (125), (144), and
(145) that, to lowest order,

2m* R
1770 = =2 i (9] (169
0
2 2
ST () = 220 it [ 4w ()], (167)
Ho

A comparison between Eqs. (154)-(159) and the previous two equa-
tions reveals that'®

[1]

””lvnl(t) _ 7% (lpmz,nz)* le;,ﬂs ]mw’h:mzfnz;msd’ls (ﬂ), (168)

1
T2

[1]

mz,nz(t) (lel‘m)* Wyims,ns ]ml‘”umzﬁz;ms‘”: (a)’ (169)

Emj,nj(t) _ 7% L g, ]ml‘nl;mzﬂz;w‘ns(a). (170)

E. Regularization at rational surfaces

The linearized (m, n) perturbed magnetic field, bj""(r,), is
related to the ideal (11, 1) plasma displacement, €™ (r, t), via*

b =V x (™" x B). (171)
It follows that
b = (B-V)&"" — (¢ V)B, (172)

given that V - b)"" = 0, and assuming that V - £™" = 0.* Making use
of Egs. (19), (21), (82), and (88), we obtain

& (r,t) = (1) lﬁm((:)) (173)

In the immediate vicinity of the (m, 1) rational surface, the previ-
ous expression reduces to

qjm,n
&M~ (174)
re"(

T(EmnY L x]
r=r,"

where x is specified in Eq. (73). According to the previous equation,

the radial displacement of magnetic flux-surfaces associated with an
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(m, n) tearing mode is singular at the (m, n) rational surface (x =0). In
reality, the magnitude of the displacement is limited by the change in
topology of magnetic flux-surfaces consequent on the formation of a
magnetic island chain at the rational surface.” The full radial width of
the magnetic island chain that forms at the (i, 1) rational surface is”’

1/2

Hmﬂ 1/2
W™ (£) = 4 |wmo |12 [( ) (175)

="

The plasma displacement attains its maximum value at the edge of the
island chain (ie, when x| ~ W [rim) Tt follows that the peak
value of [y~ /F™"| in the vicinity of the (m, n) rational surface is

‘ v

m,n
n

",

1 [ q 1
max B ‘(Fmvn),‘r:rsm" Wm,n EB‘/) r=rmn n |q/|r:rs"‘” Wmm .
(176)

Note that the function t(r), defined in Eq. (136), is singular at
the three coupled rational surfaces. However, a comparison with
Eq. (173) reveals that these singularities are associated with the sin-
gularities of the resonant harmonics of the ideal plasma displace-
ments at the rational surfaces. Because, in reality, the ideal
displacements are not actually singular at the rational surfaces, it
follows that the function 7(r) is also not singular at the rational
surfaces. Thus, when evaluating the overlap integral, fg 7(r) dr, we
can regularize the function t(r) by writing

1 q
N
Fmn €By (m— nq)z + [(n Q’)r:gmn Wmn]

m—nq

5 (177)

Similarly,
1 m—nq
MM (e ng) 4 (1) W]

7 (178)

in Eq. (68).

F. Validity of quasilinear approach

Constructing the nonlinear coupling coefficients, A™", from the
linear eigenfunctions is only accurate if the nonlinear contributions to
the expressions for (say) b>"™ and b$3’"3, given in Egs. (32) and (33),
are smaller than the linear contributions. The linear contributions are
the first two terms on the right-hand sides of the equations, whereas
the nonlinear contributions are the final terms involving A",
Roughly speaking, in the general case, the condition for the nonlinear
terms to be smaller than the linear terms is

W1 2 Wrm 2 W22 2
> . (179)
a a a

Making use of the regularization procedure discussed in Sec. IV E, in
the immediate vicinity of the (m;, n;) rational surface the condition

becomes
Wm;,n; 2 WmlJ’ll W"Vllez 2
> . (180)
a a a

pubs.aip.org/aip/pop

Likewise, in the immediate vicinity of the (m,, n,) rational surface the
condition becomes

Wm31"3 2 Wml ROt 2 szanz
> . (181)
a a a

Thus, the condition is satisfied in all cases provided that

Wml s szle szle
, , < 1. (182)
a a a

In other words, the condition is satisfied provided that the radial
widths of the magnetic island chains in the plasma are all much less
than the plasma minor radius.

V. SLINKY PATTERN FORMATION IN RFP PLASMAS
A. Introduction

A reversed field pinch is characterized by a safety-factor profile
that is everywhere much less than unity and decreases with increasing
plasma minor radius,” see Fig. 1. The safety-factor passes through
zero in the outer regions of the plasma at the so-called reversal surface,
where the equilibrium toroidal magnetic field changes direction. The
plasma is unstable to multiple 71 = 1 tearing modes, resonant at differ-
ent rational surfaces in the plasma core (i.e., inside the reversal sur-
face), and also to multiple 7 = 0 tearing modes that are all resonant at
the reversal surface.” The various unstable m =1 and m =0 modes
invariably phase lock to one another to produce a characteristic toroi-
dally localized pattern in the perturbed magnetic field that is known as
the slinky pattern.'" "

B. Phase locking of m = 0 modes

Making use of Egs. (19), (37), (38), (77), (79), (82)~(84), (88)-
(90), and (107), as well as the fact that l//m‘nA(r is continuous across a
rational surface (see Sec. 111 B), whereas dy/ " /dr is discontinuous,
the linear resonant component of the radial magnetic field at the
(m, n) rational surface is

b (0, ) = — 20 ™ Gin(mO—n+ @), (183)

~mn
s

whereas the poloidal and toroidal components of the radially inte-
grated helical current sheet that flows at the surface are

BO ne o m,n
Ky(0,¢) = —— | —— y A 0— i
0(0,9) m (? Hm«")rsm.n cos(m ng+ ™",
(184)
B() m ~ m,n
Ky(0,9) = —— yo A 0— i
4(0,9) m (?H"’f")rsmn cos(ml —n¢ + @™"),
(185)

respectively. Here, 7 = r/a and 7" = r/"" /a. Moreover, we have
written

P (E) = aBy " (1) €0, (186)

where By = By(0), ™" (1) is real, positive, and dimensionless, and
@™"(t) is a helical phase angle. The lowest-order non-flux-surface-
averaged poloidal and toroidal electromagnetic torques that are exerted
on the plasma in the vicinity of the (m, 1) rational surface are
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0.15
3 0.10
FIG. 1. Stepped pressure RFP equilibrium
o 2 - 005 characterized by e, = 0.25, gy = 0.14,
po =0.06, 00, =4, v, =16, o, =4,
1 0.00 and v, =2. There are 500 equally
spaced control surfaces in the plasma.
—0.05 Here, o is the (normalized) parallel current
0 profile, g the safety-factor profile, P the
60 02 04 06 038 1.0 0 (normalized) pressure profile, By the (nor-
r malized) poloidal magnetic field profile,
I and B, the (normalized) toroidal magnetic
0.03 1.00 — B, field groﬁle. The vertical lines in the
0.75 — B, safety-factor plot indicate the locations of
' the (1, 8), (1, 9), and (0, 1) rational surfa-
0.02 0.50 ces, in order from the left to the right. The
‘a R N A N dotted curves in the magnetic field plot
show the zero pressure magnetic field
0.01 0.25 profiles. Here, 7 represents normalized
0.00 radial distance from the magnetic axis.
00%0 02 o4 o6 08 10 00 02 04 06 08 10
r r
5To(0,¢) = Ro (r"")* b0, ) Ky(0, ), (187) 5Ty (é B Rya (Ro\’ 3 POt g0l
OTo(0,6) = ~Er b,(0.) K0, 6), (188 O O
respectively [see Eqs. (122) and (124)]. It follows that X sin(n ¢ — q;ov")cos(n’ ¢ — q)o,n’). (193)
5T (0, ) = B2Rya? m (qjm,n)z gmn Note that this torque averages to zero around the reversal flux-surface.
0" @) = U 2 Hmﬁn(rs'”‘”) Nevertheless, the amplitude of the torque is larger than the torques
x sin[2(m0 — n + ™) (189) (189) and (190) by a factor (Ro/rv)2 (assuming similar m =0 and
X ) ' m =1 mode amplitudes), which is a substantial factor in a conven-
5T,(0,¢) = — ByRoa n (,i,m«,")z A tional RFP. Following Ref. 19, we hypothesize that the large torque
L o 2H™(r"") exerted at the reversal surface drives local plasma flows that rearrange
x sin[2(m0 — n ¢ + ¢™")]. (190) the helical phases of the various 7 =0 modes in such a manner as to

Note that 0Ty(0, ¢) and 0Ty (0, ¢) both average to zero around the
rational flux-surface. This behavior is what allows the higher order
(because they scale as the cube, rather than the square, of the mode
amplitude) nonlinear torques (154)-(159) to play a significant role in
tearing mode dynamics.

The previous analysis applies to the unstable 7 = 1 modes, which
are resonant at different rational surfaces in the plasma. However, the
unstable m =0 modes are all resonant at the reversal surface, whose
radius is (say) r,. Thus, the resonant component of the radial magnetic
field at the reversal surface is

br=0(¢) — ?Z P sin(nd — "), (191)

minimize the amplitude of the torque.
Let us assume that the m = 0 modes phase lock-in such a manner
that

" =n, — Ao. (194)

This assumed phase relation can be justified via a variational argu-
ment."” Tt follows that

2
STy(¢) = Bf’i—z“z <?) 5T 4(9). (195)

where

5T4(9) = S(Ci coslk (6 — do)] + S sinlk (9 — ), (196)

80:6€:7L ¥20Z INdY €2

where the sum is over the toroidal mode numbers of the unstable k>0
m =0 modes, and #, = r,/a. Likewise, the radially integrated poloidal and
current sheet that flows at the reversal surface is
om Cr = ax sin(2 4,), (197)
_ By R g
K=(¢) = — 0 AOZ Z— A% cos(n p — ). (192) Sk = ay cos(2 Ag) + by, (198)
n
Ho arl; " 1 @0771 Q/O'kin AO”’
Thus, the lowest-order non-flux-surface-averaged toroidal electromag- ar =— Z _ (199)
netic torque that is exerted on the plasma at the reversal surface is 24 "
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~ 0 n o 0n+k AOn AO,n+k)
. 200
Z ( n n+k (200)

Now, the mean square of the normalized toroidal torque exerted
at the reversal surface is

foto] =13 +$)

k>0

= 72 aj + 2ag by cos(2 49) + b7].  (201)

k>0

Note that the a; are all positive definite. Moreover, as long as 4% is a
decreasing function of increasing #, as is generally the case (see Fig. 3),
we deduce that the by are all positive. Thus, the mean square torque
assumes its minimum value,

#[5T¢ ]2@——2 ak—bk s (202)

when cos(2 4¢) = —1. Hence, we conclude that the unstable m=0
tearing modes in the plasma phase lock-in such a manner that
Ay = *m/2."

Making use of Egs. (191) and (194), the m =0 radial magnetic
field at the reversal surface is

b"="(9) smAOZ O cos[n (¢ — dy)]- (203)

Ty o

It can be seen that the m =0 modes phase lock such that their radial
fields interfere constructively at ¢ = ¢,. Consequently, there is a
toroidally localized spike in the m = 0 radial magnetic field at ¢ = ¢,
(see Fig. 4).

Note that ¢, is undetermined. In fact, if we adopt the simplistic
assumption that m =0 modes are convected by the plasma at the
reversal surface,”’ then we conclude that

d
% =Qy(ry), (204)

where Qg (r) is the equilibrium plasma toroidal angular velocity pro-
file. It follows that the toroidally localized spike in the m =0 radial
magnetic field is convected by the plasma at the reversal surface.
However, the spike may lock to gaps in the conducting wall surround-
ing the plasma.'”***" in which case ¢, becomes constant in time, and
the toroidal plasma rotation at the reversal surface is arrested.

C. Phase locking of m =1 modes

According to Egs. (158) and (186), the flux-surface integrated,
nonlinear, toroidal electromagnetic torque exerted at the reversal surface
as a consequence of the coupling of the (1,7), (0,k), and (1,n + k)
tearing modes is

BZR S 1m0k A
Tdn)’kz i . ()a 'Pln'POk 1n+k]nkkSln( 1n_*_k7901‘717(1)(”()7
0
(205)
where
jn,k — B, ajl,n;07k;1«,n+k(a) (206)

pubs.aip.org/aip/pop

is a dimensionless measure of the coupling strength. Thus, the total
nonlinear torque exerted at the reversal surface can be written

2 BZ R 2 R
Ty="0 2 Ty, (207)
Ho
where
ko~ k ank
Z Pt 7" k sin(@bk — ol — o0F).

n.k
(208)

Here, the sum is over the toroidal mode numbers of all the unstable
m=1 and m =0 modes. Again following Ref. 19, we hypothesize that
the nonlinear torque exerted at the reversal surface, and the associated
torques exerted at the m =1 rational surfaces, drive flows in the
plasma core that rearrange the helical phases of the various m=1
modes so as to minimize the torque. Note that this hypothesis was veri-
fied by plasma dynamic simulations described in Ref. 19.
Let us assume that the m = 1 modes phase lock such that

P =n¢, — 4. (209)

Making use of Eq. (194), as well as the fact that 4y = /2, it follows
that

. ~ 1n ~ 0k ~ 1n+k ~nk
Ty(¢y — ¢y) = —sin(4y) E gttt ]k
n,k

x coslk (1 — o). (210)

If we write
” av
T(¢)= s (11)

then the so-called locking potential takes the form
. ~1n ~ 0k ~ 1ntkank .
V($y — ) = —sin(4o) Z LA S 4 7 sink (¢ — )]
n,k

(212)

The torque (210) is set to zero at a minimum of the locking potential
(a maximum of the potential is dynamically unstable). In other words,
¢, — ¢, takes a fixed value that is determined by finding the mini-
mum of the locking potential (see Fig. 8).

The net m = 1 radial magnetic field at the reversal surface due to
the m =1 modes resonant in the plasma core can be written

b0, ¢) = By C" (¢ — ¢y) cos(0 — A1)
+ By S™(p — ) sin(0 — 4), (213)
where
Ci - ¢)) = Z ‘” ") Sinfn (6 - )], (19

i) cos[n (¢ — ¢,)]. (215)

Sm1¢ ¢ Z

It is clear that the radial fields of the phase-locked m =1 modes inter-
fere constructively at ¢ = ¢, (see Fig. 7). Moreover, ¢, is tied to ¢,.

ks ‘&>
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Thus, we deduce that the unstable m =1 and m = 0 tearing modes in
the plasma generate toroidally localized perturbations in the radial
magnetic field that are phase locked to one another, and that co-rotate
with the plasma at the reversal surface. These phase-locked perturba-
tions constitute the slinky pattern. Note that 4; is undetermined. In
fact, this parameter generally increases linearly in time at a rate deter-
mined by flows in the plasma core.’
VI. EXAMPLE CALCULATION
A. Plasma equilibrium
It is helpful to define the dimensionless quantities 7 = r/a, b
= b/a, ?’,- = 7’,-/617 Wm,n = W”"”/a, B() = B()/BO, B¢. = B(/)/Bo, B:n=0
=b"=°/By, P(#) = pty P(r) /B2, () = a® By 1(r), where By = B, (0).
Our model parallel current and continuous pressure profiles are

2€ o \Vo
o) = = (1—3%)", (216)
qo
D P 7[30 ~dp \Vp
Pcontinuous(r) = 7(1 —r P) y (217)

respectively. In the stepped pressure equilibrium, the pressures
between the control surfaces are f)stepped(?) =D; for #; < 7 < Fir1s
where P; = Pcommuous(?,-) (see Sec. 11T A).

Figure 1 shows a stepped pressure REP equilibrium characterized
by e, =0.25, go = 0.14, f, = 0.06, oy = 4, V5 = 1.6, o, = 4, and
v, = 2. The corresponding zero pressure equilibrium magnetic fields
are also shown. There are 500 equally spaced control surfaces in the
plasma. With this many control surfaces, the stepped pressure equilib-
rium is essentially indistinguishable from the continuous equilibrium

ARTICLE pubs.aip.org/aip/pop

obtained by integrating Eqs. (8) and (9), using the continuous profiles
(216) and (217). The equilibrium has all of the expected features of a
RFP equilibrium. Namely, it possesses a fairly broad parallel current

profile, a safety-factor profile that is much less than unity and

decreases with increasing minor radius, and a toroidal magnetic field

that reverses direction in the outer regions of the plasma. It is clear

from the figure that the equilibrium pressure gradient leads to a mod-
est increase in the poloidal magnetic field in the outer regions of the

plasma, as well as a slight strengthening of the reversal of the toroidal
magnetic field.

It is conventional to parameterize an RFP equilibrium in terms of
the pinch parameter, ® = By(a)/(Bg), and the reversal parameter,
F = By(a)/(By), where (---) denotes a volume average.”” The pinch
and reversal parameters for the zero pressure equilibrium (i.e., f, = 0)
shown in Fig. 1 are 1.88 and —0.48, respectively, whereas the corre-
sponding quantities for the finite pressure equilibrium (i.e., f, = 0.06)
are 2.12 and —0.54.

B. Tearing eigenfunctions

Figure 2 shows the linear eigenfunctions of the tearing mode trip-
let (1,8) 4+ (0,1) = (1,9) calculated from the stepped pressure equi-
librium shown in Fig. 1. The zero pressure eigenfunctions are also
shown. The normalized radius of the perfectly conducting wall sur-
rounding the plasma is b = 1.01. Note that there are a sufficient num-
ber of control surfaces in the plasma that the eigenfunctions, and their
radial derivatives, appear completely smooth. It can be seen that the
equilibrium pressure gradient significantly modifies the eigenfunctions
in the region outside the corresponding rational surfaces.

2.0
1.5
1.0

(ﬁmlvnl

0.5
0.0

wmz,nz

A

FIG. 2. Normalized tearing eigenfunctions,
and their radial derivatives, for the
stepped pressure equilibrium shown in
Fig. 1. Here, (my,n1) = (1,8), (mgz, n2)
= (0,1), and (m3,n3) = (1,9). The wall
radius is b = 1.01. The vertical lines indi-

cate the locations of the rational surfaces.
The dotted curves show the zero pressure

eigenfunctions. Here, 7 represents nor-
malized radial distance from the magnetic
axis.

wm3, ns
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350

n

FIG. 3. Tearing stability indices of unstable
m=0 modes in a stepped pressure RFP
equilibrium characterized by e, = 0.25,
Go =014, 0, =4, v, =16, op =4,
vp =2, b=1.01, and various different
values of f3,. There are 500 equally spaced
control surfaces in the plasma. Here, n is
the toroidal mode number.

C. m =0 modes

Figure 3 shows the tearing stability indices of the unstable 1 =0
modes in our example RFP equilibrium, calculated as functions of the
normalized equilibrium plasma pressure, f3,. It can be seen that at zero
pressure, there are 11 unstable m = 0 tearing modes. Moreover, as the
pressure is increased, more and more modes become unstable. In all
cases, the tearing stability index, A% s a decreasing function of
increasing toroidal mode number, 7. The (0, 1) mode actually becomes
ideally unstable at , = 0.176. Hence, this is the effective beta limit for
the equilibrium.” As expected, the beta limit decreases as the perfectly
conducting wall surrounding the plasma becomes more distant from
the plasma (i.e., as b increases).

Figure 4 shows the phase-locked pattern in the normalized m =0
radial magnetic field at the reversal surface, b, , in our example RFP
equilibrium, calculated as a function of the toroidal angle, ¢, for vari-
ous different values of f§,. This pattern is calculated from Eq. (203)
on the assumption that ¥ oc (4%")%, which is consistent with an
unstable (0, n) tearing mode saturating at an amplitude such that the
associated magnetic island width is proportional to A%" [see Eq.
(175)]. For the sake of example, we have selected 4o = +m/2. It can
be seen that b,  (¢b) exhibits a characteristic positive spike'” at a par-
ticular toroidal angle, ¢,. (If 49 = —n/2 then the spike is negative.)
As fy is gradually increased from a small value, the spike initially

becomes more sharply defined, as more and more unstable m =0
modes are incorporated into the phase-locked pattern. However, the
spike dissipates somewhat as the beta limit is approached, because the
(0, 1) mode amplitude becomes much larger than those of the other
m =0 modes.

D. Overlap integral

Figure 5 shows the incomplete overlap integral, [; %(#') d#', and
its integrand, calculated from the linear tearing eigenfunctions shown
in Fig. 2. The island gvidtl}s A the Athlrge rational surfaces are given the
plausible values W~ = W = W~ = 0.01. It can be seen that the
equilibrium pressure gradient significantly increases the magnitude of,
and changes the sign of, the complete overlap integral, jol () dr, rela-
tive to that in a zero pressure equilibrium. A significant increase in the
magnitude of the complete overlap integral signifies a much stronger
nonlinear coupling between the (1, 8), (0, 1), and (1, 9) tearing modes
in a finite pressure equilibrium, compared to that in a zero pressure
equilibrium, at fixed mode amplitude (see Sec. [V D). Moreover, the
sign of overlap integral affects the relative phase relation between the
phase-locked m=0 and the m=1 interference maxima (see Sec.
VIE). Thus, we can appreciate that the incorporation of the equilib-
rium pressure profile into the analysis is of crucial importance when
calculating the nonlinear coupling of tearing modes in an RFP.

1.0

0.8

-~ 0.6
3
o

) 0.4

]

E\
<Q

0.2

—— Bo=0.00
—— Bo=0.03
— Bo=0.06
Bo=0.09 FIG. 4. Radial magnetic field of phase-
Bo=0.12 locked m=0 modes at the reversal
0 ’ surface in a stepped pressure RFP equi-
—— Bo=0.15 librium characterized by e, = 0.25, gy

=014, 0, =4, v, =16, op =4, 1)
=2, b =1.01, and various different val-
ues of fo. There are 500 equally spaced
control surfaces in the plasma. Here, ¢ is

the toroidal angle. Note that A4y = +7/2.
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F!G. 5. The incomplete overlap integral,
Jo #(F")dF’, and its integrand, for the
plasma equilibrium shown in Fig. 1 and

the tearing eigenfunctions shown in Fig. 2.
A mq,ny A My.m ~ Mg,N3

Here, W =W =W =0.01.
The wall radius is b =1.01. There are

500 equally spaced control surfaces in the
plasma. The vertical lines indicate the

locations of the rational surfaces. The dot-
ted curves show the zero pressure cases.
Here, 7 represents normalized radial dis-
tance from the magnetic axis.

led
1
< 0
-1
0.0 0.2
le3
0.00
Qo
S —0.25
s
et —0.50
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“— -0.75
-1.00
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E. m=1modes

Figure 6 shows the tearing stability indices of the unstable m =1
modes in our example RFP equilibrium, calculated as functions of the
normalized equilibrium plasma pressure, f§,. There are no unstable
m =1 modes at zero pressure. However, it can be seen that there are
18 unstable tearing modes when f§; = 0.03. Moreover, as the pressure
is further increased, more and more modes become unstable. In all
cases, the tearing stability index, 4", initially increases with increasing
toroidal mode number, #, but eventually decreases.

Figure 7 shows the cosine and sine components (in the poloidal
angle) of the phase-locked pattern in the normalized radial m = 1 mag-
netic field at the reversal surface, C"=! and S"=!, respectively, in our
example RFP equilibrium, calculated as functions of the toroidal angle,
¢, for various different values of f3o. These patterns are calculated from
Egs. (214) and (215) on the assumption that ¥ " (Al‘”)z, which is
consistent with an unstable (1, n) tearing mode saturating at an ampli-
tude such that the associated magnetic island width is proportional

to A", It can be seen that both C"=!(¢$) and S”='(¢) are strongly
peaked at a particular toroidal angle, ¢,. As f; is gradually increased
from a small value, the peaking becomes more sharply defined, as
more and more unstable m =1 modes are incorporated into the
phase-locked pattern.

Figure 8 shows the locking potential for m =1 modes in our
example RFP equilibrium, calculated for various different values of f3,.
This potential is calculated from Eq. (212) on the assumption that
™" o (4™")?, which is consistent with an unstable (m, n) tearing
mode saturating at an amplitude such that the associated magnetic
island width is proportional to A™". We have again selected
Ao = +m/2. Note that the locking potential incorporates 153, 741,
990, 1540, and 2080 triplets of unstable m=1 and m=0 tearing
modes at f{; = 0.03, 0.06, 0.09, 0.12, and 0.15, respectively. Now, ¢,
and ¢, are the toroidal angular locations of the interference maxima
of the phase-locked m =1 and m =0 modes, respectively, see Figs. 4
and 7. Moreover, the argument of the locking potential, ¢, — ¢,, takes

35

30

251

20+

n

154

10

—— Bo=0.03
—— Bo=0.06
Bo=0.09
Bo=0.12
—— By=0.15

FIG. 6. Tearing stability indices of unsta-
ble m=1 modes in a stepped pressure
RFP equilibrium characterized by e,
=025 g0 =014, 0, =4, v, = 1.6,
op =4, v, =2, b = 1.01, and various
different values of f,. There are 500
equally spaced control surfaces in the
plasma. Here, n is the toroidal mode
number.
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FIG. 7. Cosine and sine components
1.0 (in the poloidal angle) of the radial mag-
netic field of phase-locked m=1 modes
-1e0 - -075  -0.50  -0.25 (¢ 8'250)/,1 0.25 0-50 0.75 1.00 at the reversal surface in a stepped pres-
1 sure RFP equilibrium characterized by
1.0 A €a=0.25,q0=0.14, oy =4, v, = 1.6,
- Bo C 8'22 op=4,v,=2,b=1.01, and various
P o different values of fo. There are 500
0.5 Po=0.09 equally spaced control surfaces in the
- Bo=0.12 plasma. Here, ¢ is the toroidal angle.
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° 0.0 J ==
3
)
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—1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
(¢ —¢1)im

a value that minimizes the potential. It can be seen that ¢, < ¢, at
comparatively low plasma pressures, whereas ¢, > ¢, at higher
plasma pressures. This switch in sign of ¢; — ¢, is associated with a
switch in sign of the overlap integrals (from negative at low pressures,
to positive at high pressures). The magnitude of |, — ¢,| decreases
with increasing plasma pressure, implying a tighter coupling between
the m=0 and the m=1 interference patterns, as more and more
unstable triplets are incorporated into the slinky pattern. However, as
the beta limit is approached, the (0, 1) mode starts to dominate, caus-
ing a dispersion of the m = 0 interference pattern (see Fig. 4), and an
increase in |¢; — ¢,|. Note that the sign of ¢; — ¢, is swapped when
Ag = -7 / 2.

The RFX experimental data discussed in Ref. 19 indicate that
Ag = +1/2 [ie, the spike in b"=°(¢) is positive], which suggests,
from the previous analysis, that ¢, < ¢, at low plasma pressures,
and ¢, > ¢, at high plasma pressures. In fact, the observed value of
¢, — ¢, in REX was negative, which is consistent with our low pres-
sure results.

Vil. SUMMARY

A theory of the three-wave coupling of triplets of tearing modes
in toroidal pinches (i.e., either RFPs or tokamaks) was proposed in
Ref. 18. However, this theory only applies to toroidal pinches with neg-
ligible equilibrium plasma pressure gradients. Such a limitation is

1.001 Bo=0.03
0.75{ — Po=0.06
Bo=0.09
0.50 Bo=0.12 FIG. 8. Locking potential for m =1 modes
' — Bg=0.15 in a stepped pressure RFP equilibrium
0.25 characterized by e, =0.25, o = 0.14,
- oy =4 v, =16, op=41v,=2,b
3 0.00 =1.01, and various different values of
L;L Po- There are 500 equally spaced control
—0.25 surfaces in the plasma. Here, ¢, and ¢,
are the toroidal angular locations of the
-0.50 interference maxima of the phase-locked
m=0 and m=1 modes, respectively.
-0.75 ¢1 — ¢y takes the value that minimizes
the potential. Note that 49 = +7/2.
-1.00
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
(1 — do)/mt
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particularly inappropriate to RFPs. In this paper, we generalize the
analysis of Ref. 18 in order to take the equilibrium pressure gradient
into account. However, for the sake of simplicity, we employ a stepped
pressure profile, rather than a continuous profile. In the limit of a large
number of pressure steps, it seems reasonable to expect the result of
the stepped pressure calculation to be the same as that obtained from a
continuous pressure calculation. However, the continuous pressure
calculation has not been performed.

We have used our generalized theory of three-wave coupling to
investigate the formation of the characteristic toroidally localized pat-
tern of phase-locked 7 =1 and m = 0 tearing modes in RFP plasmas
that is known as the slinky pattern. We find that the incorporation of
the equilibrium plasma pressure into the analysis is of crucial impor-
tance when determining the properties of this pattern. This is the case
because the plasma pressure controls the number of unstable m =1
and m = 0 tearing modes, and also significantly affects the strength of
three-wave coupling, as well as the phase relation between the phase-
locked m=1 and m =0 modes. Our predictions of the properties of
the slinky pattern are, in general, agreement with experimental
observations."”

In future work, we hope to apply our generalized theory to inves-
tigate the triggering of neoclassical tearing modes in tokamak plasmas
via three-wave coupling.
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